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Introduction

Let K be any Galois extension of Q, and Uk be the unit group of K.
For any place v of K, let U, be the group of local units of K,.
Recently, Yan Li and Professor Xianke Zhang[6] considered the
following problem:

whether there exists an odd prime p such that the map

Ux/Ug = | [ U/ U2
vip

is injective.
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@ In fact, they proved that the existence of such primes is
equivalent to Hom(Ux /U2, {+1}) is a cyclic
Fo[Gal(K/Q)]-module.




Introduction

@ In fact, they proved that the existence of such primes is
equivalent to Hom(Ux /U2, {+1}) is a cyclic
F[Gal(K/Q)]-module.

© Moveover, they also proved that if the class number hQ(gp,ﬁ is
odd, then such primes exist for Q(¢p)™ and Q(p), where p is
an odd prime and Q(¢,r)* is the maximal real subfield of

Q(&pr)-




Introduction

Let K be a geometric Galois extension of the rational function field
k = Fq4(t). Let Ok be the integral closure of Fy[t] in K. Let Uk be
the group of units of Ok and U, be the group of local units of K.




Introduction

We generalize Li and Zhang’s methods to consider the following
problem:

whether there exists a finite place P of Fq4(t) such that the map

Ue/Ug = [ v/
v|P

is injective, where d > 1 is a factor of g — 1.
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Let ug be the group of d-th roots of unity. We will prove

@ There exist such places P if and only if Hom(Ug /U%, uq) is a
cyclic Z/dZ[Gal(K/k)]-module.
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When K is a quadratic function field, we will prove in section 4 that
there exist such places if and only

@ K isimaginary;
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Introduction

When K is a quadratic function field, we will prove in section 4 that
there exist such places if and only

@ K isimaginary;
©Q Kisreal and d is odd;

© Kisreal, d is even and there exists a fundamental unit e of
Ok such that N(e) is a generator of Fy.
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Let A be a monic irreducible polynomial. Suppose that K = k(Ax)
is the A-th cyclotomic function field and K™ is the the maximal real
subfield of K. In section 5, we will prove that

@ Such places exist for K and K if the class number of O+ is
relatively prime to d.

It should be noted that the proof heavily relies on the Galovich and
Rosen’s work on Sinnott’s circular units in cyclotomic function
fields [3].
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Preliminary

For each d|g - 1, denote L = K( {/Ux). Since Fq contains d-th
roots of unity, L is an abelian extension of K of exponent d. Denote
Gal(L/K) = H, Gal(K/F4(t)) = G. Define the action of G on H by
gh = ghg™', where g € G, h € Hand § is a lifting of g in
Gal(L/Fq(t)).




Preliminary

By Kummer theory (e.g. Theorem 8.1 of [5]), there is a

non-degenerate G-equivariant bilinear pairing :

h(Yu)
\d/U

Hx Ux/UZ — pg, (h,0) =

So H = Hom(Ug/UY, ug) as G-modules.




Preliminary

The action of G on Hom(Uy /U4, uq) is defined as following:

gf(t) = f(g™'D),
for g € Gal(K/Fq(t)), f € Hom(Ux /U, uq), G € Uk /U.




Preliminary

Assume the infinity place (1/t) of Fq4(t) splits into r places of K. By
Dirichlet’s unit theorem, the rank of UK/U;Z as Z/dzZ-module is
equal to r.

Let {uy, uo, ..., ur} € Uk be representatives such that uy, to, ..., Uy
form a Z/dZ-basis of UK/Uﬂ. Then it is easily to show

H ~ Gal(K( {/u7)/K) x Gal(K( {/tz)/K) X ... x Gal(K( {/u;)/K).

The isomorphism is given by restriction to the subfields.




Preliminary

The following is the Cebotarev’s density theorem for global
function fields. (Theorem 9.13A of [7]).

Theorem

|

(Cebotarev) Let L /K be a Galois extension of global function fields
and Gal(L/K) = H. Let C c H be a conjugacy class and S;< be the
set of primes of K which are unramified in L. Then

#C
#H’

where ¢ means Dirichlet density. In particular, every conjugacy class
C is of the form (p, L/K) for infinitely many places p of K.

5({p € Skl(n, L/K) = C}) =




Preliminary

Let u € Uk and p be a place of K which is unramified in L. Then
u e U¢ if and only if (p, L/K) fixes K({/u), where L = K({/Ux)
(see the beginning of this section).




Preliminary

u € U is equivalent to p splits completely in K( {/u).

Since p is
unramified in K({/u), this is equivalent to (p, K( {/u)/K) = Id. As
the Artin symbol satisfies (p, L/K)l;c ¢z = (P, K({u)/K), the
result follows. O
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Proof of the Main result

Remark: The natural map Ux/UZ — [] U,/U¢ is injective, where
v

v runs over all finite places of K.




Proof of the Main result

Let u belong to the kernel of the map. Then u € UY for all v. By
Lemma 2, (v, K(¥/u)/K) = Id for all finite places v. So

5({r € Skl(p, L/K) = Id}) = 1. By Cebotarev’s density theorem,
the extension K( {/u)/K is trivial. Thus u € UZ. O
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Lemma

Let P be a finite place of F4(t). Then the natural map

Ux/Ug - [ [ us/Ug
v|P

is injective if and only if there exists a place v|P (hence for all v|P)
such that (v, L/K) is a Z/dZ|G] generator of H.




Proof of the Main result

Proof of the above Lemma: Let u be any unit of K. By Lemma 2
ue U9, VVIP o (v,L/K) fixes K(¥u), ¥ v|P.

It is obvious that
ue Ul o K(u) =K.

Thus, Uk/UZ — [] U,/U¢ is injective is equivalent to
vip

Y ue Uk, (v,L/K) fixes K(Yu), Y vIP = K(¥u) =K.
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(Continue) By Galois theory, this is equivalent to the subgroup
generated by (v, L/K) for all v|P is equal to H. Recall the definition
of G acting on H in section 2:

(gv,L/K) = g(v,L/K)g " = g(v, L/K). This is also equivalent to
(v, L/K) is a Z/dZ|G] generator of H for any v|P.
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Theorem

There exists a finite place P of Fq4(t) such that the natural map

Ux/Ug - [ [ uv/Ug
vVIP

is injective if and only if Hom(Uk /U, uq) is a cyclic
Z/dZ[G]-module.




Proof of the Main result

Proof.

Since H is isomorphic to Hom(Uxk /UY, ug) as Z/dZ[G]-modules,

the “only if” part follows easily from Lemma 3. Conversely, if H is a

cyclic module, let o € H be a Z/dZ[G] generator of H. By

Cebotarev’s density theorem, there exists a finite place p such that

(p,L/K) = o. Also by Lemma 3, we get Ux/UZ — HG Ugp/ U3, is
ge

injective. O

v
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The following definition can be found in page 371 of [7].

Definition

An extension K of k = Fy(t) is called totally real if the prime at
infinity (which corresponds to 1/t) of k, splits completely in K.




Proof of the Main result

Let G be a finite group and V be a free Z/dZ-module of rank
r = #G. Assume G acts on V linearly. Then V is a cyclic
Z/dZ|G]-module if and only if V* = Hom(V,Z/dZ) is a cyclic
Z/dZ[G]-module.
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Theorem

If K is a totally real geometric Galois extension of Fy(t), there
exists a finite place P of Fq(t) such that the natural map

Ux/Ug - [ | uv/Ug
vIP

is injective if and only if Ux /U2 is a Z/dZ[G]-cyclic module.




Proof of the Main result

Proof.

Suppose [K : Fq4(t)] = n. By Definition 5, K has n infinite places.
By Dirichlect’s unit theorem, UK/Uﬂ is a free Z/dZ-module of rank
n. By Theorem 4, the map is injective is equivalent to

Hom(Uk /U2, ug) is a cyclic Z/dZ[G]-module. Using Lemma 6 to
V = Uk/UZ, we get the desired result. O

v
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Definition

A unit u is called a Minkowski unit, if its Galois conjugates generate
a subgroup of finite index in the whole unit group.

We know that such units always exist (See [9] Lemma 5.27, the
proof is the same for global function fields. )




Proof of the Main result

Corollary

Let K/Fq4(t) be a totally real geometric Galois extension. There
exists a finite place P of Fq(t) such that the natural map

Ux/Ug - [ [ un/Ug
v|P

is injective if and only if there exists a Minkowski unit e such that
the index of Z|G]e in Uk is relatively prime to d.




Proof of the Main result

Proof.

By Theorem4, the existence of such P is equivalent to UK/U,% is a
cyclic Z/dZ[G]-module. This means there exists a unit € such that
Uk = UL(Z[G]e). Let E = Z[G]e. We get

Uk = EU} & Uk/E = (Ux/E)?* & (#Uk/E.d) = 1.

This completes the proof of the corollary. O
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The case of quadratic function fields

In this section, we assume K is a quadratic extension of k = Fg(t)
and 2 1 q. We will use the theory developed in section 3 to
investigate the situation of quadratic function fields. Such fields
can be written as k( VD), where D is a square free polynomial of
Fq[t]. They are systematically studied by E.Artin. [1]




The case of quadratic function fields

Fix a generator g of Fg, then we can assume that the leading
coefficient of D is 1 or g. The infinite place (1/t) is splitting,
inertial, or ramified in K respectively when the degree of D is even
and sgn(D) = 1; the degree of D is even and sgn(D) = g; or the
degree of D is odd respectively. Then the field K is called real,
inertial imaginary, or ramified imaginary respectively, according to
E.Artin [1]. When K is real, we let ¢y be the fundamental unit of K.
Any fundamental unit is determined only up to multiplication by a
constant, thus its norm is either a square or g times a square. So
by multiplication € by an appropriate constant we can assume
N(ep) is 1 or g.




The case of quadratic function fields

Theorem

Let the notations be as above. There exists a finite place P of Fq(t)
such that
Ux/Ug - [ [ uv/Ug
vIP

is injective if and only if K is imaginary or K is real and d is odd or
K is real, d is even and N(&) = g.




The case of quadratic function fields

Proof of the above theorem: If K is imaginary, then Uk = F; and

Uk /UZ = Fy/F; is a cyclic group. Thus Hom(Ux/Ug.Z/dZ) is a
cyclic Z/dZ[G]-module. By Theorem 4, there exists a finite place
P of Fq4(t), such that

Ux/Ug - [ | U/ Ug
vIP

is injective.




The case of quadratic function fields

(Continue) If K is real, then Ux =< & > xFg. By Corollary 9, the
existence of such places is equivalent to the existence of a
Minkowski unit € such that (#Ux/Z[Gle,d) = 1. If N(e) = g, we
can take € = €y, then Uk = Z[Gle. If N(&p) = 1 and d is odd, we
can take € = gep, then

Z[G]GIZE@ < N(e) >= Ze@ <d?>.

Thus #Uk/Z[G]e = 2 is prime to d. If N(&y) = 1 and d is even, for
any Minkowski unit €, write € = exg/, k.1 € Z,k # 0. As above,

Z[Gle :Ze@ < N(e) >= Ze@ <d? >c Ze@ <d>.
Thus 2|# Uk /Z[Gle, so 2|(#Uk/Z[Gl]e, d). The proof is completed.
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The case of Cyclotomic function fields

Before stating the main theorem of this section, we must introduce
some notations. Denote k = Fqy(t) and R = Fqt]. Let k2 be the
algebraic closure of k. In order to construct the explicit class field
theory for k, Carlitz[2] introduced the R-module structure on k&c,
called Carlitz module (also see [4]). Let End(k?°) be the ring of
Fq-algebra endomorphism of k&.




The case of Cyclotomic function fields

Let
p: R — End(k%*), M ppy

be a ring homomorphism defined by
pal@) = aa, pi(a) = ta + a9,
where a € Fg and a € k%. Let
A = {a € k*|om(a) = 0},

which is called the M-torsion module of k%°. If M is monic, k(Ay) is
called the M-th cyclotomic function field . The Chapter 12 of [7]
gives us a nice exposition to the theory of cyclotomic function
fields. Let Sw(k(Am)) be the set of infinite places of k(Ay) and Uy
be the group of S (k(Awm))-units of k(Au).




The case of Cyclotomic function fields

For simplicity, let P(3) denote the following property:

@ There exists a finite place P in F4(t) such that
Uk/US - T1 U,/UZ is injective.
v|P

where K is a geometric Galois extension of Fq(t).




The case of Cyclotomic function fields

Theorem

Let A be a monic irreducible polynomial in Fq[t], K = k(Aa) and
K™ be the maximal real subfield of K (for the definitions, see
Theorem 12.14 of [7]). Let ha be the class number of Ok and hj(
be the class number of O . If dig — 1 and (h},d) = 1, then P(3)
holds for K and K.




The case of Cyclotomic function fields

Before the proof of the above theorem, we briefly recall Galovich
and Rosen’s work on Sinnott’s cyclotomic units in cyclotomic
function fields [3].




The case of Cyclotomic function fields

Definition

Let M be a monic polynomial in Fg[t], and A be a primitive
M-torsion element. Define
A
S = {pBT()IB is a monic polynomial, 0 < deg(B) < deg(M),
(B,M) =1}

(Obviously, S c Uk(ay)+)- The elements in the subgroup generated
by S are called the Kummer-Hilbert’s circular units , denoted by
Cy(k(Am)™). Let G be the multiplicative subgroup of k(Au)* which
is generated by ]F’g, and A\, = Ay — {0}. The elements of

C = Gn Uy,, and C* = C N Ug(n,)+ are called Sinnott’s circular
units of k(Aym) and k(An)™, respectively.

v




The case of Cyclotomic function fields

REMARK:Since A is irreducible, from [3], we know that
UK = UK+, C = C+ and C+ = FZCy(K+).

In this case, Galovich and Rosen proved that (see [3])




The case of Cyclotomic function fields

(Galovich-Rosen) [Ux : C] = [Ux+ : C*] = h;.




The case of Cyclotomic function fields

Proof of the theorem:(this proof belongs to the referee) Let

G = Gal(K/k) and G™ = Gal(K™* /k) respectively. From the above
Remark, we have Ux/U§ = Uk+ /U2, . Thus Hom(Ug /U, ua) is a
cyclic Z/dZ[G]-module if and only if Hom(UK+/UdK+,,ud) is a cyclic
Z/dZ[G"]-module. By Theorem 4, P(3) holds for K if and only if
P(3) holds for K. From the above Theorem 13, h; = [Uk+ : CT],
so ([Uk+ : CT],d) = 1 by assumption. If we can show that C* is a
cyclic Z/dZ[G*]-module, then by Corollary 9, we will complete the
proof. Suppose M is a generator of (Fq4[t]/AF,[t])*. Since by the
above Remark , C* = F;C,(K™), C" is generated by the set

3= {prﬂ( Jj1 < i< goeon _ 1),




The case of Cyclotomic function fields

(Continue) For each polynomial W relatively prime to A there is a
unique element ow € G such that cw(1) = pw(1) where 1is a
primitive A-torsion element (See Theorem 12.8 of [7]). Using the
definition of the group ring action, the multiplicity of oy, and
cancelation in a telescoping product, we have

i1 (A o i+t (4
PM;(): M:():(1—|—O'M+O'M2+~-+O'M’)

om(Q)
T

Thus C* = Z[G]‘””Tw = Z[G*]‘T"”Tw is a cyclic module and the
proof is finished.
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