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ABSTRACT

We consider the approximate solution of optimal control problem governed by the Stokes equa-
tions. For the constrained optimization problem, Lagrange multiplier method is used. We em-
ploy a least-squares functional developed in [3] for the two- and three-dimensional first order
optimality systems, by introducing a velocity flux variable and associated curl and trace equa-
tions. With the provided H?-regularity of that system, ellipticity in an H' product norm is estab-
lished. This yields optimal discretization error estimates for finite element spaces in a product
H' norm. The resulting matrix becomes symmetric and positive definite. For numerical tests,
we apply V-cycle multigrid methods to the total discrete algebraic system.

COUPLED FIRST-ORDER SYSTEM FORMULATIONS

Let 2 C R™(n = 2 or 3) be an open, connected and bounded domain with Lipschitz boundary
0L2. We consider the control problem consisting of minimizing the quadratic functional defined
by
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where o is positive constant.

Then, the constrained optimization problem (1)-(2) is the equivalent to the unconstrained
optimization problem of finding saddle points of the Lagrangian functional. These saddle points



may be found by solving the optimality system:
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According to [3], This problem can be rewritten as the first order system of partial differential
equations by introducing the velocity flux variable U = Vu' = (Vuy, Vus, ..., Vu,), and
V = Vv! = (Vuy, Vg, ..., Vu,), (3) can be written as an extended first order system of
partial differential equations:

—(V-U) +Vp+- =0 inQ
g
0

U-—Vu = in
V-u= in Q2
VxU=0 inQ (4)

V(trU) =0 in{
u=0 onl
nxU=0 onl,

v(V-V)'+Vg+u=1u inQ
V-Vvi=0 inQ
V:-v=0 in{Q

VXxV=0 inQ (5)

V(trV) =0 in{
v=0 onTl

nxV=0 onl,

Then, we may make a least-squares functional as in [3], which are
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Hence we are going to minimize G(U, u, p, V, v, ¢; 01). Since the coercivity and continuity of
the bilinear form corresponding to G are equivalent to stating that the functional G is norm-
equivalent, the following theorems show the existence and uniqueness of the minimizer.

Theorem 1. Assume that the domain (2 is a bounded convex polyhedron or has C! bound-

ary. Then there are two constants C'; and C'y dependent on o and v such that for any (U, u,p, V,v,q) €
W x W, we have

Cy M(H? U_,p,X,V,q) < G(Q,u,p,X,v,q; O>> (7)
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where

M(U,u,p,V,v,q) = U + [ullf + Iplf + IV + VI + llqlli-

The discrete problem for minimizing (6) is equivalent to an linear algebraic system:
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where U =(Uy,...,Usp)"s @ = (ug,...,u20)', 0 = (p1,---
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,q7)". The block matrices K; and K, are of size 4J x 4J, K, is of

size 2J x 2J, K3 is of size J x J, C; and C, are of size 2J x 4.J, Cq is of size J x 4.J, Cs is

of size 4J x 2J, Cy is of size 2J x J and Cg is of size J x 2J.

NUMERICAL EXPERIMENTATIONS WITH MULTIGRID METHOD

Table 1 The L>2-errors ||[u” — || between the controlled flow u” and the target flow 1, the L>-
norm of control ||f"|| and the values of the cost functional for the different o when h = 1/32.
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Figure 1. Target flow(top) and controlled flows at ¢ = 1(middle left),0.1(middle right),
0.01(bottom left) and o = 0.001(bottom right) for v = 1, when h = 1/32.
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