The 8th Korean Mathematical Olympiad

[ First round |

Morning session (2} hours)

1. Consider a finitely many points in a plane such that, if we choose any three points A, B,C
among them, the area of AABC is always less than 1. Show that all of these finitely many

points lie within the interior or on the boundary of a triangle with area less than 4.

2. For a given positive integer m, find all pairs (n,z,y) of positive integers such that m,n are

relatively prime and (22 + y2)™ = (zy)", where n, z,y can be represented by functions of m.

3. Let A, B, C be three points lying on a circle, and let P, @, R be midpoints of arcs BC,C A, AB,
respectively. AP, BQ,CR intersect BC,CA, AB at L, M, N, respectively. Show that

AL  BM  CON
PL QM RN ="

For which triangle ABC does equality hold ?

4. A partition of a positive integer n is a sequence (A, As, -+, Ax) of positive integers such that
M+ A+ -+ =nand Ay > Ay > - > A\ > 1. Each )\; is called a summand. For
example, (4,3,1) is a partition of 8 whose summands are distinct. Show that, for a positive
integer m with n > 1m(m + 1), the number of all partitions of n into distinct m summands

is equal to the number of all partitions of n — $m(m + 1) into r summands (r < m).



fternoon session (25 hours)

5. If we select at random three points on a given circle, find the probability that these three

points lie on a semicircle.

6. Show that any positive integer n(> 1) can be expressed by a finite sum of numbers satisfying

the following conditions:
(i) they do not have factors exept 2 or 3.
(ii) any two of them are neither a factor nor a multiple each other.

That is, n = Zf\;l 2930 where ay, 3; (i =1,2,---, N) nonnegative integers and (a; —a;) (3 —
B;) < 0 whenever i # j.

7. Find all real valued functions f defined on real numbers except 0 such that

Lo+ fG) =r, a0

8. Two circles Oy, O, of radii ri,rs (r; < rq), respectively, intersect at two points A and B. P

is any point on a circle O;. Lines PA, PB and a circle O, intersect at () and R, respectively.
(1) Express y = QR in terms of ry,7y, and § = ZAPB.

(2) Show that y = 2r, is a necessary and sufficient condition that a circle O, is orthogonal to

a circle Os.



[ Final round |

First day session (4% hours)

1. For any positive integer m, show that there exist integers a, b satisfying

1 2
a<m,  pl<m 0<a+hd<itVZ
m+ 2

2. Let A be the set of all non-negative integers. Find all functions f : A — A satisfying the

following two conditions:

(i) for any m,n € A,

2f(m* +n?) = {f(m)}* + {f(n)}*

(ii) for any m,n € A with m > n,

3. Let AABC be an equilateral triangle of side length 1, D a point on BC, and let ry, 79, be
inradii of triangles ABD, ADC, respectively. Express r173 in terms of p = BD, and find the

maximum of r{7s.



Second day session (41 hours)

4. Let O and R be the circumcenter and the circumradius of AABC), respectively, and let P be
any point on the plane ABC. Let perpendiculars PA;, PBy, PC}, be dropped to the three
sides BC,CA, AB. Express % in terms of R and d = OP, where (AABC) is the area
of AABC.

5. Let p be a prime number such that
(i) p is the greatest common divisor of a and b;

(i) p? is a divisor of a. Prove that the polynomial z"*? 4+ az™*! + ba™ + a + b cannot be
decomposed into the product of two polynomials with integeral coefficients, whose degrees

are greater tham one.

6. Let m,n be positive integers with 1 <n < m — 1. A box is locked with several padlocks, all
of which must be opened to open the box, and all of which have different keys. m people each
have keys to some of the locks. No n people of them can open the box but any n + 1 people
can open the box. Find the smallest number [ of locks and then the number of keys for which

this is possible.



The 8th Korean Mathemtical Olympiad

Solutions

[First round]

1. Consider a finitely many points in a plane such that, if we choose any three points A, B,C
among them, the area of AABC is always less than 1. Show that all of these finitely many

points lie within the interior or on the boundary of a triangle with area less than 4.

Solution
We can take AABC having the maximum area among triangles whose vertices are chosen from
the given finitely many points. Then (AABC) < 1. Here (AABC') denotes the area of AABC.
Let ALMN be the triangle
whose medial triangle is
AABC. Then
(ALMN) =4(AABC) < 4.

We may prove that the given finitely many points lie within the interior or on the boundary of
ALMN. Suppose a point P lies on the exterior of ALM N. We may assume that a point P locates
at the opposite side of N with respect to a line M L. Then the length of a perpendicular of P
dropping to AB is larger than that of C' dropping to AB.

It follows that (APAB) > (ACAB) = (AABC) and P is never included in the given finitely

many points. This completes the proof.

2. For a given positive integer m, find all pairs (n,z,y) of positive integers such that m,n are

relatively prime and (z? + y?)™ = (zy)", where n, z,y can be represented by functions of m.

Solution

If (n,z,y) is a solution of the given equation, then from z? + y?> > 2zy we have (zy)" =
(22 +y»)™ > (zy)". It follows that n > m.

Let p be a common prime divisor of z and y, and let p®||z,p’||y. Here p®||z means that p®|x
but p®*' t y. Then pl®*||(zy)” = (z* + y*)™. Suppose b > a. Since p*||z?,p?||y®, we see
that p*||z? + y? and p?*™||(z* + y*)™. It follows that 2am = (a + b)n > 2an and m > n. This
is a contradiction. Similarly, a > b gives a contradiction. It concludes that a = b and z = y.

Now we have z°* = (2z%)™ = 2™z?" and 2z>("~™) = 2™ Thus, z = 2! for some integer t. From



22n=m)t — 2™ e have 2t(n —m) = m. Since 2nt = (2t + 1)m and m,n are relatively prime, we

obtain m = 2t,n = 2t + 1. Answer. (n,z,y) = (m + 1,2m/2 2m/?) (m: even)

3. Let A, B, C be three points lying on a circle, and let P, @, R be midpoints of arcs BC,C A, AB,
respectively. AP, BQ,CR intersect BC,CA, AB at L, M, N, respectively. Show that
AL BM CN
——t+—+ = >0
PL" QM ' RN
For which triangle ABC' does equality hold ?

Solution

Since P is a midpoint
of arc BC, we have
/BAP = /CAP = %AA.
It follows that BL : CL =c: b,
and BL = &, CL = #~.
Now we have

a’be
(b+c)?

(1) AL-PL=BL-CL =

Since (AABL) + (AALC) = (AABC), we obtain cALsin4 = $bALsin4 = lbcsin A and
bc sinA  2bc

AL = = —.
b+ csing btc 072
Form (1) we have
a’bc  b+c 1 a? 1
(b+c)? 2bc cosd  2(b+c) cosd an
AL dbe  , A 2bc 2bc b + % — a? b+c\?2
PL = @y =gt = (e ) = (5 0) -1
Similarly,
BM c+a\2 CN a+b\?2
o= (7)) —tad go=(=-) -1

Finally,

Lo RN -
2 2
- -Gy
2 2 2
- G-

savetes (1) G- (- ) oz

AL BM C’N_(bl—c>2+(c-lta)2+(a+b)2_3
( 2



equality holds for a = b = c.

4. A partition of a positive integer n is a sequence (\;, A, -+, A;) of positive integers such that
M+ A+ -+ =nand Ay > Ay > - > A\ > 1. Each )\; is called a summand. For
example, (4,3,1) is a partition of 8 whose summands are distinct. Show that, for a positive
integer m with n > 2m(m + 1), the number of all partitions of n into distinct m summands

1

is equal to the number of all partitions of n — $m(m + 1) into r summands (r < m).

Solution

Since a partition of n into distinct m summands is of the form A\; + Ao + -+ Ay = n, A\ >
Ay > - > Ay > 1, we have A\, > 1, Appo1 > 2, Ao > 3,---,A1 > m. It follows that
n=MA+X+-+XAy >14+2+4+---4+m = m(m+1)/2. This partition can be represented
geometrically. Consider the array of points having A; points in the top row, A2 in next row, and so

on down to A, in the bottom row.

A1 e o e o --- o --- o more than m points
Ay e o o o -0 more than m — 1 points
......... (1)
A1 ©® ® --- more than 2 points
Am * - more than 1 point

In the first row, we divide A; points into m points and A\; — m points, and in the second row, we

divide A, points into m — 1 points and Ay — (m — 1) points, etc.

A : o o e --- e e mpoints  eeee- (A1 —m) points
Xy : o o o - o m — 1 points  ------ (A2 — (m — 1)) points
............ (2)
Aol 1 ® @ 2 points ~ ------ (Am—1 — 2) points
Am @ ® 1 points ~ ------ (A — 1) points
total: W points total: n — %m(m + 1) points

Since \j —(m+1—i)>0and Y} {N—(m+1—-49)}=>", Ai_w :n—w,the right

part of the array of points represents a partition of n — %m(m + 1) into r summands (r < n). This

completes the proof.



5. If we select at random three points on a given circle, find the probability that these three

points lie on a semicircle.

Solution

Let A, B, C be selected points on
a given circle, and let
/ZAOB =x,/BOC =y, ZCOA = z.
Then

(1) r+y+z=27 x>0, y>0, z>0.

Three points A, B, C' lie on a semicircle if and only if one of z +y < z,y+ 2z < z or z+ x < y holds,
that is,

(2) r>m, y>mT or z > .

In space, the region of (1) is the union of
the interior and the boundary of AABC
and the region of (2) is the union of
the interiors and the boundaries of
ANA'B'C, ANAB'C' and ABC'A'.
3

It follows that the required probability is 2. Answer. 8.

cf. The required probability is equal to the probability that AABC becomes obtuse.

6. Show that any positive integer n(> 1) can be expressed by a finite sum of numbers satisfying

the following conditions:
(i) they do not have factors exept 2 or 3.
(ii) any two of them are neither a factor nor a multiple each other.

That is, n = Zfil 2935 where a;, 3; (i = 1,2,---, N) nonnegative integers and (o; — ;) (8; —
B;) < 0 whenever i # j.

Solution

Note that 2 =2',3 =3',4 =22 5=2'+31,6 =2'-3!,7 =224+3',8 =2%,9 = 32,10 = 22 4+2!-3!,
etc. So if n < 10, then the required representation is possible.

We use induction on n.

Suppose that, for every m(< n), the required representation of m is possible.

i) n is odd;



Since n + 1 is even and 2 < n, we have 2 = Zfil 29 - 3% where (a; — a;)(Bi — B;) <0
whenever i # j. Thenn+1 = Zf\;l 20130 and {(a;j+1)— (a;+ 1) }(Bi—B;) = (i —a;)(B;i—Bj) <0
whenever i # j.

ii) n is even ;

If n + 1 = 3*, we have done.

If n + 1 # 3*, we can take a positive integer k such that 3% < n + 1 < 3¥+1,

Since 3% is odd, n+1-3"is even, and (n 4+ 1 — 3")/2 < n, we have (n + 1 — 3¥)/2 = SN 20:.30:
where (a; — a;)(8; — ;) < 0 whenever i # j.

Then n + 1= 3"+ Zf\il 201 .36 Since a; +1 > 0,3 <k (i =1,2,---,N), we have 3* and
20+1.36 (j =1,2,---, N) are neither a factor nor a multiple each other. From i) and ii) we know

that the required representation of n + 1 is possible. This completes the proof.

7. Find all real valued functions f defined on real numbers except 0 such that
f(-x) + £ = #0
- x 2=, x .

Solution

Letting © = —y in the given equation, we have

1 1
1 —fy) +f(==) =~y
(1) , (y) + £( y)
and letting x = 1/y, we have

1 1
2 yf(==)+rfly)=-.
(2) ( y) (¥) ,
Eliminating f(—i) in (1) and (2), we have
1, 1

fly) = 5(?/ + 5)-

Conversely, if f(z) = 1(2* + 1/z), then

1 I, 1 —2*+1 H+1
flea)+ )= +

T —2x 2-%

=XT.

Answer.  f(z) = }(2® + 1/x), x #0.

8. Two circles Oy, Os of radii ri,r» (r; < r9), respectively, intersect at two points A and B. P

is any point on a circle O;. Lines PA, PB and a circle O, intersect at () and R, respectively.
(1) Express y = QR in terms of ry,7y, and § = ZAPB.

(2) Show that y = 2r; is a necessary and sufficient condition that a circle O; is orthogonal to

a circle Os.



Solution
(1) Case I. P lies in the exterior of a circle O;
Let ZPAB = o« and AB = a. Then a = 2r;sinf,

PR _PQ _QR_y BQ _, d
PA_ PB_ AB a4 sina ¥
PB  a PA

= :27"1.

sina sinf sin(f + «)
In APBQ, we have

2
BQ? = PB? + PQ* — 2PB - PQ cos(/BPQ) = PB? [1 + % - 2% cos(LBPQ)].

It follows that

4r2 sin® a = 4r? sin’ cu[{g — cos(£/BPQ)}? + sin*(£BPQ)] and
a

y =acosf + 2\/1“% —r?sin?f = 2sin9{r1 cosf + /73 —r%sinQB}.
n

Case II. P lies in the interior of a circle Oy;

Similarly,
y = 2sin9{r1 cos(m — 6) + /7 — r}sin® 9},
where
/BPQ =m— /APB = — 6.

(2) If a circle O, is orthogonal to a circle Os, then ry = ry tanf (Case I);
ry = ry tan(m — 0) (Case II). It follows that y = 2ry. Conversely, if y = 2r,, then 75 = 71 tan6
(Case I); ro = ry tan(m — 0) (Case II). This completes the proof. Answer of (1);

y = 2sinf{r;cosf +/r} —risin®8}
(P lies in the exterior of a circle Os),
y = 2sinf{r;cos(r —6) +1/r7 — r}sin’ 4}

(P lies in the interior of a circle O).

10



The 8th Korean Mathemtical Olympiad

Solutions

[ Final round |

1. For any positive integer m, show that there exist integers a, b satisfying

1 2
a<m,  pl<m 0<a+hd<itVZ
m+ 2

Solution

Let f(z,y) = = +yv2 and S = {f(a,b)|a,b integers with 0 < a < m and 0 < b < m}. If
fla,b) = f(d',b), then a + bv/2 = a' + V'v/2 and a = o',b = b'. Tt follows that the number of
elements in S is (m 4 1)?. The maximum of S is m +mv/2 = (1 +v/2)m, and so if f(a,b) € S, then
0 < f(a,b) < (1 ++/2)m. Devide the interval [0, (1 4+ v/2)m] into equal m? 4+ 2m small intervals.

Then the lengths of small intervals are (L4v2m _ 1+vV2  Gince the number of elements in S is
m*+2m m+2

(m + 1)2 = (m® + 2m) + 1, by peogion hole principle there exist f(ai,b;), f(as,bs) € S such that
f(ay,b1), f(as,bs) lie on the same small interval. We may assume that f(a;,b) > f(ag,bs). Then
0 < flar,bi) — flaz,by) < L2

m+2 °
Let a = a; — a3 and b = by — by. Then

flai,bi) = f(as,b2) = f(a1 — az,b1 — b2) = f(a,b)

0 < f(a,b) < %, and |a| < m,|b] < m. This completes the proof.

2. Let A be the set of all non-negative integers. Find all functions f : A — A satisfying the

following two conditions:
(i) for any m,n € A,

2f(m* +n?) = {f(m)}* + {f(n)}*

(ii) for any m,n € A with m > n,

fm?) > f(n?).

Solution

From (i) we have

2f(m?) = {f(m)}* + {£(0)}*
2f(n?) = {f(m)}* + {£(0)}*

11



and substrating two equations, we obtain
mY ~ LFm)Y = 20fn%) — Fn)).
It follows that if m > n, then by (ii) we see that
(1) Fm) > f(n).
Meauwhile, if m = n = 0, then we have 2£(0) = {£(0)}? and, f(0) = 0 or f(0) = 1.
Case 1. f(0) =1.
From 2f(m?) = {f(m)}2 + 1, we have
&) F@) = 57y + 1)
From 2f(1) = {f(1)}? + 1 we have {f(1) — 1}? = 0 and f(1) = 1. From (2) we have
f@)=1, f>=1,---, etc.

In general, f(2) = f(2°) =---=f(2¥) =1 (n>0).
For any positive integer m, there exists an integer n such that 22" < m < 22",
From (1) we have 1 = f(22"7) < f(m) < f(22") = 1 and finally f(m) = 1.
Case II. f(0) =0.
From 2f(m?) = {f(m)}? we have

® B -y
Meanwhile, f(2) = {f(1)}>. It follows that
F27) g f@ON g f@T? FN _ {rmy

0 ey et ey )
From 2f(1) = {f(1)}? we have f(1) =0 or f(1) = 2.

(i) f(1)=0

From (4) we have f(2%') =0 (n > 0). Similarly, f(n) =0 (n > 0).

(i) f(1) =

From (4) we have f(22") =2-2% (n > 0). By (3) we have f(m) is even.

{fm+ 1)} = 2f((m+1)*) > 2f(m* + 1) = {f(m)}* + {f (1)}
> {f(m)}?
implies that f(m + 1) > f(m).
It follows that f(m+1)—f(m)—2 > 0, and Efn:(; {f(m+1)—f(m)—2} = f(2*)—f(0)—2-2*" = 0.

Now we have f(m + 1) — f(m) —2 =0 for all m = 0,1,---2% — 1. Since n is arbitrary, we obtain

12



f(m+1) = f(m)+2 for all m = 0,1,2,---. It follows that f(m) = 2m. Answer. fln) =
1; f(n)=0; f(n)=2n.

3. Let AABC be an equilateral triangle of side length 1, D a point on BC, and let ri,7s, be
inradii of triangles ABD, ADC, respectively. Express r17y in terms of p = BD, and find the

maximum of r{rs.

Solution

Let I = AD. In AABD, we have
?=14+p*>—2pcos60° =p*> —p+ 1.
Since the area of AABC is v/3/4,
in AABD and AADC, we obtain

T1+p+l_\/§ 2-p+l V3
L -

5 TP; TZT T(l—P)-
Now we have
p 3 p(1—p) _3 1
b A1+p+D2—-p+1) 4(1+p)(2—p) +12+3
_ 3 p(1—p) _1p(1-p)
42—-p—-p*+p?—p+1+31 4 1+1
_ 1p-p)(A-0) 1p(l-p)(-1) 1
- = = - =-(1-1)
4 4(1-12) 41-p+p—-1 4
1 1
— — _ 2 _ — = _ _ 2
- 4(1 » p+1)—4(1 0 1/2)+3/4)
< 1(1—§):2_\/§
4 2 8

Answer. riry = (1 — \/p* — p+ 1); the maximum of ryrs is % when p = L.

4. Let O and R be the circumcenter and the circumradius of AABC), respectively, and let P be
any point on the plane ABC. Let perpenticulars PA;, PB;, PCy, be dropped to the three
sides BC,CA, AB. Express % in terms of R and d = OP, where (AABC) is the area
of NABC.

Solution

A quadrilateral PA;CB; is inscribed in a circle of a diameter CP. It follows that 4B, =
PC' -sin C. Similarly, in a quadrilateral PB; AC| we have B;C; = AP -sin A.

Let D be the intersection point between
a line C'P and the circumcircle of AABC.

13



Since ZPB,C; = ZLPCA, = ZDAB and

/PBCy = LPAC, we see that

LA1B,Cy = £PBA; + /PB,Cy = £/DAB + /PAC, = LPAD.

From APAD we have AP /sin B = DP/sin(/PAD) = DP/sin ZA; B,C; because ZPDA = /B.
It follow that AP -sin(£A;B,C;) = DPsin B. Now we have

1
(AAlBIC’l) = §A1B1 . BlCl . sin(éAlBlCl)

= %(PC’ -sinC) - (AP -sin A) - sin(£A, B, C})

1
= §PC’-sinC’-sinA-DPsinB
= %PC’ - DP -sin Asin Bsin C.

Since (AABC) = 2R?sin A sin Bsin C, we obtain

(AABICY) 1
(AaBe) ~am DO PP

If P lies in the interior of a circle O, then PC - DP = R?> — d?, and if P lies in the exterior of a
circle O, then PC - DP = d?> — R?. Finally, if P lies on the circle O, then A;, B;,C,; are collinear
(Simson’s line) and (AA;B;C;) = 0. In summary, we obtain

(AAB,C))  |R:— &
(AABC) ~ 4Rz

5. Let p be a prime number such that
(i) p is the greatest common divisor of a and b;

(ii) p? is a divisor of a. Prove that the polynomial z"*? + az"*! + bz" + a + b cannot be
decomposed into the product of two polynomials with integeral coefficients, whose degrees

are greater tham one.

Solution

(Eisenstein Theorem) Let f(z) = coz" + 12" ' +---+ ¢, 17 + ¢, be a polynomial with integral
coefficients. If there exists a prime number p so that pt co,ple; (i = 1,2,---,n), and p* { ¢,, then
f(z) cannot be decomposed into the product of two polynomials with of lower degrees with integral
coefficients.

(Proof) Let
n+1 n+1

(Z ‘“wi) (Z bﬂ”j) =cz" +ar" 7+ T+ ey
i=0 =0

From agby = ¢y, p* { ¢, we have plag, pt by or p 1 ag, p|bo.

14



Without loss of generality, we may assume that plag, p1t bo.

Comparing the coefficients of x, we have agb; + ajby = ¢;. It follows that pl|a;by and pla;.
Suppose plag, plai, -+ ,plag—1. Then comparing the coefficients of z¥, we have p| Zf:o a;by_; and
plagbp. It follows that plag. Now we have pla;(i = 0,1,2,---,n). If deg(zg)l a;) = s, then
deg(zgol biz') = n —s. Now we have asb, s = ¢y and p|cy. This is a contradiction, completing

proof.

Since p { 1,pla,p|b,p? 1 (a + b), by Eisenstein Theorem we see that the required proposition
holds.

6. Let m,n be positive integers with 1 <n < m — 1. A box is locked with several padlocks, all
of which must be opened to open the box, and all of which have different keys. m people each
have keys to some of the locks. No n people of them can open the box but any n + 1 people
can open the box. Find the smallest number [ of locks and then the number of keys for which

this is possible.

Solution

Let m people be denoted by A;, As,---, A, and write on each lock the symbols of people who
do not hold a key for that lock. Since any n 4+ 1 people can open the box, no lock has over n + 1
symbols on it. For any n people, there is at least one lock with the corresponding n symbols.
Thus the smallest number [ of locks is ,,C, and any people must have the same number of keys
(k = m-1Chp).
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