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Abstract

We study transfer operators M(*) associated to a finite family {1, } of C" (+ > 1) transver-
sal maps U, — R" where U, C R"”, with C” compactly supported weights g.,, acting on
k-forms in R™. Using the definitions of sharp trace Tr# and flat trace Tr”, the following
formula holds between power series: Det#(1 — zM) = II?_ Det®(1 — zM(k))(_l)k. Fol-
lowing ideas of Kitaev, we define kneading operators Dg(z), which are kernel operators.
Our main result is the equality in dimension n

Det# (1 — zM) = TIPZiDet® (1 + Dy (2)) V"

as formal power series. As a consequence, we obtain that the weighted Lefschetz zeta-
function
¢*(2) = 1/Det#(1 — 2 M)

has a positive radius of convergence. This (partially) generalizes results obtained by

Baladi, Kitaev, Ruelle and Semmes in dimension 1, complex and real [6, 8].

Introduction

Kneading theory in dimension one is a powerful and successful approach
in the study of dynamical systems. In their famous paper [21], Milnor and
Thurston introduced kneading coordinates and obtained a lot of results about
piecewise monotone and continuous interval maps: semi-conjugacy with a
piecewise linear map, relationship with the lap number, and a surprising
“magical formula” showing the equality (modulo a polynomial error factor
p(t)) between the reduced zeta function (£(t) of a continuous piecewise mono-
tone map f, and the inverse of the determinant A(t) of the kneading matriz
(see [21]):

¢H(t) - At) = p(t) (1)

The kneading matrix entries are built using the orbits of the turning points
of f (i.e., the endpoints of the maximal intervals of monotonicity) and are
power series, holomorphic in the unit disc. The reduced zeta function is a
power series built with the periodic points of f. The meromorphic extension
to the unit disc of the reduced zeta function, which is not at all trivial, follows



immediately from (1).

This theory has been pushed further by Baladi and Ruelle who introduced
piecewise constant weights [7], and by Baladi who generalized the result to
weights of bounded variation [3].

However, kneading theory did not seem useful (at first sight) for the study
of the statistical properties of a given map f. Recall that if f : X — X is
a map for which any point z in X has a finite number of preimages (this
condition could be weakened), we can define the Ruelle transfer operator £
associated to f and acting on a convenient Banach space of functions by

Lo@)= > g(y) )

fly)==

where g is a suitable weight (for instance, g equals 1 over the Jacobian of f).
The statistical properties of f such as decay of correlations for an ergodic
invariant measure are often strongly related to the spectrum of the transfer
operator L. For instance, the existence of a spectral gap for £ (that is, £
admits an isolated simple eigenvalue of maximal modulus) implies (in many
situations) exponential decay of correlations (see for instance [5]). Thus, it
would be interesting to have a tool to investigate the spectrum of £, and £
being a linear operator, it is natural to search for a ‘determinant’, i.e. a map
det(1 — zL£), holomorphic in z on some domain of C, whose zeroes in this
domain are exactly the inverses of the eigenvalues of £ with multiplicity. For
a transfer operator, it happens that such a determinant sometimes exists and
takes the form of (the inverse of) a zeta function (see for instance Baladi’s
survey [4] and references therein), which leads to the question: can we use
kneading theory, or at least get inspired by it, to investigate the spectral
properties of the transfer operator £ for an interval map ?

Milnor and Thurston’s work did not go in this direction. The step was
achieved when Baladi and Ruelle [8] realised that the idea of regularisation
lied behind the kneading theory. More precisely, they considered a finite
collection of homeomorphisms (representing the inverse branches of a piece-
wise monotone map) ¢, : U, — 9,(U,), w € Q (U, being open intervals)
and compactly supported, continuous weights g, of bounded variation. The
transfer operator acting on maps of bounded variation can then be written
as

M() =) gu(@) - ¢ 09 ().



They defined the sharp trace of M as follows: !

M ESN" S gu(x) - Lz, ) (2)

W Yu(z)=2

where the Lefschetz sign L(x,,) € {0,£1} is the sign of 1 — ¢/ () if ¢, is
differentiable (see further).

To any (formal) trace can be associated a determinant by the formula det(A) =
exp tr log(A). The sharp determinant of M is thus

¢
Det#(1 — 2M) & exp Z %Tr#./\/le.

2>1

Then, they introduced kneading operators D(z) L (1—2M) 1S (z being
a complex variable, and S, N being auxiliary operators, see Section 2), which
could be seen as limits of kneading matrices. D(z) is a kernel operator with
kernel in L2 it is thus possible to apply Hilbert-Schmidt theory (see [25] or
[10]) to conclude that D(z) is in fact (almost) trace class, which implies that
there is a determinant Det(1 + D(z)) satisfying Det(1 + D(z)) = 0 if and
only if —1 is an eigenvalue of D(z). ? The main result in [8] is the following
equality (which plays the role of (1) in this setting):

Det (1 — zM) - Det(1 +D(z)) = 1 (3)

Using (3), the relationship between the zeroes of Det(1 —2zM) and the eigen-
values of M follows relatively easily from the definition of D(z) (see [8], and
[11, 23] for complementary results).

Some results were then obtained by Baladi, Kitaev, Ruelle, and Semmes
[6] in the 1-dimensional (complex) holomorphic case. They defined kneading
operators and were able to prove (3) as well as a trace class property of D(z).
In fact, D(z) has an unbounded kernel, and they used a family D;(z), where
Do(z) = D(z), and for each 0 < t < 1, D4(z) is a regularisation of D(z), and
showed that the trace-norm of (D;(z))? is uniformly bounded for 0 < ¢ < 1.
Their paper does however not contain any spectral interpretation.

In an unpublished two-page note [20], Kitaev proposed a definition of the
kneading operators and sketched a proof of an analog of (3) in arbitrary
dimension n. It requires extending to the C! setting the flat trace Tr* of
Atiyah and Bott [1, 2].

! Their definition is in fact more general and allows uncountably many fixed points.
2In fact, only (D(z))? is trace class, and one has to deal with the regularised determinant
deta(1 + D(z)).




In the present paper, we follow Kitaev’s ideas and give a complete proof of
a formula generalizing (3) in all dimensions (Theorem 1 and 1’ below). As a
consequence, we obtain (using the theory of regularised determinants) that
Det#(1 — zM) is holomorphic near 0, and has a meromorphic extension to
a (possibly larger) disk (Theorem 2). A spectral interpretation will be given
in a forthcoming paper.

The paper is organised as follows:

— In Section 1, the definitions of (r-adapted transversal) transfer operators,
and the sharp trace Tr# and flat trace T’ of a transversal transfer operator
are given.

— In Section 2, we introduce the operators S, and N, with which we will
later build the kneading operators Dy (z) = Ny (1 — zME) LS,

— In Section 3, we define the vector spaces of operators K3 (r) and K(c),
and extend the definition of the flat trace to these spaces. We also show that
in K{(x), we can perform some commutations of operators without changing
their flat traces.

— In Section 4, we define the kneading operators, state and prove Theorem
1, first in the C* case, then for the C" case (r > 1), using a density lemma
which is a slight modification of a result due to Kaloshin [18]. It is the main
theorem of this paper. In the C* case, we use the commutations given in
Section 3 to derive the theorem by simple ‘algebraic’ manipulations on the
determinants.

— In Section 5, we give some complementary results that allow us to extend
Theorem 1.

— Section 6 is devoted to the proof that Det’(1 — 2zM) is holomorphic near 0.
Using Kaloshin’s results [19], we exhibit some examples of diffeomorphisms
for which the property does not seem easily attainable by other ways.

— In the appendix, we prove the density lemma we used in Section 4.

Sections 2 and 4 are based on Kitaev’s sketch of a proof given in [20]. The
proof of Theorem 1 in the C* case is in fact his. The reader who does not
want to look at details is encouraged to read Sections 1, 2 and 4 first.
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1 Transfer operators ; flat and sharp trace ;
determinants

We begin by introducing some notations.

Let n € N, the dimension, be fixed once for all. We denote by I(k) (or
just I) an increasing sequence iy, ..., of elements of (1,...,n), and write
n for (1,...,m). A differential form in R" will be denoted by ¢(z,dz). A
k-form is a linear combination }_, . ¢;(z)dz; (where dz; = dz;, A-- - Ndz;,),
¢r : R* — C being functions of some specified class. In this paper, we will
mainly consider C" (0 < r < oo) and L? (or L} ) forms. A form on R” x R"
depending on two variables will be denoted by ¢(x,y,dz,dy). A k-current
is a k-form whose coefficients are not functions but distributions (it can be
viewed as a linear mapping from the C* (n — k)-forms to R or C, see for
instance [9]). Let ¢(z,dz) = ¢(x)-dr; be a L' (dx) n-form in R", its integral
is the integral of ¢(x) with respect to the n-dimensional Lebesgue measure:

/(b(x,dx) o / oo | P(x)dxy - - dx
T R™

To integrate forms that depend on two variables, let us fix the following rule:
If ¢(x,y,dx,dy) = Zl(k) o1(z,y)dyr A dzy is a n-form in z and a k-form in
y, the integral of ¢ over x will be a k-form in y, we define

[ dtav.da.ay ‘MZ ([~ [ ontavyan, - da,)dyn.

If ¢(z,y,dz,dy) is a n-form in each variable, we have

//¢xy,dxdy //(ﬁwy,dwdy (4)

We let dj, denote the operator acting on k-forms which sends a form to its
exterior derivative. We will often omit the subscript. The derivatives are to
be taken in the sense of distributions. Let f : R* D U — f(U) C R" be a dif-
ferentiable function. We denote the pullback by f of ¢(z,dx) by f*¢(x,dz).
We recall that if ¢ is C? then dd¢(z,dx) = 0 and f*d¢ = df*¢ (cf [26]).
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If ¢(z,y,dz,dy) depends on two variables, d*¢ and d¥¢ will denote the exte-
rior derivative of ¢ with respect to  and to y respectively. Thus, d = d*+dY.
We will denote f x id (resp. id x f) by f, (resp. f,). We also have the com-
mutations: frd* =d*f;, dYf; = f;dY, and so on.

Definition 1.1 We denote by Ay, the set of C™ k-forms in R", and by A,gr -
Ay the subset of compactly supported k-forms.

After these preliminaries, let us introduce the dynamic data. A family
{0, gu }weq is called r-adapted (r > 1) if:

— 2 is a finite set,

-, :U, > R"is C",

- g, is a C" function R* — C with compact support C U,,
~U,U, C V, where V is a fixed compact set.

(5)

We assume the following transversality hypothesis on the data:

Definition 1.2 We say that the family {1, },cq is transversal of degree ¢ €
N if the 1, are C*, and if for all j < € and every set of indices wy,- -+ ,wj,
whenever ,, 0- - -0, (r) = x, then 1 is not an eigenvalue of dy (Y., 0" - -0%y,;).
A family is transversal if it is transversal of degree ¢ for all £.

Recall that a map belonging to a transversal family has finitely many fixed
points on any compact set (see for instance [13]).

Definition 1.3 We say that an operator acting on Ay,_1 is an r-adapted
transversal (r-a.t.) tmnsfer operator if it admits a representation:

Mk o(z,dx) Zgw - d(x, dx) (6)

where {1, g, twea is an r-adapted transversal family.

The representation (6) is in general not unique (one can use partitions of the
unity). Since the g, and the 1, are C", it is obvious that a transfer operator
maps Ay, 1 to Af,_;.

For a fixed r-adapted transversal family, we denote by M the operator acting
on @Ay ,—1 whose restriction to Ay ,_; is MF)

Definition 1.4 Let M be an r-a.t. transfer operator. We define the sharp
trace of its representant (6) by:

T#MES S (@) Lo, ) (7)

w z€Fixy,

where Fixy,, is the set of fixed points of 1, and L(x,,,) = sgn(det(1—d1,,))
15 the Lefschetz number of the fixed point x, which can take the values £1.

6



Note that the composition of transfer operators is a transfer operator. We
shall also need the definition of flat trace (due to Atiyah and Bott, see [1, 2]):

Definition 1.5 The flat trace of (the representant of) an r-a.t. transfer
operator M®) is given by:

(k) def gw(x) - tr /\k dw"/’w
MO Z3, [det(T — dyth,) ®)

w  z€Fixyy,

By using the formula det(1 — A) = S2r_ (=1)*tr A" 4, it is easy to check
that

T#*M = (-1 T’ M®) (9)
k=0

If M®*) is r-a-t., Tr#(M)* and Tr’ (M®*)) are defined for all £.

Remark 1.1 One can show by using C*® approzimations and Atiyah-Bott
results that Tr M%) is independent of the representation with an r-a.t. fam-
ily. One also obtain that if My and Ms are two r-a.t. transfer operators,
then TF’M%’C)M&@ = TF’M;’C)MW (cf Lemma 3.6 below). See [8] for a more
general result in dimension one.

From now on, we will assume for convenience that each transversal family
we are working with is contained in a fixed transversal ‘super’-family. This
is useful if, for instance, we want to work with different transfer operators.

2 The operators S and N/

In this section, we define the two auxiliary operators S and N required to
build the kneading operators. First, we shall define operators Sy : A,?H’T —
A, (r > 0) that are convolution operators, constructed from Green’s func-
tions, that form a chain contraction of the de Rham complex with compact
supports inside the full de Rham complex of Euclidean space;® that is, such
that

dk_lsk_1 + Skdk =1 on Akc,oo (10)

3Since it is a convolution operator, S is not the classical homotopy operator that appears
in Poincaré’s Lemma (see [26]), but will be similar similar to the Bochsner-Martinelli
formula (see [15]).



(1 being the identity). So, let p(z, dz) be the Dirac n-current 6(x)dzz. There
exists an n — 1-form o(z, dx) such that

do(z,dz) = p(x,dz) (11)

as currents acting on C* forms). We take
g

o I'(2 1 <& . A
oz, dr) < <2n) C— Z(—l)”lxj dxy - ANdzp N Ndzy, (12)

ot ol &

A
where I is the Euler function, |-| is the Euclidean norm on R” and dz; means
that we omit dz;. It is clear that o is a L, form for arbitrary p < -25.

Proof of (11): We denote by C(n) the constant % We have

do(z,dx) = C(n) Z@iﬂ -dzp

i=1 |x|n
Now, notice that in dimension n > 3, ——L50;—— e = + p, where p
is a distribution supported at zero. However, a standaré approx1mat10n
argument shows that p is indeed zero, and thus ‘g"n = —— 281 Pk In

wr =0; log(|x|) We use then the classical theorem
that says that AE(x) = 0, where A = azf 4t %’ and B(z) = £ log(|z|)
if n =2 and E(z) = —% . le(ﬁ if n > 3. See, for instance, [24]. This
proves (11).

Now, let us consider p(z — y,dz — dy). This is a formal sum of forms in z
and y. More precisely, one can decompose

n

ple —y,dz —dy) =Y (=1)"** (2, y, do, dy)

k=0

where pg(z,y,dz,dy) is a k-current in z and a n — k-current in y. We have
the following interesting property: for ¢(z,dx) € Ay, (r > 0),

/ ou(@,y, dz, dy) A $(y, dy) = §(x, da). (13)

y
We define o (z,y, dx, dy) implicitly by the following conditions:
or(z,y,dz,dy) is a k-form in z and a n — k — 1-form in y

n—1

O'(JI - Y, dr — dy) = Z(_l)nko'k(x’ Y, d.I, dy) (14)

k=0



Now, let ¢(z,dz) be a k-form in z, and let v = z — y, with
z,y € R*. We have then du; = dx; — dy;, and one can easily check that
d*¢(u, du) = d*¢(x — y,dz — dy) + d?¢(x — y, dx — dy). Thus, applying d* to
both sides of (14) and grouping the terms yields

dy 101+ (_1)ndi—k—10k = Pk (15)

(we omitted (z,y,dz, dy)) as currents acting on C* forms. Notice that d”oy,
and dYo;, are currents of order one.
For 7 > 0 we can define Sy : A7, . — A, (k=0,---,n—1) as

Se(a, dz) / oz, y, dz, dy) A $(y, dy) (16)

Y

Note that since S is a convolution operator, it can be also defined on com-
pactly supported k + 1-forms in L%(q > 1).

Lemma 2.1 dy_1Sk_1 + Spdp =1 on Af

Proof of Lemma 2.1 : Let ¢(x,dz) be a C" k-form. Since r > 2, we can use
(15).
We have by integration by parts:

(dk_lsk_l + Skdk)gﬁ(x, dx)

= /(dzlgla-kl(xa Y, d.’IJ, dy) - (_1)n_ldz—k—10k)/\¢(ya dy) = (ZS(J), dl‘) O
Y

Let now M be r-a.t. with 2 <r < co. We will define the second ingredient,
the operator NV, depending on M. It is ‘almost’ a transfer operator, but
maps Apy_1 to Af ;. ;0 we put

Ni = dpM®) — MEH g, (17)
for k =0,--- ,n — 1. Since ¢ is C* we have by the Leibniz rule:

Nio(z, dz) ngw ) AL (x, dz), (18)

and therefore Ny (Ag,—1) C Agyq,_1-
As for M®) and M, we denote by N the operator acting on @Ay _1 whose
restriction to Ay,_1 is Nj. If r = 1, we define N, : Ay o — Akc+1,0 with (18).



3 The spaces K,f(r) and K g(oo) — extension of
the flat trace

In this section, we extend the definition of the flat trace to two types of oper-
ators. The first ones are obtained with M, N and § with a C" (r > 1) data
{Yu,9.}. (See Definition 3.1 below. In particular, the kneading operator
will be of this type.) For these operators, we proceed in a very pedestrian
fashion by studying the kernels. On the way, we exhibit some approximation
properties of these traces that we shall use in the proof of Theorem 1. The
second type of operator we will consider are those obtained with M, S and
d with C* data (see Definition 3.2).

Recall that for operators with continuous kernel, it is natural, following Fred-
holm theory, to define the trace as the integral on the diagonal of the kernel
(modulo some sign, see Proposition 3.2). The trace we are going to define is
the natural extension to operators with non-continuous kernels.

Definition 3.1 Let M be r-a.t. and N be defined by (18). We say that an
operator K is of r-transfer type if K = TyTa++-T; (j > 1) where T; is M®
or Ny (for some k). An operator of this type maps A,y to A7, (for some
> k) as follows:

Ko(z,dx) = Z No(z,dz) NV é(z, dz) (19)

weY

where the family {¥,}oeqr is C" and transversal, and n, is a C""! compactly
supported (£ — k)-form.

Letk € {0,--- ,n}. We will call K§(r) the vector space of operators A,f’T_l —
Ay r—1 which are linear combinations of operators of the form TiST;S ---T;S,
where T; are operators of r-transfer type.

We will now show that we can extend the flat trace to K ,‘f (r). The data being
only C" (and not C*), we are not permitted to invoke ‘ready-for-use’ results
of Atiyah-Bott [1] or Guillemin-Sternberg [14]. We will see later in Lemma
3.4 how to use these powerful tools in a C*> setting.

The next lemma is very similar to Lemma 1.1 in [6]. The proof uses strongly
the transversality of our family.

Lemma 3.1 Let r > 1, and K € K{t). Then, K is a kernel operator
(that is, there is a form K(x,y,dz,dy) — the kernel — such that K¢(z,dz) =
fy K(z,y,dz,dy) A ¢(y, dy)) and their kernels can be written as finite linear
combination of terms

10



K(z,y,dz,dy) = h(z) - K(z,y, dz, dy), where
oh is a C"™' compactly supported function,
1) oK (x,y,dx,dy) is a C" form, except in the set of points
determined by V(x) =y (U belonging to a r-a.t. family)
2) .[Sv(a;’ y’ d‘/I’l’dy) 6 Lfoc’ Vp < #
oK (x,x,dx,dx) € LP, Vp < 5.

Proof of Lemma 3.1 This is by induction on the number of factors, starting
the decomposition from the right. Let 7 be of r-transfer type. Obviously, 1)
holds for TS, whose kernel is

> no(z, dz) A (Vo)50k(2, y, do, dy).

By induction, let K = T,87;S ---T;S with T; of r-transfer type, and let 7;
be also of r-transfer type. Let K(z,y, dz,dy) be the kernel of . The kernel
of TiSK being (up to a sign)

Z /nw(x, dz) A () iox(z, 2, dx, dz) AN K(z,y,dz, dy)

it satisfies trivially 1).

Let us now prove 2). From the point of view of coefficient functions, the
action of S is a convolution with a L} function, p < 5.

Hence, S sends L? forms with compact support to L? forms Vg > 1. (Recall
that if f € LP, g € LY, then f x g € L" with = % + % — 1. See for instance
[24, p. 151].) Obviously, if ¢(z,dz) is L9, then M¢(z,dz) and N¢(z,dx)
are L4. Hence, each operator in K (r) sends Li-forms to L%forms (in fact,
to L™ forms). The kernel [N((x, y, dz, dy) of any operator in K§ (r) is obtained
by successive convolutions, compositions with C" forms and multiplications
by C"! compactly supported forms, and is therefore in L? = for all p < o,
since oy, € L, for all p < .

The second part of 2) remains to be proved. Let K (z,y,dz, dy) be the kernel
of an operator K in K3 (r), such that there is s+ 1 S in the decomposition of
K. To prove that R'(x, r,dx,dz) is LP Vp < -1, let us precise the notations:
2%, ..., z*"! will belong to R", the subscript i denotes the ith coordinate (of
a map, or of a point in R"), and the family {¥’},_; ; will denote an r-a.t.
family (in fact, U7 is a composition of 9),,).

Let K;(z,y) be a coefficient function of K (z,v, dz,dy). It is then a linear
combination of

// G(z,z*, ..., 2% y) - H(z, 2", ... 2° y)da' - - da® (20)

11



where G is C"!, compactly supported in each z' and in z or y, and H is of
the form:

H(z,z',...,2%y) =
ﬁ v ( ) — a5t l. UG, (@) — 75, W5, (=) — v, (21)
|\Ij1, xz _ :L-z+1|n |\IIO(£C) _ $1|n |\I;5($s) _ y|n

Since r > 1, it suffices to show that |H (2% z!,..., 2% 2°)|? is integrable on
any compact set to conclude that K;(z, z) is in L.

Note first that the ‘worse singularity’ of H occurs at points
7 ¥ (3. ,7%) where Vi(7) — 7t = 0 (for ¢ = 0,---,s — 1), and
U#(7*) — 2° = 0. Hence, ¥* o --- 0 ¥%(z%) = 7% By transversality, on
any compact set, there is only a finite number of such Z, which are isolated.
Let us fix one of those .

We perform the following local change of variable near 7:

r
z°

n' =U'(z") — 2™ (fori=0,---,5s—1) n® = U¥(z*) — a° (22)

9The fact that the Jacobian Jac of this change of variable is non-zero is
checked later.) Hence,

// \H(xo,...,xs,xo)\pda:o---dxs
Cpct
[ [ ] T (23
Cpct

Jac \77 \"
I,
<A-Ili, prct <|né3|n) dn®
2

on the compact set) and we are done since —& €

x|

(A being the sup of \J 7
L}, (dz) for all p < 2.

Let us now study the Jacobian of (22). The matrix is of the form :

By —id 0 0

0 By —id O 0

J= : SO
0o --- 0 By, —id

—d 0 - 0 B,

where B; = dzu VU (1=0,--- )
Now, suppose that Jac =det(J) = 0. Then, there is an eigenvector 0 # w =

12



(w?, -+, w*)T (with w* € R") such that J-w = 0. Looking at the blocks,
this formula reads

dzo 00 - 0 wl
dz UL - w! w?
d§371Q571 St L w?®
dzs U* - w?® w®

Hence, if w # 0, each w' # 0. Let ¥ = U® o --- 0 ¥°. We have that

W0 = (Ao W° - dpo-1 W5 -+ o BO) - 140
= (dq;s—lo,,,o\IJO(fc\O)‘Ils . dq,s—zo___o\I,O(gEO)\I’s_l <. dfgo\I/O) cwd
= (dz¥’0---00%) -

~
=ds0 ¥

Since w® # 0, 1 is an eigenvalue of dpo¥. But U(z°) = 7° and U is a
composition of 1,’s, which is a contradiction since each composition in the
family {4, } is transversal.

By continuity, Jac =det(J) # 0 in a neighborhood of Z, where H is then
integrable.

We proved that H is in LY  on the neighborhood of the points
T = (2°%---,7%) where ¥Y(z%) — 7' = 0 (for 4 = 0,---,s — 1), and
U)(7*) — 2° = 0. We will now take care of the other points.

Let us denote by T;(z,y) the function % (where j; is defined through

(21)), and by R;(z,y) the function Tj o (¥¢ x id). We then have

s—1
H(xoa SR xs’ ',EO) = RO(an xl) : Rs(xsa xO) : H Rl(xzv '/EH_I)
i=1
We fix € > 0. Suppose that there is a j such that |¥/(z7) — 27| > € on some
open set U with compact closure. Up to performing a (circular) change of
indices, we can assume that j = s. On U, |Rg(z%,2°)|? is then bounded, let
us say by A. Hence we have

/ \H(2°,...,2° 2% Pd2® - - - dz*
§A-/---/ |Ro(2°,2") - - - Ry_1(z°7 1, 2°) |Pd® - - - d®
U

Note that 2° and z* appear only once in this integral.
Thus, [ |Rs_1(z*~',2°)|Pdz® is bounded for almost all z*~* if the integral is
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taken on a compact set, since it is the convolution of T;_; with a compactly
supported C* function ¢ which takes the value 1 on U, composed with the
diffeo U1 x id.

By repeating the argument s times, it follows that |H(z°,...,z% 2%)? is
integrable on U.

To finish, note that it is possible to choose € such that we can cover any
compact set by a finite number of open sets U with the property that either
there is a k such that [U*(z*) — z¥+1| > ¢ on U, either the jacobian of (22)
is bounded from below by € on U. O

We are now ready to prove:

Proposition 3.2 Let K € K3 (), with kernel K (z,y,dx,dy). Then, its flat
trace

K Y (—1)(”+1)k/K(x,x,dx,dx)

depends only on IC restricted to A,ioo.‘l

The flat trace defined above can be thought as a generalization to the C" case
of the flat trace of Atiyah and Bott (see [1, 2]).

Proof of Proposition 3.2 : We begin by showing some approximation prop-
erty. Abusing notation, we denote by K : R" x R" — R coefficient function
of K(z,y,dz,dy). K is thus continuous, except maybe at points (z,y) with
U(xz) =y (¥ belonging to a r-a.t family with » > 1). Moreover, K (x,y) has
compact support in either z or y, and K (z,z) € L'(dz) by Lemma 3.1.

For ¢ > 0, let xe(z,y) : R* x R* — [0,1] be a C*® function s.t.
Xe(z,y) = 0 in a &-neighborhood of the singularities of the K(z,y), and
Xe(z,y) = 1 outside of a 2¢-neighborhood of these singularities, such that
K(z,y) - xe(z,y) is continuous everywhere.

Let ¢,,(z) be a sequence of C* approximations of the Dirac delta 6(z)
(in the sense that [ f(2)¢n(z)dz — f(0) for continuous f.) We define
u,(cm) (x,y,dz,dy) to be the approximations of p; obtained by using ¢,,(z)
instead of d(x) in the definition of py. We now show that

£—=0m—o0

lim lim //Xg(x,y) - K(z,y,dz, dy) /\,ugcm)(x,y, dz, dy)
xJy

= (—1)" / K(z,z,dz,dz) (24)

“The sign (—1)(™*tD* was suggested by both D. Ruelle and the referee. It makes the
flat trace consistent with the trace of finite rank operators.
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By continuity,

//K(x,y)Xg(m,y)-¢m(x—y)d:vdy mjoo/K(Z,Z)X§(2,z)dz

By transversality of ¥, and compactness of the support of the K(z,y) (in z
or y), K(z,z) has only a finite number of singularities. If £ is small enough,
the support of 1 — x¢(z, z) (1 being the constant function 1 on the diagonal)
is contained in a finite number of balls of volume < C'- ¢, C' being a constant
depending for example on the derivative of ¥ at its fixed points.

Since K (z, z) isin L', it is a nonatomic finite measure with compact support.
Hence,

/K(a:,x) (1= xe(z,z))de < 2- /EK(x,x)da:

where E is a finite union of balls of volume < C' - €.

Since the measure of the limit of a sequence FE, of sets such that
E, D E,.; is the limit of the measures of the FE,,
[ K(z,z) - xe(z,2)dz — [ K(z,z)dz as £ — 0, and we conclude using

(_1)nf/¢($ayadmady) A pg(m,y,dx,dy) = (P(.’E,SU,dSU,dSU) (25)
Yy

for any k-form in z and ¢-form in y, proving (24). We can thus approximate
T’k by (—1)* [ fy K(z,y,dz,dy) A [xe(z,y) -,u,(cm) (z,y,dx,dy)]. Recall now
that it is possible to approach any continuous function of z and y in R” x R”
by a finite sum of terms ¢(z) - k(y) with ¢ and k compactly supported and
C>. The proposition follows thus from (I, J being multi-indices)

/x/K(x,y, dz, dy) - o(x)k(y)dzr A dy,
= L(/K(x,y,dx,dy)-m(y)dw) A o(z)dz;. -

We have just seen that operators which are built up with A/, M and S
have a well defined flat trace. We will now have to compute the flat traces
of operators which are obtained with §, M and also d, with a C* data
Yu, 9u- Let us first recall that any operator K acting on A,f,oo has a Schwartz
kernel K (x,y, dz, dy) which is a current on R?*" (we will however always use
a functional notation), that depends only on K, and such that Koé(z,dx) =
fy K(z,y,dz,dy) A ¢(y,dy) (the integral being understood in the obvious

way).
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Definition 3.2 K{(«) is the vector space of operators AkC:oo — Ak,0 which
are linear combinations of finite products of (at least one) operators of oo-
transfer type (see Definition 3.1), and of S and d; with the restriction that
S can not be adjacent to dS or Sd. We moreover ask the leftmost or the
rightmost factor to be of the oo-transfer type.

Thus, if M®) is co-a.t. it belongs to K (), and K§ () C K(cc). In the C*®
case, the following proposition is therefore a generalization of Proposition
3.2

Proposition 3.3 Let K € K} (o) with Schwartz kernel K (z,y, dz, dy). Then,
TP K & (—1)mtDk / K(z,x,dz,dr)

1s well defined and depends only on .

For instance, the Schwartz kernel of M®) is 3" g, (z)(¢,)0k(2,y, dz, dy).
The flat trace (8) of M®*) is easily seen to be the integral on the diagonal of
this kernel (with the sign (—1)"+Dk).

Proof of Proposition 3.3: Let K € K{(x). It is enough to look at the coef-
ficient functions of the kernel of K. Any operator induced on functions by
some product of § and d (with at most one S) will be called of the dS-type. It
is clear (by definition) that K is finite linear combination of operators whose
induced operators acting on functions (which we denote also by K abusing
notation) satisfy:

K =P | [vTiviP; (26)

j=1

where v}, 1/;- are C*° compactly supported functions, 7; is a composition oper-
ator u — uwo ¥; (where each ¥; is C* and all belong to the same transversal
family), and P; is either the identity or of the dS-type. Moreover, P, or P
has to be the identity.

The proposition is thus a consequence of the next lemma. O

Lemma 3.4 Let K be an operator acting on C* compactly supported func-
tions satisfying (26) with either Py or Ps being the identity, and let K (x,y)

be its Schwartz kernel. Then, / K (x,x)dx exists and depends only on K.
R‘I’L
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Proof of Lemma 3.4: We shall use the notion of wave front set W F (k) (which
is a subset, of R?™) of a distribution x on R™. For a definition, see [14, p. 323]
or [17, pp. 2-3| (where it is called ‘singular spectrum’). For simplicity, we will
always use functional notation for distributions. Write 7};(z,y) and Pj(z,y)
for the Schwartz kernels of 7; and P;. S being a convolution operator with
a L'-function which is C* away from 0, it is not hard to see that the wave
front set of (the coefficient functions of) its kernel is included in (z, z, &, —£).
Composition with d changing not the wave front set (see e.g. [17, p. 12]), we
have

WF(F;) c{(z,z,§, =€) |[z,§ e R"}. (27)

Now, notice that T;(z,y) = 6(¥;(x)—y). Since ¥, is C*°, T;(z, y) is a smooth
density along the graph of ¥; in R?" in the sense of Example 2.5 in [17, pp.
8-9], and thus WF(Tj) is contained in the set of (z,¥(z),&,n) such that
(&,7m) is normal to (z, ¥(z)). That is,

WE(T;) C {(z,y,&n) [y =¥(z), n = —d ¥ (§)}. (28)

Suppose now that L1, Lo are two operators acting on C*° compactly supported
functions with Schwartz kernels L;(z,y) j = 1,2. Proposition 3.11 in [14, p.

336] shows that the Schwartz kernel L(z,y) = / Ly (z,y)La(y, z)dy of L1L,
Rn™

satisfies®

WF(L) c{(z, z&,) | there is some (y,7n) (29)
with (xayafan) € WF(Ll) and (y,z, -, 7) € WF(L2)}

It is straightforward to check that (26)—(29) imply that the wave front set of
the Schwartz kernel K (z,y) of I satisfies

WF(K) C {(z,01 0 0W,(z),&—dgUy 0---0Ty(€)) | z,£ € R"}  (30)

Moreover, because of the v}, V;- factors, K (z,y) is compactly supported in
if Py = id and in y if P, = id. Consider now the distribution 6(z — y). Its
wave front set is {(z,z,&,—¢) | z,& € R*}. The transversality condition on
the U; implies that if x = ¥y 0---0W,(z), then d, ¥ 0---0¥,(y) # y for any
y. We now use Proposition 3.10 in [14, p. 335] to get that 6(z—y) - K(z,y) is
a well defined distribution in R?", which is compactly supported. Denoting

5In fact, we need that there is no z,y,2 and no v # 0 with (x,y,0,v) € WF(L;) and
(y,z,—7,0) € WF(Ls); this condition holds in all the cases we consider.
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5 = d(z — y), we can therefore apply 5 - K to the constant function = 1 in
R?", which justifies the notation

K(z,z)dz ©<5-K,1> (31)
R”
Since we only used the Schwartz kernel of K to define [, K(z,z)dz, and

since an operator on C* compactly supported functions determines a unique
Schwartz kernel, this integral depends only on K. |

Remark 3.5 Propositions 3.10 and 3.11 in [14, pp. 335-336] show that the
various products and ‘compositions’ of Schwartz kernels we used in the above
proof are in fact the continuous extensions of the products and ‘compositions’
of the kernels of smooth operators. Thus, in the computation of traces in
K{(), there is no need to make a difference between genuine functions and
distributions (by taking a C* approximation of the kernel). For instance,
Fubini is allowed (see Lemma 3.6 below).

Any ‘honest’ trace should be invariant under circular permutations. We now
prove that the flat trace has this property on K (o).

Lemma 3.6 Let K1, o be operators such that KKy € Kg(oo) and ICIC, €
K(c0) for some k., L. Then,

TP KoKy = TP K. (32)
Proof of Lemma 8.6: By Proposition 3.3, both sides of (32) are well defined.
Let us denote by K;(z,y,dx,dy) the Schwartz kernel of IC; (i = 1,2). Since
KC1 sends ¢-forms to k-forms, Ki(z,y,dz, dy) is a k-form in z and a n— ¢-form

in y. Similarly, Ks(z,y, dz, dy) is of degree £ in z and n — k in y. Keeping
Remark 3.5 in mind, we thus have (for ¢ € A7)

KolKC1p(z, dx) = //Kz(x, z,dz,dz) N Ki(z,y,dz, dy) N\ ¢(y, dy)
zJy
= (-1 / [ / Ks(z, 2, dz, dz) A Ki(z,y,dz,dy) | A é(y, dy)
y z
(recall identity (4)) and so

T KoKy (z, da) = (—1)"+£//K2(:E,z,d$,dz) ANKi(z,x,dz,dzx). (33)
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Similarly, we get
YK, Ky = (—1)"+k//K1(x,z,dx,dz) A Ky(z,x,dz, dr)
= (—1)€/ Ky(z,x,dz,dx) N Ki(z, z,dz, dz)
= (—1)"+Z//K2(z,x,dz,dx) A Ki(z,z,dz,dz). O

Let us now recall the definition of the formal determinant of an operator.
Suppose that we have a vector space of linear operators endowed with a
(formal) linear trace ‘Tr’ (such as Tr” and Tr#). We can then define the
(formal) determinant of (1 — 2.A) as the following power series in z:

Det(1 — 2A) = exp — Z %ZTr.Ai (34)

i>1

See for instance [10] (or Grothendieck’s original article [12]). This definition
agrees with the usual determinant in the finite dimensional case. We define
Det’ and Det# with (34) and Tr’, Tr*.

Proposition 3.7 Let ICq, Ko be such that IC1ICs € Kg(oo) and KCoIC, € Kg(oo).
Then, Det’ (1 — zK1Ks) = Det’ (1 — 2KoKy).
If k=1, Det' (1 — 2Ky — 2Ko + 22K1K2) = Det’ (1 — 2K1) Det’ (1 — zKCy).

Proof of Proposition 3.7: Lemma 3.6 shows that Tt is invariant under cir-
cular permutations in @K (). The proposition follows thus from [22, Ap-
pendix A]. O

4 Kneading operators and main theorem

We now have almost all the ingredients required to state and prove our main
theorem. We first define (formally) the resolvent (1 — zM®)~1 of M&) by

(1 —2MEN) L =14 2 MP 4+ MP2 4 MB)E 4. (35)

(If M®*) is bounded on some Banach space, then (35) has a meaning for |z|
small, see Section 6.)

Definition 4.1 Let M be r-a.t., Ny, Sy be defined by (18) (or by (17) if
r>2)and (16). We call Dy(2) dof 2Nk (1 — 2MEINAS, fork=0,--- ,n—1
the kneading operators.
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Our main theorem is the following:

Theorem 1 Let M be an r-adapted transversal transfer operator (r > 1) de-
fined with the family {1y, g, }wea by (6). let Dy(z) be the kneading operators.
Then, as power series in z,

n—1

Det# (1 — 2M) = [[ Det (1 + Dy(2))"

(where Det# Det’ are defined with Tr#*, T and (34)).
Proof of Theorem 1: Since by (35) any power of Di(z) is a sum Y. 27K;
where K; € K5, (), Tt"(Di(z)) is well defined as a power series in z by

Proposition 3.2. Thus, Det’(1+ Dy(z)) is also well defined as a power series.
From (9) and (34) immediately follows

_1)k+1

(36)

Det#(1 — 2M) = [ Det? (1 — M®) ", (37)
k=0

This is the starting point. The proof is now divided into two parts: in the
first one we prove the theorem for oo-a.t. M, using the results of Section
3 and Kitaev’s ideas [20]. In the second part, we take a C*° approximation
of the C" data {g.,%.,} and show that both sides of (36) converge as power
series. We will use the density lemma given in the appendix.

So, let us first assume that the family is C*°. Notice that by Proposition 3.3
and (37), Det* (1 —2zM) depends only on M (and not on the representation).
We introduce the ‘truncated series’ (1 — zM®)),, & > it A (ME)NI,Tf
IC1, KCy are such that ICy(1 — zM(k))m/Cz € K{(), then, as power series in
z, TP (1 — 2MB), Ko = TY K (1 — 2M®P))~1LC, at least up to the order
m, and for their determinants as well. This shows (roughly speaking) that
we can commute (1 — z/\/l(k))’1 as we commute M®  without changing
the traces and determinants. The ‘algebraic’ operations below are thus all
justified by Proposition 3.7. We first have obtain

Detl’(l + 2N (1 — ZM(k))fl(S'k) = Detl’(l + 28 Ni(1 — z./\/l(k))’l).
Since
14 28 N(1 — 2MB) 7 = (1 2(M® — SAq)) (1 — 2M®)
we get that
Det’ (14 Dy(2)) = Det’ (1 — 2(M® — §N)) Det’ (1 - 2M®) - (38)

-~

*x(2)
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By (37), it suffices to show that

n—1

T ((2) 0" = Det? (1 = M@0

k=0

This is done in the following lines (we neglect the subscripts of S and d):

Det"(l — 2(M®) — SNk))

= Det’ (1 — 2(M®) — SAIM® + SMEq))

= Det’(1 — 2(dSM® + SMEHDd))

= Det’ (1- 2dSM®* )Det"(l — zSM(k+1)d))

= Det’ (1 — 2dSM™)) - Det’ (1 — 2dSM*+D) (39)

(we used the identities d> = 0, N}y = dM® — M*+1q and dS + Sd =
id). These terms will all cancel in the alternate product, except Det"(l —
2dSoM) and Det’ (1— 2dS, M ™). But Sy = 0 so Det’ (1—2dSoM©)) =1,
and dS,, = id so that Detb(l — zdSnM(”)) = Detb(l - z./\/l(”)). Since this
function appears to the power (—1)"!, the proof in the C* case is achieved.

Now, let the 1, and g, be only C". Let us fix m € N. The coefficient of

2™ in the power series Det# (1 — zM) is determined by Tr# M* for £ < m.

Similarly, and since we compute the trace of Dy(z) using (35), the coefficient
_1)k+1 ,

of 2™ in [[p_; Det’ (1 + Dk(z))( D" depends only on Tr* (N (MPFNES)E for

L4+0 <m,k=0,...,n—1. We will proceed in two steps:

Step 1: Let {1, 9.} be a r-a.t. family (r > 1). Then, for all € > 0, there
is a 0o-a.t. family {1,bw ,g(f)} which is e-close to {1, g, } in the uniform C"
topology.

We denote the operators corresponding to the family {ww , g } by M®)(e),
Ni(e) and Dy(z)(e).

Step 2: For each m € N, for each ¢ > 0, there is an € > 0 such that
Tr# (M (e))?), respectively Tr[(Ni(€)) (M P (€))¢S]”, is é-close to Tr# ((M)?)
if £ < m, respectively to TP[Ny(MENS) if £ + 0 < m.

The theorem follows immediately from these two steps.

Step 1 is proved via the density lemma given in the appendix, which says that
one can approximate in the C" topology the family {t,, }.cq by a transversal
family of polynomials. We then take any compactly supported C* approxi-
mations ¢ of the g, to conclude.
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Proof of Step 2: Let us fix m € N and € > 0, and for each € > 0 let {¢£,€), géf)}
be given by Step 1. Write g,,,, . ., for

(gwl) ’ (gw2 © ¢UJ1) e (gw © ¢w1 00 ¢wzf1)

and similarly with (e).

Recall that if two transversal maps fi, f2 are close enough in the C! topology,
to each fixed point of f; corresponds exactly one fixed point of f, which
moreover has the same Lefschetz number, and these points can be made as
close as desired.

So, fix € such that for all £ < m, w, ,wy, the corresponding fixed points

T, Te of ¢w1 ©-+-0 "pw[, ¢£J€1) ° 0 '(pwj S&tley

(e) :
|gw1,...,wz (I) Yor,.. Me( )| Q#leiﬁwl -0 Qﬁw ‘

(40)

This implies by (7) that |Tr# (M) — Tr# ((M(e))")| < € for all £ < m.

Let us now consider Tr’[(N;(e))(M®)(€))!S])¥ and Tr’ [N, (M®*)ES]E.
denote v, by ¢£,O).
We fix £,¢ with £ + ¢ = ¢ < m, and let KO (z,y,dzr,dy) (resp.

K©(z,y,dz, dy)) be the kernels of K£(0) & [Npy(M®)S) (resp. K(e) &
[(Ni(€)) (M®B) (€))“S]7).

By Lemma 3.1, for all € > 0, K (x,2,dz,dr) is a finite sum of forms
K](-E)(:c,da:), each of them being C"! (in fact, C*>° if € > 0) except maybe
at a finite number of points satisfying ¢w1 e ¢wz~ (xz¢) = . where it can
be singular. We thus have Tr’/C(e) = Y f K (z,dz) Ve > 0.

There is an ¢y such that for all € < ¢, to each singularity zy of K J(-O) (z,dz)
corresponds exactly one singularity z. of K ](6) (z,dz), and z. is as close to xg
as desired. Away from their singularities, K ;O) (x,dz) is as close to K J(-ﬁ) (z,dx)

as one wants, provided € < ¢. For € > 0, let Sing® be the set of singular-
ities of K()(z,x,dz, dz), and for all £ > 0, let x” : R* — R be C* such

that ng) (z) = 0 in a é-neighborhood of Sing'® and takes the value 1 outside

of a 2¢-neighborhood of Sing'®. We can choose ng) such that it depends
continuously on € for £ > 0 (if € < ¢). By (24) the map

|—>/ ) - K9z, z,dz, dz) (41)
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is thus continuous on F = [0, ] x (0,&] (for any & > 0). Given € > 0, we
will show below that we can choose & such that for all € < ¢y and all £ < &,

T KC(e) — / (@) - K (2,5, d, d)| < ¢ (42)

This implies that 9(e, 0) = Tr’/C(e) is continuous in ¢, proving the result.
So, let us search for a uniform &. We will only do the case K(e) = N (¢)S
(that is, £ = 0, £’ = 1), the general case, which only requires more notations,
being handled similarly. As above, K€ (z,y,dz,dy) designates the kernel of
K(e).

Let z € R", and B(z,§) &f {y e R : |z —y| <&}

Claim: There is & such that for all € < ¢y, £ < & and all z, € Sing(e),

/ KO, 2, do, dz)| < C - & (43)
2€B(z¢,¢)

By taking &, < m this immediately implies (42).

To prove the claim, notice first that for all y € R”,

/ 24l 4 < (2m)" e (44)

eB(y.e) 12"

K©)(x,z,dz, dr) is of the form

G a) - LI 1y (45)
22 G gy
where Gz(eu),(x) is continuous in €,z and compactly supported in z (it is a

linear combination of products of ¢ and partial derivatives of ¢! and 1%,

see the proof of Lemma 3.1, especially (20)).
There is 7 > 0 such that for all € < ¢, for all & < 7y,

FS(2) ¥ 4, (z)—= is invertible on B(z., £) for all z, with 5 (z.) = 0 (other-
wise there are sequences ¢; — ¢, {; — 0, z., — . such that det dwej Fu(,ej) — 0,
and therefore det deFu(f) = 0, contradicting the transversality of the family
{1, }). Notice that F\”(z.) = 0. Put

C(v) © max sup  sup 1/det d, F'°) (46)
¥ e<eo EB(Tc,Y)
¢ =max sup sup |FE(z)|. (47)

W e<ep 2EB(x(,E)
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Using a a change of variable near the z. together with (44), (45), (46) and
(47), we obtain that for £ < 7,

/ K (z, z,dz, dz)|
CEEB(J:S,&)

<ne 0 s GO o [y

T,€,%,wW <70 EB(O,f') |u|n

<C-¢

It therefore suffices to show that &' is uniformly bounded in £ to conclude.
But this follows from the fact that since F (x) is continuous in € < ¢ and
differentiable in z € B(z., ) with uniformly bounded Jacobian, there is C’
such that |F\)(z) — F9(y)| < C'- ¢ if |z — y| < €.

This concludes the proof of the claim, thus the proof of Step 2, and conse-
quently the proof of Theorem 1. O

5 Complements on the main theorem — Ad-
joints

Assumption: In this section, each 1, is assumed to be a C" diffeomorphism
from U, to its image.

This will enable us to define two types of adjoints, which will have inter-
esting trace properties. The first one, the A-adjoint of M, namely M, will
be a transversal transfer operator depending on M. The x-adjoint of any
(Schwartz) kernel operator will also be defined. A simple relation between
the *-and the A-adjoint of M®*) will be given in Lemma 5.3. This will enable
us to extend Theorem 1.

Definition 5.1 Let M%) be a r-a.t. transfer operator (r > 1). We define
€, = £1 depending on whether 1, preserves or reverses the orientation (i.e.,
€, = sgn(det(d,v,)) for all z € U, where sgn is the sign function).

We put M) to be the operator acting on Ay ,_1 as

M\(k)¢(.’£, d.’L’) d:efzew ) gw(¢;1(x)) ) (1ﬁ‘;1)*¢($,dl‘)

We also define Ny, : Ay, — Af,_, as
def

Nib(z,dz) £ e, - d(go 0 ;") A (1Y) (. dx), (48)

w
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and ﬁk(z) o z/vk(l - z/(/l\(k))_ls.lf r > 2, (48) is equivalent to N, =

AM® — ME+D g,
Notice that if the family {1, } is transversal, so is the family {¢_'}. A priori,
M is not independent of the representant (6) of M®*). This will however be

of no importance, as the next lemma (very similar to Lemma 2.2 in [8])
shows.

Lemma 5.1 Let M®) be a r-a.t. transfer operator (r > 1). Then,

Tr#M = (—1)" Tr# M.
Proof of Lemma 5.1: Tt is a consequence of (9) and Lemma 5.3 below, but let
us give a simple direct proof. We only have to check that for a fixed point x

of 1, L(z,v,) = (—1)",L(x,v_,'). We denote the eigenvalues of d,i, by
ALy ...y Ap. We thus have

L(z,¢;") = sgn det(1 — dyto ")

= (T1(1- ) =seoT2a s (TT0 - )

= <_1)n€wL(xa ¢w) 0
Let now K : A,f’r — Ay, have Schwartz kernel K (z,y,dz,dy). We define the
x-adjoint of K* of IC as

IC* : AS—Z,T — A’I’L—k,T (49)
K* (. dz) = / K (y, 2, dy, dz) A oy, dy) (50)
Yy

Note that £* is the (formal) dual to I (up to a sign).
The following lemma shows how the x-adjoint behaves under composition:

Lemma 5.2 If K € KJ(r) or K € Kl(x), then for all m (K™)* = (K*)™,
TPK™ = TP (K*)™ and thus Det’(1 — zK) = Det’ (1 — 2K*).

Proof of Lemma 5.2: 1t is straightforward to check that for Ky : A;, — Ay,
and ,Cz : Ak,r — Ag,r,

(KikCa)* = (1)K (51)

In particular, if j = k = £, then (1K2)* = K3K;. Thus, (K*)™ = (K™)* is
immediate. If K(z,y,dxz,dy) is the kernel of ™, then

K™ = (—1)(”+1)k/K(x,x,dx,dac)
— (_1)(n+1)(n—k) /K(.T,Zl?, dil?, dil?) — TI'b(}C*)m 0
We can now relate the x-adjoint and the A-adjoint of M®*).
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Lemma 5.3 Let M be r-a.t. (r > 1). Then, (M®)* = M®R a5 opera-
tors on Ay, 1. Thus, TP (ME)™ = TP (MO for all m, and Det’ (1 —
2MWB)) = Det’ (1 — zM™F)),

Proof of Lemma 5.3 : The Schwartz kernel of (M®*))* is

Zgw ¢w ypk(ya x dya dl')
Since pi(y, z, dy, dz) = pn_i(z,y, dz, dy), we have (with p(z,dx) € A,_jr—1):

(MDY o(z, dz) = /gw(y) - (Yu)poi(z,y, dz, dy) A (y, dy)

Y

= / Pt (@, Y, dz, dy) A ewgo (5 (1) (05 1)y0(y. dy)]

Y ~~

M=) o(y,dy)
= A//T(”*k)go(x, dx) O

One checks easily that df = (=1)""'d, j , and S} = (—1)"S, 1 (the
Schwartz kernel of dj is given by d®pp(z,y,dz,dy)). Thus, if n > 2, N¥ =
(dMBY* — (MED Y = (—1)"N,,_,_; by (51) and Lemma 5.3. We let the
reader check that this identity can be proved directly with (18) and (48),
hence it also holds if r = 1.

Lemma 5.4

(Dn—p1(2))* = —28k(1 — zMFHD) 1N, (52)
(D1 (2))* = =28k (1 — 2ME) LA (53)

Proof of Lemma 5.4: (Dy(2))* = 2[Ni(1—2M®*)71S,]*. Using (35) together
with Lemmas 51 — 5.3 and the above remarks we get

(Di(2))* = =28k [(1 = MW) TPy
= _ZSn—k:—l(1 - Z-/T/l\(n_k))_l An—k—l-
The proof for (Dg(z))* is similar. O
Theorem 1 can therefore be completed as follows:

Theorem 1’ Let M be r-a.t. (r > 1) with the v, : U, — 9¥,U, being C" dif-
feomorphisms. Define M, Dy(z), Dr(z), (Dr(2))*, (Dx(2))* with Definitions
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4.1 and 5.1, and (52), (53). Then, as power series in z,

Det?* (1 — 2M) = Det* (1 — zj(/l\)(_l)n (54)
n—1 n—1

=TI et (1 + Du(2) ™" = [ Det (1 + Dilz) " (55)
k=0 k=0
n—1

=TI Pet (1 + (i) V™ HDetb W)V (56)
k=0

Proof of Theorem 1°: Lemma 5.1 implies (54), and (55) follows from Theorem
1 and (54). For (56), apply Lemmas 5.2 and 5.4. O

6 Det”(1 - zM) is holomorphic near 0

Assumption: As in the previous section, each 1, is assumed to be a C"
diffeomorphism from U, to its image.

We shall prove, using Theorem 1, that the “weighted Lefschetz (-function”
(#(z) = 1/Det#(1 — 2M) associated to a finite adapted and transversal
family {1,,, g, } is meromorphic in some disk {|z| < 1}, and thus holomorphic
in some (possibly smaller) disk (because 0 is not a pole for Det# (1 — zM)).
The positive number 7 that we give here is not optimal. This result can
be applied to families {1} with superexponential growth of the number of
periodic points, for which, a priori, Det’(1 — zM®*)) does not converge in any
disk (see below).

To obtain that Det# (1 — 2M) is meromorphic in some disk D, it is sufficient
(using Theorem 1) to show that for each k, Det’(1 + Dy(z)) is holomorphic
in D. Notice first that if B is a Banach space such that SB C B, then, since
(1 — 2M")~1 i holomorphic in z if 2~ is not on the spectrum of M)

B, Di(z) depends holomorphically on z for same z. Now, if we denote by
Nim(B) (m € N) the space of continuous linear operator I on B such that
K™ is trace class, then the reqularised determinant of order m

o0

Det,(1 — K) = exp Z

l=m

(57)

Nll—\

depends holomorphically on K in N,,(B) (see [10]). The trace ‘“Ir’ in (57) is
the trace of a trace class operator, obtained by continuous extension of the
usual trace of finite rank operators. We call it the trace in N,,(B).
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Thus, the existence of a Banach space By, of m € N and of a disk D C C
such that the conditions a), b) and ¢) below hold will ensure that

Det!(1 + Dy(2)) = (exp— i(_nf%rrrb(pk(z))f) Detn(1+Di(2)) (58)

is holomorphic (and thus Det# (1 — 2M) meromorphic) in D:

a) For all z in D, (Dy(z))™ is trace class on By.
b) Tr((Di(2))?) = T’ ((Dr(2))?) for all £ > m where
‘Tr’ denotes the trace on N(By). (59)
¢) The m — 1 first terms of Det’(1 + Dx(z)) depend
holomorphically on z in D.

So, let M be a r-a.t. transversal transfer operator and » > 1. Let V,V’ be
open sets in R” with compact closure such that
V' D>V >V D U,supp(g,), and x : R* — R a C* map compactly sup-
ported in V', which takes the value 1 on V.

If E is a subset of R*, we denote by L (E,dxz) the space of L? k-forms in
R™ with support in E. The space of L? = k-forms in R" will be denoted by
LY 1,(R", dz). One easily checks (using the assumption that each 4, is a
local diffeomorphism) that M®) is a bounded operator on L (V, dx) for all

I1<p<oo.
Definition 6.1 We denote the spectral radius of M® on LF(V,dx) by ggcp).

It is immediate that:

(»)

def
Lemma 6.1 g, = SUP;<p <2 op < o0.

Notice that if z is not on the spectrum of M® on I2(V,dz), then we
can extend the definition of the resolvant to all forms ¢(z,dz) such that
x(z)d(z,dz) € LE(R", dx) by

(1 = x(2))(z,dz) + (1 — zMW) 7 (x(2) - §(x, dx)) (60)

Therefore, the spectrum of M® on L?(V,dz) and on L (R, dx) coincide.
We denote also by x : Ly (R",dz) — LY(V,dxz) the operator ¢ — x - ¢. By
(60), and since x is the identity on L%(V,dz) and N(1 — x) = 0, we can
replace S by xSx in the definition of Dy(z), thus we replace oy (z, y, dz, dy)
by

ot (x,y, dz, dy) = x(x)x(y)ox(z, y, dz, dy) (61)
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This operation does obviously not change the traces.

It is obvious (by properties of the convolution) that
Si(Ly 1 (Vidx)) C Ly(V,dz) since oy(z,y,dx,dy) € Lj,, (R*, dz) for all
q < 5. One also checks that Ny (L} (R",dx)) C Ly, ,(V,dx).

Let us denote the diagonal embedding = — (z,x) by A, so that

AN p(z,y,dx,dy) = ¢(z, z,dz,dx).

Lemma 6.2 Let |z| < 1/0, and £ € N. Then, T’ (Dy(2)%) depends holomor-
phically on z.

Proof of Lemma 6.2 : Recall that we replace oy, by o}. For £ = 1, we use
(35) to see that

TY*Dy(2) = (—1)P+DE+1) 5. /A* (Wi (1 = 2MB) Moo (2, y, dz, dy))

= (—1)" D sz/A*([(Nk(M(k))j]xOL(x,y,dx,dy))-
j20 r
(62)
Since |z| < 1/gx and oy(z,y,dz,dy) € L{(R",dr) Vg < -5, the series in
(62) are convergent, and thus Tr’D(z) = D a;z7*t (with a; as in (62)) is
analytic in z. The general case £ > 1 is handled similarly. O

This lemma shows that condition ¢) in (59) is fulfilled when |z| < 1/gg. The
following lemmas take care of conditions a) and b).

Lemma 6.3 Let |z| < 1/0x. Then, Di(z)™ has a kernel K(z,y,dz,dy) in
L? if m > 2.

Proof of Lemma 6.3: For any fixed y, o} (z,y,dz,dy) € L{(R",dz) for all
q < 5. Moreover, one checks easily that the sup over y of the L?-norm of
01 (-, y, d-, dy) is bounded. Let us fix ¢ = "y — €.

Now, notice that if K : By, — By is a kernel operator with kernel K (z, y, dx, dy)
and H : B, — B, is another operator, then the kernel of HK : B, — By, is
given by H,K (z,y,dz,dy), where H, is the operator H acting on the variable

x. Thus, the kernel of Dy(z) is
K (.y, dz, dy) € [Ne(1 = 2M®) Y, (o} (2, v, du,dy)). (63)
Since |z| < 1/gg, # is not in the spectrum of M®*) on L2 (V, dz) for all p with

1 < p <2, and then [NV;(1—2M®)~1]_ is a bounded operator on L% (R", dx)
for the same p’s.
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Thus, Ki(z,y,dz,dy) € L}(R",dz), and the sup over y of its L%norm is
bounded.

Now, the kernel of xSxDy(2) is (xSx).K1(z,y,dz,dy), and is therefore in
LY (R, dx) for % + % —1= 1% by properties of the convolution. If we apply
Vi (1 — zM®)) =1, to it, we will end up in Lﬁ' (R",dx), and the sup over y
of the L¥ -norm of the kernel stays bounded.

We can thus proceed by induction and define the sequence p; such that

1 1 1
1 =q, —=—+ — 1. (64)
D g Pie

For fixed y, Di(z)" has a kernel in L(R", dz).
From (64) follows that - = iz — (i — 1). If we impose p; > 2, we obtain
P>

= 2(¢-1)

We thus have 7 > 7 - 1_6,(1n_1) —€- 2(1_2,@_1)). Since € = "5 —q is arbitrarily

small, taking ¢ = [n/2] + 1 (where [-] denotes the entire part) yields p; > 2.
We thus proved that the kernel K,,(z,y, dz,dy) of Dy(z)™ is in L3(R", dx)

if m > %, and (as before) sup over y of the L?>-norm of K, (-,y,d-,dy) is
bounded.

Then, Since K, (z,y, dz, dy) is compactly supported in y, it isin L2 | (R", dzx
dy) if m > 3. O

We can now state:

Proposition 6.4 Let N = n+1 if n is odd and N = n + 2 if n is even.
Then, when |z| < og, Di(2)" is trace class on Li ,(V,dz). For m > N, the
trace TrDy(2)™ in Nn(L3,,(V,dz)) agrees with Tr'Dy(z)™.

Proof of Proposition 6.4: By Lemma 6.3, (Dy(z))™ is Hilbert-Schmidt if
m > n/2. Classical results (see [10, 25]) imply that (Dy(z2))" is trace class
on L3 ,(V,dz). The trace of the square of a Hilbert-Schmidt operator acting
on L? functions is given by the integral on the diagonal of its kernel. We let
the reader check that the sign (—1)™+1)(*+1) ip the definition of the flat trace
appears when one consider operators acting on k + 1-forms. O

Consequently, we have the following theorem:

Theorem 2 Let M be an r-adapted transversal transfer operator (r > 1)
with the ¥, : U, — ¥,U, being C" diffeormorphisms. Then, its weighted

Lefschetz (-function
1

- Det#(1 — 2 M)

¢*(2)
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is meromorphic in the disk {|z| <n Lof mlzcn ok }. Moreover, there is a (possi-

bly smaller) non empty open disk where (*(z) is holomorphic.

Proof of Theorem 2 :

Conditions a) and b) in (59) are fulfilled thanks to Proposition 6.4, with
m = N (recall that N = n+ 1 if n is odd and N = n + 2 if n is even).
Condition c) follows from Lemma 6.2. Thus, Det’(1 + Dj(z)) is holomorphic
when |z| < g;. Since Det’(1 + D;(0)) = 1 for each k, by continuity there is
an open disk D centered at 0 such that Det’(1 + Dy(z)) # 0 for z € D and
thus Det’(1 + Dy (z)) and 1/Det’(1 + Dy(z)) are holomorphic in D, proving
the theorem. a

We now present a class of diffeomorphisms for which our results enable to
prove that ¢# is convergent in a disc, while this property does not seem easily
attainable by other ways.

Let X be a d-dimensional real compact and C" manifold (r > 2). We denote
by D"(X) the space of C" diffecomorphisms of X. If f € D"(X), we denote by
Py (n) the number of its periodic points of period n (if this number is finite).
Kaloshin showed [19] that in the C" topology, there is an open set U such
that for any sequence a = (ay)¢en of real numbers, the set R, of transversal
diffeomorphisms f with

limsup P¢(¢)/ay = oo (65)
{—00

is residual in ¢/, meaning that it contains a countable intersection of dense
open sets (for the C" topology). Kaloshin’s result is not proved for C?.
So, let f be such a diffeomorphism. One can define the Lefschetz sign of any
fixed point of f using charts, and this does not depend on the choice of our
charts. Since X is a C" manifold and r > 2, it is possible to C"-embed X
into R", with n = 2d + 1, and to find a tubular neighborhood V of X in R"
(see for instance [16]). A tubular neighborhood is just a local trivialisation
of the normal bundle of X in R*. We define ¢y : V. — V to be f on X, and
to contract linearly (by a factor § < 1) along the direction normal to X. Up
to making a change of coordinates, the derivative of ¢ at x is just

_( dof 0
da) = ( 0 0-idgna )

Hence, 9 is a C" local diffeomorphism, and is transversal if f is. The periodic
points of f and v are the same, and moreover their Lefschetz sign does not
change : L(z, ") = L(z, f°) for all £ > 1. We take now any C* compactly
supported weight g : V' — C. We construct M with ¢ and g, and Theorem 2
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tells us that the weighted Lefschetz (-function for ¢ (or for f) (#(2) is holo-
morphic near zero. However, at first sight, the series ), z—;Tr#(M)Z is not
trivially convergent near zero, because of (65) (take a, > ¢¢, for instance). In
addition, the series Det’(1 — zM®*)) have probably no radius of convergence.

Appendix : The density lemma

In this appendix, we explain how to adapt Kaloshin’s paper [18] to prove
the density lemma we used in Theorem 1. We have tried to use Kaloshin’s
notations, even if there is some overlapping with ours. A local map will
denote a map from an open set U C R” to R".

Density Lemma. Let 1 <r < oo, s € N, and fi,..., fs be (local) C" maps
of R*. Then, it is possible to approzimate (in the C"-topology) each f; by a
polynomial p; such that the family {p1,...,ps} is transversal.

Kaloshin [18] proved a stronger statement (with hyperbolicity instead of
transversality), but only in the case s = 1. His proof can be carried out with
minor adaptations for arbitrary s, and we shall only give a list of changes
that have to be made.

The strategy is to show that ‘almost all’ families of polynomials are transver-
sal. Since by the Weierstrass theorem any local C" map can be approximated
by a polynomial map, this would imply the lemma (provided that a precise
meaning is given to ‘almost all’).

Let s, D € N, and denote by A,?, . the space of s-tuples of (vector) polynomi-
als (p1,---,ps), pi : R* — R" of degree at most D.

Let u = pu(n, D) oo #{a € N ||a] = D}. Then, AP, is isomorphic to R#*.

Consider Ags endowed with the Lebesgue meastre (which gives a precise
meaning to the phrase ‘almost all’).
Fix a coordinate system in R"™ so we can write each polynomial

p(a,) : R* — R™ of degree at most D as

pla,z) = Z a.x”, where a = ({aa}a<p) € R (66)

Qn

r=(x1...,2,) ER", 2% =27 - 20

Let (p1(a1,-),...,ps(as,")) € AD,. We put & = (ay,...,a;) € R**, and by
a slight abuse of notation we write p;(d,-) instead of p;(a;,-). Let x be a
fixed point of a differentiable map h. We say that x has eigenvalue A if the
derivative of h at = has eigenvalue A.
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Claim A Let s,D € N. For almost every family (p1,...,ps) € Aﬁs and for
allt eN, iy,...,050 € {1,...,s}, no composition p;, o- - -op;, has a fized point

with eigenvalue 1.

This generalizes Lemma 1 in [18, p. 731].
Proof of Claim A: Let us fix 41,...,i, € {1,...,s}. We denote the composi-
tion p, (a,) o+ --op;,(a,-) by pli-i)(a,-), and its derivative at a point = by
d(pt-i)) (&, 7). Let A € C, and denote

D(a, A\, z) = det(d, (p")) (&, z) — X - id,,).
Any fixed point of pli-+i)(g, ) with eigenvalue X satisfies

(il,...,il) ~ _ _
P (G,2) —z =0
{ D(a,A\,z) =0 (67)

(This replaces (4) in [18, p. 733].) In the case s = 1, Kaloshin uses elimina-
tion theory to show that, with A = )\g fixed and of modulus 1, this system
has no solution for almost all & € R** . We let the reader check that his
proof ([18, pp. 732-733] and references therein) can be carried out up to
Lemma 2, which has to be replaced by:

Claim B For any s,4,i1,...,14, D, let R** be naturally embedded in CH*.
There is a mnon empty open set U € CHs  such that
UNRCS 2 0 and for any a = (a1,...,as) € U, the corresponding family
(p(a,-),...,p(as, ")) is such that p--)(a,-) has evactly D™ fized points
and none of them have an eigenvalue of modulus 1.

The proof of Claim B is almost the same as in [18]: consider the polyno-
mial p* of p(a*,-) : (z1,-..,20) = (2P,...,2P). The family (p*,...,p*) has

’r%n

the desired property. Any family (pq,...,ps) of polynomials that are small
perturbations of p* also satisfy the condition, proving the claim.

Using Kaloshin’s arguments and the above adaptation of his Lemma 2, we

can show that for fixed i1, ...,4, (67) has no solution with A = 1 for almost

all families (p1,...,ps) € Ai s- Taking the intersection over all ¢ and all

i1,...,10 gives that almost all families (p1,...,ps) € Afzs are transversal,

proving Claim A.

The density Lemma follows immediately (see also Remark 2 in [18, p. 734]).
O
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