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Introduction

Toric topology

Canonical correspondence

simplicial complex K moment-angle complex Zk
dmK=n-1 — dmZx=m-+n
number of vertices = m canonical T™-action

Combinatorics of K — Topology of Zk
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K-power

A C X —a pair of topological spaces, [m] = {1,..., m}.
(X, A = [ X7 x A ¢ x™,
ceK

X, i€o

where X7 x AlM\e — X, x ... x Xpp, Xi =
1 mATVA ie[m\o

Example
D?={zcC:|z<1},S' ' ={zeC: |z =1},

(D?, S")K — a moment-angle complex Z.
D' = {x €R: |x| < 1}, & = {+1},

(D', 8°)¥ — a real moment-angle complex RZx C Zk.
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There are canonical coordinate actions of T = (S')™ on Z,
and (S°)™ ~ 7 on RZ.

Definition

A Buchstaber invariant s(K) is the maximal dimension r of toric
subgroups H C T™, H ~ T', that act freely on Z.

Definition
A real Buchstaber invariant sg(K) is the maximal dimension r
of subgroups H, C ZJ' that act freely on RZ.

| \

A

s(A" 1) = sp(A" 1) =0,
1 < s(K) < sg(K)<m—n, K # AN
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Buchstaber problem

Problem (V. M. Buchstaber, 02)

To find an EFFECTIVE combinatorial description of s(K).

Modifications (V. M. Buchstaber, 12)

Problem’

For any n to calculate s(K) for all simplicial complexes with
dmK=n-1.

Problem”

For any r to characterize combinatorially simplicial complexes
K with s(K) =r.

| A\

N
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Two descriptions of a toric subgroup =

(S) s(K) is the maximal r that admits a matrix S € Z™*" such
that for any o € K, the rows {S': i € [m]\ o} span Z';

(A) s(K) is the maximal r that admits a mapping
A: [m] — Z™" such that for any simplex ¢ € K the vectors
A(o) form part of a basis in ZM~".

Q s(K)>r<=sg(K)>rforr=1,2,3.
Q s(K) = sg(K) fordmK =0,1,2.

s(K) =2 ifand only if sg(K) = 2.
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Generalized chromatic number

Definition
Chromatic number ~(G) of a graph G = (V, E) is a minimal r
that allows a coloring A: V — [r] = {1,...,r} such that

{i,j} € E = N(i) # A0)-

s(K) = maximal r that allows a coloring A: Vert(K) — Z™~"
such that

{it, ..., i} € K= {A(ft),...,\(i))} — part of a basis in Z™~".
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Missing simplices

Definition

The set w C [m] is called a missing simplex, if w ¢ K and any
proper subset belongs to K.

Denote by N(K) the set of all missing simplices.
ceKstweNK) wCo
Thus, N(K) determines K in a unique way.

K=A"s NK)=o;
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Problem”: Simplicial complexes

Proposition
s(K) =1 ifandonly if N(K) # @, i.e. K # A”".

Proposition (E.,13)

s(K) > 2 if and only if N(K) contains one of the subsets:
Q {r,72,73}; mNnNB=0;
Q {T1,7’2}.' 71 N T = .
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Theorem (E.,13)
s(K) > 3 ifand only if N(K) contains one of the subsets:

Q {71,72,73,74,75,76, 77} TINT2NTs =
MNmNTs =9, TMNTgNT7 =9, ToNT3MNTe = I,
ToNT5sNT7 =G, T3NT4aNT7 =, T4aNT5NTe =,
e {T1a7—257_377_477-577_6}: THNT3 =9, TH1NT2NT4 =,
TMNTNT5 =9, TMNTNTe =9, T1NT5MNTe = I,
ToMNT3NTe =&, T3NT4NT5 =,
e {T1a7—277—377—457-5}" TMHNT =0, T NT5 =,
THNT3NT4 =, ToNT3NT5 =G, ToNT4NT5 =,
o {7’1,7’2,7‘3,7’4}.' 7’10(7’2U7’3U7‘4)=®; ToNT3N Ty = I,
Q {7'1,7'2,’7'3}.' THNTo =71 MNT3 =T N T3 = .
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Idea of the proof

Proposition

We have sr(K) > r if and only if there exists a mapping
&: Z5\{0} — N(K) such thaté(a) N---Né&(ag1) = @ for any
minimal linear dependence a; + - - - + a1 = 0.

| A\

Corollary

sr(K) = 3 if and only if there exists a mapping
¢: 23\{0} — N(K) such that £(a) N &(b) N &(¢) = @ for any
triple of pairwise distinct vectors a, b, c witha+ b+ ¢ = 0.
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Problem”: Polytopes

Proposition (E.,13)
Q@ s(P)=1ifandonlyifP=A"n>0 (<= m—-n=1).
@ Forany k > 2 there exists P withm — n = k and s(P) = 2;
Q Ifs(P)=2,then2 < m—n<2+ [3]. Inthis case either
P =1 x A", or any two facets of P intersect. Moreover any
(m — n— 2) facets of P intersect. We have:
o ifm—n=2thenP = A" x N;
e ifm—n=23, then |N(Kp)| > 9;
@ ifn=2,thenP =1xI;
e ifn=23, then P =1x A2
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Problem”: Cyclic Polytopes

Definition (Cyclic polytope)

Form>n+2and t; < --- < ty define cyclic polytope

C"(ty,..., tm) = Conv{(t;, 2,...,t"),i=1,...,m}

Theorem (E.,14)
For polytopes polar to cyclic we have

g +1

s(C"(m)A) =2ifand only if0 < m—n—2 < g




Problem”: Cyclic Polytopes

Idea of the proof

Lemma

C?/(m) has cyclic symmetry and

CPH i (m)A = C¥(m—-1)2(2,1,...,1).

Lemma

For P = C?(m)” we have

N(Kp) = {I + 1 points on the circle with no neighboring }.




Problem”: Cyclic Polytopes

@ The mapping ¢: Z3 \ {0} — N(Kp) associates the vector a
to each vertex in ¢(a).

@ Each vertex in [m] corresponds to no more than 3 vectors,
so7(/+1) <3m.

@ Combining along the circle blocks

100 110 100 110 111 100 111

010 101 010 101 010 001 011
001 111 011 001 011 110 101

to build ¢ we obtain that this condition is necessary and
sufficient for s(C?'(m)?) > 3.



Questions

Questions

@ To classify simplicial complexes with s(K) = 2;
@ To find "polytopal” criterion for s(P) = 2;
@ To calculate s(C"(m)?) and sg(C"(m)%) for all m, n.
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Problem”: Cyclic Polytopes

Questions

Thank You for Your Attention!
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