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ABSTRACT. The question whether the N -commutator sy (X1,...,Xn) =

ZuesymN signo Xq(1) - - - Xy(n) is a well defined operation on Vect(n)
is studied. It is if N =n? 4 2n —2. A theory of N -commutators
with emphasis on 5-and 6 -commutators on two-dimensional man-
ifolds is developed. Divergenceless vector fields Vectg(2) under

2 - commutator and 5-commutator generate a sh-Lie algebraic
structure in the sense of Stasheff. Similar results hold for Vect(2)
with 2- and 6-commutators.

CONTENTS

Introduction
Preliminary facts and main definitions
D -differential algebras
Witt algebra
Root system in Witt algebra
D -invariant polynomials
Primitive commutators
n-Lie algebras, (n — 1)-left commutative algebras and
sh-algebras
Main results
k -commutators by right-symmetric multiplications
How to calculate D -invariant forms
(L, U)-modules
Escorts and supports
Cup-products
General case
Sufficient condition for a D -invariant form with skew-
symmetric arguments to be zero
Invariant N -operation on vector fields
Quadratic differential parts for k-commutators in two
variables

1991 Mathematics Subject Classification. Primary 17C50, 17B66, 22E65.
Key words and phrases. Vector fields, Lie algebras, Nambu algebras, n -Lie al-
gebras, sh-Lie algebras, N -commutators, adjoint derivations.

1

_— o O OO

—_

11
13
14
16
16
18
19
19

21
25

27



2 A.S. DZHUMADIL’'DAEV

9. Exact formula for 5-commutator 29
10. Exact formula for 6-commutator 30
11.  5-commutator of adjoint derivations 33
12. s =0 is an identity on Vecty(2) 37
13. sy =0 is an identity on Vect(2). 40
14. 5- and 6-commutators are primitive. 40
15. s; and sg are cocycles 41
16. Proofs of main results 43
References 44

1. INTRODUCTION

Let M = M™ be a n-dimensional smooth flat manifold, U the
algebra of smooth functions on M and Diff(n) an algebra of n-
dimensional differential operators Y zn Aquq0® where 0% =[]}, 0",
0; = 0/0x;, a = (a1,...,a,), a; € Z, and u, € U. The subspace
of differential operators of first order Vect(n) = {>_;; u;0;} can be
interpreted as a space of vector fields on M .

The algebra Diff(n) is associative but its subspace Vect(n) is not
closed under composition. If X = u;0;,Y = v;0;, then

XY= ’U,iai(i)j)aj + Uivjaiaju

has a quadratic differential part w;v;0;0;. But Vect(n) is closed under
commutator. We see that

Y - X =v,;0;(u;)0; + vju;0;0;,
has also a quadratic differential part that is cancelled by the quadratic
differential part of X -Y. Since M is flat, 0;0; = 0;0; and
(X, Y]=X-Y =Y X =u0;(v;)0; —v;0;(u;)0; € Vect(n).
This is a well known fact, that in terms of skew-symmetric polyno-

mials means the following. Let Symj; be a permutation group, signo
the sign of a permutation o € Symy; and

Sk(ty, ... ty) = Z SigNn o to) - Lok)
oceSymy,

standard skew-symmetric associative polynomial. Then we can substi-
tute instead of ¢; any differential operator from Diff(n). Closedness
of Vect(M) means that sy is a well defined operator, i.e.,

$2(X,Y) € Vect(M),
for any X,Y € Vect(M).
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Now we consider the question: does there exist & > 2, such that
sy is also a well defined operation on Vect(n)? In other words, does
there exist some k > 2, such that

sk(X1, ..., Xg) € Vect(n),

forany Xi,..., Xy € Vect(n)? Since X; =37, u;;0;,i=1,2,... ,k,
are differential operators of first order, X,)---Xo) are in general
differential operators of order k£ and si(Xi,...,Xy) is a differential
operator of order k.

Surprisingly, for some special k£ = k(n) it might happen that all
higher degree differential parts of sg(X71,---,X}), like quadratic dif-
ferential part of ss, can be cancelled for any Xi,..., Xy € Vect(n),
but the first order part not.

Let us demonstrate this observation on the space of vector fields on
2-dimensional manifolds. We prove that for n =2 sg is a well defined
non-trivial 6-linear map on Vect(2) :

VXi,...,Xe € Vect(2) = s6(X1,-.. ,Xg) € Vect(2),

and
s¢(X1,...,Xe) # 0,for some Xi,...,Xs € Vect(2).

The number 6 here can not be improved:
k’>6:>8k(X1,... ,Xk):(), VXi,... ,XkEVCCt(2),

and s(Xi,...,Xk),2 < k <6, has a non-trivial quadratic differential
part for some Xji,..., X} € Vect(2).

We also prove that, for the subspace of divergenceless vector fields
Vecto(2), the number 6 can be improved. It has a non-trivial 5-
commutator:

VXl, e ,X5 € V66t0(2) = 85(X1, - ,X5) € V€Ct0(2),

and
s5(X1,...,X5) # 0,for some Xi,..., X5 € Vecty(2).

Moreover, the number 5 here can not be changed:
k>5= Sk(Xl, cen ,Xk) =0,VXy,..., X € Vect0(2).

If 2 <k <5, then sg(Xy,...,X,) has a non-trivial quadratic differ-
ential part for some Xi,..., Xy € Vecty(2).

So, the vector space Vect(2) can be endowed with a structure of
algebra under 2-commutator ss, usually denoted by [, ], and 6-
commutator sg. Similarly, Vecty(2) can be endowed by a structure
of Lie algebra under 2-commutator s; and 5-commutator s;. These
commutators have some nice properties.
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Let A = Vect(2) or Vecty(2) and X,Y, X1, Xy, ... € A. It is well
known that an adjoint derivation ad X, defined by (Y)ad X = [Y, X],
is a derivation of A. It is also well known that vector fields can be inter-
preted as differential operators of first order and in this sense Vect(n)
is a subspace of a space of all differential operators Diff(n). The space
of differential operators have a composition operation, denoted by -,
and under this operation (Diff(n),-) is an associative algebra. The 2-
commutator [X,Y] = X-Y—Y X as we mentioned can be represented
in terms of right-symmetric multiplication XY -Y-X = XoY —-YoX.
As it turns out, these facts have analogues for 5- and 6-commutators.

The following Leibniz rule holds:

5
[X, 85(X1,... ,X5)] = ZS5(X1,... ,Xi_l,[X, XZ'],XZ'+1,... ,X5),
=1

for any X, Xy,..., X5 € Vecty(2). To calculate the 5-commutator of
Xi,..., X5, one can use right-symmetric multiplication:

Z signo Xo1) - Xo(2) - Xo@) - Xo(a) - Xo@) =

In other words,
85(X1, c. ,X5) = Sgsym.r(Xl, c. ,X5), VXl, PN ,X5 € V@Ct0(2).

Using right-symmetric multiplication makes the calculation of 5-commutators
easier than the calculation of a composition of 5 differential operators.
The 5-commutator satisfies the following condition

Z Sign085(Xa(1),Xa(2), Xo(3), Xo(4), 85(Xa(6)aXU(7); Xo(8), Xo(9), Xy)) =0,

oceSyms

for any Xg, X1,...,Xo € Vecty(2). We call this identity the 4 -left
commutativity identity. The algebra Vecty(2) endowed with multipli-
cations wy,ws,ws, ..., such that w; = s; for ¢ = 2,5 and w; =0 for

1 # 2,5, is a sh-algebra or strongly homotopical algebra in the sense

of Stasheff [12]. In particular, s5 is a 5-cocycle of the adjoint module

of the Lie algebra (Vecty(2),[, ]). Moreover, the following relations

hold:

Z (=1 stV (X, XS], X, oo Xy ooy Xy oo, Xg) = 0,
1<i<j<6

6
Z(_l)l[X“ Sgsym.T(Xlu T >Xi7 Tt 7X6)] = 0’

i=1
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for any Xq,...,Xs € Vecty(2).

For any two vector fields their commutator is once again a vector
field. One can repeat this procedure £ — 1 times and construct from
any k vector fields a new vector field. This can be done in many ways.
One can get a linear combination of such commutators. So, in general
there are many ways to construct invariant k-operation on Vecty(n)
or Vect(n). We consider invariant operations obtained in such ways as
standard. Call a k-invariant non-standard operation on vector fields
a primitive k-commutator. We prove that the 5-commutator and
the 6-commutator are primitive, i.e., they can not be obtained from
commutators by such a procedure.

Any divergenceless vector field in two variables can be presented in

the form X = D o(u) = 01(u)02 — 02(w)0;. We find that
85(D12(U1), D12(U2), D12(U3), D12(U4), D12(U5)) = —3D12([U1,U2,U3, U4,U5]),

where [u1, us, us, uq, us] is the following determinant

Or1uy Orus Orus Oruy Orus

Oauy Oaup Oyus3 Oauy Oaus

[Ul, Ug, Us, Ug, U5] = 8%”1 8%11/2 8%11/3 8%11/4 8%11/5
81 82U1 81 82U2 81 82U3 81 82U4 81 82U5

agul 8%11/2 8%11/3 8%11/4 8%11/5

For example,
35(31, 02,2102, 101 — 2205, 1’381) =

(1/6)55(D1a(21), D12(22), Dia(3), Dia(2122), Dia(23)) =

1 0 2.%'1 T 0

—§D12( 0 0 2 0 0 ) =—6 Dlz(xz) = 681
00 0 1 O
00 0 0 6x

We can construct similar formulas for n = 2,3 and 4. Formulas
for n = 3,4 are too huge to present in an article. In this paper
we present such a formula for sg. To calculate a 6-commutator on
Vect(2) one needs to calculate a sum of fourteen 6 X 6 determinants
(see theorem 10.1.) All properties given above for 5-commutators can
be generalized for the 6-commutator sg on Vect(2).

One more property that a 5-commutator has, but a 6-commutator
does not, is as follows. It is not true that a composition of adjoint
derivations is a derivation of Lie algebras, but

ad [ X, Y] =[ad X,adY], VX,Y € Vect(n).
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In general it is also false that si(ad Xi,...,ad Xy) is a derivation.
Nevertheless, for Vecty(2), k =5, itis. Moreover, ss(ad X1, ... ,ad X5)
is an adjoint derivation and its potential can be constructed by the 5-
commutator:

ad35(X1,. .. ,X5) = 55(adX1,... ,adX5),

for any Xi,...,X5 € Vecty(2). A similar result for a 6-commutator
is no longer true. For example,

F = sg(ad 01, ad 02, ad 101, ad £501, ad 1105, ad £505) € End Vect(2),
as a linear operator on Vect(2) is defined by
(ulc’)l + UQaQ)F = 6(8182(’1&1) + 8§(u2))81 — 6(8;(711) -+ 8182(“2))82.

We see that F' has nontrivial quadratic differential part, so it is not
even a derivation of the Lie algebra (Vect(2),[, ]).
Note also the following relation between 5 and 6-commutators and
divergences of vector fields:
6
¢ (X1, .., Xg) = Y (1) Div X; 557 (Xy, ., Xy, Xg),
i=1
for any Xi,...,Xg € Vect(2). Here one can change on the right hand
s¥™" to s5, despite of the fact that ss is not well defined on Vect(2).
Quadratic differential part of a 5-commutator can be presented as a
sum of three determinants (see lemma 8.4). All quadratic differential
terms of s; are cancelled in taking alternative sum:
6
rsym.r i+1 1y >
56 (Xla"' aXﬁ):Z(_l) DZ’UXiSS(Xla"' aXia"' 7X6)7
i=1
for any Xi,...,Xs € Vect(2). Recall that s = sg’"™" on Vect(2).
Notice that here 6 and 5 can not be changed to lower numbers. For
example,

85(01, Oz, 101, X201, 102) — Div (2101 )84(01, Oz, 201, £202) = —30102 # 0.

Notice that these results valid for 5 and 6-commutators do not
valid for lower degree commutators. Namely s3, s4, for Vecto(2) and
S3, 84,85 for Vect(2) have no such properties. One can state some
weaker versions of these statements. Let gl + C? is a semi-direct
sum of gly and standard 2-dimensional module C2. For example, if
k=3,4,5, then

k
[X7 stym-r(Xla R 7Xk)] = Z stym.T(Xlu s JXi—lu [X7 X’L]7 X’H—lu s 7Xk)7
i=1
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for any X € gly + C?, and Xi,..., X} € Vect(2).

Since composition of linear operators is a tensor operation, sy for
N =n?+42n — 2 is also a tensor operation. It is a natural differential
operation on the space of vector fields in sense of [10]. Identities of
Witt algebra as a Lie algebra were considered by Razmyslov (see [13]).
One of his conjectures about minimality of Lie identity of Lie algebra
W, of degree (n + 1)? is still open in general case. For n = 2 it was
proved in [9]. Identities of Witt algebra as a right-symmetric algebra
and their connection with N -commutators was considered in [3].

2. PRELIMINARY FACTS AND MAIN DEFINITIONS

2.1. D-differential algebras. For simplicity, all vector spaces are
considered over the field of complex numbers C. By Z, we denote
the set of nonnegative integers.

A vector space A is called a k -algebra with multiplication w and
denoted A = (A,w) ,if w is a polylinear map Ax---x A — A with k
arguments. Usually multiplications are understood as a bilinear maps
and instead of w(a,b) one writes something like aob or a-b. In such
cases we will omit 2 in the name 2-algebra and write A = (A,0) or
A=(A4,).

Let U be an associative commutative algebra with commuting sys-
tem of derivations D = {01,...,0,}. Call U D -differential algebra.
Let L = UD be its Lie algebra of derivations u0; : ¢ = 1,... ,n by
the multiplication

[’U,az', vﬁj] = u@,(v)aj - ’Uaj (u)@z

One can identify derivations as a vector fields and consider a space
of vector fields Vect(n) = (u0; : w € U,t = 1,...,n). So, UD =
(Vect(n),[, ]), i.e., as a linear spaces UD and Vect(n) are coincide.
Below we will endow Vect(n) with other multiplications. For example,
UD™¥™ = (Vect(n), o), the vector space Vect(n) by the multiplication
given by
u0; 0 v0; = v0;(u)0;,
is right-symmetric. i.e., it satisfies the right-symmetric identity
(Xla X27 X3) = (Xl) X3) X2)7

where (X1, X5, X3) = X;0(X50X3) — (X1 0X3)0X3 is an associator.
Here we would like to pay attention to some differences of our notations
with usual ones. Usually action of vector field to a function is denoted
as X (u), a vector field X isin the left hand and an argument « is on
the right. But in considering of right-symmetric algebras and its Lie
algebras we denote such actions as (u)X. Therefore, the commutator
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given above for UD as a Lie algebra and the commutator of a Lie
algebra obtained from right-symmetric algebra UD™¥™ are differ by
signs.

2.2. Witt algebra. The basic example of D -differential algebra for
us is U = Clzy,...,z,| with a system of partial derivations 0; =
0;/0x;,1 = 1,... ,n. In this case the algebra UD is denoted by W,,.
Call Lie algebra W, a Witt algebra. Unless stated otherwise, by U
and L = UD we will understand these algebras.

Note that U has a natural grading

U == @520(]57 USUk g U5+k7
U, ={z":ael} | :Zai:s),
i=1

and a filtration
U:u02u12u22"'a usukgus—l—ka
Us = @sZkUk-

These grading and filtration induce a grading and a filtration on the
vector space of L = W,,. Then a grading on L is given by

L=®s 1L, Ly;={(z%0;:a €T} |laj=s+1,i=1,...,n)
and a filtration
L=L1DL DL D, Lp=O@s>iLs.
These grading and filtration are compatible with the right-symmetric
multiplication:
Lso Ly C Lsyk, Ls0 Ly C Liys,
for any k,s > —1. In particular, they induce grading and filtration of

Witt algebra W, as a right-symmetric algebra and as a Lie algebra.
For example, as vector spaces,

Uy = (1) = C,
U= (z;:i=1,...n) = C",
Up = (wimj 1 < §,4,§ = 1,...n) = CFIn/2,

and
Ly={(0,...,0,) =C",
Lo=(20;:4,j=1,...,n >~ C",
Ly = (zjx;05 : i, j,s =1,... ,n) = Ccntn®/2,
By the grading property of Witt algebra W *¥™ we see that
LoyoL, C L,
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for any s > —1. In particular, Ly is a right-symmetric subalgebra of
L = W;*¥™.  Hence it is a Lie subalgebra of W,. One can see that the
subalgebra Ly C W, *¥™ is not only right-symmetric. It is associative
and isomorphic to the matrix algebra Mat,. It is easy to see that L
as a Lie algebra is isomorphic to g¢l,; moreover,

Lo, Lo) = (205, %i0; — 2i410;41 : 1 < i <m, 1 < 5,8 <m, 3, # 8,) = slo.
j

L() = [L(),L()] @ <€>, € = Zxﬁz
i=1

So, we have sl,, -module structures on Lj;. Let m,...,m,—1 be fun-
damental weights of sl,, and R(7) denote the irreducible module over
Lie algebra s/, with the highest weight ~.

For example, as a sl,, -modules,

L—l = R(Trn—l)a
LO = R(7T1 + 7Tn_1) S R(O),

Ly = R(2my + m,—1) & R(m).
Let
Div:L—-U, X-= iuiﬁi — i@i(ui),
i=1 i=1
be a divergence map. Then
Div[X,Y] = X(Diw(Y)) — Y (Div(X)),
for any X,Y,Z € L. In particular,
Div [a, X] = a(Div(X)),

for any a € Ly and X € L. So, we have an exact sequence of sl,-
modules

0—=Ly— L U, —0,
where

Ly=(X € Ly, : Div X =0).

In other words, the following isomorphisms of sl,, -modules holds

Ly 2 Ly & Ly,

Lk; gR((k-i—l)?Tl-i-ﬂ'n_l), .Zlk gFi(k?’(’l)
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2.3. Root system in Witt algebra. Let £ be a subset of Z" con-
sisting of elements of the form « — ¢;, where a € Z7 and ¢ =
(0,...,0,1,0,...,0) (1 isin the i-th place), i=1,...,n.

Note that L = W,, has a Cartan subalgebra H = (hy,... , h,) where
h; =x;0;,7=1,...,n and W,, has a root decomposition with the root
system €& :

L =®aeela, [LasLg] C Layg,
Lo=(""0;:a+¢eZl,j=1,...,n), ack.
Moreover, the actions of h; generate a grading on L-module U :
U= G%ezg;Uaa
UsUg C Upyp, Vo, B € 27,
UsLg C Upsyp, Va€eZl,pBef.

So, we have constructed an & -grading on W, and on its (L,U)-
module U. Here we suppose that Z7 C & and L, = 0 if a ¢ £
and U, =0 if a ¢ Z7.

Let L = W, and assume that all modules M; ..., My, coincide
with the adjoint module L. Let v € T*(L, L)t :

k
O(h( X1, Xi)) =D (X1, ... Xoo1, 0:(Xs), Xovr, - Xi),

for any Xi,...,X, € L. The notation 7% means here that we consider
polylinear maps with k£ arguments, but arguments are not necessary
skew-symmetric. Suppose that ¢ is &£ -graded:

$(Lat, - s Lor) C Lotgoy ot

for any ot,...,of € &.

2.4. D-invariant polynomials. Let f = f(¢1,...,t;) be an associa-
tive noncommutative polynomial, f = Z“” Xivyoigtin -4y, Leo, f
is a linear combination of monomials t¢;) = t;, ...%;, where i1,...,7%
run through elements 1,... %k, possibly repeated. Later on we will
make substitutions of variables t; by elements of some 2-algebras.
Since our algebras may be non-associative in such cases (unless stated
otherwise) we will suppose that any monomial ¢; has a left-normed
bracketing, i.e., t(z) = ( o ((t“tm)tzs) cre )tll

Let A = (A,o0) be an algebra with multiplication o. Suppose that
B is a subspace of A. Since f is a linear combination of monomials
of the form £(;), one can substitute instead of ¢; elements of B and
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calculate T using the multiplication of the algebra A. So, we obtain
amap fg:B x---x B— A defined by

fB(bla--- )bk) - f(bla )bk)

Sometimes we endow A by several multiplications. In such cases, we
will write f5 instead of fp, if A is considered as an algebra with
multiplication o. Notice that B may be not closed under multiplica-
tion o. Whenever it is clear from the context to what B we make
substitutions, we reduce the notation fg to f.

Suppose now that U is a D -differential algebra. We endow the space
of differential operators Diff(n) by three multiplications. Namely, the
multiplications -, o and [, | stand for composition, right-symmetric
multiplication and commutators. We will sometimes write f",ect(n) =
f’ f‘c}ect(n) = frsym.r‘

Call a polynomial f = f(t1,...,t;) or more precisely fpif(n), is
D -invariant, if

k
[f(X1 - X0), 0 =) f (X1, X1, [Xe, 03], Xosr, -, X)

s=1

forany Xi,..., Xy € Diff(n) and i =1,... ,n. Here we do not spec-
ify what kind of multiplications in Diff(n) we use in the calculation
of fpiffn). The reason is that

for any X € Diff(n). By this observation, D -invariance of sz.ff(n)
and fgirjff(n) are equivalent notions.

2.5. Primitive commutators. Assume that g = g(t1,...,%) is a
skew-symmetric multilinear polynomial with k£ arguments. We call ¢
a k -commutator on some class of vector fields, if for any £ vector fields
Xi,..., X of this class g(Xi,...,X) is again a vector field of this
class.

Suppose that f is some polynomial with left-normed brackets. Let
(A,[, ]) be a Lie algebra with vector space A and commutator [, ].

As we have explained above, fL’] cAX---xA— A is amap with &
arguments that is obtained from f by substituting elements of algebra
A instead of parameters ¢; and using the commutator [, |.

Suppose now that (A,[, ]) is a Lie algebra for some class of vector

fields. Then fg’] is the standard k-commutator for any vector field

algebra A. Call k-commutator g primitive on Vect(n) if Y (Vect(n)
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can not be represented as f‘[,’e]ct(n), for any left-normed polynomial f.

It is easy to give a similar definition for Vecty(n).
The right-symmetric multiplication on Vect(n) is given by

u0; 0 v0; = v0;(u)0;.
This multiplication satisfies the right-symmetric identity
(X’ Y’ Z) = (X’ Z7 Y)’

where (X,Y,7) = Xo(YoZ)—(XoY)oZ isthe associator of X,Y, Z.
In other words,

XolY,Z]=(XoY)oZ—(XoZ)oY,

for any X,Y,Z € Vect(n). So, we obtain a right-symmetric algebra
(Vect(n),o0). Any right-symmetric algebra is Lie-admissible. In par-
ticular, (Vect(n),[, ]), i-e., the space Vect(n) with the commutator
[X,Y]=XoY —YoX isa Lie algebra. As we have noticed, the com-
mutator X oY —Y o X coincides here with the standard commutator
X Y-Y X

2.6. n-Lie algebras, (n — 1)-left commutative algebras and
sh-algebras. For vector spaces M and N denote by T*(M,N) =
Hom(M®* N) the space of polylinear maps with k& arguments 1 :
Mx---xM — N if k > 0, and set T°(M, N) = N and T*(M, N) = 0
if k< 0. Let T*(M,N) = &, T*(M,N). Let A*M be the k-th ex-
terior power of M and C*¥(M,N) = Hom(A*M,N) C T*(M,N) be
a space of skew-symmetric polylinear maps with £ arguments in M
and CO(M,N) = N, C*(M,N) = 0, if k < 0. Set C*(M,N) =
®rC*(M, N).

Let Q = {wi,ws,...} be a set of polylinear maps w; € C(A, A).
Let (A,Q) be an algebra with vector space A and signature Q [11].
This means that A is endowed by the i-ary multiplication w;. Call
A an Q-algebra and in case where Q = {w;} set A = (4,w;). For
w e Q, write lw| =1 if we CYA4,A).

Suppose (A,w) is an algebra. It is called an n -Lie [6] or a Nambu
algebra, if

W(al, P o w(an, ‘e 70'277,71)) =
n—1
Zw(an, coyw(@r, ey Qo1 Gngi)y Gty - - vy Gop—1),
=0

(n — 1) -left commutative, if

Z sz'gn Uw(aa(l), s wa(nfl)aw(aa(n)a <+ 5 Ag(2n—2), 61,2",1)) = Oa

cESYMan—2
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and n -homotopical Lie, if

Z 8ign o W(as(1), - - - Won-1), W(Aom)s - - - Go(2n—2) Go2n-1))) = 0,
cESYMan—1
for any ay,...,a2, 1 € A.

Finally, an algebra (A, ), where Q = {w;,ws,...} is called homo-
topical Lie or sh-Lie [12], if

> (1) Yisign o wi(wilacq)s -+ o)), Gois1)s - - -+ Bo(ivi-1) = 0,

i+j=k+1,i,j>1

for any £k =1,2,..., and for any as,...,a;4; 1 € A. In particular,

an n-homotopical Lie algebra is an sh-algebra if () is concentrated in

only one non-zero multiplication w,, i.e., w; = 0, if ¢ # n. Suppose

now that €2 is concentrated in two elements ws, and w,. Then the
condition that (A4,Q) is sh-Lie means that (A,w;) is a Lie algebra,
(A,wy,) is a n-homotopical Lie and w, is a n-cocycle of the adjoint
module of the Lie algebra (A,ws).

In [4] it is established that, over the field of characteristic 0, any
n-Lie algebrais (n—1)-left commutative and any (n—1)-left commu-
tative algebra is n-homotopical Lie. We prove that (Vecty(2), s5) and
(Vect(2), sg) are correspondingly 4- and 5 -left commutative. Hence
(Vecto(2), s5) is 5-homotopical Lie and (Vect(2), sg) is 6 -homotopical
Lie. But they are not, correspondingly, 5- and 6-Lie.

3. MAIN RESULTS

Theorem 3.1. Let N =n?+2n — 2. Then
(i) sp = s™" on Vect(n), for any k > N. In particular, sy is
well defined on Vect(n), if k> N.
(ii) sk =0 is an identity on Vect(n) for any k> N + 1.
(iii) (Vect(n),sn) is (N—1) -left commutative. In particular, (Vect(n), sy)
1s N -homotopical Lie.
(iv) ad X € Der (Vect(n),sg) for any X € Vect(n) and for any
k> N.
(v) adX € Der (Vect(n),sy) for any X € Vect(n) such that
0;0;(X)=0,i,57=1,... ,n. Here k is any integer > 0.

Theorem 3.2. (i) s5 # 0 on Vecty(2).

(ii) s5 is a b-commutator on Vecty(2).

(iii) s¢ = 0 is an identity on Vecty(2).

(iv) 5-commutator ss on Vecty(2) is primitive.

(v) s5 = s on Vecty(2).

(vi) ad s5(X1,...,X5) = ss(ad Xy, ... ,ad X5) forany Xq,...,Xs5 €
Vecty(2).
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(vii) (Vecto(2),ss) is a 4-left commutative algebra.
(viii) (Vecto(2),{s2,s5}) is an sh-Lie algebra.

Theorem 3.3. (i) s¢ # 0 on Vect(2).
(ii) s¢ is a 6-commutator on Vect(2).
(iii) s7 =0 is an identity on Vect(2).
(iv) 6 -commutator sg on Vect(2) is primitive.
(v) se =s5""" on Vect(2).
(vi) For any X1,...,Xs € Vect(2),

6
se(X1,..., Xe) =Y _(=1)"""Div X; 55(X1,..., X;,... , Xe).

i=1

(vii) (Vect(2),se) is a 5-left commutative algebra.
(viii) (Vect(2),{s2,86}) is an sh-Lie algebra.

A natural question arises: Is it possible to construct nontrivial N -
commutators on Vect(n) for n > 2 ? If N =n?+ 2n — 2, then sy
is a well defined N -commutator on Vect(n),n > 1 (theorem 3.1, (i)).
One can prove that sy_; is also a well defined operation on Vecty(n).

Conjecture.

e Sy(Xip,...,Xn) #0 for some Xip,..., Xy € Vect(n).
e Sy_1(X1,..., Xno1) #0, for some Xi,..., Xy € Vecty(n).

We have checked this conjecture by a computer for n = 2, 3, 4.

4. k-COMMUTATORS BY RIGHT-SYMMETRIC MULTIPLICATIONS

The aim of this section is to prove that for any n there exists N =
N(n) such that for any k> N, s, = s, on Vect(n).

For X =3 zn_. a0 € Diff(n), where u, € U, set |X|=s if
uo # 0 for some o € Z7, |af = s but ug =0 for any g € Z" such
that || < s. Set also || X|| = q if uy # 0 for some o € Z7, |a] =g,
but ug =0 for all § € Z" such that |3| > q. Notice that

[ X + Y| > min{|X], Y]},

1X + Y| < maz{[[X]], |[Y]]},

for any X,Y € Diff(n).
Define a multiplication Diff(n) x Diff(n) — Diff(n),(X,Y) —
X eY by

ud” o v’ = Z (ﬂ> 00”7 (u)0*M,

YEZY yF#0 7
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for any o, € Z’,. Prolong right-symmetric multiplication o from a
space of differential operators of first order to a space of differential
operators of any order by

ud® 0 v9® = v®(u)0".
We see that

X Y=XoY+XeY,

X eY|>|X|,if XoY #0,

for any X,Y € Diff(n).

Lemma 4.1. Suppose that X, ..., X € Diff(n), are linear differen-
tial operators such that | X;| > s forany i =1,2,... k and ||sp(Xy,..., Xk)|| <
s. Then
sp(X, ..., Xp) = prs(s7" (X, .o, X)),
where prs @ Diff(n) — Diff(n) a projection map to (u0* : a €
7", |a| =s).

Proof. By the formula X Y = X oY + X e Y one can write a
composition X,)-...- X as a linear combination of elements of the
form X = (... ((Xo@) © Xs2))--.) © Xo), where no e is appeared,
and elements of the form X[ = (... ((Xyq)* Xo()) - --) * Xo(), where
* = o or e and the number of the e’s is at least one. Notice that
|IX eY| > |X]| if | X Y| #0. Therefore,

RE
if X! # 0. Since

sp(X1,.. Xp) = > X, +XJ,

oceSymy,

sk (X1, ..., Xp)|| < s,
| Z signo X! | > s,

occSymy
| E signo X| > s,
oceSymy,

which means that
HSk(Xh ... 7Xk)H = ‘Sk(Xla .. ,Xk)| =S
and
sp(X1, ..., Xp) = prs(s7" (X, .o, X))

Corollary 4.2. Suppose that si(Xi,... ,Xx) € Vect(n) for Xi,..., Xy €
Vect(n). Then

Sk(Xl, ... ,Xk) = stym.r(Xl’ c.. ,Xk)
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Lemma 4.3. Suppose that s, = s on Vect(n) and D is a
derivation of (Diff(n),-) that saves subspace Vect(n). Then D is
a derivation of k -algebra (Vect(n), s, ™"), i.e.,

D(si¥™ (Xy,..., X Zs”ymr X1, Xi 1, D(X3), Xig1s -5 X),

for any Xi,..., Xy € Vect(n).
Proof. We have
D( rsymr(Xl’ e 7ch)) ==

(corollary 4.2)
D(Sk(Xl, . ,Xk)) =
(since D € Der Diff(n))

k
= Zsk(Xla ooy Xic1, D(X3), Xiga, ..., Xi)-

i=1
Since D(Vect(n)) C Vect(n) by our condition,

Sk(Xl, PN ,Xi—la D(XZ), Xz'—l—l, PN ,Xk;) € Vect(n),
for any Xi,..., X € Vect(n). Thus by corollary 4.2,

Sk'(Xla"' aXiflaD(Xi)aXi—Ha"- an:) =

stym.r(Xl’ . ,Xz'—la D(Xl), Xi-}—la . ,Xk).

Hence,
D(s;¥™ (Xy,..., X Zs"sym" X1,..., Xii1, D(X;), Xig1, .-, X),

for any Xi,..., Xy € Vect(n).

Corollary 4.4. Suppose that s = s;"*™" on Vect(n). Then for any
X € Vect(n) the adjoint derivation ad X generates also a derivation
of (Vect(n),s;™™"). In particular, ad X is a derivation of the alge-
bra (Vect(n), sp2ion o) for any X € Vect(n). Similarly, ad X is a
derivation of (Vecty(2),ss) for any X € Vecty(2).
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5. HOW TO CALCULATE D -INVARIANT FORMS

5.1. (L,U)-modules. Let U = Clzy,... ,2,] and L =W,, = DerU.

Let M be L-module. Then the subspace of L_;-invariants, My =
ME1 = (m € M : (m)0; = 0), has a natural structure of an Lj-
module. Make M, an Lj-module by the trivial action of £;. Call the
Li-module M, the base of L-module M.

Let M be a module over Lie algebra L = W, . Call M an it
(L,U) -module, if there exists an additional structure of M as a right
U -module such that

(mu)X = mlu, X]+ (mX)u,
forany m € M,u € U, X € L.

Let M be an (L,U)-module and My = M- is a base of M as
an L-module. Call M an (L,U)-module with base My, if M is an
(L,U)-module and M as a U -module is a free module with base M.

The main construction of (L,U)-modules ([1]) is the following.

Let L = W, and U be a natural L-module. Let M, be an L;-
module such that MyL; = 0. Recall that £y = ®,>0L; = Lo @ L.
One can make M =U ® M, an (L,U)-module by

womX=wX®m+u® » E(X)ue (m)a,
a€V (Lo
(u® m)v = (vu) @ m,
where V(L) = {2°0; : « € Z7,i =1,... ,n} is the standard basis of
Lo. Recall that for L=W,, and L=25, ; = (X € W,, : Div X = 0)
the map E, : L — U is defined by
0% (v)
al
Then M =U® M, will be an (L, U)-module with base M. It has a
standard grading induced by a grading of U :

Exaaj (Uaj) == 6i,j

M= M, Mpy=@"@m:|a|l = Zai =s+q),
i=1

o

where one can assume that My, = (1 ® m : m € M) has the grading
degree —q and |z* ® m| = |a| — ¢. For example,

. . n+1Y\ ..
Miayq = (ix;@m i < j,m € M), dim Mg = < 5 ) dim M,.

Example. U under the natural actions of L = W,, and U is an
(L,U)-module with base (1). The adjoint module of L = W,, under
the natural action of U, (u0;,v) — wvd;, is also an (L,U)-module
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with base L_;. This module is isomorphic to the (L,U)-module U ®
L_; with the module structures given above. If L = S, ; = (X €
W, : DivX = 0), then the adjoint module has no structure of an
(L,U)-module.

Let My,... , M and My, are (L, U)-modules with bases M g,... , My
and My, correspondingly. Let C*(My, ..., My; My11) be aspace
of polylinear maps 1 : My X -+ x My — My1. Endow CF(My, ..., My; Myyi1)
with a structure of (L, U)-module. The action of L is natural:

(my,...,mg)(YX) =

k
((mlﬂ s 7mk),(/})X - Z,l/)(mla cee sy My, (mZ)X7 Mit1,--- amk:)'
i=1

The action of U is given by

(my, ... ,mg)(Wu) = (M1, ... ,mp))u.

Here v € C*(My,... , My; M) and m; € M;,1 <i <k, X € L,
u € U. It is easy to see that

(Yu) X = P(uX) + (¥ X)u,

forany ¢ € C¥(My, ..., My; Myy1), X € L and u € U. So, C*(My, ..., My; Myi1)

is a (L,U)-module. The algorithm how to find its base or how to cal-
culate D -invariant forms is given in [1].

We need results of [1] in one particular case. Namely, we use this
algorithm in the calculation of £ -commutators. This algorithm is given
below.

5.2. Escorts and supports. Let £ be a root system on W,. asso-
ciate with 9 a polylinear map esc(y)) € T*(L, L_;), called the escort
of 1, by the rule

esc(V)( X1, , Xg) =(X1,. .., Xp),

if X; € Ly1,..., X, € Ly and o' +---+a* has a form —e, for some
s=1,...,n. Here a!,...,a* are some roots from &. If a'+---+aF
can not be presented in the form —e; for some s € {1,2,... ,n} then,

by definition,
esc(¥)(Xy,...,Xg) =0.
So, we have defined esc(9)(Xy, ..., X;) for root elements X, ..., Xj.

Define now esc(9)(Xi,...,Xg) by polylinearity for any X,..., Xj.
Notice that esc(v) is correctly defined, i.e.,

VX]_, “en ,Xk €L= €SC(¢)(X]_, P ,Xk) € L*l-
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Notice also that —e; can not be presented as a sum of k£ roots in
infinitely many ways. Therefore, the following subspace
SUPPS(¢) = @al,...,akef,al—k...-}—ak:fesLal K- ® Lak,
called the s-support of 1, is finite-dimensional for any s € {1,... ,n}.
Call a finite-dimensional subspace
supp(y) = ©y_ supps(¥)

the support of 1. So, escort of any D -invariant & -graded map 9 €
T*(L, L) is uniquely defined by the restriction to its support supp(t)).

Let V(L) be the standard basis of L = W,, consisting of vectors of
the form 2°0; where o € Z" and i € {1,...,n}. Denote by V(%)
a basis of supp()) which is collected by tensoring of basic vectors of
V(L). We will write (ay, ... ,a;) instead of a; ® - -- ® ag. So,

V(9h) = Ui Va(¥),
where
Vi) ={(a1,...,az) : a; € V(Ly),a € Eal+.. +af = —€,,1=1,...  k}.

As was shown in [1], any & -graded D -invariant map can be uniquely
restored by its escort. Namely,

(1)
w(Xla"' 1Xk) = Z Eal(Xl)”'Eak(Xk)esc(w)(a’l)"' 1ak)a
(a1,...,a5)EV ()
where & (v)
*(v
Ea:aa,- (’Uaj) = 52’]7

Denote by s; the standard skew-symmetric associative polynomial
sk = sg(ty, ... ,tx) = Z 5ign o te(1) - - ~to(k)-
oceSymy,

5.3. Cup-products. Given an algebra A with multiplication %, de-
fine the cup-product of cochain complexes C*(A, A) x C*(A, A) corre-
sponding to a multiplication on A. If ¢ € C*(A, A) and ¢ € C'(A, A)
then define 1 — ¢ € C*¥T(A, A) by

7,b ~ ¢(a1, Ce ,ak+l) = Z signagb(a[,(l), Ce ,aa(k))*qﬁ(ag(kﬂ), Ce ,aa(kH)).
cESYmy
Here
Syka = {0' € Symk+l : 0'(1) < -- 'O'(k),O'(k + 1) < e < O'(k +l)}

is a set of (k,!)-shuffle permutations.
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Suppose that A has an associative multiplication - and a right-
symmetric multiplication o. Denote by <~ and > cup-products in-
duced by multiplications - and o correspondingly.

If B is a subspace of A then one can consider cup-products

—: C*(B, A) x C*(B, A) — C*(B, A).

We use the cup-products for A = Diff(n) and B = Vect(n) or
Vecto(n). Sometimes the cup-product of ¢ € C¥(A,B) and ¢ €
CY (A, B) lies in C**Y(B, B). Such fortunate situations occur in cal-
culating of si; for sufficiently large &k + [.

5.4. General case. The difficult part of k-commutator calculations
is related to the problem of exact constructions of k-commutators.
Calculations for k-commutators are done mainly for the case U =
Cl[z1,...,z,]. This allows us to use the escort method effectively. Af-
ter receiving exact formulas it is less difficult to check that these formu-
las for k-commutators are valid for any D -differential algebras. For
example, for the cases U = Clzy,...,z,| or U = C*(M) one can
use continuity properties of functions and the fact that polynomials
are dense.

One can give a pure algebraic proof of these statements. It needs
some additional arguments based on the super variational calculus.
Our questions are equivalent to the following question. Let D be an
odd derivation. Is it possible to find some k, such that DF is also
derivation? For k = 2, it is well known. Surprisingly, that for some
n one can find a special k = k(n), as in case of k-commutators, such
that D* will be a derivation and D**! = 0. For example, D" = 0 if
D = u101 + u20>, where u; and wuy are odd variables and 0;,0, are
even derivations. In general, D***2*1 =0 for D = 7, u;0; where
u; are odd elements and 04,...,0, are commuting even derivations.
It seems that this topic is interesting in itself, and we are planning to
discuss it in a separate paper.

We give here only some key ideas. Let U be a D -differential algebra,
e.g. the Laurent polynomial algebra C[z7!, ... 2] or an algebra of
smooth functions on some n-dimensional manifold. We would like to
calculate sy on Diff(n) corresponding to this U. Notice that all of
these algebras contain Clzy,...,z,]. Therefore, to have the identity
s, = 0 on Vect(n), it is necessary to have the identity s = 0 on
W,. These conditions in our cases are sufficient. In fact, let U be
any D -differential algebra and X; = w,0; € Vect(n) C Diff(n),
where v, € U and ¢ € {1,...,n}. If ¢, = s, we say that X; or
u; has type s. Notice that s;(Xy,...,Xy) is a sum of elements of the
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form 9% (uy)---0°" (u)3*"" where al,..., ok o**' € Z" such that
al+---+aftt = k. Moreover, since s, is skew-symmetric, if of = o,
then u; and ug should have different types. For example, monomials
of the form w;, ...u; should enter no more than n times.

These kind of arguments shows that in obtaining the formula for
sk(X1,...,Xx) one uses only

e the Leibniz rule,
e the polylinearity of sy,
e the D-invariance of sy,
e the 0-grading property of s.
One can show that si(u10;,,... ,u;0;,) is asum of elements of the form

/\(al,ul,...,a"’,uk,ak+1)aa1 (uq) - - .9°" (uk)aalchl where coefficients A1y, . ok ug,ab+1)
do not depend on the choice of D -differential algebra U. Therefore,
we can get as a testing algebra a polynomials algebra. This is the main
way how to reduce calculations to the polynomials case.
The following lemma 5.1 is stated in a general case, although we
prove it below essentially in case of U = C[xzy, ... ,x,]. One can check
directly that statements of this lemma are true independently of U in
each of the cases, where we use these statements.

Lemma 5.1. Let s, be a standard skew-symmetric polynomial and U
an associative commutative algebra with a system of commuting deriva-
tions D = {01,...,0,}. Let Diff(n) = (u0*:a € Z%,u € U) be a
space of differential operators on U endowed with associative multi-
plication -. Let Vect(n) = (u0; : uw € U,i = 1,...,n) be the sub-
space of differential operators on U, of differential degree one. Let
W, = {(x%0; : « € Z"+,i =1,... ,n) be the Lie algebra corresponding
to U = C[a:l,... ,Zn]- Then
i) Sk,pifr(n) s D -invariant.

(
(ii) sgw, zs & -graded.

(1)  St+1.Difs(n) = Sk,Diff(n) = SLDiff(n):

(iv) esc(s’iw, = spw. < Siveern), if k+1>n?+2n—2.
(

rsym.r __ _TSYm.r O
V) 8k+l Sl — Sk,51 Sl,Sl’ Zf Z +] Z 5-

6. SUFFICIENT CONDITION FOR A D -INVARIANT FORM WITH
SKEW-SYMMETRIC ARGUMENTS TO BE ZERO

Let L be a graded algebra L = ®;>_1L; with the commuting system
of derivations D = L_;. Recall that M = ®,>_, M|, is a graded L-
module if

LiMis) € Miigs),
forany ¢+ > —1 and s > —q.
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Suppose My, ..., My, M, are graded L-modules. Say 1 € C*(My, ...
is graded and that 1 has grade r if

PMysi]s -+ s Mis]) © Mo figtotigtrs
for any si,...,8;. Then
Ck(Ml, cen s M M) = GBSCk(Ml, oy My Mo)a,
is also graded, where
CHMy, ..., M Mo =< p € CF(My, ..., My Mo) : [9] = s).
Lemma 6.1. Consider the linear programming problem

22—1 Ti =T

0<.’E2§l2, i:—l,O,...,m—l,
f@o1, 2 1, @) = Y e 4T — min.
Then
m—1
min f(z_1,Zg,... ,Zpy) = mr — Z (m —4)x;
i=—1
and this value is attained for x_y =1_1,00 =1lo,... , Tm_1 = lyn_1 and

m—1
T =T — 2 1o ;.
m—1

Proof. Since z, =71 —Y 1" | =i,

m—1
flz_1,20,. .. ,xm) =mr — Z(m —0)x;.
i=—1
Thus,
m—1
f(.’L',l,.’L'(), SR 7"ETTL) <mr— Z(m _Z)lz
i=—1
and the inequality can be converted to equality if z; = 1;,7 = —1,0,... ,m—

1, and z,, =7 — Z:.Z__ll l;.

Theorem 6.2. Let A = ®>_14; and M = ®;>,M; be D -graded
modules such that A? = A |, MP = M,. Suppose that 1) € T*(A, M)
s a 0-graded polylinear map and skew-symmetric in r arguments. Let
19 be number such that

Z dim A4; <r< Z dim A;.
—1<i<ig —1<i<ig+1
If
k+q<rlip+2)— > (o+1—1i)dim 4;

—1<i<idg
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and Y is D -invariant then ¥ = 0.

Proof. We prove that esc(y) = 0. Suppose that it is not true
and 9 # 0. Then there exist homogeneous ay,...,ar € A such that
P(ar,...,ar) #0 and |ay| + -+ |ag| is minimal. We have

Y e THA, M)P =

k
Oip(ay,. .. a) = Zlb(al;--- aaj—laai(aj)aaj+la--- , Q).
j=1

As |ai| + ...+ |ag| is minimal with property v (a1,...,ar) # 0 and
jax] + - + ekl > Jar| + - -+ laj 1| +[0i(a)) | + laja] + - - + [axl,

we obtain that
0#(ay,...,a;) € M? = M,.

Since 1 is graded with degree 0, this means that we can choose

e

homogeneous elements aq,...,a; € A such that
¢(a1;'-- ,Clk) 7é 0, |a1‘ +oeee 4+ ‘ak| = |¢(a1>"' >ak)| =q.

As 1) is skew-symmetric in r arguments, the set {ai,...,a;} should
have at least r linear independent elements. Denote them by a;,,... ,a;

Suppose that among a;,,...,a; there are [; elements of A;. Then
(2) r=> 1

i>—1

and

Since r < 321 I;, from (2) it follows that
l; = 0, 2>1+1

and
i0+1
(4) r=> 1.
i=—1
So, among elements a;,,...,a; there are [_; elements of degree —1,

lo elements of degree 0, etc, l;, elements of degree i and finally
r—>32 6 >r =32 ,dim A; elements of degree iy + 1. Since

la;| > —1 for any i > —1, we obtain that

k r
|¢(a1’ s ’ak)| = Z |a2| > (—1)([€—T)+Z |ais| > f(l—lal0’ Tt ’lio-l—l)’
i=1

s=—1
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where
i0+1

flsloy s lign) =r—k+ Z il;.
i=—1
According to lemma 6.1 and our condition,
io+1
min f(l_ilo, - lige1) =r—k+(o+1)r— Y (ig+1—i)dim 4; > q.
i=—1
Therefore,
Y(ar,- .. a)| > q.
In particular,
Y(ay, ... a;) & MP,
which is a contradiction.

Corollary 6.3. Let 1) € T°(S1,S1) be a D -invariant 0-graded form
with 8 skew-symmetric arguments. Then 1 = 0.

Proof. Recall that S; denotes the subalgebra of W, consisting
of derivations with divergence 0. Let A = S;. Then dim A_; =
2,d1m AO = 3,d1m A1 = 4, since A,1 = <81,82>, AO = <.’L‘182,.’13181 -
$282,.’L'281>, Al = <x§81,x%81 — 2.’1311'282, 1'%82 — 2.’1711'281, $%82> ThllS,

In other words, 75 = 0 for » = 8. Furthermore, for k =9,q=—1,r =

8,19 = 0. We see that

k+q=8<9=r(io+2)— Y (io+1—i)dim 4; = 8(0+2)—-2-2—1-3.
—1<i<ig

Therefore, all conditions of theorem 6.2 are fulfilled and ¢ = 0 for

A= Sl.

Corollary 6.4. Let ¢ € TH (W5, W) be a D -invariant form with 10
skew-symmetric arguments. Then 1 = 0.

Proof. Take A = W,;. Then dim A_; = 2,dim Ay = 4,dim A; =
6, since A1 = (01,0), A = (2;0; : 4,57 = 1,2), Ay = (x;2;0; :
i,7,s =1,2,1 < j). For r =10,k = 11,¢ = —1 we see that

dim A_;+dim Ay =2+4 <r =10 < dim A_;+dim Ay+dim A; = 2+4+6.
Hence ig =0, and

k+q=10 <12 =r(ig+2)— > (io+1—i)dim A; = 10(0+2)—2-2—1-4.

—1<i<ig

Therefore, by theorem 6.2, 1y =0 on A = Ws.
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Corollary 6.5. s, =0 is an identity on Wy, if k> n?+ 2n.

Proof. Let A = W,. Then dim A_; = n,dim Ay = n?,dim 4; =
n?(n +1)/2. We see that for r =k > n? + 2n,

dimA_; +dim Ay =n+n2<r.
Therefore 729 > 0. Hence, if 75 = 0 then
k+q=r—1<r+r—2n—-n*>=r(0+2)—2dim A_; — dim A,.
If 40>0, n>1, then 2dimA_; < dim A; and

r(io+2) — Y (io+1—i)dim 4; =

—1<i<ig
r—2dimA_ 1+sz1mA+zo+1 Z dim A;)
1<i<io —1<i<io
r—2dimA_;+ Y idimA; >r— 1.
1<i<io

Thus, we can use theorem 6.2, if n > 1. If n = 1, it is easy to check
that s3 =0, and, s; =0, for any k > 3.
So, we have proved ¥ =0 for A =W,,.

Corollary 6.6. Let ¢ € T*"t4=5(W, W,),n > 1, be skew-symmetric
in > (3n® 4+ 6n — 5)/2 arguments. Then + = 0. In particular,
(Vect(n), Sp2ion_s) is (n®+ 2n — 3) -left commutative.
Proof. Let A=W,. For ¢ = —1,k =2n?>+4n—5,r > (3n*>+6n—
5)/2, it is easy to see that iy > 0.
Check that the case i3 > 0 is impossible. If » = 2 then we obtain
a contradiction with the conditions
r<k=11
and
dimA_; +dimAg+dimA; =12 < r.
Let n > 2. Then we will have
dim A_;+dim Ag+dim 4; = n+n*+n*(n+1)/2 <r < k = 2n*+4n—5,
and
n®—n?2—6n+5<0.
For n > 3,
n3—n2—6n+522n2—6n+5>0,
and again obtain a contradiction.
So, ig = 0. Then

k+qg=2n>+4n—6<2n*+4n—5<2r —2dimA_; — dim A,.
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Hence, the condition of theorem 6.2 is satisfied. Thus, ¥ = 0 for
A=W,.

Notice that 2(n? +2n — 3) > (3n? 4+ 6n —5)/2 if n > 1. Therefore,
the (n? + 2n — 3)-left commutativity condition, as a condition for a
D -invariant form with 2(n? + 2n — 3) skew-symmetric arguments, is
an identity on W,.

7. INVARIANT N -OPERATION ON VECTOR FIELDS

Lemma 7.1. The sl, -module N""2(R(2m) ® R(m,_1) does not con-
tain R(2m,—1) as a submodule.

Proof. I am grateful to R.Howe for the following elegant proof of
this lemma.

One can argue that the full (n—2) tensor power of R(2m)® R(m,_1)
does not contain R(2m,_1). Indeed, the (n — 2) tensor power of this
tensor product is equal to the tensor product of the (n — 2) tensor
powers of each factor.

The representation R(27;) corresponds to the diagram with one row
or length two. The representation R(m,_1) corresponds to the diagram
with one column of length n — 1. So, the question then becomes, does
the Young diagram with n — 3 columns of length n, and two columns
of length n — 1, appear in the indicated tensor product?

Since the diagram of R(m,_1) has only one column, all of the com-
ponents of its (n—2) tensor power will have at most (n—2) columns.
Since the diagram of R(2m;) has only one row, all the components of
its (n —2) tensor power will contain at most n — 2 rows. Now taking
the tensor product of these two representations, we can say that all
components of the tensor product will have diagrams which fit in an
['-shaped region with (n — 2) columns and (n — 2) rows. But the
diagram of the representation we are asking about does not fit in to
this region, so it cannot be a component.

Corollary 7.2. s,2,9, 5 has no quadratic differential part on Vect(n).
Proof. Since, as sl,, -modules,
Ly 2 R(2m + mp—1) @ R(m1) & R(2m1) ® R(mp—1),
we obtain an isomorphism of s/, -modules
ALy 22 AF(R(2m1) @ R(m,_1)).
Consider the homomorphism of sl,, -modules

Pk,s : /\k_n2_nL1 — R(S’]Tn,l),
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induced by
p(Xl VAYIRVAN ch—n2—n) =

D5 (Sk,Diffn) (01, - -+ 3 Ons 101, -+ , X001, - T10ny - -+, TOny X1y oo, Xj_p2p)),
where prs : Diff(n) —-< 0% : |a| = s) & R(sm,_1) is the projection
map.

Since

A"L_1 ® AV Ly = C,

it is clear that p,2,9, 22 should give a homomorphism of A"~2(R(m;)®
R(m +m, 1)) to R(2m, 1). By lemma 7.1 this homomorphism is triv-
ial. Thus, sp2;2, 2(X1,..., X210, o) € Vect(n) forany Xy,..., X,2,0, 2 €
Vect(n).

Lemma 7.3. Let U be any D -differential algebra. For any Xi,... , X €
Vect(n), sp(Xi,...,Xg) € Vect(n), if k =n2+2n—2 and k =
n?+2n — 1.

Proof. For k = n? + 2n — 2 this follows from corollary 7.2. For
k = n2+2n—1 we see that esc(sy) has support A"L_; QA" "1@A" 1L,
and Sk(al, PO ,an,(ll, cee 5 p—1, Xl, cen ,anl), where A1y...,Qp2 1 €
Ly, Xi,...,X,_ 1 € Ly, never gives quadratic terms, as

|8k(81, P ,8n,a1, cee 5, p-1, Xl, cen ,Xn_1)| =—1.
Lemma 7.4. s, =0 is an identity on Vect(n) for k> n?+ 2n.

Proof. This is corollary 6.5. However, we give here another proof.
sy is skew-symmetric in k > n? + 2n arguments and graded. Since
dim L_; = n,dim Ly = n? dim L; =n?*(n+1)/2 > n and

|8k(81,... ,8n,x181,... ,$na]_,... ,.’L’lan,... ,./L'nan,X]_,... )Xk))| >

(k—=n*>—n)-1+n*>-0+n-(=1) >0,
we see that esc(sy) =0, if k > n? + 2n.
Remark. n?+2n here is not minimal. One can prove that s,2,9, 1 =

is an identity on Vect(n) and that s,2,0,_o = 0 is an identity on
Vecty(n).

8. QUADRATIC DIFFERENTIAL PARTS FOR k-COMMUTATORS IN
TWO VARIABLES

Let Dif fs(n) be a subspace of Diff(n) that consists of differential
operators of differential order s, i.e., Diffs(n) = (u0* : u € U,a €
7", |la|l =5, a; =s). Let pry: Diff(n) — Dif fs(n) be the projection
map.
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, Xx € Vect(2),

, Xx)) =0,

Lemma 8.1. For any Xy, ...

pri(sg(Xy, - ..
if 1> 2.

Proof. If £ > 6 then by lemma 7.4 and 13.1, s; = 0 is an identity.
If k=6, then sy yec2) has only a linear part. If £ <5 then s can
be decomposed into a cup-product of s, and sp_s. We know that s
can only give differential operators of first order. So, s3 = s3 — s; and
sS4 = So — S can give differential operators at most second order. As
far as s5 = s3 — s9, the following reasoning shows that the differential
operators of third order can not be represented as s5(Xi,...,X5) for
any Xi,...,Xs5 € Vect(2). For L = W5, support for an escort map
of pr;ss with a maximal [ should contain {0y, 0, 2201, a,b, c}, where
a,b,c € Ly. Easy calculations then show that [ <2 if k£ = 5.

Remark. One can prove that if { > n then pri(sg(Xy,..., X)) =0
for any k and Xi,..., Xy € Vect(n).
Lemma 8.2.
p?“z(83(X1,X2,X3)) =
(z1) X1 (z1) X2 (21) X5
— (wg)Xl (I‘Q)Xg (IL‘2)X3 8%
&((71)X1) Oa((71)X2) Oo((21)Xs)
(1) X4 (1) X2 (71) X3
+| (z2) Xy (72) X2 (x2)X3 O10-
o ( xl)Xl) O ((z1)X2) O1((71)X3)
(z1) X1 (21) X2 (z1) X3
— | (z2) Xy (z2) X2 (z2) X3 | 010
32((952))(1) Oo((72) X2) Oa((w2)X3)
(z1) X1 (21) X2 (21) X3
+| (z2) Xy (z2) X2 (22)Xs |05,
((xz)Xl) O1((z2)X2) O1((72)X3)
for any X1, Xs, X3 € Vect(2).
Lemma 8.3.
pra(sa(Xy, ..., Xy)) =
(z1) X1 (21) X2 (21) X5 (z1) X4
(z2) X1 (z2) X2 (z2) X3 (z2) X4 52
O ((x1)X1) O1((w1)X2) Oi((w1)X3) Oi((w1)Xa) |71
&((x1)X1) Oa((71)X2) Oa((w1)X3) Oa((71)Xa)
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($1)X1 ($1)X2 ($1)X3 ($1)X4
_9 (z2) X1 (72) Xo (72) X3 (z2) X4 59
01 ((z1)X1) O1((21)X2) O1((21)Xs) Oh((21)Xy) |72
Do((22)X1) Oa((72)X2) Oa((72)X3) Oo((22)Xa)
(z1) X1 (z1) X2 (71) X3 (z1) X4
9 (x2) X1 (22) X2 (22) X3 (1) X4 9.0
O1((22)X1) Oi((2)X2) O1((x2)Xs) O1((w2)Xs) |12
O((71)X1) Oa((71)X2) Oa((21)X3) Oa((71)Xa)
($1)X1 ($1)X2 ($1)X3 ($1)X4
_9 (z2) X1 (72) X (72) X3 (w2) X4 52
O ((72)X1) O1((72)X2) O1((w2)X3) Oi((w2)Xa) |7
Da((72)X1) Oa((72)X2) Oa(w2)X3) Oa((w2)Xa)
for any Xi,...,X4 € Vect(2).
Lemma 8.4.
pT2(85(X1,... X5)):
(z1) X1 (21) X2 (21) X3 (21) X4 (21) X5
(z2) X1 (z2) X2 (z2) X3 (z2) X4 (z2) X5
— | %u((z1)X1) O((z1)X2) O1((x1)Xs) A((x1)Xa) Oi((21)X5) |0F
Do ((22)X1) Oa((w2)X2) Oa((w2)X3) Oa((w2)Xa) 02((z2)X5)
A((21)X1) Oa((71)X2) Oa((21)X3) Oo((21)Xa) O2((21)X5)

— Div X1 Div X2 Div X3 Div X4 Div X5 8182

for any Xi,..., X5 € Vect(2).

(ﬂ?l)Xl ($1)X2 (xl)X?, ($1)X4 ($1)X5
($2)X1 (xz)Xz (xz)Xs (372)X4 (332)X5
— | Oi((x1)X1) O((z1)X2) Ou((21)Xs) Or((21)Xs) Oi((21)X5) |05,
Do ((22)X1) Oa((72)X2) Oa((w2)X3) O2((22)Xa) O2((22)X5)
O1((z2)X1) O1((72)X2) O1((w2)X3) 0O1((z2)Xs) O1((22)X5)

To prove these statements one needs to calculate their escorts. A
sufficient number of examples of similar calculations will be given be-

low.
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9. EXACT FORMULA FOR 5-COMMUTATOR

Theorem 9.1. Let U be an associative commutative algebra with two
commuting derivations 01 and OJs. Then

55(D12 (Ul), D12(U2), D12(U3), D12(U4), D12(U5)) = —3D12([U1, U2, U3, Ug, U5]),

for any uy, ... ,us € U, where

Oruy Oruz Orus Oruy Orus

Oty 0oy Osus Oauy Oyus

[y, uo, us, ug, us) = | Buy  Bus  Bus  OPug  Olus
010u;  010uy 010ouz 010,us  0102us

8§u1 a%UQ a%’ILg 8§u4 8§u5

and D12(u) = 81 (’U)@Q — Og(u)al

Proof. Let L; be graded components for S; = (z € Wy : Div X =
0) and a,b,c € Ly, X € L;. Notice that

s (0,0, X) = [05,a) 0 X +[a, X] 0 0; + [X,0i]oa =
—a00; X + X o0;a € Ly.
Therefore, by lemma 5.1
s5(01, 0, a,b, X) =

—s5°V" (01, b, X) 0 Oa(a) + 85" (02,0, X ) 0 01 (a)
+Sgsym.r (81, a, X) (o] 82 (b) — Sgsym.r (82, a, X) o 81 (b) =

+(bo 0 X — X 001b) 0Dsa — (bo 0 X — X 00sb) 0 D1a
+(Xo0ia—ao001 X)odb— (Xoda—aodsX)odb=

—(a001 X — X 001a) 0 0sb+ (a0 X — X 0a)o0ib
+(bo 0, X — X 001b) 09sa — (bo X — X 00sb) 0 O1a =

—ao [01 X, 0:b] + [X,05b] 0 O1a + ao [0, X, 010 — [X, 01b] 0 D20
+bo [01 X, Daa] — [X, Dsa] 0 010 — b o [0: X, O1a] + [ X, O1a] o Osqb.
We see that non-zero components for esc(ss) are
55(01, Oa, £201, 101 — 202, 120) = 605,
55(01, 02, T30, £101 — 220, 1201 — 231120) = 601,
85(01, Oz, 1201, 10, T30, — 2217205) = —60s,
55(01, O, 2201, 105, 305 — 2312201) = —60),
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85(01, Oz, £101 — 1209, T10s, 1502 — 221720,) = —60s,
85(01, 02, 1101 — 209, 7105, 301) = —60;.
It is easy to check, that

GSC(SgSym.T)(Dlz(U]_), ey Dlz(’U,5)) = —3p7",1D12([U,1, Ce ,U5]),
for any wy,...,us € Clzy, xs], such that |uy|+---+ |us| = 11.

It remains to use (1) for D -invariant form s;**™" and use lemma 8.4.

10. EXACT FORMULA FOR 6-COMMUTATOR

In this section we give a formula for calculating the 6-commutator
se(X1,...,Xe) for X; = u;101 +u;205, 1 =1,...,6. It can be pre-
sented as a sum of fourteen 6 x 6 determinants of the form

U1,1 U21 U3 U4 Us1 Ueid

A Ui,z U222 U322 Ug2 Us2 Uep2 0;
* * * * * *

where A\ = —1,2,—3 and ¢ =1,2. Write 4 X 6 parts of such matrices
denoted by x for i = 1. They are

82“1,1 32“2,1 82“3,1 (92U4,1 32U5,1 a2716,1

_ O U1,2 81“2,2 o U3,2 81U4,2 81U5,2 O Ue,2 9
82U1,2 32”2,2 32U3,2 (92U4,2 (92U5,2 82U6,2 !
8511,1,2 831112,2 8§u372 8§u472 6§u5,2 8§U6,2
O Ui,1 31“2,1 O Uus,1 (91U4,1 31U5,1 O Ue,1

_ 82”1,1 82“2,1 82“3,1 32U4,1 32U5,1 (92U6,1 9
82U1,2 32’“2,2 32U3,2 (92U4,2 (92U5,2 82U6,2 !
81211,1,1 81211,2,1 8121.&371 8%’(1,471 8%115,1 8%’11/6,1
O Ui 81“2,1 o1 LER] 51U4,1 51U5,1 o)1 Ue,1

. 52”1,1 82142,1 52’U3,1 321&4,1 321&5,1 52“6,1 P
O Uy,2 81U2,2 o1 Uz ,2 31U4,2 31U5,2 o1 Ug,2 !
55”1,2 3%”2,2 3%”3,2 85“4,2 5%“5,2 8%“6,2

32“1,1 52“2,1 52U3,1 52“4,1 321&5,1 52U6,1
+2 81U1,2 51’“2,2 311&3,2 51“4,2 31“5,2 51’“6,2 P
0 0 0 0 0 0 !
2U1,2 2U2,2 2U3,2 2U4,2 2Us,2 2Ug,2
(912U1,1 512U2,1 312U3,1 512U4,1 512U5,1 512166,1
31“1,1 81U2,1 (91U3,1 a1U4,1 31“5,1 a1u6,1
+2 82”1,1 82“2,1 32U3,1 (92U4,1 32“5,1 82”6,1 9
0 0 0 0 0 0 !
1U1,2 1U2,2 1U3,2 1U4,2 1U5,2 1Ue,2
(912U1,1 512U2,1 312U3,1 512U4,1 512U5,1 512166,1
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81U1,1 51U2,1 31U3,1 31U4,1 811&5,1 81166,1
82U1,1 52“2,1 62U3,1 32U4,1 82U5,1 82U6,1

+2 81
82U1,2 32“2,2 82U3,2 52U4,2 82U5,2 82U6,2
a12U1,2 812“2,2 812U:~',,2 a12“4,2 (912U5,2 (912166,2
51U1,1 31U2,1 31U3,1 31164,1 81“5,1 81”6,1
3 51U1,2 81U2,2 81U3,2 81”4,2 31U5,2 51“6,2 P
- 1

82“1,2 32“2,2 32“3,2 a2“4,2 azus,z (92“6,2
2 2 2 2 2 2
62’111171 82 U2, 82 CEN] 82 Ug1 82 Us,1 82 Ue,1

Here we use the notation 05 = 010>. Corresponding matrices for the
0, parts can be obtained from these matrices by changing 1 to 2 and
2 to 1.

Theorem 10.1. 6 -commutator sg on Vect(2) is be given by the for-
mula given above.

Proof. Let X1 = 81, X2 = 82, a; = 3?181,(12 = .’I)gal, ag = 33182, g =
x205. Let V' be the set of 6-tuples of the form (X, X, ay,...d;,--. , a4, X¢),
where ¢ = 1,2,3,4 and Xg runs over the basic elements of W5 with
order |Xg| = 1.

We see that

supp(ss) C V.
One calculates that
$6(01, O, 105, T201, 1102, 1701) = —20s,
56(01, O, 703, £201, 1102, 12201 ) = 204,
56(01, Oz, ;0;, £201, 105, T1%202) = 205,
$6(01, O, T;0;, T201, 1102, T302) = —20,
for 1 =1,2 and
$6(01, Os, 101, w201, 1205, 701) = —20,
$6(01, O, T101, T304, T205, T1T202) = 20,
56(01, 02, 101, T201, 205, 2702) = — 60,

$6(01, 02, 101, 102, 202, 12201) = 205,
36(01, 02, £101, 7109, 1209, 750,) = —601,
$6(01, 02, 101, 102, 205, 2300) = —20,
For other (Xi,...,Xg) €V,
86(X1, c. ,X(;) = 0.
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Calculations here are not difficult, but tedious. We perform them in
one example.
Take

=01, Xo = 09, X3 = 2901, X4 = 1101 — 7905, X5 = 1102, X¢ = 230,.

Then
se(X1,..., X5,220,) =
2(32301 + 2212902) 0 0102 + 231290 0 02 = 40,.
We see that

rsym(Xl’ X3, X6) = 83(81,.’1)281,.’11181) = 2.’17281 e} .’17181 = 0

and
837" (X1, X3, Xg) 0 857" (X2, Xy, X5) = 0.
Furthermore,
5579 (X, Xy, Xo) = 857" (01, 110y — 1205, 230,) =
2(x101 — 1902) 0 2,01 — 130, 0 O = 2710; — 2210, = 0,
and
Tsym(Xl, X4, Xg) 0 Tsym(Xz,Xg,, Xs5) =0.
At last,
s5V" (X1, X5, Xe) = 557" (01, 2102, 7101) =
27105 0 210 — 220 0 Oy = 21105,
557" (Xa, X3, Xyg) = 857" (02, £201, 2101 — 20;) =
—Z20; 0 0y — (2101 — x202) 0 Oy = —204,
and
837" (X1, X5, Xg) 0 857" (Xo, X3, Xy) = —40s.
Similarly,

”ym(Xm X3, Xe) = Sg ym(az,ﬂbal,ﬂ?%aﬂ = —55351 00 = —2331(91,

537" (X1, Xy X5) = 857" (01, 1101 — 2205, 2102) =
(.7)181 - .7)282) e} 82 - .’17182 e} 81 = —282,

and
537" (Xa, X3, Xg) 0 857" (X1, X4, X5) = 0.
We have:
557 (X g, Xy, Xg) = 85" (02, 110y — 1205, 230,) =
xlal 00y =0,
and

Tsym(X% X47 X6) o sgsym(Xla X3a X5) =0.
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Finally,
S5 (X2, X5, Xo) = 85" (D, 1105, 2304) = 0,
and
S5 (X, X, Xo) © 53 (X1, X, Xa) = 0,
Thus,

s5(X1, ..., X5, 7701) = 557" (X1, X5, Xg) 0 55" (X2, X3, X4) = —40,.

86(X1, ces ,X5,.7)%81) == 816(X1, o ,X5,.%‘%61) -+ Sg(Xl, ce ,X5,.%‘%61) ==
—40, + 40, = 0.

So, we have constructed esc(sg’y,”). A reconstruction of sg’y’™" by

its escort (formula (1)) gives us the formula for ss. By lemma 7.3,
se =55 0" on Vect(2).

11. 5-COMMUTATOR OF ADJOINT DERIVATIONS

Lemma 11.1. Let U be any {01, 02} -differential algebra and Vecty(2)
be the subspace of vector fields without divergence of Vect(2). Then

CldS5(X1,. .. ,X5) = 55(0,Xm,... ,adX5),
for any Xi,..., X5 € Vecty(2).

Proof. Consider a multilinear polynomial f with 6 variables defined
by

Fltosts, .. ots) = (to)ss¥(ts, ... 1) = Y signo[--+[[to, Lo, b)), -+

oeESyms

We see that f is polylinear and skew-symmetric in all variables
except the first one. Important properties for us are: fyct(2) is D-
invariant and £ -graded. Therefore, f can be uniquely restaured from
its escort. We see that

supp(f) =
Li@NL_1®NLi®Ly, & L_1®NL_1Q Ly® ALy
® L1®L1QNL®L
® Loy®NL_1 @ N’Ly® Ly
® L @ N’L 1 @ N3Ly.

Here by L; we denote the graded components for S; = (X € W5 :
Div X = 0).
Let (a, b, C) = (Ibzal,l‘lal — :1;282,1;182). Then

F =520, 02,a,b,c)] € EndW,,
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is defined by
(5) (w101 + ug0s)F = 6(0102(u1) + 605 (uz))01 — 6(05u1 + 0102uz)0s.
In other words,
(4101 + u902) F = —6D15(01 (u1) + O2(uz)).
Set si4(Xy,...,Xx) = sp(adXy,...,ad X})), where ad : L —
End L.
Let us prove (5). By lemma 5.1 we have
F=F +F+ F;,
where
Fy = 53404, a,b)-ad[0y, c] + 53%(0, b, ¢)-ad[Ds, a] + s5%(8y, ¢, a)-ad[Ds, b],
Fy = —55%(0y, a,b)-ad[0y, c]—55%(0s, b, ¢)-ad[0;, a]—s5(Ds, ¢, a)-ad[0y, b],
Fy = 5390y, 02, a)-ad [b, c] +534(01, 02, b) -ad[c, a]+ s5%(8:, Os, c) -ad]a, b).
Further,
Fy = —s5%(01,b,¢) - 01 + 55401, ¢, a) - s,
Fy = 5240y, a,b) - Oy + 53%(0, ¢, a) - 01,
Fy = —25%%(0y,05,a) - ad c — s3%(0y, 02,b) - adb — 2 524(0y, 0y, ¢) - ad a.

It is easy to see that
F3 =

2(0y - 02a) -adc — 2(0y - 01a) - ad ¢
+(81 . 821)) -adb— (82 . alb) -adb
+2(0 - 02¢) - ada — 2(0s - 01¢) - ada =

2(81 81) -adc— (81 82) -adb— (82 81) -adb—2(82 82) -ada =

207 - adc — 2(010,) - adb — 205 - ad a.
Note that
(w101 + u20)07)ad c =
[02(u1)01 + 02 (ug)a, 1105] = —03 (u1)0s,

(ul(‘?l + u282)(8182 -ad b) =
[0102(u1)01 + 0102(u2)0s, 101 — x202] = 0,

(w101 + u205)03)ad a =
[83 (Ul)al =+ 83 (Ug)az, .’L'gal] = —03 (Uz)al.
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Therefore,
(u181 + Uzaz)Fg =
—207 (u1) 0 + 203 (u2)0; .
Similarly,
(Ulal + u282)(F1 + Fg) =
4010 (uy) 0y — 402 (u1) 0y + 403 (u2)0y — 40102 (uz)0s.
i From these expressions of Fy, F and F3 we obtain (5).
So, by (5), FF' =0 on Vecty(2). In particular

esc(f)(X, 01, O, 2201, 1101 — 1205, 2102) = 0,
for any X € L;.
Similar calculations show that non-zero components for esc(f) are
f (2201, 01,00, 2201, 2101 — 2202, D1o(23)) = 180,
f(xzal, 01, Oz, T201, 1105, D12($%$2)) =60,
f($231, 01, 02, 1101 — T20s, 1102, D12($1$§)) = —60,

f(210) — 205, 01, O, 2201, 2101 — 1205, D1a(23)) = —1805,
f(xlal — 900,01, 0y, 2201, 101 — 120, D12($%$2)) = —60,
f(2101 — 2202, 01, O, 101 — 2202, 2102, D12($137§)) = 605,
f($131 — 2202, 01, 02, 2101 — X205, 2102, D12($g)) = 1804,

f(wlaQ’ 81a 827 x2817 x182’ D12($1$§)) - _682’
f($182,817827$2317$181 - xzaz,Dlz(ﬂU%xz)) = —60,,
f(2102,01, 00,2101 — ©205, 1102, D12(3)) = 180y,

and

f (01,01, 00, 2201, 2101 — 2205, D1a(])) = —7205,
f (01,01, 00, 2901, 1101 — 2202, D1a(2315)) = 180,
f (01,01, 0, 2201, 110, D1a(x35) = —180%,

f (01,01, 00, 2201, 2102, D1a(2323) = 120,

f (01,01, 00, 2101 — 2205, 2102, D1o(2323)) = 1205,
f (01,01, 02, 2101 — 2205, 2102, D1o(z123)) = —180,

f(01, 01,2201, 2101 — ©205, 710, D12(23)) = —180,,
f(01,01, 2201, 2101 — 1205, 1109, D12(23172)) = 604,
f(al, 0o, 2201, 2101 — T202, 1105, D12($%$2)) = —60;,
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f(al, 0o, 2201, 101 — 2202, 2105, D12($1$§)) =601,

f (01,01, 0, 2201, Dia(23), Dya(x3x)) = —7205,
f(al, 01, 02, 2201, DlZ(xi’); Dlz(xlxg)) = 360,

f (01,01, 0,101 — 2205, D12($‘;’), D12(37137%)) = T720,,
f(O1, 01,05, 2101 — .1'282,D12(.’L'i’), Dlz(acg)) = —1080;,
f (81,01, 04,2102, Dia(x3x5), D1o(13)) = —3601,

f (01,01, 00,2102, D1a(2325), D1a(7173)) = 240,.

Other components of the form f(0y, 01,05, a,b,X) f(1,0;,a,b,¢,Y),
and f(01,01,02,a,Y,Z) are equal to 0, where a,b,c € Ly, X €
L, Y, Z € Ly and ¢ = 1,2. To find f(82, 01,0, a,b, X), f(al, 0;,a,b,c, Y)
and f(0s,01,0s,a,Y,Z) one should use the involutive automorphism
of W, induced by changing of variables (zi,zs) — (z2,21).

Using lemma 9.1 we see that

esc(f) = esc(g),
where D -invariant map g : S; ® A>S; — S; is given by
g(X]_, Xla P ,X5) = [X(), Sgsym.’r(Xl, ce ,X5)].

It remains to use (1), for D -invariant forms f and g to obtain that
5% = ad s5 for Vecty(2).

12. s¢ =0 IS AN IDENTITY ON Vect,(2)

Lemma 12.1. sg =0 is an identity on Vecty(2).

Proof. Set
X1 =01, Xo = 05, X3 = 2201, Xy = 1101 — 1202, X5 = 7105,
V = {(Xl,Xg, e ,Xﬁ) : |X6| = 1,X6 € Sl}
Notice that supp(sg) C V. We need to check that sg(X71,...,Xs) =0,
for all (Xi,...,Xs) € V. By lemma 7.3,

sgsym.r = s6.

By lemma 5.1,
S¢g — S3 ~— S3.

Let (Xi,...,Xs) € V and F = s4(Xq,..., Xs)-

We see that, sg(Xi,...,Xs) is the alternating sum of elements of the
form S3(XU(1), Xg(g), Xg(g)) . 83(XU(4), XJ(5),XU(6)), where o € Symg’g
are shuffle permutations, i.e., (1) < 0(2) < 0(3),0(4) < o(5) < o(6).
Moreover,

se(X1,...,Xg) =
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Z sign o [s3(Xo1): Xo@2) Xo3)): 53(Xo), Xo(s), Xo(e))]:
o€Syms3 3,0(1)<o(4)
Since ‘SG(Xla .. 7X6)‘ = —
86(X1, e ,Xe,) e< a¢>,
for some 7 = 1,2. Therefore, in calculating F' = s¢(X1,...,Xg) we
can make summation only in o € Syms 3 such that

S3(XU(1),XU(2),XU(3)) e< u@i : |u\ = 1, 2>,
33(Xa(4);Xa(5),Xa(6)) €< 0% : |04\ = 1,2>.

Since

s3(X1, Xo, X) = 83(01, 02, X) = [0a, X]| - 01 + [X, O] - D2,
there are two possibilities:

e if 1,2 € {0(1),0(2),0(3)} or 1,2 € {¢(4),0(5),0(6)} then (c(4),0(5),0(6)) =
(1,2,s), and (o(1),0(2),0(3)) = (¢,7,6), where {q,7,s} = {3,4, 5},
and ¢ <.

e if each of the following subsets {0(1),0(2),0(3)} and {o(4),0(5),0(6)}
contains exactly one element s € {1,2}.

Therefore,
s6(X1,..., Xe) = sg(X1, ..., Xe) + 55(X1,--.,Xe),
where
S6(X1,..., Xg) =
537V ( X1, X3, Xg)oss™™ ( Xy, Xy, X5)—s57" (X1, Xy, Xg)os3™V™ (Xa, X3, X5)
+557" (X1, X5, Xg)os5 ™" (Xa, X3, Xy4)—s5"" (X, X3, Xg)os5™"" (X1, X4, X5)
+557" (Xa, X4, Xg)osz™ " (X1, X3, X5)—s5""(Xa, X5, Xg)os5™" (X1, X3, X4),

sg(X1,..., Xg) =
Tsym(X4,X5,X6)OS3(X17X27X3)+8mym(X3,X5,X6)083(X1,X2,X4)
rsym(X37 X4’ X6) o 83(Xla X27 X5)

!
Here we use notation s3**" instead of s™¥™" or s3°™ because
1 ; :
srYmT = g™ for any right-symmetric algebra.

Notice that
83(31, 52,33181) = 010s,
83((91, 82, 33281) = —8%,
83(81, 82, 33132) = 3%,
83(01, 02, 205) = —010s.
Therefore,
sg(Xqy-.., Xg) =
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(6) s5V™(010) — 1209, 2102, Xg) 0 07 + 285" (2201, 7102, Xg) © 0105
— 55" (290, 110, — 2202, Xg) 0 05
Now calculate s§(Xq,...,Xs) for Xg = 220,. By (6) we have
se(X1,..., X5,220,) =
22205 0 0105 + (4220, + 63,720,) 0 03 = 0.

Check that Sé(Xl, e ,Xﬁ) =0 for XG = 1'182
Let a,b, ce< .’13281, .’13181 — .7)282, .7)182> Notice that

557" (0;, 0, X6) = a o [ X, 0] + Xg 0 [0;,0a] =
a o 01(X6) - X6 o ai(a),

s3 (05,b,¢) =bole,95] +co[0;,b] =bodi(c) — co9;(b).
By these formulas, it is easy to calculate that
Tsym(X1,X3,X@) = 83(81,.’1)281,.7)182) = 2.1}261 e} .1,'162 = 23?181,

837" (X, Xy, X5) = 83(02, 2101 — 2202, 2102) = 1105 0 02 = 0,
and
537" (X1, X3, Xg) 0 53(X2, X4, X5) = 0.
Furthermore,
55V (X, Xy, Xe) = 857" (01, 1101 — 1205, 2305) =
2(2101 — 1202) 0 210y — 13050 01 =
—22100 — 22105 = —42105,

537V (Xo, X3, X5) = 85"V (00, 2201, 102) = —x105 0 01 = — 0,

and
Tsym(X17X47X6) o 83(X27X37X5) 0

Finally,
557 (X1, X5, Xg) = 53(01, 2102, 2205) =
22109 0 T105 — 33182 00y =0,
and
537V ( X1, X5, Xg) 0 857" (Xa, X3, X4) = 0.
Similarly,

Tsym(XQ, Xg, X6) o STSy (Xl, X4, X5)
'r.sym(X% X4, X6) @) SQSym(Xl, Xg, X5)
537" (Xg, X5, Xg) 0 8577 (X1, X3, Xa)

0,
0,
0.
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So, we have established that si(Xi,...,Xs) = 0 for Xg = 220,.
Thus,

86(X1, . ,X5, 1'382) = Sg(Xl, . ,X5, 37%82)4-88’()(1, . ,X5, 33%82) =0.
Similarly, one can calculate that
86(X1, e ,X5, X6) = O,

for any X¢ = 220; — 2211905, 1305 — 2112201, 220;. In other words,
esc(sg)(X1,...,Xg) =0, for any (Xy,...,Xe) € V.
Therefore, by (1) s¢ = 0 is an identity on Vecty(2).

13. s; =0 IS AN IDENTITY ON Vect(2).
Lemma 13.1. s; =0 is an identity on Vect(2).

Proof. We see that esc(s7) is uniquely defined by the homomor-
phism of Slg -modules f : L1 — L_1 given by f(X) = 87((91, 82, .73181, .1'282, .1'181, 517282, X)
Since
Ll = R(’]T]_) + R(27r1 + 7T2)7

and this isomorphism of sl -modules can be given by divergence map,
it is clear that f(X) = ADiv(X) for some X € C. Using the decom-

. . . . o
position s = """ g3, one can calculate that

87(81a 82, xlala $2a2a xlala xZaZa -’I;%a]_) = 0.
Thus, A =0 and s; =0 is an identity on Vect(2).

14. 5- AND 6-COMMUTATORS ARE PRIMITIVE.

The commutator operation is an invariant operation with two argu-
ments on the space of vector fields. Therefore, any iteration of commu-
tator operations k£ — 1 times gives us a new invariant operation with
k arguments on the space of vector fields. Any linear combination of
invariant k-operations is also a k-operation. Below we show that for
L = Vecty(2) the 5-commutator s; can not be obtained in a such way
from commutator operations. So, 5-commutator ss is a new invari-
ant operation on Vecty(2) that can not be reduced to commutators.
Similar results hold for 6-commutator.

Lemma 14.1. There does not exist a Lie polynomial f = f(t1,... ,ts5)
such that 85(X1, R ,X5) = f(Xl, R ,X5), for any Xy,..., X5 €
Vecty(2). Similarly, one can not represent a 6 -commutator on Vect(2)
in the form s¢(X1,...,Xs) = g(X1,...,Xs), for any Xq,...,Xs €
Vect(2), where g a is Lie polynomial in 6 wvariables.
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Proof. Let L be a Lie algebra, U(L) its universal enveloping alge-
bra and

A:UL)—-UL)U(L), AX)=X®1+1®X, VX €L,

a comultiplication. For any Xi,...,X; € L,
k

A(Xle) :Z Z Xg(l)-"...'Xg(k_l)(g)XU(H_l)'...'Xg(k).
=0 UESyml,k_l

Thus, for any X;,..., Xy € L,

k
Asp(X1, ..., Xy)) = Z Z si( X1, s XO)®sp-1(Xig1, - .- 5 Xip).

=0 ceSym;
Therefore, if s, is the standard k-commutator, i.e., if s is obtained
from Lie polynomial, then [8]
k—1
Gk = Zsl(Xl, ce ,Xl) X Sk—l(Xl—l—la ce ,Xk)

=1
should be identically 0 for any X;,..., X, € L. Here L =W, if kK =6,
and L =5, if k=5.
In a calculation of G below we use formulas for quadratic parts of
k commutators (lemmas 8.2, 8.3, 8.4).
Consider the case of 5-commutators. Take

(X1, Xo, X3, X4, X5) = (01, O, 101 — 2902, 2201, 2105).
One can calculate that
Gs =
—40; ® O — 402 @ Oy — 20; ® $1af — 405 @ £20105 + 40102 ® 104
— 40105 @905 + 4710, ® 0102 — 27107 ® Oy — 47905 ® 0102 — 4220105 ® Oy
= 0.

So, s5 on S; can not be obtained from any Lie polynomial.
Consider now the case of 6-commutator. Take
(Xl, XQ, X3, X4, X5, XG) = (81, 82, :13181, :13281, 33182, 33%(91)
We see that
S3(X1, XQ, X3)®83 (X4, X5, Xﬁ) = 81(92(8)(31}%81+2$1$282+$?8%+2$%$28182),

Therefore, G has the term of the form 0;0,®x392. Collect all terms of
G of the form \0,0, ® x30?. Then their sum, denoted by R, should
be 0 if sg is standard 5-commutator. As a differential operator of
second order, #3907 can not appear in s»(X;, X;). Direct calculations
then show that the elements of the form s;(Xj,,...,Xj,),/1 < --- <
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Ji,1 = 3,4,5, may have the part pz30?, u # 0 only in one case: [ =
3, (1,72, J3) = (4,5,6). So, R = 010, ® 30? # 0. This contradiction
shows that 6-commutator on W5 is primitive.
15. s5 AND sz ARE COCYCLES
Let d: C*k(L,L) — C**1(L, L) be the coboundary operator. Then
dp = d'p + d"y,

where

dl¢(X17"' an—H) = Z(_l)l_'—]w([XzaXJ]aXla s 7Xia s a)?ja"' an—H)a

i<j
k+1
d"P(X1,... , Xpp1) = Z(—1)1+1[X,-,¢(X1,... y Xy oy Xeg1)-
i=1
Lemma 15.1. d's;”"" =0, if k is even and d's;”*™" = —s /™", if
k s odd.
Proof. This follows from induction in n and the following relation
k+1
Spr = Z(—l)“’k“(szsymm(Xl, ey Xy oo X)) X
i=1

Lemma 15.2. (2d’' + d")s;, =0, for any k > n?+2n — 2.
Proof. By corollary 4.4, ad X € Der(Vect(n), sy), if k > n*+2n—
2. Therefore,
[Xi; Sk(Xh .. ,Xi, e 7Xk:+1)] =

i—1

S (D)X X)X X Xe)
j=1
k+1
+ ) (s (X Xl X X Xe),
j=i+1
and
d”Sk(Xl,... Xk_|_1) =
—QZ H_]Sk Xz,X] ,X]‘,... an—|—1)-
1<j

In other words, d"s, = —2d'sy, if k> n%+ 2n — 2.
Corollary 15.3. ds; =0 on Vecty(2).
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rSYm.r rSym.r

Proof. By lemma 12.1 s5 = s; and sg = s = 0 are iden-
tities on Vecto(2). Therefore, by lemma ds, = d's5 + d"s5 = —d's5 =
s¢ = 0 is an identity on Vecty(2).

Corollary 15.4. dsg =0 on Vect(2).

Proof. By lemma 7.3 and lemma 13.1 s = s¢g™™" and sy = 7"

is an identity on Vect(2). Therefore, by lemma 15.1 and 15.2 d,, =
d'sg + d"sg = —d'sg = 0 is an identity on Vect(2).

Remark. One can prove that (L, {ss,s;}) is also sh-Lie, for [ =
n?+2n —2, if L="Vect(n) and | =n?+2n—3, if L = Vecty(n).

Our results can be formulated in terms of generalized cohomology
operators. There are two ways to do it. In the first way one saves
the index of nilpotency d?> = 0, but changes the grading degree. In
the second way one saves grading degree, but changes the index of
nilpotency from d? = 0 to d¥ = 0. A cohomology theory for d¥ = 0
was developed in [5].

Let us show how to do it for left multiplication operators. Let L =
Vect(n) be the right-symmetric algebra of vector fields and I, denotes
left multiplication operator, (b)l, = a o b. Define a linear operator
d: N (L,L) — N*(L,L) by

d:CHL,L) — C*™(L, L),

dy(ay, ... apn) = Z signoly,,, - -laa(n)zb(aa(nﬂ), coe 3 Go(ktn))-

oESYMn,k
Then the condition d?> = 0 follows from theorem 3.3 of [3].
In the second case we need to consider a coboundary operator with
grading degree +1,
dy: N (L, L) — N (L, L),
dy: AN*(L, L) — AFYY(L, L),
k+1

dﬂﬁ(al; s 7a'k+1) = Z(_l)ilaiw(a’la s 1di7 s aa'k+1)‘
i=1
Then d?" = 0.
One can construct similar coboundary operators corresponding to
right-multiplication operators. For example,

dy : N*(L,L) — A*(L, L),
d,: A"(L, L) — NF*Y(L, L),

k+1

dplar, ... apn) = Y (~1)relar,. .. di, ... ars).

i=1
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has the property 7 t2n=1 =
These constructions have some other modifications that include the
case of more general right-symmetric algebras and their modules.

16. PROOFS OF MAIN RESULTS

Proof of theorem 3.1. This follows from lemmas 7.3, 7.4, 6.6 and
corollary 6.5.

Proof of theorem 3.2. This follows from lemmas 6.3, 11.1, 12.1,
14.1 and corollary 15.3.

Proof of theorem 3.3. This follows from lemmas 13.1, 14.1,6.4
and corollary 15.4.
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