Existence of Weak Solutions to the Equations of Non-Stationary
Motion of Non-Newtonian Fluids with Shear Rate Dependent
Viscosity — J. Wolf

1. INTRODUCTION AND STATEMENT OF THE RESULT.

ou+V-(u®u—S+pl)=-V-f, (1.1)
V.u=0, (1.2)
in Q= x(0,7T),
the initial condition u(x,0) = ug(x) for |x € €, (1.3)
Dirichlet boundary condition, (1.4)

[ ={/i;j} external force



D = (D), = Djj(u) = 1(8 '+ Opu?)
iDij

D= %D D= D — second 1nvarlant of D

[\')IH

Basic Assumptions:
(D) S:QxM! — M = isa Carathéodory function;

sym sym

(IT) growth condition:

IS, 1) < coll€llg—1 + 91VE € My, ae.(2,8) € Q, (¢ > 0,01 € L7(Q), g1 > 0);
(IIT) coercivity:

S(I,tf) &2 VO”f”q g2V§ € Msym’ (:L’,t) €qQ (VO > 0,92 € Ll(Q)?QQ > O)a

(IV) strict monotonicity:

(S(@,t,8) = S(x,t,€)) : (§ —n) > OV&,n € M, (€ # n),ae.(z,) € Q




Let (X, ]| - ||x) be a normed space.
L0, T; X) the space of all Bochner measurabel functions ¢ : (0,7) — X, such that

16l o) = / lo(t ||§(dt) - .

Let
dﬁf{ € O°(Q)° : div v = 0},
V, dof Closure of V in Wl,q(Q);g,
H Y closure of Y in LQ<Q)3,
where

6], |D(9)]| ze() if €2 is bounded,
| D(®)|La) + [Jull2(q)  if € is unbounded.
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Definition 1.1. Let n2—f2 < q < oo. Assume (I) and (II). Let f € LY(Q) and ug € H.
we LU0, T;V,) N L>(0,T; H) is called a weak solution to (1.1)—(1.4): if

—/u-@t(bda:dt—l—/(S(x,t,D(u))—u®u) : D(¢)dxdt = / f: Vg/)da:dt—i—/uo-qb(())da:
Q Q Q Q
holds for all ¢ € C*(Q) with V - ¢ =0 and supp(¢p) CC Q x [0,T).

Theorem 1.2 (Main Theorem). Let uy € H and f € LY(Q). Let S fulfill (I)-(IV).
Furthermore, suppose

n+1
< q < oQ. 1.5
n+ 2 1= (15)

Then, there exists a weak solutionb v € L4(0,T;V,) N Cy([0,T]; H) to (1.1)—(1.4).
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Strategy :

(1) First consider for bounded domains, and then take to infinity of the size of the domains
(2) Harmonic decomposition of L" functions

(3) Monotone operator theory, Minty trick

(4) L truncation method



2. HARMONIC DECOMPOSITION OF L" FUNCTIONS
G C R" be bounded domains with 0G € C2.

r
Jullyzrqy = ( Jo |Auldz)
Lemma 2.1. 1 < r < o0,

[, Aud
H ¢ ’ ’ WOQ’TI(G)

Hu||W3,r(G) <C, sup Yu e W'(G).

022" ()

AG) ={Dd pe i)
B"(G) ={p e L"(G) : Ap =0 in G}.

Lemma 2.2. Let p € A"(G) and (hi;) € L"(G), such that

/ pAddr = / h: Vdr Vo € C(G).
G G
Then,

1Pl < Clihllr @)

Additionally, suppose V -h € L°(G) for 1 < o < r. Then p € Wloc(G) and
VG' cC G, we have

1plleny < CIV - bl + 12l r@)-
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Lemma 2.3. 1 < r < co. For v* € (WOQ’T/(G)))*, there exists a unique u € W' (G)
such that

/ Aulpdz = (v*, ) Vo € C(Q).
G

Corollary 2.4 (Simader). For p € L"(G), there exist pg € A"(G) and p, € B"(G) such
that

D = Do+t Ph-
In addition, we have

ol ey + llpwllr) < Clipllzre

Theorem 2.5. Let Q € L"(G x (0,T))" and u € Cy([0,T); L*(G)) with V - u = 0.

Suppose that
/ /u 8tcpda:dt+/ /Q Vodxdt =0

holds for ¢ € C§°(G x (0,T)) with V - p = 0.

Then, there exist unique functzons po € L'(0,T; A"(G)) and py € Cy(0,T); B"(G)),
such that

T T
—/ /u-@tgpd:vdt+/ /Q - Vipdzdt
0 G 0 G
T T
:/ /pOV - dxdt —/ /phatv : gpdazdtJr/u(O) - (0)dx
0o Ja 0o Ja G
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for all p € C®(G x (0,T)) with supp(p) CC G x [0,T). In addition, we have a priori
estimates

ol @ x0m)) < cl|@lr@x01)),
150l oo 0.7:22(cy) < cllull oo,y + el Qllzrx 0.

3. EXISTENCE OF WEAK SOLUTIONS TO THE APPROXIMATE SYSTEM
Let & € C*°([0,00)) be a non decreasing function, with 0 < ¢ <1, d=1o0n [0,1], D=0
in [2,00), and 0 < =9’ < 2.
Consider the approximate system:

Oue + V- (u: @ uP-(|uc|)) — Sz, ¢, D(u)) + f) = —Vp-inQ, (3.1)
V- u. = 0in@), (3.2)
uf’aﬁx(O,T) =0, (3.3)
uz(0) = ugins2. (3.4)

(1) €2 bounded, with Schauder fixed point theorem, we get local existence
(2) extend arbitrarily large interval to get global weak solution
(3) €2 unbounded, €2 is a union of bounded open sets.

4. PROOF OF MAIN THEOREM
Take € — 0.



We have weak convergence

Uepsilon,, — W weakly in LY(0,T;V,),
Uepsilon,, — W weakly in anTH(Q),
S(+, D(Uepsiton,,)) — S weakly in L7 (Q),
Uepsitony, @ e, — H weakly in L% (Q).
Aubin-Lyons compact embedding lemma
Need Harmonic decomposition and Cacciopoli inequality for py ¢, Lebesgue dominated con-
vergence theorem
Vitali theorem
Monotonicity of S, Minty’s trick,
to apply monotone operator theorem we need the convection term belonging to L%, o > 1.

Then we need that
1 n n—+1
— <1l <& qg>2 :
q qn+2) n+ 2

Therefore, we need the strong convergence of Vu' in L*(Qr)>*3 for some s > 1.




