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THE COHOMOLOGY OF SYMMETRIC GROUPS AND
THE QUILLEN MAP AT ODD PRIMES

LE MINH HA AND KATHRYN LESH

ABSTRACT. Gunawardena, Lannes, and Zarati proved that the
Quillen homomorphism g - H*BG — @C(G) H*BE is an iso-
morphism for G = %, at p = 2, but fails to be an isomorphism for
odd primes. We prove that at odd primes, the restriction of the
Quillen map to the subring of elements that are annihilated by all
Steenrod operations that involve the Bockstein is an isomorphism
for all n.

1. INTRODUCTION

Let p be a prime, let all cohomology be taken with mod p coefficients,
and let G be a compact Lie group. Let C(G) denote the category whose
objects are elementary abelian p-subgroups of G and whose morphisms
are inclusions induced by conjugations in GG. Quillen proved that the
natural map

4, H"BG — lim H*BE
c@)
is an F-isomorphism; that is, the kernel and cokernel are nilpotent as
algebras [Ql, Theorem 7.1]. Quillen also established a relationship
between this map and the corresponding one for the wreath product
¥, [G: if 4, 1s a monomorphism, then so is s, [ Gy and thus in
particular, Qs is a monomorphism [Q2, Proposition 3.4]. The question
of whether Qy, is an epimorphism was later settled by Gunawardena,
Lannes, and Zarati [GLZ]. For p = 2, they proved that if g, is an
isomorphism, then so is Us,, [ Gy and so qy, is an isomorphism [GLZ,

Theorem 1.1]. They further proved that the result fails dramatically at
odd primes, even when one makes the standard adjustment of replacing
H*BG by the subring of evenly graded elements [GLZ, Section 6].
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For the remainder of the paper, let p be an odd prime. Our goal is
to implement a suggestion of David Benson to rectify the odd primary
failure of g, to be an epimorphism (see [B2, p.175]). Let A denote the

mod p Steenrod algebra, and given an unstable A-module M, let M +
denote the elements of M in even degrees. Let O(M) be defined by

OM) = ﬂ ker(30 : M — M);
fcA
OM consists of all elements of M that are annihilated by any element

of A involving Bocksteins (we call such elements Bockstein-nil) that
are also evenly graded. We write H*X = O(H*X) and let

q; : H*BG — lim H*BE
c(@)
be induced by the Quillen map.

We will prove the following.

Theorem 1.1. Let p be an odd prime, and let G be a compact Lie
group for which q, is a monomorphism. If qé s an isomorphism, then
50 1S q

En[G)

Corollary 1.2. q; 18 an isomorphism.

An easy calculation shows that H*BFE has no Bockstein-nil elements
in odd degrees, and so whenever Theorem 1.1 applies, the injectivity
of g o implies that qé provides a calculation of the entire Bockstein-nil
part of H*B(%, [ G) in terms of Bockstein-nil part of the cohomologies
of the elementary abelian p-subgroups of ¥, [ G.

From the proof of Theorem 1.1 we are able to extract more informa-
tion about the full cohomology ring H*BY,,. Let A be the two sided
ideal of H*BY.,, consisting of elements x such that ™ = 0 for some n.

Proposition 1.3. Suppose that p is an odd prime, G is a compact
Lie group, q is a monomorphism, and q° is an isomorphism. If x €
H*BG is of even degree, then x can be wrilten uniquely as © = y + z

where y € H*BG and 2P = 0.
Corollary 1.4. There is an isomorphism of algebras:
H*BY., =~ H*BY, /N.
Proof. Proof of Corollary 1.4 The odd dimensional part of H*BY,, is ex-

terior, and by Corollary 1.2 and Proposition 1.3, the even dimensional
part is a direct sum of H®*BY,, and classes of multiplicative height at
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most p. However, since ¢, is a monomorphism, 2.8(1) implies that the
classes in H®BY.,, have infinite multiplicative height. U

We note that the ideal version of Theorem 1.1 would say that if qé is

an isomorphism, then q(’E ra) is an isomorphism. In actual fact, The-

orem 1.1 has an extra hypothesis, namely that q, s a monomorphism.
This is not needed explicitly by Gunawardena, Lannes, and Zarati, be-
cause they assume that g, is an isomorphism. In our case, the difficulty
is that the ideal hypothesis would involve information about H*BG, a
submodule of H*BG, whereas the conclusion would involve informa-
tion about H*B(X, [ G), which is isomorphic to H*(X,; (H*BG)®")
by a theorem of Nakaoka [N]. Thus the conclusion would involve the
full cohomology H*BG instead of just the submodule H*BG. Assum-
ing that ¢, is a monomorphism gives enough extra strength to the
hypotheses to allow us to prove Theorem 1.1.

The proof of [GLZ| at p = 2 is constructed by “linearizing” the
problem. The proof considers the problem in the category U of unstable
A-modules and studies the homological condition of being Nil-closed.
The authors prove that ¢, is an isomorphism if and only if H*BG
is Nil-closed, and then prove that if H*BG is Nil-closed, then so is
H*B(Y, [ G). Our plan of attack is similar. Instead of studying the
property of being Nil-closed in the category U, we consider the property
of being Nil-closed in the category U’ of evenly graded unstable A-
modules.

The organization of the paper is as follows. In Section 2, we give
definitions and properties of certain functors of unstable A-modules,
and we discuss the concept of a Nil-closed module. In Section 3, we
prove Theorem 1.1 and consider its consequences, including a proof of
Proposition 1.3. The proofs of two technical results required in the
proof of Theorem 1.1 are deferred to Sections 4 and 5. In Section 6,
we give a calculation of H*¥.

2. BACKGROUND AND REFORMULATION

In the first part of this section, we recall straightforward definitions
and lemmas regarding unstable modules over the Steenrod algebra and
functors applied to them. A useful reference for this material is [S]. In
the second part of the section, we discuss the concept of an A-module
that is Nil-closed in U’, in parallel to the discussion in Sections 3 and
4 of [GLZ] of modules that are Nil-closed in U.
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2.1. The categories U/ and U'.

Definition 2.1.

(1) U is the category of unstable modules over the Steenrod algebra.
U’ CU is the full subcategory consisting of evenly graded mod-
ules.

O:U"— U is the forgetful functor.
YU — U is the suspension functor.
(2) If M is an A-module and x € M, we define

P2y if || is even
xrxT =
0 BPUI=D2gif || is odd.

(3) An unstable A-module N is nilpotent if for allz € N, Pjx =0
forn >> 0.

(4) A module M inU (resp. U') is called reduced if Homy (N, M)
(resp. Homy (N, M)) is zero for all nilpotent modules N € U
(resp. U'). Equivalently ([S, Lemma 2.6.4]), M is reduced if
and only if for all x € M there exists an operation 0 € A such
that Py0z # 0 for all n.

(5) Let M be an unstable A-module. An element v € M is called
Bockstein-nil if 50x = 0 for all 6 € A. The module M is said
to be Bockstein-nil if all its elements are Bockstein-nil.

Lemma 2.2. The forgetful functor © :U’' — U has a right adjoint O -

U — U’ which sends a module to its maximal evenly graded Bockstein-

nil submodule.

Proof. Routine. O

We will sometimes abuse notation by writing @M when we should

be writing OOM and relying on context to make clear which category
we are in. The next lemma collects properties of the functor O. The
first three properties follow from the definition of O as a right adjoint.

Lemma 2.3.

(1) If M is reduced in U, then OM is reduced in U'.

(2) If 0 = A — B — C is ezact, then so is 0 — OA — OB —
OC.

(3) If I is a U-injective, then OI is a U’-injective.

(4) [LZ86, Proposition 8.3] If M and N are unstable A-modules,
and at least one of M and N is reduced, then O(M @ N) =
OM ® ON.
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We will be using the functor ® : 4 — U, which functions in some
situations as a “pth power” functor and is analogous to the doubling
functor mod 2. Given an unstable module M, define

Mm/P if n=0 (2p)
(PM)" = M(=2/p+Lif n =2 (2p)
0 otherwise,

and let ¢x € ®M be the element that corresponds to x € M. The
action of the Steenrod algebra is given by

Boz) =0
d(PPx) ifi=0 (p)

Pi(px) =< $(BPV/Pg) ifi—1=0 (p) and |z| =1 (2)
0 otherwise.

There is a natural map Ay : @M — M defined by A\(¢px) = Pyz.

Lemma 2.4. [S, p. 31] If A\yy : ®M — M is injective, then M is
reduced.

(The converse is false.)

Both ¥ and ® have right adjoints that will be useful in Section 3
to describe interpretations of Theorem 1.1. We write ¥ for the right
adjoint of ¥, and we note that XXM is the largest submodule of M
that is a suspension. A module M is reduced if and only if XM = 0.
We write @ for the right adjoint of ®, and we think of it as a “pth root
functor.”

2.2. Nil-closed modules. Next, we discuss the homological condition
that characterizes whether qé is an isomorphism.

Definition 2.5. M € U’ is Nil-closed in U’ if Ext!, (N, M) =0 for
1= 0,1 for all nilpotent modules N € U’.

The importance of a module being Nil-closed comes from the fol-
lowing proposition, which will apply to qé by Proposition 3.1 and
Lemma 3.2.

Proposition 2.6. Let f : My — My be a morphism in U'. Suppose
that ker(f) and cok(f) are nilpotent modules and that My is Nil-closed
inU'. Then the following conditions are equivalent:

(1) f is an isomorphism;

(2) My is Nil-closed in U'.
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Proof. 1f M; is Nil-closed, then it is reduced, and so ker(f) is also re-
duced. Since ker(f) is assumed to be nilpotent, this says that ker(f) =
0. Thus we have a short exact sequence 0 — M; — My — cok(f) — 0,
where M; and M are both Nil-closed. The long exact sequence in Ext
shows that cok(f) is reduced, and since it is assumed to be nilpotent,
this says cok(f) = 0. Thus f is an isomorphism. O

To apply this proposition, it is important for us to be able to tell
when a module is Nil-closed, so we next discuss various criteria (see

(GLZ)).

Proposition 2.7.

(1) [GLZ, Proposition 3.1]

(a) Let 0 — M — M' — M" be an exact sequence in U'.
If M’ is Nil-closed in U' and M" is reduced, then M is
Nil-closed inU’.

(b) Let 0 = M — M — M" — 0 be an exact sequence inU'.
If M" and M" are Nil-closed in U', then M is Nil-closed
inU'.

(2) M is Nil-closed inU" if and only if M has an injective resolution
that begins 0 — M — 1) — I, where 1) and 1] are reduced
injectives in U'.

(3) If M is Nil-closed in U, then OM is Nil-closed in U'.

(4) If M and N are Nil-closed inU', then so is M @ N.

The proofs involve standard homological algebra and the following
two facts:

e Any reduced module in U’ embeds in a reduced U -injective.
e The tensor product of two reduced U "-injectives is another U '-
injective.

Examples 2.8.

(1) H*BE is the polynomial subalgebra of H* BE generated by the
elements of dimension 2, and it is Nil-closed in U'. Proof:
H*BZ/p is polynomial on a generator of degree 2. Induction
on the dimension of E using Lemma 2.3 computes H*BE. To
see that H* BE is Nil-closed inU', note that H*BE = OH*BE,
and H*BE is Nil-closed (in fact, injective) in U.

(2) A product of modules that are Nil-closed in U' is again Nil-
closed in U’

(3) An inverse limit of Nil-closed modules is Nil-closed. This is be-
cause the inverse limit is the kernel of a map from a Nil-closed
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module to itself, and we can apply Proposition 2.7 (1a). In par-
ticular, we obtain a Nil-closed module by taking the invariants
of the action of a group on a Nil-closed module.

3. PROOF OF THEOREM 1.1

The strategy of the proof of Theorem 1.1 is to use Proposition 2.6.
Our goal is to prove that if g, is a monomorphism and if qé is an
isomorphism, then

qznfg:HB<En/G) — 121 H*BE
C(Sn [ G)

is an isomorphism. We will establish that q; e has nilpotent kernel

and cokernel, that its target is Nil-closed, and that H*B(%, [ G) is

Nil-closed. Theorem 1.1 then follows. We note that the only places in

the paper where we use the assumption that ¢, is a monomorphism

are in the last two paragraphs of the proof of Proposition 3.8 and the
last paragraph of the proof of Proposition 3.9.

Proposition 3.1. If G is a compact Lie group, then qé has nilpotent
kernel and cokernel.

Proof. Consider the following commuting diagram:

H*BG — Yime) H*BE

l l

H*BG —S Yime(q) H*BE,

where the vertical arrows are monomorphisms. Certainly ker(q;) is
nilpotent because it is a submodule of the nilpotent module ker(q,,). To
show that Cok(qé) is nilpotent, recall that we already know that cok(q,,)
is nilpotent by Quillen’s theorem. Hence given y € lglc(g) H*BE, there
exists # € H*BG such that g, (z) = y" for some n. We claim that 2”
is Bockstein-nil whether or not z is Bockstein-nil. This follows from
the calculation
B0z? = BO0Pyx = BPy0'x = 0,

since 8P, = 0, and for any operation 6, there exists #’ with 6P, = Fy0'.
Thus qé (xP) = y™, proving that a power of y is in the image of qz;. O

Lemma 3.2. limg(s, 1 q) H*BE is Nil-closed in U'.
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Proof. H*BE is Nil-closed in U’, and an inverse limit of objects that
are Nil-closed in U’ is likewise Nil-closed in U’. (See 2.8.) O

Most of the work of proving Theorem 1.1 lies in showing that H*B (En i G)
is Nil-closed in 4/ ’. The proof is by induction, and we begin with n = p.
Letting M = H*BG, we need to study H*(X, [ G) = H*(X,; M) [N]
and compute its Bockstein-nil elements. We use the next result to pass
the computation through H*(Z/p [ G) = H*(Z/p; M®?). For a fixed
choice of Z/p C ¥,, let W denote the Weyl group Nx, (Z/p)/(Z/p) =
Z[(p—1).

Lemma 3.3. H*(BY,; M®?) = H*(BZ/p; M®P)V.
Proof. This follows from [B1, Corollary 3.6.19]. O

The module H*(BZ/p; M®?) is well understood, and in fact is part
of the definition of the Steenrod operations on M in its role as the coho-
mology of the total space in the fibration sequence BG? — EZ/p X 5,
BGP — BZ/p. We will need the following maps:

o Let j: BGP — EZ/p Xz, BG? be the inclusion of the fiber.

o Let d : BZ/p x BG — EZ/p Xz, BG? be defined by the
diagonal map on BG.

e Let dBZ/p x BG — EY, Xy, BGP be the composition of d
with the map EZ/p x 7, BGP — EX, xx, BG? induced by the
inclusion Z/p — ¥,.

o Let 74/, : H*(x x BGP) — H*(EZ/p Xz, BG?) be the transfer
for the inclusion of the trivial group into Z/p.

There is a half-exact sequence
(3.4) 0—>7-Z/p(M®p) — H*(BZ/p; M*?) — H*(BZ/p) ® M,

where the monomorphism is given by the inclusion of the image of 7/,
and the second map is induced by d*. (See [S-E, Chapter VII|, [Q2,
Proposition 3.1], or [Mii, Theorem 3.7|.) According to Lemma 3.3, we
must take W-invariants to get to H*(BY, ; M®P).

Let Ry M denote the image of d : H*(EX, Xy, BGP) — H*(BZ/p x
BG). This module was extensively studied and an explicit basis for
it described in [Z1], and we summarize the relevant information in
Section 4.

Lemma 3.5. There is a short exact sequence for H*(¥,, M®P):

(3.5) 0— [Tz/p(M®p)]W — H*(X,; M®?) — RiM — 0.



THE COHOMOLOGY OF SYMMETRIC GROUPS 9

Proof. We take invariants in (3.4) under the action of W. Although
taking invariants is only left-exact, we have replaced the right end of
the short exact sequence by a module which is defined to make the
second map an epimorphism. O

For Theorem 1.1, we actually need to compute the OH*(X,; M®P).
In general, O is not exact (though it is left exact), but the following
lemma asserts that it is exact when applied to (3.5).

Lemma 3.7. Let M = H*BG. There is a short exact sequence
0 — Olrzy(ME)W — H*(%,; M®*) — O[R,M] — 0.

The proof of Lemma 3.7 depends on identifying a particular basis
for O[R; M| and is given in Section 5.

Proposition 3.8. If q, s a monomorphism, and H*BG is Nil-closed
inU', then so is H*B(X, [ G).

Proof. Let M = H*BG. We use Proposition 2.7 (1b) with the short
exact sequence of Lemma 3.7. We will prove in Proposition 4.3 that
O[R1M] is Nil-closed in U'. We must show that O[rz,(M*")|" is
Nil-closed in U’.

We will actually show that @[Tz/p(M #P)] is Nil-closed in U’, and

it follows that O[rz,(M®?)|W is Nil-closed in U’. (See 2.8). We will
be using the fact that 77/, : (H*BG)®? — H°(Z/p; (H*BG)®?) is the
norm map for Z/p.

First, we claim that O[ry/,(M®P)] 2 74, [(OM)®P)]. Clearly
T2/p| (OM)) C Olr,(M*7)].
For the reverse inclusion, note that 7,,,(M*P) C M®P, and so
Olrz/p(M®)] € O(M®7) 2 (OM)*,

with the last congruence coming from Lemma 2.3, since the assumption
that ¢, is monomorphic ensures that M is reduced. Then note that

TZ/p(M®p) N (@M)®P = 7-Z/p(@]M)@p-

Let N = OM. Examination of the explicit formula for the cohomol-
ogy of Z/p with coefficients in the module N®? leads to a short exact
sequence

0— 72 (N) — (NP) /P — PN — 0,
where PN (the “pth powers” of N) has a basis of the form n®P. In our
case N is Nil-closed by assumption, so the middle term is Nil-closed
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because it is obtained from N by tensor product and inverse limit. Fur-
ther, PN is reduced, because by Lemma 4.5, Ay is a monomorphism,
and then direct calculation shows that Apy is a monomorphism also.
Thus by Proposition 2.7 (1), 7z,,(N*P) is Nil-closed, and the proof of
the proposition is complete. ([l

The last argument in the proof of Theorem 1.1 is provided by the
next proposition, which uses Proposition 3.8 as the beginning of an
induction.

Proposition 3.9. If g, is a monomorphism, and H®*BG is Nil-closed
inU', then so is H*B(X, [ G).

Proof. We write S, X for the Borel construction EY,, Xy X", and
given a subgroup D,, C ¥, and a space X, we write D,, X for the Borel

construction £D,, Xp, X".
We first treat the proposition in the case n = p*. The p-Sylow
subgroup of X« is contained in the k-fold wreath product

Dkz<2p/2p/.../2p)gzpk.

Since H*S,»BG is a summand in H*D,xBG, applying O says that
H*S,xBG is a summand in H*D,xBG. However,

DiBG ~ 5,5, ...5,(BG),

and by induction with [Q2, Proposition 3.4], we know that ¢, N is
p

a monomorphism. (In particular, H*D,BG is reduced, a fact that

we will need in the next paragraph.) Iterating Proposition 3.8 proves
H*D,BG is Nil-closed in ¢’ by induction.

Consider n = ag + a1p* + ... + aip® where 0 < a; < p. The p-Sylow
subgroup of ¥, is contained in

and as before it is sufficient to prove that H*D,, BG is Nil-closed in U .
Since D, BG ~ [['Zk[D,: BG]*, we find that
i=k

H*D, BG =~ (X)[H*D,; BG)*".

@
Il
o
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Since H*D,: BG is reduced, applying O to both sides commutes with
the tensor product by Lemma 2.3. The proposition then follows from
Proposition 2.7 (4). O

Since we know from [GLZ, Section 6] that lime(g) H*BE is not cal-

culating H*BY.,,, it is reasonable to ask what it is actually calculating.
We use the functor ® : &Y — U defined in Section 2.

Proposition 3.10. limes,) H*BE = ®H*BY,,.

Proof. Let W : U — U’ be the composite OP, and let ¥ be its right
adjoint. It is easy to show that WO = &. Applying Homy(—, H*BE)
to the short exact sequence of [S, p. 28] shows that ®H*BE =~ H*BE.
Lastly, applying ¥ to both sides to the isomorphism q;: gives the
result. " O

For an unstable A-module M, let the Nil-closure of M be its local-
ization away from the subcategory Nil of nilpotent modules in &/. The

Nil-closure of M is the smallest Nil-closed module containing M, and
it is given by the map M — colimy, ®*M [S, Theorem 6.3.3].

Corollary 3.11. limes,) H*BE is the Nil-closure of H*BY,,.

From Proposition 3.10, we also deduce slightly more information
about the Quillen map on H*BY,. Quillen’s original result shows that
qy, is an F-isomorphism, i.e., that cok(qgy, ) is a nilpotent module. Our

result implies that cok(qE ) is actually a suspension. Let RS be the
first right derived functor of X.

Corollary 3.12. cok(qy, ) =¥ (le])H*BEn].

Proof. If M is a reduced unstable A-module, there is a natural short
exact sequence

0— M — ®M — S[(R'S)M] — 0
S, p. 38]. The map ¢y, induces a commuting ladder between the short
exact sequence for M = H*BY,, and the one for M = lim¢(y,,) H*BE.
The corollary follows from the Snake Lemma and the isomorphism
dH*BE =2 H*BE. O

We close this section with the proof of Proposition 1.3, which gives
us an idea of how much of H*B(G is not captured by H*BG.
Proposition 1.3 Suppose that p is an odd prime, G is a compact Lie
group, q, s a monomorphism, and qé 1s an isomorphism. If x €
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H*BG is of even degree, then x can be written uniquely as x = y + z
where y € H*BG and 2P = 0.

Proof. First we prove the corresponding result in H*BE. Suppose that
{z1,...,2,}is a basis for H'BE and {y1,...,y,} is a basis for H*BF,
with y; = Bz;. We write an even-dimensional element z as the sum
of monomials of the form z{ ...zi»y]' ... y/». Let 2 be the sum of the
monomials in x with Yz, > 0, and let y = x — 2. Then 2P = 0, since
each individual monomial in z squares to 0, and y is the sum of terms
of the form yJ* ... y/", which is in H*BE.

Next, we establish the result in limeg) H*BE. Suppose given an

element (zg) € lime) H*BE, where the notation means a choice of

elements xg € H*BE that is compatible over C(G). For each F, write
Tgp = Yg + zp, where yp € H*BE and 25, = 0. We claim that the
families yg and zg are compatible. To show this, consider elementary
abelian subgroups £ and F', and let i : ENF — Eand j : ENF — F be
the inclusions. It is sufficient to show that i*yg = j*yr and "2 = j*2p.
However, we know that i*rg = j*zp, and so i*yg — j*yr = " 2Fr — 1" 2E.
Since the left side is an element of the reduced module H*B(E N F')
and the right side is nilpotent, i*yg — j*yr = j*2r — *2g = 0. Thus
(yg) and (zg) are elements of @C(G) H*BE, and the same argument

shows that (yg) and (zg) are unique.

Finally, consider an even-dimensional z € H*BG and let g, (z) =
(zp) = (yp) + (2p) as above. Since ¢ is an isomorphism, we can
find a unique y € H*BG with q,(y) = (yr). Let z = 2 —y and
observe that q,(2)” = (2g)’ = 0, which proves that 2¥ = 0, since
4, 1s a monomorphism. Uniqueness decomposition of z follows from
uniqueness of (yz) and (2) and g, being a monomorphism. O

4. THE MODULE R M

In this section, we take an unstable A-module M and study the
module Ry M, for which we give a definition in this section. If M =
H*X, then R; M has a geometric interpretation. Let d : BZ/p x X —
EY., x5, X? be defined by the inclusion Z/p — X, and the diagonal
map X — XP?. Then

R\M =im[d : H*(EY, xs, X?) — H*(BZ/p x X).

Its relevance for us is that it M = H*BG, then Ry M gives part of the
cohomology of H*B(Y, [ G).
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The goal for this section is to prove Proposition 4.3. First we sum-
marize from [Z1] the definitions for R, M for an unstable A-module M.
Let H = H*BZ/p, and identify a basis for H = Flu| ® F,[v]. Let

w = uv~t. We write P for the polynomial part of H and note that

P=0H.

Definition 4.1. Given an unstable A-module M, let M be the sub-
vector space of elements of even degree, and let M~ be the sub-vector
space of elements of odd degree.

Definition 4.2.

(1) We define a Z/p-linear map Sty : M — H @ M by
(a) If |x| = 2k, then

Sty(x) = Zfzo(_l)ivi(P—l) ® PF=ip 4+ (_1)i+1wvi(p_1) 2 ﬂpk_ix
(b) |z| =2k + 1, then
St (¢) = By~ 0-0-7 g piiy
+ (= 1)yt D172 @ gph-ig

(2) Let Z/p be the trivial ¥,-module, and let Z/p be the ¥,-module
by the sign representation. Let L1 C H be defined by

Ly =im[H"(BX,; Z/p) — H*(BZ/p;Z/p)),
and let

Ly =im[H"(BX,; 2/p) — H (BZ/p; Z/p)].
Then

L1 = wo"™ Z/plP™ @ Z/p[vP ]

Ly = wv®V27/pP~Y @ v V2Z/p[P

(3) [Z1, Definition 2.4.5] Let Ry M be the subvector space of H® M
given by

RlM = L15t1M+ () ,ClSthi

Although it is not evident from the definition, [Z1, Proposition 2.4.6]
establishes that R, M is an A-submodule of H @ M. Our interest in the
functor R, is that Proposition 4.3 is an essential ingredient in the proof
of Proposition 3.8, and thus, together with Lemma 3.7, it provides the
technical underpinning for Theorem 1.1.

Proposition 4.3. If O(M) is Nil-closed in U', then O(RyM) is Nil-
closed inU'.
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Proof. Consider the short exact sequence
0—=RM-—-HM— (H®M)/RM — 0.

O is left exact and commutes with tensor product if one factor is re-
duced ([LLZ86, Proposition 8.3]):

0— ORM)— P®0OM)— O[(H®M)/RM].

Since P = OH is Nil-closed in ¢’ by Proposition 2.7 (3), and since
O(M) is Nil-closed in ¢’ by assumption, then P ® O(M) is Nil-closed
in U’ by Proposition 2.7 (4). Therefore Proposition 4.3 will follow
from Proposition 2.7 (1a) once we prove that C' = cok[O(R, M) —
P ® O(M)] is reduced. Tt is sufficient to prove that Ao : ®C' — C'is a
monomorphism ([S, p39]). Considering the diagram

(4.4) ) )
0 —— PO(RM) —— P[PRO(M)] oC 0
AS (R M) l Aped () J /\cl
0 — O(RM) —— P®O(M) C 0,

we see that the proposition follows from the Snake Lemma and the
two conditions
(1) A Pod () 18 @ monomorphism, and
(2) cok A (g, ar) — Ok Apyipy) I8 @ monomorphism,

which are proved in Corollary 4.6 and Lemma 4.7, respectively. U

Lemma 4.5. If M is an unstable A-module that is Bockstein-nil and
reduced, then \y; is a monomorphism.

Proof. We know that for all nonzero x € M, there exists § € A such
that Pj0x # 0 for all n, and since A\ys : PM — M takes ¢z — Fyz,
we must prove that in fact Pyz # 0. Because M is Bockstein-nil, the
operation 6 cannot involve any Bocksteins. However, we recall that
PyP'x = PPyx, and therefore if Py'0x # 0 for all n, it must in fact
be true that Pz # 0 for all n, and in particular, Popx # 0. The lemma
follows. O

Corollary 4.6. If OM is reduced, then Apedn 18 a monomorphism.

Lemma 4.7. If OM s reduced, then cok Aorimy — COKApginy is a
monomorphism.

Proof. Referring back to diagram (4.4), we see that because Apg 3, is
a monomorphism by Corollary 4.6, and thus )\@( RiM) 18 likewise, the
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desired conclusion is equivalent to the requirement that

O(RIM)N®(P @ OM) = dO(R, M).

Certainly @@(RlM) C O(R,M)N®[P® OM]. To prove O(R, M) N
O[P ® OM] C PO(R1 M), we prove the following conditions:

(1) O(RiM) N (P @ (OM)) = ORy(S[OM]).
(2) OR(®[OM]) N [(®P) @ OM] C PO(R, M).
(3) [(®P) ® OM] N (P @ ®(OM)) = B(P @ OM).

To establish Condition (1), we use [Z1, 3.3.6], which states that for
M CM, (RiM)N(H®M') = RM'. Since A\3,, is a monomorphism
by Lemma 4.5, Condition (1) follows by applying O to this equality
with M’ = ®OM and using Lemma 2.3. Condition (3) follows from
the fact that ®(P@OM) = dPRPOM (see [S, p.70]). Thus we focus
on Condition (2).

We begin by computing Ry(®[OM]). Since OM is evenly graded,
typical elements in ®(OM) are ¢z in dimension 2pk, where |z| = 2k.
There are no Bocksteins in @(@M ), and so a typical generator of
Ry [®(OM)] as a module over H is

Sti(¢x) = L (=1) v @ PP (¢w).

In fact, however, ¢z can only support P*=%if kp —i = 0(p), and so we
can rewrite the typical generator in the form

Sty (o) = E;?:O(_l)fjvjp(pfl) ® p(kfj)p((bx)_

Thus a typical Z/p-basis element y € R;[®(OM)] has one of the two
forms y; or ys below:

y= wmem) SR (—1)iuie) @ PR-i(ge)]
Yo = womP-D [E?ZO(—I)JUJP(”*I) ® P(kfj)p(gbx)} .

When we intersect Ry [®(OM)] with (PP)®(OM), we discard elements
of type ys, because they are odd-dimensional. If y; € (PP) ®@ (OM)
then m = 0 mod p, and we can write y; = ¢z; where

2 = 00D [k (C1)inioD g plEiyg]

By assumption, z € OM is Bockstein-nil, and therefore z; € OR; M.
Therefore y; € PO(Ry M), which completes the proof. O
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5. PrROOF OF LEMMA 3.7

In this section, our goal is the proof of Lemma 3.7. We must prove
that the short exact sequence

0— [Tz/p(M®p)]W — H*(X,, M®*?") — RiM — 0

remains exact when we apply O. Since O is left exact, we need only
show that H*(X,, M®P) — R;M remains an epimorphism after the
application of @. Thus we need to identify the Bockstein-nil part of
the target, a task performed by Lemma 5.1. Then we prove Lemma 3.7.

Lemma 5.1. O(R,M) = OR,(OM).

Proof. Let C(M) be the cokernel of the inclusion OM < M, so that
we have a short exact sequence

(5.2) 0— OM — M — C(M) — 0.

We claim that OC(M) = 0. First, note that M — C(M) is one-to-
one in odd dimensions, since OM is concentrated in even dimensions.
Suppose that z € OC(M) and that y — x under M — C(M). Then
for any sequence I, 3Py — BP!x = 0. Since B3P’y is odd dimensional,
this implies BPTy = 0 for all I. Thus y € OM, and z = 0.

Finally, apply the composite of the exact functor R; ([Z1, Corollary
3.3.5]) and the half-exact functor O to (5.2) to obtain

0— OR(OM) — O(R,M) — OR,C(M).

Because OR,C(M) C @(H~® C(M)) = P® OC(M) = 0 by the
previous paragraph, we find OR,(OM) = O(RM). O

In the preceding lemma, we identified Bockstein-nil elements by ap-
plying O to H@C(M) and using the fact that O commutes with tensor
products if one factor is reduced. One can also detect Bockstein-nil
elements using the following criterion, which we include for general
interest.

Lemma 5.3. Let M be an A-module, and suppose that x € M has the
property that Bx = 0 and BP"x = 0 for all n. Then x is Bockstein-nil.

Proof. The proof that 8Pz = 0 for any admissible P! is by induction
on the length of I, with the base case provided by the hypothesis. For
the inductive step, we note that an admissible monomial 3P P?2 can
be expressed as a sum of terms of the form P*GP" and SP" using the
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Adem relation

PP = S (— 1) ((p e . ! ) BPertp!
a—p

)b —t)—1

silta=1)/5 _qyare—1 (P
+ t=0 ( ) a— pt -1

)Pa+btﬂPt.
with a = piy and b = iy + (iy — pia). O

Proof. Proof of Lemma 3.7 To detect the Bockstein-nil elements in
H*(3,, M®?), we use the monomorphism

(%, d") : H(Z[p; M®P) — M*P & (H*BZ/p® M).
(See, for example, [Q2, Proposition 3.1] or [Mui, Theorem 3.7].) From
(3.4) and (3.5) we have the commuting ladder

0 —— [rzp(MEP)W —— H*S, M) -2  RM —0

| | |
0 —— 75, (M®) —— H*(Z/p, M®") —“— H*(BZ/p)® M

where the vertical maps are monomorphisms. The functor @ applied
to the top row gives a half-exact sequence

0 — Olrz/p( M)W — H*(%,, M®P) — O[R, M].

We must show that d : H*(,, M®?) — O[R;M] is onto. By Lemma. 5.1,
we know O[R; M] =2 OR;[OM], and because d* : H*(,; M®?) — RyM
is a map of H*BZ/p-modules, it is sufficient to show that H*(X,, M*P)
maps onto the elements St (z) € O[R; M] where z € OM is Bockstein-
nil. Tt is possible to choose z € H(3, ; M®?) with j*z = 2% € M®P
and d*z = tv(|z|)St1(x) € Ry M where v(|z|) is a scalar function. (See
[S-E], VIL.2.3 and the proof of VIIL.1.6. The element z is the element
called Pz in VIL.2. See also [B2] Chapter 4.) Since z is Bockstein-nil,
then so are both 5%z and d*z, by direct calculation and by hypothesis,
respectively. Because (j*,d*) is a monomorphism, this implies that z
is Bockstein-nil, which gives the result. 0

6. CALCULATION OF H*®Y,»

In this section, we describe the ingredients one would use to apply
Theorem 1.1 to determine the structure of H*Y,» for p odd and we
perform the calculation for H*X..

We begin with some preliminaries on the category C(X,»). There is
a maximal transitive elementary abelian p-group V,, in X,», which is
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unique up to conjugacy and is given by letting (Z/p)"™ act on its own
p" elements by translation. The Weyl group Wx . (V,) is GL(n, Fp),

and thus O (H *Vn)WEP"(V”) = (H 'Vn)GL(”’F”) is the Dickson algebra
D(n), which is a polynomial algebra over F, with generators @,
0<i:<n-—1

Next we need a list of the conjugacy classes of maximal elementary
abelian p-subgroups of ¥,». Let £(p") be the set of sequences of pos-
itive integers v = (71,72, ...) such that p™ = Yy, p"; note that there is
no requirement that =, be less than p. The set of conjugacy classes of
maximal elementary abelian p-subgroups of ¥,» is in one-to-one cor-
respondance with £(p™) by associating to v the maximal elementary
abelian p-subgroup

B(y) =]

whose Weyl group is

Theorem 1.1 tells us that

H*Yp = O lim H*BE
C(Em)

lim H*BE,

CEm)

I1¢

and thus an element of H*Y,» is given by a family of elements, one in
each module (H*FE(y))"™, that are compatible under restriction to
elementary abelian p-groups of lower rank. Note that (H*E(y))V®) is
given by a tensor product of the algebras

(D(k)®'yk)27k ,

which consist of symmetric functions in the Dickson invariants.
To compute H*Y,2, we are looking at the inverse limit of H*® applied
to the diagram

Vi Va

N

Vi
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where the maximal nodes have the automorphisms

Aut(VP) = /GL LLF,)
Aut(Va) 2 GL(2,F,).

We write o;(xy,...,2,) for the ith symmetric function, and we write
Q; for the element of H*V}” which is the tensor product of 1’s in each
factor except the ith factor, where it is ()1 0. Then potential generators
of H*Y,2 are provided by two sets of elements:

(1) the polynomial generators s; for i = 1,...p where
si= 0@, Q) € (HV)™ D,
(2) the polynomial generators Q2 and ()1 in H*V5.

To check compatibility, observe that V3 — V! is the diagonal map, and
therefore

si—0 forO<i<p
SpHQllj,O

Q20— 0
2,1 — Qlf,o-

Vi — V{ induces

Vi — V5 induces

Checking compatibility, we find that H*X, is generated by
T; = (Si,O) for 1 <t <p

V= (Oa QQ,O)
w = (8p, Q2,1)
Thus H*Y,2 = F, |21, ..., 2p_1, v, w] with the relations z,v = 0.
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