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Convex Algebraic Geometry

is the marriage of real algebraic geometry with optimization theory.
It concerns figures such as the following convex curve of degree 3:
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Duality is important in both optimization and projective geometry:



Example: Multifocal Ellipses

Given m points (u1,v1),. .., (Um, Vm) in the plane R?, and
a radius d > 0, their m-ellipse is the convex algebraic curve

{xy)ERz Z\/x w)? + (y— vk)2—d}

The 1-ellipse and the 2-ellipse are algebraic curves of degree 2.
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The 3-ellipse is an algebraic curve of degree 8:



2, 2,8,10, 32, ...

The 4-ellipse is an algebraic curve of degree 10:

The 5-ellipse is an algebraic curve of degree 32:



Concentric Ellipses

What is the algebraic degree of the m-ellipse?
How to write its equation?

What is the smallest radius d for which the m-ellipse is

non-empty? How to compute the Fermat-Weber point?
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LMI Representation
The 3-ellipse with foci (0,0), (1,0),(0,1) has the representation

d+3x—-1 y-—-1 y 0 y 0 0 0
y—1 d+x—1 0 y 0 y 0 0
y 0 d+x+1 y—1 0 0 y 0
0 y y—1 d—x+1 0 0 0 y
y 0 0 0 d+x—1 y—1 y 0
0 y 0 0 y—1 d—x-—1 0 y
0 0 y 0 y 0 d—x+1 y—1
0 0 0 y 0 y y—1 d—-3x+1

The ellipse consists of all points (x, y) where this symmetric
8x8-matrix is positive semidefinite. Its boundary is a curve
of degree eight:
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The 5-ellipse

This is a Helton-Vinnikov curve of degree 32, i.e., every line that
passes through the convex region meets the curve in 32 real points.



What comes after 32 7

“The polynomial equation defining the m-ellipse has

degree 2™ if m is odd and degree 2m—(m"/72) if m is even.
We express this polynomial as the determinant of a symmetric
matrix of linear polynomials. Our representation extends to
weighted m-ellipses and m-ellipsoids in arbitrary dimensions .....

[J. Nie, P. Parrilo, B.St.: Semidefinite representation of the k-ellipse, in
Algorithms in Algebraic Geometry, (eds. A. Dickenstein, F. Schreyer and
A. Sommese), I.M.A. Volumes in Mathematics and its Applications, 146,
Springer, New York, 2008, pp. 117-132]
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Research Problems:

» What is the genus of the m-ellipse? Singularities?
» What is the algebraic degree of the Fermat-Weber point ?

» Given an LMI representation of a polynomial whose degree is
smaller than the matrix size, how to reduce the matrix size?



Semidefinite Programming

A spectrahedron is the intersection of the cone of positive
semidefinite matrices with an affine-linear space. The algebraic
representation of such a convex set is a linear matrix inequality.

Semidefinite programming is the computational problem
of maximizing a linear function over a spectrahedron.



Exact Solutions and Algebraic Degree

Consider a spectrahedron S that is the intersection of the cone of
positive semidefinite nx n matrices with a generic m-dimensional
linear space, and optimize a generic linear function over it. Then
the rank r of the optimal matrix satisfies the Pataki inequalities:

n—r+1 r+1 n+1
< < —m.
() s m e () (72)
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The entries of the optimal matrix are algebraic numbers over the
field of input data, and their degree ¢ depends only on m, n,r.

Indeed ¢(m, n, r) is the degree of the hypersurface dual to the
corresponding singular stratum of S. Formulas are derived in

[J. Nie, K. Ranestad, B.St.: The Algebraic Degree of Semidefinite
Programming, Mathematical Programming A (2009)]

[H-C Graf v. Bothmer, K. Ranestad: A general formula for the algebraic
degree in semidefinite programming, Bulletin London Math. Soc. (2010)]
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Cayley Example: ¢(3,3,1) = ¢(3,3,2) = 4. Can solve SDP in radicals...



A Spectrahedron and its Dual




Example: ¢(2,3,2) =6

A smooth Helton-Vinnikov curve of degree 3:
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This SDP can't be solved in radicals; the dual curve has degree 6:



Characterization of Spectrahedra

A convex hypersurface of degree d in R” is rigid convex
if every line passing through its interior meets (the
Zariski closure of) that hypersurface in d real points.

Theorem (Helton—Vinnikov (2006))

Every spectrahedron is rigid convex. The converse is true for n = 2.
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Characterization of Spectrahedra

A convex hypersurface of degree d in R” is rigid convex
if every line passing through its interior meets (the
Zariski closure of) that hypersurface in d real points.

Theorem (Helton—Vinnikov (2006))

Every spectrahedron is rigid convex. The converse is true for n = 2.

Big open problem: Is every compact convex basic semialgebraic
set § the projection of a spectrahedron in higher dimensions?

Theorem (Helton—Nie (2008))
The answer is yes if the boundary of S is “sufficiently smooth”.



Matrix Cubes are Spectrahedra

Consider the convex semi-algebraic set

m
d-Ao+ > txAx = 0 whenever

C = YWDERXR I\ L (B(0) < th < Ama(Bo(3))

for k=1,2,....m
where the A; are constant symmetric matrices of size Ny x N,
Amin(+) and Amax(-) denote minimum and maximum eigenvalues.

The m matrices By(x) are linear matrix polynomials

Bi(x) = B +xBY + ... +x,B(9,

(k)

Theorem (Nie-St. (2008))
The set C is a spectrahedron. Its LMI has size NgNy - - - N,,.

where B:"’ is a constant symmetric Ny x N matrix.



Multifocal Ellipses are Matrix Cubes
We construct the m-ellipse as a matrix cube.
Let Ng=1and Ny =--- = N,, = 2. Each scalar A; is 1 and

X—u —v
Bk(x,y) = [y—v: Zk_)k(] for k=1,---,m.

The eigenvalues of By(x) are £+/(x — uk)2 + (v — vk)?, and

C = {(x,y,d)€R3 cd>t + -+ tn whenever

o < lmu )+ u |

This is the m-ellipse.




More Research Questions

> Is there a nice coordinate-free generalization of the
Chordal Matrix Completion Theorem for spectrahedra?

How to classify combinatorial types of spectrahedra in 3D7
How to represent the Minkowski sum of two spectrahedra?

Is there a simplex algorithm for SDP?
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How to determine the active constraints and the
tangent cone at the optimal solution of an SDP?

» How to tropicalize semidefinite programming ?

» How to compute the convex hull of a semi-algebraic set?

Very promising initial results by [Gouveia—Parrilo-Thomas (2008)].

Related to work by [Lasserre-Laurent-Rostalski (2008)] on moment
matrices and algorithms for the real radical of a polynomial ideal.



Convex Hull of a Real Variety
Input: A zero-dimensional (prime) ideal | C Q[x,y, z]
Output: An R-polytope represented as a Q-spectrahedron

Input : {(t, P eR:-1<t< 1}

Output : (1 X>:|:<X y)iO
Xy y z



Pop Quiz for Algebraic Geometry Students

Every smooth cubic surface in complex projective 3-space has a
determinantal representation, and it contains 27 straight lines.

Cayley argued in 1849 that cubic surfaces with a symmetric
determinantal representation must have four singular points.
How many straight lines are there on Cayley's cubic surface?



