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Buchstaber invariants

K={occ[m={1,---,m}}: (n—1)- dim. simplicial complex.

Zx = (D*,SHK c (D*)™, R2Zk = (D', SO)K c (DY)™.

A\

Definition (Buchstaber invariant)

@ Buchstaber invariant s(K) is the maximal dimension of the subtorus
of (§1)™ acting freely on Z.

e real Buchstaber invariant sg(K) is the maximal rank of
(Z2)™ =2 (S9)™ acting freely on RZ.

o s(K)<m—n.
o s(K) < sr(K).
o s(K)=p=sg(K)if p=1,2,3.



Buchstaber invariants

Problem (Buchstaber, 2002)

Find an algorithm for calculating the number s(K) based on the
combinatorics of K.

@ Find an effective criterion for s(K) = m — n.
@ Behavior of s(K) under some operations and constructions on K.

@ Relationship between s(K) and combinatorial invariants of K such
as y(K), f-vector, ....

e Find s(K) for special classes of simplicial complex and polytopes.

@ Describe the class of simplicial complex and polytopes with given
Buchstaber invariants.



Buchstaber invariants

o s(K) > m—~(K)+s(A)"1), where 4(K) is the chromatic number
of K.

o s(K) < m— [logy(v(K) +1)]

S(Anm:ll) =7

Theorem (Fukukawa, Masuda,2010)

There exists a set of numbers {my(b)}k>2, >0 such that

S]R(Am:,l,_l) > k if and only if m < my(p — 1), where the number my(b)
is the maximum integer value taken by the linear function Zvezg\{o} ay
with the constraints

Z a, < b for every u € Z5 \ {0}.
(u,v)=0




Integer linear programming

Theorem (Fukukawa,Masuda,2010)

se(Ap,_y) > 2 if and only if m < 3(p — 1).

Theorem (Fukukawa, Masuda, 2010)

For any Q@ > 0 and 2k—1 — 2k=1-t < R < 2k=1 _ pk—1-(t+1) for some
0</¢< k-2,

(2 —1)Q+R+2-" 12k < m (21 —1)Q+R) < (2 —1)Q+2R.

Conjecture (Fukukawa,Masuda,2010)

me((2°7 = 1)Q + R) = (2 — 1)Q + mi(R)

N,

o If b> (2k=1 —1)(2k=2 — 1), then

me(2571 — 14 b) = 2K — 1 + my(b).



Integer linear programming

(2K — 1) x (2% — 1) binary matrix Ay is defined recursively as

010 Ak-1 1 Ak—1
A=[1 0 0], A=[1---1 0 0---0
0 01 Akc1 0 (1= Akq)
Problem (primal and dual problem)
Let k > 2 and b > 0.
Primal problem Dual problem
maximize Y X; minimize . y;
st. Axx<b=(b,---,b)7, s.t. Ay > b,
x:(Xla"’ Xok— 1)20 y:(y17"';y2‘<_1)20~

| \

Definition

Let my(b) be the optimal solution of primal problem.
Let mj(b) be the optimal solution of dual problem.




Solution of dual problem

mE((2671 — 1)¢) = (2% — 1)¢.
o mj(a) =mj_;(a) for0 <a<2k2—1.
o mi(a+a') = mi(a) + mi(a').

@ For convenience, given k > 2, let
a=aP -+ o221+ (2t 1)
=0C1,, Ck—1-

@ ex) Let k =5. Then
58 = 3(251 — 1)+ 1(22 — 1) +2(22 — 1) = 3,1,2,0.

For k > 2,

—
my(Cr,* ,Ck—1) = C1," " ,Ck—1,0.




Solution of primal problem

o Let 0 < b < 2k71 — 1. For optimal solution y of dual problem
Axy > b, it cannot be guaranteed that y < (1,---,1)7.

Definition

Let k >2and 0 < b < 2Kk1 — 1. We define

dk(b) := min{max{y;} | y : optimal solution of Ayy > b and y > 0} — 1.

@ If a is the smallest number such that there exists an optimal solution
vector y* of the dual problem Ayy > b satisfying

y* S(a7"' ,a)Ta

then di(b) = a— 1 and vice versa.



Solution of primal problem

Theorem (C)
For a,b > 0 with a+ b=2K"1—1 and ¢ > d,(a),

me((271 = 1)0 + b) + mj(a) = 2K — 1)(£ + 1).

Moreover, if
-1 -b=a, &1,

for £ > di(G, -, ck—1) = di(a),

m (- +1D) - aa) =2 -1)(¢+1)—c, -

, Ck—1, 0.
”
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Formula for sg(AP—} ;)

Theorem (C)

Let k>2. Forp—1=(2K1-1)(¢+1) -, ,ck1 and
£> di(e, k1),

m+C2,"',Ck,]_,O 2k_1
(p—1)+a, a1 21-1
em<2p-1)+(+1)-> a.

se(ATL V> ke

m—p—1

o This is a generalization of sg(AM"1 po1) =2 m<3(p-1).
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Preperiodicity

e my(b) is preperiodic for large value of b. i.e., my(b)(viewed as a
function of b) is periodic with the period T = (2¥~! — 1) and the
shift S = (2k —1).

@ The moment at which the behavior of my(b) becomes predictable
and preperiodic depends on the remainder of b modulo period.

@ This moment is encoded by the constant di(b). i.e.,

b -
|:21<—1_:J > di(2T -1 -a),
where a is the remainder of b divided by (21 — 1).

o ¢ > di(2k1 — 1 — a) is just the moment at which my(b) is
preperiodic.
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Preperiodicity

@ The meaning of preperiodicity of s]R(Aﬂ:IlFl) is described as

follows: Let p = (2K~ —1)¢; + p1 = (25 — 1)l2 + po. Suppose that
se(Am_) ;) =kifand only if A< m<B.

Then

sR(Agjijk,_l)fl) — k if and only if A+2K < m' < B+(2K—1),

provided £1 > di(2"1 —1 — p1) and £ > dk;1(25F — 1 — po).
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Preperiodicity

o Note that 21 = 15 + 6 and d5(9) = ds(10) = 0.

Let k =5 and m = 40. Then

SR(Aﬁgi},_l) =5& p=21.

Preperiodicity of sp(AT~2 p_1) Mmeans

SR(A;i:,lg_l) =5& p=36.
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Property of dk(b)

Theorem (C)

Let k > 2 and b > 0. Then the following holds:
=0 if k<4
@ di(b)S =0o0rt1 if5<k<T
<k—-6 ifk>7
k=3 if k is odd

e dk(b) < { 122

5= if k is even

o dy(b) =0 for2k-1 — k< p<2k-1 1.

@ Ifb=1¢, -, Ck_1 satisfies
o (k—1)4+c-(k—2)+- -+ ck—1-2 < nk,

then di(b) = n— 1.




Thank you

) QC
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