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ANTI-CECH APPROXIMATION IN COARSE GEOMETRY

A .N. DRANISHNIKOV

ABSTRACT. The consept of an anti-Cech approximation of metric spaces was introduced by
Higson and Roe. We consider [,-geometries, p > 1, on polyhedra participating in anti-Cech
approximations and show that the existence of a geometric anti-Cech approximation on a
discrete metric space is equivalent to property A defined by G. Yu (Theorem 3.4). As an
application we deduce the Novikov Higher Signatures conjecture for the groups with the
polynomial dimension growth (Theorem 5.1). Finally we show that a hypereuclidean man-
ifold cannot contain an expander (Theorem 7.3). This implies that a manifold constructed
by Gromov by random approach [G5] is not hypereuclidean.

80 PRELIMINARIES

Let M be a category of metric spaces which morphisms are the large scale uniformly
continuous maps, i.e. maps f : X — Y with the property that there is a tending to
infinity function p : R4 — Ry such that dy (f(z), f(2')) < p(dx(z,2')). Following [Rol]
we will call such maps shortly ‘uniform’. Then we define the quotient category by means
of the following equivalence relation on the set of morphisms between X and Y for each
pair of objects X and Y: Two maps f,g : X — Y are equivalent (we will call them
coarsely equivalent in that case) if there is a constant D such that dy (f(z),g(x)) < D
for all x € X. This equivalence leads to the notion of coarsely equivalent metric spaces:
X and Y are coarsely equivalent if there are uniform maps f: X - Y andg:Y — X
such that go f ~ 1x and fog ~ 1ly. For example, the integers Z and the reals R are
coarsely equivalent being considered as metric spaces with the metric d(z,y) = |z — y|.

We call a metric space X e-discrete if dx(x,z') > e for all z,2" € X, x # 2. We call
it discrete if it is e-discrete for some e.

Proposition 0.1. Every metric space X is coarsely equivalent to a discrete metric space.

Proof. By transfinite induction one can construct a 1-discrete subset S C X with the
property dx (z,S) <1 for all z € X. The inclusion S C X is a coarse equivalence whose
inverse is any map ¢ : X — S with the property d(z, g(z)) < d(z,S)+1. O
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2 A.N. DRANISHNIKOV

We will consider only proper metric spaces of bounded geometry. A metric space X
is called proper if every closed ball B, (x) in X is compact. In the definition of the coarse
category usually the morphisms are assumed to be metrically proper. Note that this
restriction is not essential for the definition of coarse equivalent spaces. We recall that a
map f: X — Y is called metrically proper if the preimage f~!(B) is bounded for every
bounded set B C X. Note that the set of all metrically proper maps between metric
spaces X and Y is invariant under the coarse equivalence. The e-capacity c.(W) of a
subset W C X of a metric space X is the maximal cardinality of e-discrete set in W. A
metric space X has bounded geometry if there are ¢ > 0 and a function ¢ : Ry — R}
such that c.(B,(z)) < c¢(r) for all z € X.

In this article we will consider geodesic metric spaces. We recall that a metric space
(X,dx) is called geodesic if for every pair of its points z and y there is an isometric
embedding of the interval [0, d(x,y)] into X with the end points = and y.

Finitely generated groups give us one of the main sources of examples of metric spaces
of bounded geometry. Let S = S~! be a finite symmetric set of generators of a group T'.
Then the word metric ds is defined as ds(x,y) = ||z~ y||s, where the S-norm ||a||s of an
element a € I is the shortest length of presentation of a in the alphabet S. We note that
if S’ is another finite symmetric generating set of I'; then the metric spaces (I', dg) and
(T',dg) are coarsely equivalent. Also we note that a finitely generated group I' with a
word metric is coarsely equivalent to its Cayley graph Cg(I") which is a geodesic metric
space. We recall that the vertices of Cs(I") are the elements of T and a,b € T" are joined
by an edge if and only if dg(a,b) = 1. Every connected graph carries a natural geodesic
metric with respect to which every edge is isometric to the unit interval [0, 1].

In this article we will consider geodesic metric spaces. We recall that a metric space
(X,dx) is called geodesic if for every pair of its points z and y there is an isometric
embedding of the interval [0, d(z, y)] into X with the end points = and y.

Every discrete metric space (X,d) can be isometrically embedded into a geodesic
metric space (GX,d) constructed as follows:

(1) GX is a complete graph on X;
(2) every edge [z, 2] in GX is isometric to the interval [0, d(z, z')];

(3) for every two points z,y € GX the distance d(z,y) is the length of the shortest
path joining x and y.

In view of Proposition 1 every metric space is coarsely embeddable in a geodesic metric
space.

A metric space (X, d) is called discrete geodesic if there is a number ¢ > 0 such that for
every pair of points x,y € X there is a chain zp, z1, ..., 2, With d(z;,2zi41) < ¢, 20 = =,
Zn =Y, Doeq d(zi, 2i41) = d(z,y). A typical example of a discrete geodesic metric space
is a finitely generated group with the word metric.
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§1 CECH AND ANTI-CECH APPROXIMATION

There is an analogy between the category of compact metric spaces and the category
of proper metric spaces with bounded geometry which is based on the existence of ap-
proximations by finite dimensional polyhedra in both cases. In the first case it is called
Cech approximation, in the second case, anti-Cech approximation. We recall that a Cech
approximation of a compact metric space X is a sequence of finite covers {U, } such that,
Up 11 is a refinement of U, for all n, i.e. for every U € U,,+1 there is V € U,, that contains
U, and lim,_,o mesh(Uy) = 0, where mesh(U,,) = max{diamU | U € U, }.

Definition 1.1. [Roel] An anti-Cech approzimation of a metric space Y is a sequence
of uniformly bounded locally finite covers U,, such that U,, is a refinement of Uy+1, and
lim,, 00 L(Uy,) = 00, where L(U,) is the Lebesque number of U, .

We call a cover U locally finite if every element U € U has nonempty intersection with
finitely many other elements. The Lebesgue number is defined by the formula:

L(U) = inf sup d(y,Y \ U).
veY yeu

We recall that the nerve of a cover U is the simplicial complex with vertices labeled
by the elements of U, and vertices Uy, .. .U, form an n-simplex [Uy,...,U,] if and only
ifUyn---NU, # 0. A refinement of covers ¥V < U of a space X defines a simplicial
map ¢ : N(V) — N(U) with the property V C ¢(V) for all V. € V. Thus, a Cech
approximation leads to an inverse sequence of polyhedra {N(l4,),#"*1} and an anti-
Cech approximation defines a direct system {N (U, ), ¢7,,}. These systems are sufficient
to define homology and cohomology in both cases. In the case of compactum X we have
the Cech cohomology

H'(X) = im{H" (N (Un)), (631"}
and the Steenrod homology H

0 — lim {Hyp (N (Un), (654} — H (X) = lim{Hy(N(Uy), ().} — 0.
Similarly in the case of a metric space Y there are coarse (anti-Cech) homology :
HXi(Y) = lim{H;! (N (Un)), (¢11)"}
and Roe’s coarse cohomology H X*
0 — L' {H* (N (Un), (¢}41)"} = HX'(Y) — l{Hy(N Un), (¢}141)"} = 0.
In the case of anti-Cech approximation we use the simplicial homology and cohomology

of the second type, namely, the simplicial homology with infinite locally finite chains and
the simplicial cohomology with compact supports.
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Proposition 1.2. [H-R1] Every proper metric space of bounded geometry Y admits an
anti-Cech approximation by covers with finite dimensional nerves.

Proof. In view of Proposition 0.1 we may assume that Y is 1-discrete. It suffices to
construct a uniformly bounded cover of Y with the Lebesgue number greater than given
number L and of bounded multiplicity. The cover by L-balls { By (x)}.cy has all above
properties. The multiplicity of this cover at given point y € Y is bounded by the
cardinality of the ball By (y) which is uniformly bounded due to the bounded geometry
property. [l

A well-known result, arising to Alexandroff, states that a compact metric space X has
the covering dimension dim X < k if and only if X admits a Cech approximation with
at most k-dimensional nerves. This fact together with the micro-macro analogy leads to
Gromov’s definition of a large scale dimension, called the asymptotic dimension [Gro]:

asdim X < k if and only if X admits an anti-Cech approzimation with at most k-
dimensional nerves.

A partition of unity {f,} subordinated to a cover Y = {U,} of a space X defines a
projection to the nerve p : X — N(U) by the formula p(z) = > fo(x)es. Here {e,} is
a basis in a vector space V indexed by the same set as the cover.

The first part of the following Lemma is wellknown.

Lemma 1.3. 1. Let {U,} be a Cech approzimation of a compactum X. Then there are
a sequence {ny}, mappings q,’zH : N(Un,,,) = N(Uy,,), and projections to the nerve
pr 1 X = N(Uy, ) such that py, = q’,z"'l 0 P41 and gb’,z"'l 1s a simplicial approximation of
q,’zﬂ for all k.

2. Let {U,} be an anti-Cech approximation of a metric space X. Then there are
a sequence {ny}, mappings q’,§+1 : N(Un,) — N(Un,,,), and projections to the nerve
pr: X — N(Uy,) such that ppy1 = q’,§+1 o pr and ¢’,§+1 s a stmplicial approximation of

q,’§+1 for all k.

§2 GEOMETRY OF NERVES

Let U = {U;}ica be a cover of X and let V' be a vector space with a basis {e;}aca.
Then the nerve N = N(U) can be realized in V with vertices at e;. Assume that V is
a Banach space. Then every simplex A in N is given the induced metric. We define a
metric on N as the largest metric d such that the restriction of d to every simplex A
defines the induced metric. In other words the distance d(z,y) is the supremum of the
lengths of piece-wise linear paths with every leg lying in a simplex of N. Note that this
is a geodesic metric on N.

In the case when V = [, is a Hilbert space we call this metric on N euclidean. The
unit sphere in V' can be given two natural metrics: the metric restricted from V', and
the geodesic metric induced by the metric on V. The radial projection of a simplex
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A= {(z;) | D x; = 1,2; > 0, } to the unit sphere brings these metrics to A. In similar
fashion these metrics on simplicies define a global metrics on N which will be called a
V -spherical metric and a geodesic V -spherical metric. Thus, a V-spherical metric on
N is the largest metric d with the property that d restricted to any simplex A gives a
spherical metric restricted from V. An [s-spherical metric will be called spherical. We
don’t consider the geodesic spherical metric separately, since it is 2-Lipschitz equivalent
to the spherical metric.

Definition 2.1. Let f : X — Y be a large scale uniform map between metric spaces.

The coarse dilatation of f is the following number (or 0o ):

dil(f) = Tim  sup U@L

K—oo dx(a:,m’)ZK dX(l',.’L‘I)

We note that if X is a geodesic metric space, then the dilatation of f is always finite.
Also we note that dil(f) = dil(g) for coarsely equivalent maps f and g.

It is easy to check that a projection to the nerve p : X — N(U) is a coarse isomorphism
for any V-metric or V-spherical metric on N (U).

Let V be a normed vector space. An anti-Cech approximation {i,} of a metric space
X is called a V-approzimation (spherical V -approzimation) if

lim dil(p,) =0,

n—r00

where p, : X — N(U,) is a projection to the nerve of the cover U,, supplied with a V-
metric (spherical V-metric). If V =[5, an anti-Cech V-approximation is called euclidean,
and an anti-Cech spherical V-approximation is called spherical.

To visualize the concept of the anti-Cech V-approximation of a metric space X one
may assume that the size of simplicies in the nerves N(U,) tends to infinity and all
projections p,, are 1-Lipschitz. Then the complexes N(U,) coarsely approximate X.

The Banach space of bounded sequences = {z, } with the norm ||z|| = sup |z,,| will
be denoted as l.

Proposition 2.2. Every metric space X admits an ls -spherical anti-Cech approzima-
tion.

Proof. Since every metric space is coarsely embeddable into a geodesic metric space, it
suffices to prove the proposition in the case when X is geodesic. Let U be an open
uniformly bounded locally finite cover of X of with the Lebesgue number L(U) > 2.
We may assume that max,ecx d(z, X \ U) > 2X for all U € U. Otherwise we can drop
off such U and still have a cover with L(U/) > 2X\. We denote ¢(z) = d(z, X \ U). Let
p: X — N(U) be the projection to the nerve defined by means of the following partition
of unity @

du(x

fU(x) ZVGL{ ¢V(x) :
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Since [}¢/(z) — ¢/ (4)lloo = maxy |d(z, X \U) - d(y, X \U)| < d(z,y) for all a,y € X,
the map ¢’ : X — I, defined by the family {¢y }vey is 1-Lipschitz. Note that ¢'(X) C
loo \ B2x(0).

The following inequalities show that the radial projection m of H \ B2)(0) onto the
unit sphere S1(0) is +-Lipschitz in every Banach space H:

T Y 1 1 1
I7(@) = 7wl =I5 — 5ol < plle =yl + vl 5= =
el Nyl ™~ ] el 1yl
1 1 1
< —|lz — — — < —|lx — 1y
< gxlle = vl + el =l < e =l

Then the composition p = mo ¢’ : X — S1(0) is %—Lipschitz. The image p(X) lies in
the n-skeleton of the spherical infinite dimensional simplex A = S;1(0) N {1 . In other
words, the nerve N(U) of the cover U has the right geometry and it is contained as a
subcomplex in the n-skeleton of Ag°.

Thus, the projection p : X — N(U) is %—Lipschitz when the spherical realization of
N(U) is supplied with the metric restricted from [,,. Therefore, the restriction pa =
Plp-1(a) p HA) = Alis %-Lipschitz for every simplex A C N(U). For every two points
x,y € X a geodesic J joining them can be divided in smaller intervals Jj such that
Jr Cp ' (Ay) for some Ag. Then

A(p(a),p(y)) < 3 dlplar),plons) < 3 3dx(ow zenn) = yda,)
k k

where zj, and xy41 are the endpoints of the geodesic interval Ji. 0O

Corollary 2.3. Every metric space X with asdim X < oo admits a euclidean anti-Cech
approximation.

Proof. We may assume that X is a geodesic metric space. Let asdim X = n. Then
we may assume that dim N(U) = n. There is a number ¢, such that for every n-
dimensional complex K the identity map of K, denoted by A : K — K, where the
domain is supplied with the spherical /,.-metric and the target with the [5-metric has
the property dil(h) < cx. Let p, : X — N(U,) denote the projection to the nerve
supplied with the l;-metric and let p!, denote the same projection for the spherical [-
metric. Then dil(p,) < ¢xdil(p),) —— 0. O
n—oo

Proposition 2.4. If a metric space admits an anti-Cech l1-approzimation, then it ad-
mits lp-approximation for all p > 1.

Proof. Clearly, we have that |a — b/P~! < 1 for all 1 > a,b > 0. Hence
lz = yllp = |z — )P = | — willws — P~ < lwi — yil = [l =yl

Then an /y-approximation {p,} automatically determines [,-approximations for all p >
1. O
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§3 PROPERTY A

By l,, p > 1, we denote the Banach space of sequences {z,} with the norm ||z||, =

>, |a:n|p)%. Also 1,(Z) will denote the corresponding Banach space with a basis
indexed by Z. Thus, I, = [,(IN).

Definition 3.1. Let p € Ry U {oo}. A discrete metric space X has property A, if
there is a sequence of maps a™ : X — 1,(X) satisfying ||a?||, = 1 and a?(y) > 0 for all
Y,z € X, such that

(1) there is a function R = R(n) such that supp(a}) C Brm)(2) for all z € X;
(2) for every K > 0, limy 00 SUPy(, w)< i llay — agll, = 0.

Clearly, the property A, is invariant under coarse equivalences. Thus, in view of
Proposition 1 it can be applied to any metric space. We leave to the reader to show that
property A; is equivalent to existence of an anti-Cech [;-approximation.

Proposition 3.2. FEvery discrete metric space has property A .

Proof. We define a?(z) = max{l — Xd(z,z)),0}. Then supp(a}) C By,(z). We note
that for z,w € X with d(z,w) < K we have [|a? — a?||c = max{sup |(1 — Ld(z,z)) —
(1—Ld(w, 2))|,sup{l — Ld(z, z)|d(z,w) > n},sup{l — 1d(z,w))|d(z, z) > n}}. The first
supremum here can be estimated as 1d(z,w) < K/n. Since d(z,y) > d(z,w) — d(z, z) >
n— K in the second case, we have sup{1— 1d(z, z)|d(z,w) > n} <1—(n—K)/n = K/n.
A similar estimate holds in the third case. Thus, ||a? — al || < K/n and the condition
(2) is satisfied. [

Proposition 3.3. For every p > 1, p # oo, property A is equivalent to property Ap.

Proof. First we show that for every p > 1 property A; implies A,. Assume that X has
property A;. Let a”™ : X — [1(X) be a sequence of functions satisfying the conditions
(1)-(2) from the definition of A;. Then }_ v a7(y) =1 and a7 (y) > 0 for all 2,y € X.

We define b7 (y) = a? (y)%. Then ||6%||, = 1. The condition (1) is satisfied automatically.
We check the condition (2). Tn view of the obvious inequality t?/™ 4 (1 — t)P/™ <
(t+(1—=1t)?=1for p>1,tel0,1], we have that |a — b|P < |aP? — bP| for all a,b > 0.
Hence

b7 = bB = b2 (=) — b ()P < > |62 (2)” — b, (2)?] = |la? — alp |x.
rz€X rzeX

This implies the condition (2).
Then we show that A,, p > 1, implies A,, for m > p. Assume that X has property
A,. Let a" : X — [,(X) be a sequence of functions satisfying the conditions (1)-(2)

from the definition of A;. Then > v (a7(y))? =1 and a}(y) > 0 for all z,y € X. We

define b7 (y) = aZ(y)=. Then ||b7||, = 1. The condition (1) is satisfied automatically.
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We check the condition (2). In view of the inequality t?/™ + (1 — t)?/™ > 1 for p < m,
t € [0,1], we have that |a — b[P/™ > |a?/™ — bP/™| for all a,b > 0. Hence

67 — bl = > b2 (@) = b (@)™ = Y |2 (@)™ — (al ()™ ™

reX zeX
<Y ok (@)P = [laF — ayllp-
zeX

This implies the condition (2).

Now assume that X has property A,, p € N and show that X has property A;. Let
b" : X — [,(X) be a corresponding sequence of functions. We define a” = (b")P and
check that

la? —aflly = Y 1(b2 (2))? — (b, (2))?| = Y b2 (z) — x)|><IZ(b?(x))"(bZ(w))p‘l‘i\

zeX zeX
By the Holder inequality we have

p—1
<1162 = bipllp 1 D (02) (B)" ™l

1=0

where 1—1) + % = 1. Since pqg = p + ¢, we have

(B (2)) (0l () =197 = (52 (2) /3, (2)) " (b (2))"-
Therefore, . ‘
(8% (2))(byy (2)) P71 709 < (b ()7,

provided b7(z) < b" (z). Simmetrically we obtain that
(b2 ()) (b () 71799 < (b2 ()P,
provided b7 (z) > b (z). Thus, (b7 (x))™(b}, (2)) P19 < (b2())? + (by, («))?. Hence
1(62)* (B )P llg = Y (67 (@) (b (2)) P19 < Y (b2 () + (b (2))P = 2.

T

Therefore,
laz — aylln < 2p|[67 — 6% 1,

and the condition (2) holds for a™. O

The equality A; = A2 was proven in [Tu]. It was shown in [H-R2| that property A;
coincides with Yu’s property A [Yu2] for metric spaces X of bounded geometry. Also
it was proven there that property A (= A; = As) for finitely generated groups I' with
word metrics is equivalent to the topological amenability of the natural action of I" on
the Stone-Cech compactification AT .
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Theorem 3.4. For a discrete geodesic metric space X of bounded geometry the following
conditions are equivalent:

(1) X admits an l,-spherical anti-Cech approzimation;
(2) X has property A,.

Proof. Let {Uy,,pn} be an lp-spherical anti-Cech approximation of X. Let K, = N(Uy,).
We assume that n is fixed. Let {e'} be the basis of [, that corresponds to the cover

U,,, each e’ corresponds to an element U; € U,. Then KSJ) C {e'}. We consider an
injective map s, : K(© — X such that s,(e?) € U; for all i. Let p, = (al,a2,...).
We define al(y) = of (), where y = s,(€’). If y ¢ s,(K©) we set a = 0. Since
lpa(2)lly = (i 04 (2)7)% = 1, we have fla2[l, = (Z,ex a2 (@)?)7 = (¥, 0k (2)7)F = 1.

The condition (1) of the property A, follows from the facts that supp(a?) C Uveu, cuU
and the cover U, is uniformly bounded Note that

la? —alll, = (Y laZ (@) — al(@))? = lIpa(2) = pa(w)ll, < dil(pn)d(z, w).

z€X

Since dil(pn) tends to zero, we have for every K > 0, limy, 00 SUPy(, )<k |la7 —aj |l = 0.
The condition (2) is checked.

Assume that X has property A, and let a™ : X — [,(X) be the corresponding func-
tions. We define p, : X — [, as p, = a™. Since |[a?||, = 1 for all z € X, the image
pn(X) lies in the [,-sphere. For every z € X the support of a? spans a simplex A,
in S1(0). Since the support of a? is uniformly bounded and X has bounded geometry,
there is a number £ such that all simplicies A, are at most k-dimensional. They form a
simplicial complex K,,. We supply K,, with [,-spherical metric as in Section 4. Now we
define a cover U, = {p; (St(v,K,) | v € K®}. Then NU,) = K,, and p,, : X — K,
is a projection to the nerve. To show that {U,,p,} is an l,-spherical anti-Cech approx-
imation we have to check that dil(p,) — 0. We may assume that d(z,y) > 1 for all
points in X. Let ¢ be a constant from the definition of discrete geodesic metric space
applied to X. Then a coarse dilatation of a map f : X — Y is bounded from above
by SuPgy (z.2)<a dy (f(z), f(2')). In our case dil(pn) < supy, (, .1\<1 Kk, (Pn(2),Pn(2))-
The property A, implies that ||pn(z) — pn(2)|lp < €(n), where lime(n) = 0. For large
enough n we have supp(a?) N supp(a”) # 0. Let Ay, Ay, and A be simplicies in [,,(X)
spanned by supp(a?), supp( ™), and supp(a?) N supp(a?,) respectively. Clearly, for
z € Ay, d(z, Ag) = d(z, A). Hence, (n) > [[pn(2) = pu(2)lly = d(pa(2), A), d(pa(2'), A).
Let d(pn(2),A) = ||pn(z) — w||p and d(pn(z'), A) = ||pn(2’) — w'||p, where w,w’ € A.
By the triangle inequality we have ||lw — w'||, < 3e(n). Then dg, (pn(2),pn(2)) <
1Pn (2) = wllp + [lw — w[l, + [[w" = pn(2')|lp < 5e(n). Thus, dil(p) < 5e(n) — 0. O

Proposition 3.5. A metric space X with property A admits a euclidean anti-Cech ap-
proximation.

Proof. The equality ||z — y||3 < |z; — y;i||z; + y;| implies that the identity map of the
standard n-simplex in [; with image considered as in Iy is v/2-Lipschitz for all n. By
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Lemma 3.4 X has an [;-spherical anti-Cech approximation. We note that I;-spherical
approximation is the same thing as [;-approximation. The latter determines a euclidean
approximation. [

§4 COARSE EMBEDDINGS AND THE NOVIKOV CONJECTURE

Let I be a finitely presented group and let BI' = K (I, 1) be its classifying space. Let
M be a closed manifold with the fundamental group 71 (M) =T and let o : M — BT be
a map that induces an isomorphism of the fundamental groups. A rational cohomology
class x € H*(BI'; Q) defines an element o*(x) € H*(M; Q). A higher signature of M is
by the definition the following number:

signe (M, a) = (L(M) N o*(x), [M]) € Q,

where L(M) is the Hirzebruch class, a certain formal power series in the rational Pon-
tryagin classes. The classical Novikov Conjecture states that the higher signatures of a
manifold are homotopy invariant [F-R-R]. We say that the Novikov Conjecture holds for
a group I if for every x € H*(BI'; Q), for every closed oriented manifold M and every
map « : M — BT there is the equality

signg (M, o) = sign,(N,a o h)

for every orientation preserving homotopy equivalence h : M — N to a manifold N. It
is known that the Novikov Conjecture holds true for all manifolds with the fundamental
group I' if and only if the rational assembly map from the surgery exact sequence

H,(BT;L) ® Q — L.(Z[I']) ® Q

is a monomorphism [F-R-R]. The Novikov Conjecture follows from the so-called Strong
Novikov Conjecture which states that the analytic assembly map

A: K,(BT) — K. (C*(T))

is injective [F-R-R]. Here C}(I') is a reduced group C*-algebra. The Strong Novikov
Conjecture for torsion free I' is a partial case of the Baum-Connes Conjecture which
states that A is an isomorphism. The Baum-Connes Conjecture can be restated in terms
of the universal cover ET" of BI as

A: KL(ED) :— K,(C*I))

is an isomorphism, where K! is the equivariant K-theory with ‘locally finite chains’. We
note here that ET is a coarse object with a metric induced from BI'. The Baum-Connes
Conjecture has a coarse analog which can be formulated for all metric spaces X:

A: KX, (X) = K. (C*(X))
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is an isomorphism, where K X, is Roe’s (homology) K-theory (see 3.) and C*(X) is
Roe’s algebra [Ro2]. It is known that the Coarse Baum-Connes Conjecture for a group
I’ as a metric space with a word metric implies the Novikov Conjecture [Ro2]. The
monomorphism version of the Coarse Baum-Connes Conjecture is often called the Coarse
Novikov Conjecture. If A is an equivariant split monomorphism for X = I', then the
original Novikov Conjecture for I' holds true. G. Yu proved the following remarkable
theorem [Yu2] (see also [H],[S-T-Y]).

Yu’s Theorem. If a finitely presented group I' supplied with the word metric admits a
coarse embedding in Hilbert space, then the Coarse Baum-Connes and hence the Novikov
Conjecture hold for T'.

A map between metric spaces f : X — Y is called a coarse embedding if it is a coarse
equivalence onto the image f(X), i.e. there is a coarse morphism g : f(X) — Y such
that the maps g o f and f o g are coarsely equivalent to 1x and 1 x) respectively. The
following proposition is obvious.

Proposition 4.1. A map between metric spaces f : X — Y is a coarse embedding if
and only if there exist two monotone tending to infinity functions p1, p2 : R4+ — Ry such
that

pi(dx(z, 7)) < dy(f(z), f(2) < p2(dx(z,2))
forall z,2' € X.

We note that embeddings in coarse category, i.e. coarse embeddings very often are
called in the literature uniform embeddings.

Lemma 4.2. A discrete metric space X with property A, admits a coarse embedding in
ly.

Proof. Let a™ be the sequence of maps from the definition of property A,. By switching to
a subsequence we may assume that supy, .,)<n [|a7 —ayl|h < 1/2". Let 29 € X be a base
point. We define a map f : X — [,(X x N) by the formula f(2)(z,n) = a}(z) — a7, ().
We shall show that f is a coarse embedding. We may assume that the function R in the
definition of property A, is strictly monotone. Let S = R™! be the inverse function. We
define py(t) = (25(t/2) — 2)/? and py(t) = (2t + 1)2/P. According to Proposition 6 it
suffices to check two inequalities. We have

oo [d(z,w)] oo
1£(2) = f)E = "llaZ —aRlB< > llaZ —all2+ > lla? —al|?
n=1 n=1 [d(z,w)]+1

[d(z,w)] 00

< > llaf—aplz+ Y 1/2" <2d(z,w) + 1= ph(d(z, w)),
n=1 [d(z,w)]+1
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and

00 [S(d(z,w)/2)]
IF ) =)z =D llaZ—aplle> > lla?—apllh = 2[S(d(z,w)/2] > o7 (d(z,w)).
n=1

n=1

Here we used the fact that the inequality n < [S(d(z,w)/2)] implies the inequality
R(n) < d(z,w)/2 which implies that supp(a?) N supp(a?) = . The latter implies that
la% — ayllp = llaZllf + llaillp = 2. O

Now Theorem 3.4 and Lemma 4.2 together with Yu’s theorem imply the main result
of the paper.

Theorem 4.3. If a finitely presented group T' admits a spherical anti-Cech approzima-
tion, then the Novikov Conjecture holds for I.

We conclude this section by a conjecture which appeared from my conversation with
G. Yu.

Conjecture 4.4. A discrete metric space X has property A if and only if X is coarsely
embeddable in 1.

Lemma 4.2 proves the conjecture in the ‘only if’ direction. According to Lemma 3.4
and the fact that the standard simplex in /1 lies on the unit sphere, to settle the opposite
direction it suffices to show that a subspace X C l; admits an anti-Cech l;-approximation.
The conjecture is also supported by the theorem in [D-G-L-Y] which states that a discrete
metric space of bounded geometry coarsely embeddable in /; admits a coarse embedding
in lz.

The [, analog of the conjecture is also of interest. It should be stated as follows: X
admits a euclidean anti-Cech approzimation if and only if it is coarsely embeddable in ls.

It seems likely that the Novikov Conjecture holds for the groups which admit euclidean
anti-Cech approximations.

§5 THE Novikov CONJECTURE FOR GROUPS
WITH POLYNOMIAL DIMENSION GROWTH

By Proposition 2.2 every discrete metric space of bounded geometry X admits a
uniformly bounded cover ¢/ with finite multiplicity m(i/) and with the Lebesgue number
L(U) greater than given L > 0. We define a function

L)= mi ~1.
d(L) L(rg;;ng(u)

Clearly, d(L) is monotone. The limit limy,_, o, d(L) is equal to the Gromov asymptotic
dimension asdim X defined in §1. We will refer to the function d(L) as to the asymptotic
dimension of X as well.
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Theorem 5.1. Suppose that the asymptotic dimension d(L) of finitely presented group
I' has a polynomial growth. Then the Novikov Conjecture holds for I'.

Proof. Since d(L) has a polynomial growth, there is p > 1 such that lim;_, ., d(L)/L? =
0. In view of Proposition 3.3, Lemma 4.2 and Yu’s theorem it suffices to show that I
has property A,.

Given L > 0 take an open uniformly bounded covering U = {U;};cs of T’ with the
Lebesgue number > L and with the multiplicity < d(L) + 1. For every ¢ € J we fix
y; € U;. This gives us a map [,(J) — (). Denote ¢;(x) = d(x,I'\ U;). Then for fixed
z € T the family {¢;(z)} deﬁnes a nonzero element ¢, € [,(J) and hence in [,(I") . We
define a map a® : I' — [,,(") as al = ¢, /||¢. |, for every z € I'. Assume that diamU < R
for all U € Y. Then

supp(az) = {yi | ¢i(2) # 0} = {y: | 2 € U; € U} C Br(2)

and the condition (1) from the definition of property A is satisfied. To verify the condition
(2) we take w, z € I with d(z,w) < K and consider the triangle inequality

_Pw
||aL - aﬁ;”p < ||a = L“p-

o + 7=
: gzl ™" |I¢z||p

Since |d(z,T'\ U;) — d(w, T\ U;)| < d(z,w), ||¢:|l, > L, and m(U) < 2d(L), we obtain
the following estimate

L wa

— 2, d(w \|[Py1/p

162 = dullp =

la

|I¢z||p

(4d(L)d(z, w)P)1/P < 4Kd(L)1/p.

1
<
(o]
We note that

[[9:1lp = l1¢wlls|
162115

I —aylly = ( Méwlly =

Puw |
1621l ||¢>z||p ||¢>w||p

_ 1/p
s =buly _ 4pedll)
91l L

by the above estimate. Thus |laZ — al||, < 8K d(L) 50O

Theorem 5.1 was proved by G. Yu for bounded d(L) [Yul] (see also [Dr2]) and it was
extended for sublinear functions d(L) in [Drl].
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§6 EXPANDERS

Let X be a finite graph, we denote by V the set of vertices and by E the set of edges
in X. We will identify the graph X with its set of vertices V. Every graph is a metric
space with respect to the natural metric where every edge has the length one. For a
subset A C X we define the boundary 0A = {z € X | dist(x, A) = 1}. Let |A| denote
the cardinality of A.

DEFINITION [Lu]. An expander with a conductance number ¢ and the degree d is an
infinite sequence of finite graphs {X,,} with the degree d such that |X,,| tends to infinity
and for every A C X,, with |A| < |X,,|/2 there is the inequality [0A| > c|A|.

Let X be a finite graph, we denote by P all nonordered pairs of distinct points in X.
For every nonconstant map f : X — [, to the Banach space we introduce the number

T Stemrer IF@ = F@IE
I B emyer 1@ — FWIE
If X is a graph with the degree d and with | X| = n, then |P| = n(n—1)/2 and |E| = dn/2.

The following lemma can be derived from [Ma, Proposition 3]. For p = 2 it also can be
obtain from the equality

D

ldf
17112

for the first positive eigenvalue of the Laplacian on X and Cheeger’s inequality (see
Proposition 4.2.3 in [Lu]).

1> fz)=0}

Lemma 6.1. Let {X,,} be an expander. Then there is a constant cy such that D?n < ¢
for all n for all possible maps f, : X,, — 1, to the Banach spacel,, p > 1.

Corollary 6.2. For every sequence of 1-Lipschitz maps f, : X, — 1, there is the
inequality IP—lnl b, fn() = fa@)I5 < co for every n.

Proof. In the case of 1-Lipschitz map we have

ﬁ S @) - <.

{z,y}€E

Then the required inequality follows [

Corollary 6.3. Assume that for a sequence of 1-Lipschitz maps f, : X,, — ls we have
ZGCEXn fn(x) = 0 for every n, then

ﬁ 3 @3 < eo/2

zeX,
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for all n.
Proof. According Corollary 6.2 we have

n(n—1)co/2 = |Paleo 2 ) [Ifu(@) = fa(®)ll3 = Z 1fn(@) = fa@)II3 + QO f(2n))® =

Xn

Z(fn( +an +Z2 fn(x fn ‘X |an —nZ“fn ”2

P,
Then the required 1nequahty follows. [

We say that a metric space X contains an expander {X,,} if there is a sequence of
isometric embeddings X,, — X.

Corollary 6.4. Assume that for a sequence of 1-Lipschitz maps f, : X,, — lo we have
> wex, fn(x) = 0 for every n, then there is R such that |f; ' (Br(0))| > |Xn|/2 for all
n.

Proof. Take R > \/cy. Assume that |f,'(Br(0))] < |X,|/2 By Corollary 6.3 we have
the contradiction:

co co
5 [ Xnl 2 Y @) = B Xal/2 > 2| Xal.

2
zEX,

O
For p = 2 the following fact was discovered by M. Gromov.

Theorem 6.5. Suppose that a metric space X can be coarsely embedded in l,,. Then X
does not contain an erpander.

Proof. Assume that X contains an expander { X, } of degree d and let ¢y be the constant
from Lemma 6.1. We assume that |X,,| = n where n runs over a subset of N. Let
f: X — [, be a coarse embedding. Then there are monotone functions p1, p2 — 0o such

that
p1(d(z,y)) < [|F(z) = fW)llp < p2(d(z,y))-

We may assume that pa(1) < 1. We take r such that pi(r) > (2¢o)?. For every point
v € X and every n we have an estimate

1Br(v) N Xp,| <1 +d+d?+---+dF <2d".

Let k = log;(n/4). We denote by P, i the set of pairs {x,y} in X,, with d(z,y) > k.

Then .
2
| P, k| > 3 E (n — |Br(v) N X,|) < n®/4.

vEX,

Therefore we have
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n

p 1 p ? 1 L
= 5 %;Hf(x) —fWliy = N %II)‘(@-J‘(@/)HP = min || f(z) — f(y)I}; =

P,
P, n,k

T @~ 1@ > 1@ — @I = 719(6(E) o0 @IE >

n

1 . - 1
1A (6@, 6(0)) > 15(0) > co.
This contradiction completes the proof. [

Theorem 6.5 together with the following result of Gromov (announced in [G4]) restricts
the anti-Cech approximation approach to the Novikov conjecture.

Theorem (Gromov). There exists a group I' that contains an expander and has a finite
complez K (T',1).

§7 HYPEREUCLIDEAN MANIFOLDS

An open n-manifold X is called hypereuclidean [G2], [G3] if it admits a proper 1-
Lipschitz map p : X — R" of nonzero degree. Gromov proved the Novikov Conjecture
for aspherical manifolds whose universal cover is hypereuclidean [G3].

Lemma 7.1. Suppose that the universal cover X of a closed Riemannian manifold M
is hypereuclidean. Then there exist N € N and a map f : X x RY = RY such that

(1) the restriction f |xxv: X x v — RY is 1-Lipschitz for allv € RY;

(2) the restriction f |y,xg~y:x X RY — RY is proper essential for all x € X;

(3) there exists a function c(r) such that diam(f~1(B,(0)) N X x v) < c(r) for all
v e RN,

Proof. Let n = dim M. We denote by dx the metric on X lifted from M. Letp: X — R"
be a proper 1-Lipschitz map of degree d > 0. We may assume that 0 is a regular value
and [p~1| =d.

Let T' = 71 (M) denote the fundamental group. We consider the Borel construction:

XxX 24 X
| |
Xxpr X X2 M

where 75 is the projection onto the second factor, ¢; is the universal covering map, and
q is the projection onto the orbit space of the diagonal action. Let I/ be a finite open
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cover of M such that ¢; is a trivial bundle over all U € U. For every U € U we fix an
open set U C X such that Qg U—Uisa homeomorphism. We define a trivialization
hy : =1 ({U) — X by the formula hy = m1 0 (q |xg) ", where 71 : X x X — X is the
projection onto the first factor. Let {¢y} be a partition of unity with ¢;,'(0) = M \ U.
We set N = n|U| and define a map p: X xp X — ®ycyR" = RY by the formula:

5(v) = Y du(n(v)p(hu (V).

UelU

Each fiber 7~1(z) is supplied by metric d/ by means of the homeomorphism hys =1 (2):
7~ Y(z) — X for z € U € U. Since T acts on X by isometries, we have d¥ = d¥ whenever
reUNV,UYV €U. Thus we can speak about the metric d, on a fiber 7=!(z) which
is isometric to dx. We show that p restricted to 7~1(x) is 1-Lipschitz for every x € M.
Indeed, for every v,v' € m~1(x) we have:

15(v) Zcbu 2|phu (v) — phy ()|7)1/?

<Z¢U )lphy (v) — phy (v |<Z¢U V') = dy(v,0).

We note that V, = p(7—1(x)) is an n-dimensional vector subspace which seats in RN =
RY®R" as {¢v () }vey®R™. Here RY is the space of maps U/ — R™ which is isomorphic
to Rl and {¢y (z)}uecu € RY is its element. If z € U, then the map ¢(z)phy |,-1(,) has
degree d as the composition of a homeomorphism, the map of degree d, and a contraction.
This implies that the restriction p |,-1(;): 77 (2) — V, has the degree d.

Let v : E' — M be a subbundle of the trivial bundle RN x M defined by the subspaces
V.* orthogonal to V. Thus, there is amap 5’ : E' — R” that takes v~!(z) isomorphically
onto V. Consider the pull-back diagram:

E " B

X xp X —X—— M.

The maps p and j’ define a map p : £ — RN, Let 8 = von’ = mov'. Then
B~ 1(z) = 7~ 1(x) x V¥ is homeomorphic to R as the product of a contractible manifold
and a euclidean space. We note that the restriction p [g-1(;): 87 '(z) — R has the
degree d as the suspension of the map p |-1(;). We consider the pull-back diagram

FE 2+ XxX
2 ‘|
E

Y X xp X,
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Since X x X is contractible, the fibration 7 is trivial with fiber RY~". Thus, F =
X xRN x X =X xRN, We define f: X x RN — RY as f = pogq’. The rest of the
proof is a verification of properties (1)-(3).

(1). Let v = (w,y) € R x X We note that g7 takes X x v isometrically to
77 1(q1(y)). Since f |xxv= PO gqo ¥ |xx, and p is 1-Lipschitz, we have that f |xx, is
1-Lipschitz.

(2). The proof consists of a demonstration that X x R¥~" x z and z x RN™" x X
defines up to the sign homologous locally finite cycles in E. Then the compact support
cocycle generated by p gives equal evaluations on these cycles. Since it was shown that
the restriction of p to 87 (q1(z)) = ¢'(X x RV™" x z) is essential, then f |, g~ will be
essential.

(3). Let v = (w,y) € R¥N~" x X. Then

diamg, f~H(B-(0)) N (X x v) = diamg, (¢')" (@) (B, (0)) N (X x v) =

diamg, 5 (B,(0)) N7 (z) = diamg, p~(B-(0)) N7~ (x),

where = g1 (y). Since  is a proper map, Y = $~(B,(0)) is compact. We can subdivide
Y in the union Y = Uyey Y of compact sets such that Yy C 77 1(U). Let d’ be a metric
on M, We consider the product metric d on U x X and define

C(T) = Z diamg(hU X 1U)(YU)-
veu

Then diamg, f~'(B,(0)) N (X xv) = diamg, Y N7~ () < Y ;o diamg, Yy Na—t(z) <
ZUGL{ diamg(hU X 1U)(YU) = C(’/‘). O

DEFINITION. Let {X,} be an expander and let X be a metric space. We call a
sequence of 1-Lipschitz maps &, : X,, — X a coarse quasi-embedding of an expander

{X,} into X if
6t ()]

lim 2n 2
oo | Xo]

for every x € X (see [H-L-S]).
Lemma 7.2. Suppose a metric space (X, d) has a bounded geometry. Let f : X x RN —
RY be a map satisfying the conditions:

(1) the restriction f |xxw: X X w — RY is 1-Lipschitz for all w € RY;
(2) the restriction f |,xmy: ¢ x RN — RN is essential for all x;
(3) there is a function c(r) such that diamg(f~(B,(0)) N (X x w)) < ¢(r) for all
w € RN,
Then no expander is coarsely quasi-embeddable in X.

Proof. Assume that {&, : X,, — X} is a coarse quasi-embedding of an expander {X,}
into X.
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Given n we show that there is w,, € R such that

> FEn(v),wa) =0

vEX,
We consider a map F : RY — RY defined as F(y) = ﬁzveXn f(&n(v),y). The
condition (1) implies ||f(&n(v),y) — f(zo,y)|| < d(&n(v), o). Hence

I176) = Feo )l = 7 3 ((En(w)) = Feo, )] <

veX,

f(zo, y))Il < d(€(vn), z0),

UGX

where d(&(vy), xo) = max{d({(v),zo) | v € X,,}. Thus the maps F' and f |, «gr~ are
in a finite distance. Therefore they are properly homotopic. Then by the condition (2)
the map F is essential. Hence there is w, with F(w,) = 0. Let ¢, : X — X X w,, be a
natural identification. We apply Corollary 6.4 to the sequence of maps

(f |X><wn) O €n Ogn . Xn — RN
to obtain a number R > 0 with the property

[((f [xxwn) © €n ©&n) " (BR(0))| > | Xn|/2

for all n. By the condition (3) the preimage (f |xxw,) ' (Br(0)) is contained in a ball
B(r)(zs) in X x wy, of radius c(R) centered at some point x,,. Then

€5 en  (Beqr) ()| = [ Xn| /2.

Thus,

Xnl/2 <167 Bemy(@))l = Y 16 ()]

CUEBC(R) (mn)
for all n. Since |B.(g)(2y)| is uniformly bounded from above, this contradicts with the

condition lim,, "5|X(T)' =0. O

Lemmas 7.1 and Lemma 7.2 imply the following.

Theorem 7.3 [Dr3]. Suppose that the universal cover X of a closed aspherical Rie-
mannian manifold admits a coarse quasi-embedding of an expander. Then X is not
hypereuclidean.

This theorem for a nonpositively curved manifolds was established first independently
by Gromov and Higson.
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