Algebra topology of configuration space

Hao li
directed by Zhi li

Fudan University

December 28, 2016



Algebra topology of configuration space

© configuration space F(X, n)
@ orbit configuration space Fg(X, n)
© orbit configuration space over small covers and toric manifolds

@ future work



configuration space F(X, n)

configuration space F(X, n)

Definition: ordered configuration space
X be a space. F(X,n) = {(x1,...,xn) € X"|x; # xj, Vi # j}

group action X, ~ F(X, n)

Definition:unordered configuration space
C(X,n)=F(X,n)/%,

B(X,n) = m1(C(X, n))
a:B(X,n)—= X,
pure braid group P(X, n) = ker(a) = m1(F(X, n))
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configuration space F(X, n)

1962 Fadell, Neuwirth calculate 7;(F(M, n))
let M be a manifold and dim(M) > 2.
m=1{q1,...,qm} € M discrete.

men(M) = {(pla"'vpn)‘pi € M - Qm,pi 7é pj7l¢.j} g F(M7 n)

7 Fmn(M) = M — Qn and n>1 is a locally trivial fiber space
with fiber Fri1,n—1. if m> 1, m admits a cross section.
when m=0, there may not exsit a cross section.

For any manifold M, mi(Fi,n—1) = D,_ 177,(/\// Qk),i > 2
ifm: Fo,n— M admits a cross section,
then mi(F(M, n) = @)_ 077,(/\/7 Qk), i >2
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configuration space F(X, n)

mi(F(R",n) = @i m(S"tv...vs 1) i>2

for M =S" |, r odd
mi(F(S",n) = m(S) P @] Tmi(Stv..vS 1) i>2

k

If M is differentiable and admits a non-vanishing vector field, then
m admits a cross section.

If M is an even dimensional sphere, m admits a cross section only
when n=2.
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configuration space F(X, n)

1995 F.R.Cohen calculate the cohomology ring of F(R™, n)

Ifn>2, H*(F(Rm, n),Z) =< A,‘j|1 <i<j<n, degA,-J- =
m—1,A;7 = 0, AjjAix = AxjAik — AkjAij >

ij - F(Rm,n) — F(Rm72) Aij = 7Tl';k([a])
[a] is generator of H™~1(F(R™,2))

1997, Ziegler compute X = S" case
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configuration space F(X, n)

other works

© Fulton and MacPherson determined the rational homotopy
type of configuration spaces of non-singular compact complex
algebraic varieties.

@ 1993, Totaro determined the rational cohomology ring of
configuration spaces of smooth complex projective varieties.

© Bodigheimer compute the homology groups of C(X, n) of odd
dimensional manifolds X.

© Loffler and Milgram Z; homology groups of C(X, n) for any
manifold X.
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orbit configuration space Fg (X, n)

orbit configuration space

group action G x X = X

Gx = {g € G|gx = x} isotropy subgroup of x
@ trivial action: G, =G
@ free action :G, = {e}
@ semi-free action: Gy = G or {e}

@ general action: such as Z ~ M", T" ~ M?"

Definition:orbit configuration space

FG(Mn’k) = {(Xla"'axk) € (I\/In)k|GXI'm GX_] =o,Vi #J}
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orbit configuration space Fg (X, n)

Q trivial action:Fg(M", k) = F(M", k)
@ free action: m: M — M/G is a bundle projection.

then there is a principal G*-bundle Fg(M, k) — F(M/G, k)

2000 Feichner,Ziegler determined explicitly H*(Fz,(S*, n),Z)
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orbit configuration space over small covers and toric manifolds

orbit configuration space over small covers and quasi-toric
manifolds

g G~ MIm™ — P™ |ocally standard.
when d=1,G" = ZJ ,M™ is a small cover
when d=2,G"'=T" ,M?™ is a quasi-toric manifold

Theorem (2010, Junda Chen, Zhi Lu and Jie Wu)

let 7y : M — P be a dm-dimensional G/"-manifold over a simple
convex polytope P where d=1,2. then the Euler characteristic of
Fep(M, n) is
(—1)'""I ( > )Hizl Cihp(1 —2M),d =1
_ =\N1,...,Ns
WM =0 (Fmm) = 2 eme(ryd=2
I=(n1,...,ns)
where | = (n1, ..., ns) runs over all partitions of n,
C = % , I is the time number that n, appears in /.
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orbit configuration space over small covers and toric manifolds

Theorem (2010, Junda Chen, Zhi Lu and Jie Wu)

Let 7y : M — P be a dm-dimensional G/'-manifold over a simple
convex polytope P where d=1,2.Then there is an equivariant
strong deformation retraction of (Fgr(M,2) onto

Xd(M,2) = U (m3 1) ?(F1 x F2)
F]_,F2€f(P),F10F2=¢

where F(P) is the set of all faces of P.
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orbit configuration space over small covers and toric manifolds

consider the local representation G ~ RIm
for d=1 Fzp(R™, n) can be regarded as the complement of
subspace arrangement

Let A be a complex hyperplane arrangement.
A={Hy,..,H,} € Cm*1
Orlik Solomon Algebra

Ei = P Key, E = N(E1),deg(en) =2m
HeA
| = I1(A) be the ideal of E generated by Oes,

for all dependent S,S C A. S is dependent if r(NS) < |S|

Let M(A) be the complement space,then H*(M(A)) = E(A)/I(A)
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orbit configuration space over small covers and toric manifolds

(Arnold’s presentation)
let G = {gn|H € A} then m1 (M) =< G[U,cp Rp >
G generators, R, relators.

(MacPherson-Goresky) compute the homology group of
complement of affine subspace arrangements.
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orbit configuration space over small covers and toric manifolds

(Ziegler’s result)
cf:the cohomology rings of complements of subspace arrangements

Let A be a (> 2)-arrangement in W with geometric intersection
lattice L. Fix an arbitrary linear order on the set of atoms of L.
Then the integral cohomology ring of the complement M(.A) has
the presentation

01— T(DZes) 5 H (M(A); Z) — 0

oind.

where T* denotes the tensor algebra and the sum in the middle is

over all independent sets o of atoms of L,and
n(ey) € HIW)=d(0o)=lol(M(A); Z). The ideal | of relations is
generated by the following three families of elements.
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orbit configuration space over small covers and toric manifolds

@ For every minimal dependent set o = {ap, ..., ax} atoms of L:

k

Z(_l)iea—{ai}

i=0
@ For all pairs o, 7 of independent sets of atoms of L such that
d(No)+d(N7)—d(Nen71)=d(W):
er A er — ngnr(—1)TIEW)=d(00)) (_q)sign(or)g
where sign(o, 7) is the sign of the permutation that orders the

elements of o followed by the elements of 7, each already
ordered, ascendingly according to the chosen linear order.

© For all pairs o, 7 of independent sets atoms of L such that
d(No)+d(N7) —d(NoN7) # d(W):

es N er
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orbit configuration space over small covers and toric manifolds

go back to local representation Fzp(R™, n)
check the proof of above theorem, we can find that

Ziegler's result can be applied to compute its integer cohomology
ring
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future work

(1) determinem(FZ%(Rz, n))
if m> 2, Wl(FZ?(Rm, n)) =0
@ determine algebra topology of Fzy(M™, n)

@ if it is possible, | want to calculate particular examples of orbit
configuration space over toric manifolds

looking forward to your suggestions!
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future work

Thanks for listening!
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