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ABSTRACT. In this paper, motivated by an approach developed by Wodzicki, we look at the spectral
asymmetry of elliptic ¥DO’s in terms of theirs zeta functions. First, using asymmetry formulas of
Wodzicki we study the spectral asymmetry of odd elliptic ¥DO’s and of geometric Dirac operators.
In particular, we show that the eta function of a selfadjoint elliptic odd ¥DO is regular at every
integer point when the dimension and the order have opposite parities (this generalizes a well
known result of Branson-Gilkey for Dirac operators), and we relate the spectral asymmetry of a
Dirac operator on a Clifford bundle to the Riemmanian geometric data, which yields a new spectral
interpretation of the Einstein action from gravity. We also obtain a large class of examples of
elliptic ¥DO’s for which the regular values at the origin of the (local) zeta functions can easily
be seen to be independent of the spectral cut. On the other hand, we simplify the proofs of two
well-known and difficult results of Wodzicki: (i) The independence with respect to the spectral cut
of the regular value at the origin of the zeta function of an elliptic YDO; (ii) The vanishing of the
noncommutative residue of a zero’th order ¥DO projector. These results were proved by Wodzicki
using a quite difficult and involved characterization of local invariants of spectral asymmetry, which
we can bypass here. Finally, in an appendix we give a new proof of the aforementioned asymmetry
formulas of Wodzicki.

1. INTRODUCTION

This paper is devoted to studying the spectral asymmetry of elliptic pseudodifferential operators
(UDO’s) in terms of their zeta functions. Its outline is as follows.

1.1. Spectral asymmetry of elliptic WDQO’s. Let M™ be a compact Riemannian manifold and let £
be a Hermitian bundle over M. In order to study the spectral asymmetry of an elliptic selfadjoint
UDO P : C*®(M,€E) — C™(M,E) Atiyah-Patodi-Singer [AESH] defined its eta invariant as the
regular value at the origin of the eta function 7(P;s) = Trace P|P|~(*t1). Unlike the residue at
the origin of the zeta function, the residue at s = 0 of n(F;s) needs not vanish locally (e.g. [ai]).
Therefore, Atiyah-Patodi-Singer [AESZ] and Gilkey ([F], [F]) had to rely on global and K-
theoretic arguments for proving the regularity at the origin of the eta function, so that the eta
invariant 7(P) := n(P;0) is always well defined.

Subsequently, Wodzicki ([Mal], [fa7]) took a different point of view. He looked at the spectral
asymmetry of a (possibly nonselfadjoint) elliptic WDO P : C*(M, &) — C*(M,E) of order m > 0
in terms of the difference (4(P;s) — (g(P;s) of two zeta functions coming from different spectral
cuts Ly = {arg A = 0} and Ly = {argA = '} with 0 < 8 < 6’ < 27. He then proved:

Theorem 1.1 (Wodzicki ([Mad], [NaZ, 1.24])). 1) The function (5(P;s) — (o (P;s) is regular at
every integer k € Z, and there we have

(1.1) lirr}g(Ce(P; s) — Cp(P;s)) = / pglfg,(P; ),
s— M
(k)

where py g, is a density computable locally in terms of the parametric symbol of (P — AL
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2) The regular value (5(P;0) is independent of the spectral cut Lg.

In fact, the proof of the second part in [Mad] is very difficult since it relies on a quite involved
and highly non-trivial characterization of local invariants of spectral asymmetry [MaZ 1.11] (see
in particular the flowcharts 5.8 and 6.1 in that paper).

Notice that the vanishing of (;(P;0) — ¢, (P;0) generalizes the theorem of Atiyah-Patodi-Singer
and Gilkey. Indeed, if P is selfadjoint and (;(P; s) and {;(P; s) denote the zeta functions respectively
associated to spectral cuts in the upper halfplane SA > 0 and lower halfplane SA < 0 then, as first
observed by Shubin [BH, p. 114] (see also [&al, p. 116] and Appendix Bl we have

(1.2) GH(P58) = Cu(Pi8) = (1= €7 ™)G(Pys) = (1= €™ )n(Pys).
Since (;(s) and ¢, (s) are regular at the origin we get
(1.3) Ct(P;0) = ¢ (P;0) = —imress=g n(P; s).

Therefore, in the selfadjoint case, the vanishing of (;(P;0) — ¢, (P;0) is equivalent to the regularity
at the origin of the eta function.

Shortly later, Wodzicki ([Mad], [fad]) showed that the spectral asymmetry of elliptic ¥DO’s
was encoded by WDO projectors as follows. First, consider the operator given by

1
1.4 Mg (P) = = ATIP(P - M)t
(14) o (P)= g [ aTPE N

Tog,r = {pe'?s00> p>r}U{re’;0 <t <O}U{pe;r < p < o0},

where r is small enough so that no non-zero eigenvalue of T lies in the disc |A\| < r. As it turns out
Iy 4 (P) is a projector on L?(M, ) and either is a zero’th order ¥DO or is a smoothing operator
(cf. [Bdad]; see also [Eal]). Moreover, Wodzicki proved that for any s € C we have

(1.5) Py — Py = (1—e*™)lg g (P)P;.
From this Wodzicki obtained the following refinement of ().
Theorem 1.2 (Wodzicki ([8ad], [Mad])). We have the have equality of meromorphic functions,
(1.6) Co(P;8) — Cop(P;s) = (1 — e 2™) Tracellg g (P) Py, s € C.
In particular, Cg(P;s) — (o (P; s) is reqular at every integer k € Z and there we have

(1.7) ord P. limk(Cg(P; s) — Cpr(P;s)) = 2im Res HM/(P)P_IC,
s—

where Res denote the noncommutative residue trace of Wodzicki ([Mad], [Mad] ) and Guillemin [Gad]
(see also SectionB).

The formulas (=) (E=8) were announced in the commentary [8ad] and can also be found in
Wodzicki’s thesis [Mad] (see also Kassel’s report [Ka]). They are important because, unlike (),
they are operator theoretic facts: on the one hand, the projector Ilgg (P) has a clear spectral
representation in [Bal] (see also Appendix Bl and, on the other hand, the noncommutative residue
reaches an operator theoretic analogue in the framework of Connes’ noncommutative geometry
(cf. [E8A]). Therefore, those formulas hold mutatis standis in many other settings of DO alge-
bras as those arising in presence of foliations, manifolds with singularities, hypoelliptic calculus,
groupoids, and of the quantum group SU,(2) (see [CH] and [ad] for the last example). In fact,
using the apparatus of spectral triples (see [[ZM]) they should ultimately hold in the framework of
Connes’ noncommutative geometry.



1.2. Spectral asymmetry of odd elliptic WDO’s and of Dirac operators. The elliptic ¥DOQO’s that are
odd form an important and interesting class to look at. Recall that according to [E3] a ¥DO of
integer order is called odd when its symbol satisfies the transmission property (cf. Section H). Thus
the odd ¥YDO’s form an algebra containing all the differential operators and their parametrices.
Moreover, when the dimension of the manifold is odd the noncommutative residues of these ¥DOQO’s
all vanish locally (see [iK3]). In this context we obtain:

Theorem 1.3. Assume that P is odd and of integer order m > 1.

1) If dim M is odd and ordP even then (g(P;s) is reqular at every integer point and its value
there is independent of the spectral cut Lg.

2) Assume that dim M is even, ordP is odd and that the principal symbol of P has all its
eigenvalue in the open cone {# < argA < '} U{0+m <argX < 0"+ n}. Then:
a) For any integer k we have

(1.8) ordP. lirr}C(Cg(P; s) — (g (P;s)) = im Res P7F,

b) At every integer at which they are not singular the functions (g(P; s) and (g (P;s) take the
same regular value. In particular Cg(P;0) and (g (P;0) coincide.

Let us now assume that P is selfadjoint. Then the condition in the second part of Theorem I3
on the location of the eigenvalues of p,, is always fulfilled if we take 0 < 6§ < 7 < #' < 27x. Thus
Theorem Bl implies that if dim M and ord P have opposite parities then there are many integer
points at which the zeta functions (;(P;s) and ( (P;s) are not asymmetric. In particular, the
regular values (;(F;0) and ¢, (P;0) coincide.

On the other hand, Theorem I also allows us to single some points at which the asymmetry of
zeta functions does occur. For instance, we have:

Proposition 1.4. If dim M is even and P is a selfadjoint elliptic odd W DO of order 1, then we
always have lim,_,, L(((P;s) — (,(P;s)) > 0.

Now, by a well known result of Branson-Gilkey [BG] in even dimension the eta function of a
geometric Dirac operator is an entire function. The following shows that this statement is actually
a consequence of a more general result.

Theorem 1.5. Assume that P is a selfadjoint elliptic odd W DO.
1) If dim M and ordP have opposite parities then n(P;s) is reqular at every integer point.
2) If P has order 1 and dim M is even then n(P;s) is an entire function.

In particular, Theorem I allows us to simplify the index formula of Bruiining-Seeley [BS] for
a first order elliptic operator on a manifold with conical singularities when the dimension of the
manifold is odd (cf. [Bad]).

Next, the case of a geometric Dirac operator in even dimension is of further interest. To see this
let us assume that dim M is even and that & is a Zg-graded Clifford module over M. Then any com-
patible Clifford connection on & yields a Dirac operator P : C*(M,E) — C* (M, £) (see [BGA]).
Recall that this covers many settings, e.g. Dirac operator on spin Riemannian manifolds, Gauss-
Bonnet and signature operators on an oriented Riemannian manifolds, and 0 + 5*—operat01‘ on a
complex Kaelher manifold. Then we can relate the spectral asymmetry of /). to the Riemannian
geometry of M and & as follows.

Theorem 1.6. 1) The function (;(Pg;s) — ( (Pge; s) is entire.

2) At every every integer that is not an even integer between 2 and n the zeta functions (;(Pg; s)
and (,(D¢; s) are non-singular and have the same regular value.
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3) For k=2,4,...,n we have
(1.9) liny (G Pei) ~ CPei o) = im [ BV, F09) ) V),

where pp(RM, FE/#) () is a universal polynomial in the curvatures RM and FE/* and their covari-
ant derivatives. In particular, we have

(1.10) lim (G (Pars ) = G Wy o)) = 2im(4m) /20 (5) ™" 1k €. vol M,
(1.11) im (GWyis) = GParis) = —imea Tk E. /M ru(z)v/g(@)d e,

where ¢, = 15(n — 2) (4#)_“/21“(%)—1,

In (X the integral f,, rar(2)+/g(z)dz is the Einstein action of the metric g, which represents
the contribution of gravity forces to the action functional in General Relativity. Thus Formula (BEZZ3)
gives a new spectral interpretation of the Einstein action, which in the context of Dirac operators
on Clifford modules coincides with the previous one, due to Connes [Za7], in terms of Relez_n.

On the other hand, from Theorem B we get:

Proposition 1.7. Assume dim M even and [,, rar\/g(x)dz # 0. Then for any Clifford module £
and any Clifford connection V¢ as above we have limy_y,_o((:(Pe;8) — ( (De;s)) # 0.

We also infer that it follows from their proofs that the previous results, Theorem I through
Proposition 1, hold locally, that is at the level of the local zeta functions the integrals of which
give the global zeta functions. Therefore, we get a large class of elliptic WDO’s for which the regular
value of the local zeta functions are independent of the choice of the spectral cut. Notice that, as
for the regularity at the origin of the local eta function, this result is not true in general (e.g. [,
By, pp. 130-131])).

1.3. Spectral asymmetry and the noncommutative residue of W DO projectors. Another important
aim of this paper is to simplify the proofs of two well known results of Wodzicki, namely, the 2nd
part of Theorem &l and the theorem below.

Theorem 1.8 (Wodzicki [MaZ 7.12]). The noncommutative residue of any zero’th order WDO
projector is always zero.

In [8¥07] both results are obtained as consequences of the characterization of local invariants of
spectral asymmetry proved earlier in that paper, which as alluded to before is quite difficult and
involved. Note also that it follows from Theorem I that Theorem IEJ implies the 2nd part of
Theorem IEl Therefore we only need to prove Theorem IER

Our proof of Theorem IEA bypasses Wodzicki’s characterization of local invariants of spectral
asymmetry and is actually quite close to the proof of Atiyah-Patodi-Singer [AESY] and Gilkey ([,
[523]) of the regularity at the origin of the eta function of a selfadjoint elliptic WDO. In fact, we show
that once understood in K-theoretic terms the issue of proving the vanishing of the noncommutative
residue of a WDO projector of order 0 becomes the same as that of proving the regularity at the
origin of the eta function of any selfadjoint elliptic ¥DO of positive order on M. An important
ingredient is the homotopy lemma below.

Lemma 1.9. Let [y and 11y be zero’th order W DO projectors and assume that the principal symbol
of lly can be connected to that of 11; by means of a C'-path of homogeneous symbols (m¢)o<i<1 such
that m; is a projector for every t € [0,1]. Then Iy and 11y have the same noncommutative residue.

This lemma enables us to interpret the noncommutative residue of a zero’th order DO projector
as a morphism from the K-group K°(S*M) to C, where S*M PY M denotes the cosphere bundle



of M. To do so we combine this with a description of K°(S*M) in terms of projective pairs (7, &)
where & is a smooth vector bundle over M and 7 € C*°(S*M, End pr*€) is a projector. This allows
us to get:

Proposition 1.10. 1) There exists a unique morphism pg : K°(S*M)/pr*K°(M) — C such that
for any zero’th order W DO projector 11 on M with principal symbol 7g we have

(1.12) Res Il = ppg[im 7q].

2) There ezists a unique morphism paps from K°(S*M)/pr*K°(M) to C such that for any
elliptic selfadjoint WDO P on M of order m > 0 and with principal symbol p,, we have

(1.13) ord P. ress—o 7(P;s) = paps[im 14 (pn)].
3) We have paps = 2pr.

The second statement is a well-known result of Atiyah-Patodi-Singer [AESY], but an interesting
fact here is that we get the second and third statements in the same time as the first one (see
Section H).

Now, we can show that the morphism pgr is zero in the same way as did Atiyah-Patodi-
Singer [AESY] and Gilkey ([, [a3]) for proving the vanishing of p4ps. Therefore, without any
appeal to the characterization of local invariants of spectral asymmetry, we recover Theorem IE3
and the 2nd part of Theorem X1

Finally, we can also prove the 2nd part of Theorem &l and Theorem IEH using an approach
similar to that of Wodzicki in [Mad] and [8aZ, Sect. 7] and which again bypasses Wodzicki’s char-
acterization of local invariants of spectral asymmetry (see Remark ). However, one advantage
of our previous approach is that it holds for more general traces, since the only properties of the
noncommutative residue that we need in the proof of Lemma [Ed and the first part of Propo-
sition [XH are the facts that it is a continuous linear trace on W°(M, ) and that it vanishes on
14+¥~*°(M,E). For instance, the approach should hold for the exotic traces of Melrose-Nistor [MX]
in the framework of Melrose’s b-calculus on manifolds with boundary [Mid].

1.4. Appendiz: Spectral asymmetry and Cayley-Hamilton decomposition. In an appendix (Appen-
dix Bl) we give a new proof of the formulas (IZ8)-(EZ0) of Wodzicki. The proof is based on using
the Kontsevich-Vishik canonical trace (see [K3] and Section H) and the spectral representation of
the projector Ilg g/ (P), which was given in [Eal] in terms of the Cayley-Hamilton decomposition
of P. The latter involves a family (E(P))iesppu{co} Of characteristic subspaces and an orthogo-
nal family (I1\)xesppu{eo} Of characteristic projectors. For A € Sp P the subspace F)(P) and the
projector Iy (P) are defined as in [BN], i.e.

(1.14) E\(P) = Ups1 Ex(P) and  T1y(P) = i_/ (P = ) ~Ydp,
2 T

where I'(y) is a small circle about A which isolates it from the rest of the spectrum. In particular,
I\ (P) has finite rank and projects onto E)\(P) (cf. [GE] and Section B). Furthermore, as P is
elliptic I1(P) is a smoothing operator and so F)(P) is contained in C*(M, ).

It is shown in [Ead] how to associate to the ”infinity” of C a characteristic subspace Fo,(P) which
is the range of a characteristic projector Il () (we refer to Section B for the precise definitions).
Then we get the Cayley-Hamilton decomposition,

(1.15) L(,6) = Troammrory (P and Y Iy(P)
AeSp PU{o0}

where 4 denotes the algebraic direct sum and the series converges with respect to the strong

topology of L(L%*(M,¢&)).



In fact, it is also proved in [Eal] that we can also associate to the "infinity” of the open angular
sector Aggr = {0 < arg A < #'} a characteristic subspace Fy g, C Foo(P) which is the range of a
characteristic projector Ilg g (P). Then we have

(1.16) Moo (P) =Mgpe(P)+ > TI(P),
AESp PNAg g

where the series also converges with respect to the strong topology of £(L*(M,&)). In particu-
lar, g g/ (P) projects onto Eg g (P) + (+xesp Pra, o Ex(P)) and along Eo(P) + Eg o125 00 (P) +

(FaespPrng gpon EX(P)).

Now, formulas (&) and () reduce the proof of (&) to the comparison of the operators
I\ (P)P; and I1,(P)F;, which enables us to recover Formula (IZH). Moreover, the canonical trace
of Kontsevich-Vishik [BK34] provides us with the unique analytic extension of the usual trace to
the class of non-integer order ¥DQO’s and induces on integer order ¥DQO’s a residual trace which
coincides with the Wodzicki-Guillemin noncommutative residue trace. Since Formula (IE8) yields
an equality of holomorphic families of WDO’s the passage from (IE8) to () and (E=Z8) becomes
immediate using the Kontsevich-Vishik trace.

As explained in Appendix Bl a consequence of the above approach is the following.

Proposition 1.11. Suppose that the principal symbol of P has no eigenvalue within the angular
sector Ag g = {0 < arg A < 0'}. Then for any s € C we have

(1.17) Go(P;s) = Cor(Pys) = (1—e7®™) Y~ A;°dim Ex(P),
A€Sp PNA,

where the sum is actually finite. Thus Cg(P;s) — Cor(P;s) is a holomorphic function on the whole
complex plane which vanishes at every integer point and, in particular, the regular values Cg(P;0)
and (g (P;0) coincide.

1.5. Organization of the paper. The paper is organized as follows. In Section Bl we recall the general
background needed in this paper: Cayley-Hamilton decomposition and complex powers of elliptic
UDO’s, Kontsevich-Vishik canonical trace and Wodzicki-Guillemin noncommutative residue trace,
zeta and eta functions of elliptic WDO’s. In Section B we look at the spectral asymmetry of odd
elliptic ¥DO’s and geometric Dirac operators. The Section is devoted to giving new and simple
proofs of the 2nd part of Theorem & and of Theorem IE3 In Appendix Bl we give a proof of
formulas () (=) and in Appendix B we recall how the WDO’s can be naturally endowed with
a Fréchet space structure (this is needed in Section H).

2. (GENERAL BACKGROUND

Throughout all this paper we let M denote a compact Riemannian manifold of dimension n and
let £ be a Hermitian vector bundle over M of rank r.

In this section we recall the basic facts concerning Cayley-Hamilton decomposition and complex
powers of elliptic WDO’s, the canonical and noncommutative residue traces for ¥DQ’s, and zeta
and eta functions of elliptic ¥DO’s.

2.1. FElliptic WDO’s with spectral cuts. Let m € C. Then recall that that given an open V C R”
the space of symbols S™(V x R™, End C") consists of functions p € C*(V x R" End C") with an
asymptotic expansion,

(2.1) D~ me_j, pi(z,t&) = tlpl($,£) for any ¢t > 0,
>0



in the sense that, for any integer NV and any compact K C U, there exists Cngqos > 0 such that

(2:2) 0207 (0 = D p-)(@,6) < Crraglé ™ML e K, g 21

<N
Then we let U (M, ) denote the space of WDO’s of order m on M that act on sections of &,
i.e. continuous operators P : C*°(M, ) — C*(M, £) such that:

(i) The distribution kernel of P is smooth off the diagonal of M x M;

(ii) For any trivialization 7 : £, — U x C" over a local chart s : U — V C R” we can write
(2.3) H*T*(PlU) =p" (z, D)+ R"7,

with p®7 in S™(V x R",EndC") and R™7 in ¥~*°(V,EndC") (i.e. R™" is a smoothing operator).

Let P: C®(M,&) — C*®(M, &) be an elliptic ¥DO of degree m > 0, so that its principal symbol
Pm(z,&) is everywhere invertible. Assume also that p,,(z,£) has a spectral cut, i.e. there exists an
open cone A C C\ 0 such that p,,(z,&) — X is everywhere invertible for any A € A. Then P admits
an asymptotic resolvent as a parametrix for P — A in a suitable class ¥™™ (M, &; A) of ¥DO’s with
parameter (see [8d], [5h], [55]). Using this asymptotic resolvent one can show that, on any cone
A’ C A such that A7\ 0 C A, there are at most finitely many eigenvalues of P. Moreover, for R
large enough there exists Casp > 0 such that

(2.4) (P =N e@eney S CurlATH XA, [N >R

Thus there are infinitely many rays Ly = {arg A = 0} contained in the spectral cut A, that are not
through an eigenvalue of P.

A first consequence of this is that the spectrum of P is not C, so is an discrete subset of C with no
accumulation point and consisting of eigenvalues with finite multiplicities. When P is selfadjoint we
can even diagonalize it in an orthonormal basis. As shown in [Eal] even in the non-selfadjoint case
we have a Cayley-Hamilton decomposition analogous to that in finite dimension, since it involves
a family (Ex(P))xesppu{eo} Of characteristic subspaces and an orthogonal family (I13)\esp Pufoo}
of characteristic projectors defined as follows.

If X € Sp P then the characteristic subspace F)(P) and the characteristic projector II,(P) are
defined as in [N, i.e.

(2.5) E\(P) = Upsi ker(P = M) and  TI,(P) = ﬁ/r (P —p) tdu,

(N
where I'(y) is a small circle about A which isolates A from the rest of the spectrum. In fact,
general arguments show that, first, the family (IL\(P))\espp is an orthogonal family of finite rank
projectors and, second, IT,(P) projects onto E\(P) and along E;(P*)1 and there exists an integer
N so that Ey(P) = ker(P — \)" (see [EN], [GRI, [Ead]). Moreover, since P is elliptic the subspace
E\(P) is contained in C*°(M, &) and the projector I1,(P) is a smoothing operator (c¢f. [5], [Eal]).

It is shown in [Eal] that we can associate to the "infinity” of C a characteristic subspace F,(P),
which is the range of a characteristic projector I1., (P). More precisely, we let

(2.6) I (P) = lim L/llZRu—IP(P—M)—ldu, Eoo(P) = im Il (P),

R—oo 2t

where the limit exists with respect to the strong topology of £L(L?(M, £)), i.e. that of the pointwise
convergence (cf. [Ead]). Then we obtain Cayley-Hamilton decomposition below.

Proposition 2.1 ([Ead]). 1) The family {I1\(P)}resppu{cc) s an orthogonal family of projectors.
2) We have:

(2.7) L*(M,€) = +yesppufoy Fa(P)  and Y NP =1,
AeSp PU{co}




where + denotes the algebraic direct sum and the series converges with respect to the strong topology

of L(L2(M, E)).

As a consequence of this we can define the partial inverse of P as follows. Consider the charac-
teristic subspace

(2.8) Ego(P) = +yegppoEAP)-
In fact Eq(P) coincides with the kernel of Ilo(P), so that Eqy(P) is globally invariant by P (i.e. P

maps FEpg(P) N L% (M,€) to Eqp(P)) and on there P induces an invertible operator (see [Eal]).
Therefore, we can set-up the definition below.

Definition 2.2. The partial inverse of P is the bounded operator on L*(M, ) denoted P~ which
is zero on Eo(P) and inverts P on Eqo(P).

The main properties of the partial inverse are summarized below.

Proposition 2.3 ([Eaf]). 1) The partial inverse P~ is a WDO of order —m.
2) Looking at P~' as a WDO we have
(2.9) PP =P P =1-1l4(P),
(2.10) (P )"t =(PH* and (P*)~1 = (P~)*  for any integer k > 1.
Remark 2.4. When P is invertible the subspace Ep(P) is the whole space L*(M,€), so that
the partial inverse is the actual inverse of P. Also, if P is normal then Fy(FP) = ker P and

Eqo(P) = (ker P)L so P71 is the operator that vanishes on ker P and inverts P on (ker P)*, that
is we recover the usual definition of the partial inverse of a normal operator.
2.2. Complezx powers. Thanks to the estimates (B we define a bounded operator on L?(M, £) by
letting
1

(2.11) Pj=— AS(P = X)%dA, Rs < 0,

2w Jp,
(2.12) Py ={pe’;o0 < p<riu{re”;0>1>6—2r}U {Pei(e_%)§ r < p< oo},
where the power A* is defined by means of the continuous determination of the argument on C\ Ly
which takes values in (#,6 — 27) and the number r > 0 is small enough so that there is no nonzero
eigenvalue of P in the disc |A| < r.

Proposition 2.5 ([5d, Lem. 3], [5h], [Bal]). 1) The family (P})rs<o is a semigroup, i.e.
(2.13) Pyt = pip Rs; < 0.

2) The family (P;)wrs<o interpolates the partial negative integer powers of P, i.e.

(2.14) Pé,_k =P~ % for any integer k > 1,

where P~F denotes the partial inverse of P*.

Next, let © be an open subset of C. Recall that each ¥DO space W™ (M, E) carries a natural
Fréchet space structure (see Appendix H). Following Wodzicki ([faZ], [§¥aH]) and Kontsevich-
Vishik K] we then say that a family (Q.).eq C ¥*(M, €) is holomorphic when:

(i) The order m, of P, is a holomorphic function of z;

(ii) For any ¢ and % in C°°(M) the family (¢Q.%).ecq is a holomorphic family of smoothing
operators (i.e. they are defined by means of a holomorphic family of smooth Schwartz kernels);

(iii) For any trivialization 7 : &, — U x C" over a local chart £ : U — V C R™ we can write

(2.15) K*T*(QZ|U) =q;(z, D)+ RE,
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with families holomorphic families (¢f).cq C C*(V x R",EndC") and (R.).cq in such way that
qF is a symbol of degree m, and the bounds (E&) of the corresponding asymptotic expansion
Pz~ Y. Pzm.—; are locally uniform with respect to z.

Using the asymptotic resolvent of P one can prove that (FP})rs<o is a holomorphic family of
UDO’s such that ordP§ = s.ordP (see [5d, Thm. 3], [8h, Thm. 11.2]). Moreover, for s < 0 and
k=1,2,...we have PkPes_k = P;. Therefore, for any s € C, we can directly define the power P;
as the WDO given by

(2.16) Py = PFP;F,
where k is any integer k > Rs, the value of which is irrelevant.

Proposition 2.6 ([5d, Thm. 3], [5&, Thm. 11.2]). The family (FP})sec satisfies the following.
1) It is a holomorphic family of WDO’s in such way that ord P; = s.ordP for any s € C.
2) It is a 1-parameter group of WDO’s such that for k = 1,2, ... we have

(2.17) PE=prP7% P)=1-T(P), P§=(1-T(P))P".

In particular, the operators P* and P;“ coincide up to a smoothing operator and if Eo(P) = ker PV
then Pf:Pk for k> N.

2.3. Canonical trace and noncommutative residue. The canonical trace of Kontsevich-Vishik [KA]
and the noncommutative residue trace of Wodzicki ([8aZ], [8ad]) and Guillemin [Gad] can be
obtained as follows (see [K3], [EM], [Ead]).

First, if @ is in WM, €) = Upme_m W™ (M, E) then the restriction of its distribution kernel
to the diagonal of M x M defines a smooth density kg(z,z) with values in End £. Hence P is
traceable and Trace @ = [, tre ko(z, z).

Next, as first observed by Wodzicki ([8ad], [\ 3.22]) and Kontsevich-Vishik [K3] (see also
(G, [E54], [Ba7]) there exists a unique analytic continuation Q — tg(z) of the map Q@ — kg(z, z)
to the class WO (M, €) of YDO’s of noninteger order. Moreover, if Q is in W%(M, €) and (Q.).cq
is a holomorphic family of ¥DO’s defined near z = 0 such that Qg = @ and ord@, = z + ord@,
then the map z — tg_(z) has at worst a simple pole singularity at z = 0 in such way that in local
trivializing coordinates we have

(2.18) res,—otg, () = —(27)™" /|£|:1 G—n (x,f)dn_lf,

where g_,,(z, ) denotes the symbol of degree —n of ).

From this we see that res,—qtg(z) depends on @ only. Moreover, as pointed out in [EaZ] since
the property of being a density is preserved by taking residues Formula (BE) shows that we get a
well-defined End £-valued density by letting

(2.19) cola) = )| anla,Od ).

l¢]=1

Thus, we recover the noncommutative residue of Wodzicki and Guillemin by letting
(2.20) Res @ :/ tre co(z), Q € (M, E).
M
Now, if we define

(2.21) TRQ :/ tre cg(z), Qe U (M,E),
M

then we obtain:



Proposition 2.7 ([KM]). 1) The functional TR is the unique analytic continuation of the usual
trace to WO (M, €).

2) We have TR[Q1,Q2] = 0 whenever ordQ)y + ordQy ¢ Z.

3) Let Q € V2(M, &) and let (Q.).eq be a holomorphic family of WDO'’s defined near z = 0 such
that Qo = @ and ordQ), = z + ord@). Then near z = 0 the function TR @), has at worst a simple
pole singularity such that res,—g TRQ), = — Res@.

From this it is easy to deduce:

Proposition 2.8 ([f¥a7], [Gid], f¥a4])). 1) Res is a linear trace on the algebra W” (M, E).
2) Res vanishes WDO’s of integer order < —(n+ 1) and on differential operators.
2) We have res,—o TRQP,* = mResQ for any Q € VE(M, ).

Note also that by a well-known result of Wodzicki ([Mad], [Kd, Prop. 5.4]) (see also [Gud]) if M
is connected and has dimension > 2 then the noncommutative residue induces the only trace on
U7 (M, £) up to a multiplicative constant.

2.4. Zeta and eta functions. The canonical trace TR allows us to define the zeta function of P
directly as the meromorphic function on C given by

(2.22) Co(P;s)=TRP;®, seC.
Then from Proposition 8 we obtain:
Proposition 2.9. 1) (4(P;s) is analytic outside ¥ = {-, ”m;l, e, :nl, %, %, co e

2) On ¥ the function (g(P;s) has at worst simple pole singularities such that
(2.23) ress—y Co(P;s) = mResP™7  for any o € X.

3) The function (g(P;s) is always at s = 0.

Notice that the regularity at the origin follows from the 2nd part because, since I1o(F) is smooth-
ing, we have Res PY = Res[1 — IIo(P)] = 0.

Finally, let us assume that P is selfadjoint. Then its eta function is the meromorphic function
given by
(2.24) n(P;s) = TRF|P|~?%, s € C,
where I/ = P|P|~! is the sign operator of P. Then, as with Proposition B we get:

n n—1 -1 1 2 }
) m Y T m m S

Proposition 2.10. 1) n(P;s) is analytic analytic outside ¥ = {
2) On X the function n(P;s) has at worst simple pole singularities such that

(2.25) ress=; 7(P;s) = mRes F|P|™7  for any o € ¥.

However, showing the regularity at the origin of n(P;s) is a more difficult task than for the zeta
functions. Indeed, from (ZZZF) we get res,—qn(P;s) = mResF = m [y, tre cp(z), and examples
show that cz(z) need not vanish locally (e.g. [Gid], B, pp. 130-131]). Therefore, Atiyah-Patodi-
Singer [AESY] and Gilkey ([fz2], [5i3]) had to rely on global and K-theoretic arguments to prove:

Theorem 2.11 ([AESY], [2]). The function n(P;s) is always reqular at s = 0.
This shows that the eta invariant of P, i.e.
(2.26) n(P) =n(P;0),

is well defined for every selfadjoint elliptic operator of order m > 0.

Since its appearance as a boundary correcting term in the index formula of Atiyah-Patodi-
Singer [AES]], the eta invariant has found many applications and has been extended to various
other settings. We refer to the surveys of Bismut [&i] and Miiller [Ni], and the references therein,
for an overview of the main results.
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3. SPECTRAL ASYMMETRY OF 0ODD ELLIPTIC YDO’s AND DIRAC OPERATORS

In this section we shall look at the spectral asymmetry of odd elliptic ¥DO’s and (geometric)
Dirac operators. Recall that according to [K3] a WDO-operator Q of integer order m is an odd YDO
when, in local trivializing coordinates, its symbol ¢(z, &) ~ Zpo ¢m—j(z,€) has the transmission
property, i.e.

(3.1) im0, ~€) = (~1)" gy (2,), > 0.

This gives rise to a well-defined subalgebra of W”(M, £), containing all the differential operators
and the parametrices of elliptic odd ¥DO’s. Moreover, the condition ¢_,(z,—&) = (=1)"q_n(z,§)
implies that, when the dimension of M is odd, the noncommutative residue of an odd DO vanishes
locally (i.e. the density cg(z) given by (=) is zero).

From now on we let P : C®(M, &) — C*(M, &) be an odd elliptic of integer order m > 1 and
we assume that Ly = {argA =0}, 0 < 6 < 27, and Ly = {arg A\ = 6}, 8 < §' < 27, are two spectral
cuts for both P and its principal symbol p,,(z, ).

Theorem 3.1. 1) If dim M is odd and ord P even then (g(P;s) is reqular at every integer point
and its values there are independent of the spectral cut Ly.

2) Assume that dim M is even, ord P is odd and that all the eigenvalues of the principal symbol
of P lie in the open cone {6 < arg\ < '} U{0+ 7 < argA < @ +x}. Then:
a) For any integer k € Z we have

(3.2) ord P. lirr}c(Cg(P; s) — Cpr(P; s)) = im Res Pk,

b) At every integer at which they are not singular the functions (4(P;s) and (g (P;s) take the
same regular value. In particular Cg(P;0) and (g (P;0) coincide.

Proof. The proof relies on the computation of the symbol of Il ¢ () in local trivializing coordinates.
First, let p(z,8) ~ > .50 Pm—j (2, &) and ¢(z,&,A) ~ 37 i50 G—m—j(2,§, A) be the respective symbols
of Pand (P —A)~" As (p(2,€) = Nq(z,&N) + X 20 2108 P(2,§) Dgg(x, &, A) ~ 1 we get

(33) Q—m($757A):(pm(3375)—)\)_17
(34) Q—m—j(mvgv )‘): —(pm(xf)—)\)_l Z iagpm—k(mvg)D?Q—m—l(ﬁvgv )‘)7 .7 2 1.
altiri=i

Since the symbol p(z, £) satisfies the transmission property (BEXN), from (BJ) and (BZH) we see that
q(z,&, \) satisfies the transmission property with respect to the dilation (&, A) = (=, (=1)™)), i.e.

(3.5) Gom—j (2, =&, (=1)"X) = (=1) 7" q_pm_j(z,&,N), j>0.
On the other hand, let s(z,&A) ~ Z]’>o s_j(z,& A\) be the symbol of P(P — A)~1. Then it
follows from the formula (E0) for Il g/ (P) that [y g (P) has symbol

(3.6) me € =g [ A sgN =5 [ A s g
F979/

 2ur 2w o)
where I'(; ¢y is a bounded contour contained in the sector Agg = {6 < argA < #'} and which
isolates from C\ Agg the eigenvalues of p,,(z,&) that lie in Agg. In fact, as P(P — X\)~! =
[(P=XA)+A(P=X)"t=14+ AP - X1, wesee that s(z,&A) = 1+ Ag(x, & A). Therefore, the
symbol of degree —j of Ilg ¢/ (P) is given by

1
(3.7) m_;(z,§) = %/F Gom—j(z, & N)dA.
(=,€)
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Now, assume that n is odd and m is even. As alluded to above the noncommutative residue of
an odd ¥DO is zero in odd dimension. Since the odd ¥DO’s form an algebra it follows that for
any integer k the operator P~ is an odd WDO and its noncommutative residue is zero. Therefore,
the zeta functions (g(P;s) and (g (P; s) are regular at integer points.

On the other hand, since m is even using (BZ) we see that 7_;(z, —¢) is equal to
38) [ qimi(e,—€,NdA

—1\ym—i ,
= L/ om—j (2, &, N)dA= (—1)"m_;(z,€).
27 e, g T(z,6)

2w

Hence Il ¢/(P) is an odd WDO. Therefore, for any k € Z the operator Iy g (P)P~* is an odd ¥DO
as well, and so ResIly g/ (P)P~* = 0. Then it follows from Theorem B that (o(P; k) = (o (P; k).

Next, suppose that m is odd, n is even and that all the eigenvalues of p,,(z, &) are contained in the
cone Cgg = {0 < argA < 0'}U{0+7 <argX < 0 +7}. Then P has only finitely many eigenvalues
outside Cqg/. Hence Ilg g (P) +1_g_g(P) =1 — EAEC\C”/ I\ (P) = 1 mod U=>°(M,E). At the
level of homogeneous symbols this gives

1

(3.9) — —m (2, €, )\)d)\—l— — Gom (2,6, N)dA =1,
2im F(z,f) 2T )
1 1
2w Tire) 2 J_p of)

As m is odd using (B) and (BX) we see that mo(z, —&) — 1 is equal to

-1 1
G110 o [ N =5 [ e -6 N = () (5,6 = (2.6,

0w . 2w Tire)

Similarly, using (B&) and (B for j = 1,2, ... we get

(3.12) ﬁ—j($7 =§) = L/ q—m—j (z, =& —A)dr= (_1)m_j7r—j(‘r7€) = (_1)j+17r—j (2, 9).
T

2

Next, let & € Z and let p*) ~ 2j>0 p(_k,zm_j denote the symbol of P=*. Then the symbol r(_kg of

degree —n of R%) = T4 4 (P)P~* is given by

(3.13) e, -6 = Y 6;%_]( D) (2,6,

|oz|+j+l:n—km
Since P~F is an odd WDO, using (BM) and (B=H) we obtain:

1
e -0= Y S0 )@ -0, ) ),
J+i+|a|=n—km
-1 |o|—km—1
- Y ST g - w0102, ) (e
I+|a|=n—km

(314) _1)j+|a|—km l

- > (Tag i (& D2 (2,€)
JHl+|al=n—km )
@O - C0r Y @) @ O, )6,

|| +i+l=n—km ’

Combining this with (BZEd) and the fact that n is even we get r )( V) + r(_T)L( -&) = p(_kg(:c,g)

Moreover, we have [, 1) (z, =&)d* ¢ = (=)™ [ v8)(2,€)d" 1€ = (27) epu (2), where
cp (¢) is the residual density (). Hence 2cpu)(z) = cp-x(z). Therefore, using (E=2) we
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obtain ResTlg g (P)P~* = Res R(%) = 1 Res P~*. Combining this with Theorem E= then gives the
equality ord P.lim,_y1(Co(P; 8) — Cor(P; 8)) = 2im Res P7F.

Finally, by Proposition E8the functions (4(P; s) and (g (P; s) are regular at k € Z if, and only if,
we have Res P~% = 0. As ord P. lim,_,1(Cy(P; s) — (o (P; 8)) = 2im Res P~F it follows that whenever
Co(P;s) and (g (P;s) are regular at an integer their regular values there coincide. In particular, as

they are regular at the origin, we have (y(P;0) = (g (P;0). O

Remark 3.2. Recall that the noncommutative residue of a differential operator is always zero. Thus,
Theorem BZl also shows that if we further assume that P is a differential operator then at every
integer that is not between 1 and - the functions (4(F;s) and (g (P;s) are non-singular and have
the same regular value.

Let us now assume that P is selfadjoint. Then the condition in the second part of Theorem EJl
on the location of the eigenvalues of p,, is always fulfilled if we take 0 < 8 < 7 < 8 < 27. Thus
Theorem Elsays that if dim M and ord P have opposite parities, then there are many integer points
at which the zeta functions (;(P;s) and (,(P;s) are not asymmetric. In particular, the regular
values (;(P;0) and ¢ (P;0) coincide.

In fact, Theorem Bl also allows us to single some points at which the asymmetry of zeta functions
does occur, for we have:

Proposition 3.3. If dim M is even and P is a selfadjoint elliptic odd W DO of order 1, then we
always have lim,_, 1(((P;s) — (,(P;s)) > 0.

Proof. By Theorem B2l we have lim,_,, +((;(P;s) — (,(P;s)) = 7 Res P~". Moreover, since P~"
has order —n its symbol of degree —n is its principal symbol p,,(z,&)™". Thus,

(3.15) Res P7" = (271')_n/ tr p (2, &) " "dadg,
*M
where S*M denotes the cosphere bundle of M with its induced metric. As p,,(z,&) is selfadjoint

and n is even we have trp,(z,{)™" = tr[pm(x,f)_g*pm(m,g) 3] > 0. Hence the positivity of
Res P~" and lim,_, +(((P;s) — ¢, (P; 5)). O

Recall that, as first observed by Shubin [5H] (see also [FEaX, p. 116] and Appendix Bl), the
difference (;(P;s) — ¢ (P;s) is nicely related to the eta function n(P;s) by means of the formula,

(3.16) G(P;s) = C(Pis) = (1= ™G (Pis) — (1= ™) (P;5).

In particular, for any integer k € Z we get

(3.17) imordP. res,—y, 7(P; s) = im Res P~™% — ord P, lirr}c(CT(P; s) — (P s)).
s—

Now, by a well known result of Branson-Gilkey [B{] in even dimension the eta function of a
geometric Dirac operator is an entire function. The following shows that this statement is actually
a consequence of a more general result.

Theorem 3.4. Assume that P is a selfadjoint elliptic odd W DO.
1) If dim M and ord P have opposite parities then n(P;s) is regular at every integer point.
2) If P has order 1 and dim M is even then n(P;s) is an entire function.

Proof. Let k € Z. Since dim M and ord P have opposite parities Theorem Bl tells us that the terms
i Res P=% and ord P. lim_; (¢;(P; 8) —C,(P; 5)) in (B=Ld) either are both equal to zero (when dim M
is odd and ord P even) or are equal to each other (when dim M is even and ord P is odd). In any
case we deduce that n(F;s) is regular at s = k.

On the other hand, when P has order 1 Proposition BEX implies that n(F;s) is holomorphic on
C\ Z. Thus, when dim M is even and P has order 1 the function 7(P;s) is entire. O
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Remark 3.5. Theorem B also allows us to simplify the general index formula of Bruiining-
Seeley [BS] for a first order elliptic operator on a manifold with conical singularities when the
dimension of the manifold is odd, since the residues of the eta function coming into play now

vanish (cf. [Ead]).

Finally, the case of a geometric Dirac operator in even dimension is of further interest. To see
this let us assume that dim M is even and that £ is a Zgy-graded Clifford module over M, so that
there is a Zq-grading £ = £T @ E~ intertwined by the Clifford action of M. Then given a compatible
Clifford connection V¢ we can form a Dirac operator P acting on the sections of £ by means of
the composition,

(3.18) Pe:C=(M,E) Y5 (M, T*M @ &) -5 C(M, £),

where ¢ denotes the action of 7*M on & by Clifford representation (see [BGA]). Then J), anticom-
mutes with the Zo-grading of £ and if ey, ..., e, is a local orthonormal tangent frame then by the
Lichnerowicz formula ([BGM], [E54]) we have

1 y 1 . . 1
(319)  PE= (V)Y + P gy = g (VEVE — TEVE) + 3PS Fe(e)e(el) + rar

where the Ff]- ’s are the Christoffel symbols of the metric, ras is the scalar curvature of M and F&/#
is the twisted curvature of £ as defined in [BGA, Prop. 115].
Moreover, this setting cover the following geometric examples (see [BGA]):

- The Dirac operator on a spin Riemannian manifold (with or without coefficients in a Hermitian

bundle);

- The Gauss-Bonnet and signature operators on an oriented Riemannian manifold;

- The @ + 8 -operator on a complex Kaelher manifold.

Now, we can relate the spectral asymmetry of J). to the Riemmanian geometry of M and & as
follows.
Theorem 3.6. 1) The function (;(Pe;s) — ( (Ps; s) is entire.

2) At every every integer that is not an even integer between 2 and n the zeta functions (;(Pg; s)
and (,(D¢; s) are non-singular and have the same regular value.

3) For k=2,4,...,n we have
(3.20) liy (G 0ei9) — Pei o)) = im [ BV, F09) ) Vo),

where pp(RM, FE/#) () is a universal polynomial in the curvatures RM and FE/* and their covari-
ant derivatives. In particular, we have

(3.21) lim (G (Dar3 8) = G Wy 9)) = 2im(4m) /70 (5) ™" 1k €. vol M,
(3.22) i (G 9) = GPagi ) = —imentké. [ ras(o) Vo),

where ¢, = f5(n - 2) (4m) /I (3)".

Proof. First, since ) has order 1 Proposition E@and Theorem B2l imply that ¢;(Dg;s) = (Pg; s)
is an entire function. Moreover, since n is even and /), is a also differential operator it follows from
Theorem Bl and Remark B2 that at every integer k£ not between 1 and n the functions (;(P¢; s)

and ¢ (P¢;s) are regular and we have (;(Dg; k) = ((Pes k).
Second, by construction ) anticommutes with respect to the Zs-grading £ = EY®E™ of €. Thus,

if k£ is odd then ngk anticommutes with the Zg-grading. At the level of symbols, and henceforth
at the level of the residual density Cp—k(ﬂf), this means that they take values in endomorphisms of
£
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¢ intertwining £7 and £7. Thus tre clp_k(:v) vanishes, and so Res P~% = 0. Then (;(P,;s) and
£
(,(P¢; s) are regular at s = k and using Theorem BZl we get (;(PDg; k) = Q( o k).
Now, let us assume that & = 2/ where [ is an 1nteger between 0 and 7, and let us compute

the density Cp* (z). To this end set trg, cpok(2) = = ui(z)v/9(z)dz, Whele v/ 9(z)dz denotes the

Riemannian density and pg(z) is a smooth functlon. For 1nstance7 in normal coordlnates centered
at z¢o we have ¢(0) = id, so using () we get

(3.23) pi(zo) = (2m)™" /|§| 1trq (0 £)d" g,

where q(_lgl(.r, &) denotes the symbol of degree —n olegZZ :ngk relatively to the coordinates.
Notice that thanks to the Lichnerowicz Formula (BZ™) in the above coordinates the principal

symbol olez is p2(0,8) = ||€||? := g% (z)&€;. Since n is even at z = 0 this gives q(_”g(o,g) = |&]7™.

Thus g, (z0) = (27) "tk E|S™ 7| = rk £.2T'(2) ! (47) /2, from which we deduce Formula (E=ZH).
Similarly, using an explicit computation of q(n_2 (0,¢) Kalau-Walze [K38] and Kastler [Kad]

n

showed that f1,_2(z0) = —c,ram(zo) with ¢, = & (n—2)(47)~"/2['(2)~!, which yields Formula (B=Z2).

Next, as it is well-known (e.g. [Mad, 3.23]) the densities ¢ 2yt (z), I =1,...,%, are related to
the heat kernel asymptotics k;(z,z) oo+ t72 > i>0 t'a;(Dz)(z), where k;(z,y), t > 0, denotes
the (smooth) distribution kernel of e~z Namely, we have

(3.24) -1 (@) = o qpres PR,

On the other hand, it is also well-known (see [ARE, p. 303], [ad, Sect. 4.1]) that the coefficients
a;(D%)(z) are of the form a;(P2)(z) = \j(RM, F€/¥)\/g(z)dz, where \;(RM, F¥/¥) is a universal
polynomial in the curvatures RM and F€/#. Combining this with (Bl we see that ugy(z) =
pior(RM FE/IB) (), where py(RM, FE/#)(z) is a universal polynomial in RM and F€/# and their
covariant derivatives. Hence Formula (E=Z).

Alternatively, using the same kind arguments as those used by Atiyah-Bott-Patodi [ARE] and
Gilkey [Gid] we can directly prove Formula (B2 without making any use of the short time heat
kernel asymptotics.

We proceed locally using a synchronous frame for £ over normal coordinates centered at zq, so

that we then have to give a universal expression for g () = i (0). To this end let p(!) ~ ~ 20 p(z?_j
and ¢ Z >0 q 21 ; denote the symbols oflpg and P 2! Notice that E 108D D¢ ~ 1 and

from (BEXd) we get p21 = ||€]|*. Thus,

(3.25) g-ai(z, &) = [I€]I 7%,
(326)  €lMaae =~ 3 0w @ OD2 (0, G20
Jitiztlal=;
J2#0
Therefore ||£||21 ( ,€) is a universal polynomial in the derivatives of the homogeneous components

of the symbol of JDE, which are themselves given by universal polynomial in the derivatives of
homogeneous components of the symbol of 2. Thus, using (BE=Z) we see that (7o) is a universal
polynomial in the derivatives at z = 0 of the coefficients of the differential operator jDZ with respect
to the synchronous frame and normal coordinates centered at xg.

On the other hand, by (BEZM) the coefficients of JD§ depends in a uniform and polynomial way
on the coefficients of the metric g(z) and of the connection V¢ and their derivatives. However,
relatively to synchronous trivializations and normal coordinates centered at z¢ the coefficients of
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the Taylor expansions at the origin of the coefficients of the metric g and of the connection V¢ are
universal polynomials in the covariant derivatives at zq of the coefficients of the curvatures RM
and FE/# (see [EBH, Prop. 2.11, Prop. 3.7]). Going back to the manifold we then see that uy(z) is
given by a universal polynomial in the covariant derivatives of the curvatures RM and FE/% . Hence

Formula (BE=Z). O

Remark 3.7. In [, Sect. 4.1] Gilkey made use of Invariant Theory to obtain a more precise form
of the coefficients a;(])z)(z) coming into the heat kernel asymptotics for 7. In fact, the analysis is
carried out for more general operators, i.e. Laplace type operators, and in particular by combining

with (B2ZH) and (B2 it allows us to recover Formula (BE2Z).
As alluded to in the introduction, since in (BZZA) the integral [,, rar(z)y/g(z)dz is the Einstein

action of the metric g, Theorem Bl yields a new spectral interpretation of this action (which in
the context of Dirac operators on Clifford modules thus coincides with the previous one, due to
Connes [Ca7]).

On the other hand, from Theorem Bl we also obtain:

Proposition 3.8. Assume dim M even and [,,rar\/g(x)dz # 0. Then for any Clifford data
(£, V¥) as above we have lims_y, o(CG;(Dg;s) —  (De;5)) # 0.

Remark 3.9. As it follows from their proofs, all the results of this section hold locally at the level of
densities. For instance the local version of Formula (BZl) states that, under the same hypotheses,
for any k € Z we have
9
(3.27) lim (1 (@) = Lps (¢)) = —cpos(a).
9/

s—k 6
Therefore, we get a wide class of examples of elliptic WDO’s for which, not only the regular values at
the origin of the zeta functions are independent of the spectral cut, but the densities lim,_,o#p—«(z)

themselves are independent of the spectral cut. Notice that, as for the vanishing at the origin of
residue of the local eta function, this fact is not true in general (e.g. [Gd], A1, pp. 130-131]).

4. SPECTRAL ASYMMETRY AND NONCOMMUTATIVE RESIDUE OF A ¥ DO PROJECTOR
In this section we shall simplify the proofs of the following results of Wodzicki.

Theorem 4.1 (MaZ 1.24]). The regular value at the origin of the zeta function of any elliptic
W DO of positive order on M is independent of the choice of the spectral cut.

Remark 4.2. The above result was first announced [8al], but the initial argument of Wodzicki was
not quite complete (see the corrigenda in [MaZ, 1.25]).

Theorem 4.3 (8o 7.12]). The noncommutative residue of any zero’th order W DO projector on
M is always zero.

Remark 4.4. Even though it is not explicitly written in [MaZ 7.12], Wodzicki really meant YDO
projectors of order zero, and not WDO projectors of any order, since he assumed that the ¥YDO
projectors he considered had either order 0 or are smoothing.

In 87, 1.24] Wodzicki obtained Theorem [l as a consequence of the characterization of local
invariants of spectral asymmetry that he proved in that paper. Then he obtained Theorem EZ by
proving that it was equivalent to Theorem [ (see [N 7.9-12]). Note that if P is an elliptic
UDO of positive order and Ly, 0 < 6 < 27, and Ly, 8 < @' < 27, are spectral cuts for both P and
its principal symbol p,,, then by Theorem B2 we have

(4.1) ord P.(Ca(P;0) — (g (P;0)) = 2im Res Ilg g/ (P).
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Since Il g/ (P) either is a WDO projector of order 0 or is smoothing we immediately see that
Theorem IE implies Theorem EJL

As alluded to in Introduction the proof of Wodzicki’s characterization of local invariants of
spectral asymmetry is quite difficult and very involved. We shall give here a proof of Theorem EJl
and Theorem EZ3 which bypasses this characterization and is quite close to the proof of Atiyah-
Patodi-Singer [AESY] and Gilkey ([5Z], [5d]) of the regularity at the origin of the eta function
of a selfadjoint elliptic ¥DO. The starting point is the following homotopy lemma, which will be
proven later on in this section.

Lemma 4.5. Let [1g and 11y be zero’th order W DO projectors and assume that the principal symbol
of lly can be connected to that of 11; by means of a C'-path of homogeneous symbols (mt)o<i<1 such
that 7y is a projector for every t. Then Il and Reslly have same noncommutative residue.

Let S*M 2 M denote the cosphere bundle of M and recall that while K°(S*M) is the group of
formal differences of stable homotopy classes of (smooth) vector bundles over S*M, the group
Ko(C™(S*M)) consists of formal differences of (smooth) homotopy classes of idempotents in
Mo (C(S*M)) = @}Mq(C“(S*M)). In fact, by the Serre-Swan Theorem the map e — ime
from idempotents of M, (C*(S*M)) to (smooth) vector bundles over S*M induces an isomor-
phism from Ko(C*(S*M)) onto K°(S*M) (e.g. [BH]).

Now, it is convenient to describe K°(S*M) as follows. We call projective pair a pair (7, ) where
£ is a smooth vector bundle over M and © € C*(5*M,End pr*€) is a projector. The sum of
projective pairs is given by taking direct sums, i.e. (71,&1) & (72, &) = (m1 @ 72, & B &), and we
will say that two projective pairs (71, &1) and (7g, £2) are equivalent when there exist smooth vector
bundles F; and F3 over M such that & & F; and & @ F, are isomorphic vector bundles and under
the corresponding identification of pr*&; @ pr*F; and pr*&; @ pr*F; the projectors w1 @ Op+ 7, and
7y @ Op 7, are homotopic.

Notice that if e; € M,, (C*°(S*M)) and ey € M,,(C*°(S*M)) are idempotents which are homo-
topic as idempotents in M., (C°(S*M)), then they define equivalent projective pairs (e, M x C?)
and (eq, M x C#2).

Conversely, let (7, &) be a projective pair. Then there exists a (smooth) vector bundle F such that
EGF ~ M xC (cf. [Ad]). This yields an identification of pr*€@pr*F with S*M x C? = pr*(M xC?)
under which 7 @ Op=# corresponds to an idempotent e in C*°(S*M,End C?) = M, (C*(S*M)).
This idempotent depends on F and on the isomorphism £ @ F ~ M x C? only up to similarity in
M (C*(S*M)), hence only up to homotopy. Moreover, any other element in the equivalence class
of (m,&) yields an idempotent which is homotopic to e.

The two constructions above give rise to maps between homotopy classes of idempotents of
Mo (C*(S*M)) and equivalence classes of projective pairs. These maps are inverse of each other
and are compatible with direct sums, so they give rise to isomorphisms between Ky(C'*(S*M))
and the group of formal differences of equivalence classes of projective pairs. Combining this with
the aforementioned Serre-Swan isomorphism K°(S*M) ~ Ko(C*(S*M)) we obtain:

Proposition 4.6. The map (r,E) — im 7 from projective pairs to smooth vector bundles over S*M
induces an isomorphism from the group of formal differences of equivalence classes of projective
pairs onto the K-group K°(S*M).

Now, let (7,&) be a projective pair. Endowing & with a smooth Hermitian structure we may
assume that 7 is selfadjoint, since 7 is homotopic to the selfadjoint projector onto its range (see [&I,
Prop. 4.6.2]). Set fo =27 — 1 =7 — (1 — 7) and given some m > 0 define

(4.2) P (,€) = folz, EEITHIE™,  (2,€) € T*M \ 0.
Then py, is a selfadjoint invertible homogeneous symbol of degree m. Let P, ¢) € U™ (M, E) have
principal symbol p,,(z,£) and be selfadjoint. Then Pz ) is elliptic and the principal symbol of
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I} (Pirey) = %(1 + P|(W75)P|(_7r175)) is equal to Il (py,) = %(1 + fo) = 7(z,€), so is homotopic to
7(z,&) whatever hermitian structure is put on £ and whatever choice is made for Pr e)-

Let (m1,&1) be a projective pair in the equivalence class of (7, ). Then there exist smooth
vector bundles F and F; over M and a smooth isomorphism of vector bundles ¢ : £ & F —
& @ Fy such that ¢(z) (w1 (2, &) ® Opesr, ,)P(x) is homotopic to 7(z,&) @ Oz, as projectors
in C°°(S*M,End(pr*€ & pr*F)). Endowing F with a Hermitian structure we give & & F; the
Hermitian structure corresponding under ¢ to that on £ & F. Then ¢ becomes unitary and the
principal symbols of 114 [¢7" (Pir, £,) @ 07,) 0] = 67 [ (P, £,)) © 07,]¢ and 114 (Pire) @ 0F) =
I} (P(r¢)) ® 07 are homotopic. Therefore, using Lemma [ (and the invariance of the noncom-
mutative residue by isomorphisms of vector bundles) we get

(4.3) Res Il (Pirg)) = Res Iy (Prey) ® 05) = Res ¢ [ (P, &,)) @ 07,16 = Res Py gy,

i.e. Reslly (P e)) depends only on the equivalence class of (7,&). Thus we define a map from
equivalence classes of projective pairs to C by letting

(4.4) pr[T, ] = Res Il (P e))-

This map is additive since given two projective pairs (m1,&1) and (72, &) the WDO projectors
4 (P @, £106,)) and Ty (P, g,)) @ 114 (Pr, 6,)) have homotopic principal symbols. Thus,

(4.5) pR[T1 @® 7o, &1 & E] = Res[ll4 (Pr, e)) @ W4 (Pir, 65))] = prIT1, E1] + pRI72, ).

Therefore, in view of Proposition 2 this gives rise to an additive map pr : K°(S*M) — C such
that for any projective pair (7, £) we have

(4.6) pr(im 7] = Res Il (P ¢))-

On the other hand, the subgroup pr*K°%(M) C K°(S*M) corresponds to formal differences
of equivalence classes of projective pairs of the form (pr*le, ). As Iy (P(pr+1,,.e)) has principal
symbol pr*1lg, which is also the principal symbol of 1¢ on which Res vanishes, we deduce that pr
vanishes on pr*K%(M).

Finally, let 11 : C*°(M,&) — C*(M,&) be a ¥YDO projector of order 0 and let 7y be the
principal symbol of 1. Then (o, £) is a projective pair and, as the principal symbol of I14 (P, ¢))
is homotopic to mg, we get

(4.7) pr[im mo] = Res 14 (P(z, ¢)) = ResIl.

Moreover, if P is a selfadjoint elliptic WDO of positive order then, as P|P|™! = 211, (P) — 1, we
get

(4.8) ord P.res;—o 1(P; s) = Res P|P|™' = 2 Res 11, (P) = 2pg[im 114 (p,)],
where p,,, (2, &) denotes the principal symbol of P. Therefore, we obtain:

Proposition 4.7. 1) There exists a unique morphism pg : K°(S*M)/pr*K°(M) — C such that
for any zero’th order VDO projector 11 on M with principal symbol 7g we have

(4.9) Res Il = ppg[im 7q).

2) There exists a unique morphism paps from K°(S*M)/pr*K°(M) to C such that for any
elliptic selfadjoint VDO P on M of order m > 0 and with principal symbol p,, we have

(4.10) ord P.ress—o n(P;s) = paps[im 114 (pn)].

3) We have paps = 2pr.
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Remark 4.8. The second part above is a well-known result of Atiyah-Patodi-Singer [AESZ, Sect. 4].
In fact, the above description K°(S*M)/pr*K°(M) in terms of projective pairs is merely a variant
of the description in [AESZ Sect. 4] in terms of selfadjoint elliptic symbols. It is anyway interesting
to note that we obtained the last two statements of Proposition EElin the same time as we got the
first one.

Now, we can prove the vanishing of the morphism ppr in the same way as Atiyah-Patodi-
Singer [AESY] and Gilkey ([a?], [F]) did for proving the vanishing of psps. For sake of com-
pleteness we give a brief outline below.

First, possibly by passing to the oriented double cover of M we can assume M oriented (e.g. [AESZ,
p. 84]). Then we have to distinguish between the odd and even dimensional cases.

- Odd dimensional case ([BESZ]). In this case K°(S*M)/pr*K°(M) is (rationally) generated by
twisted signatures classes, i.e. those classes of the form [im 7¢ o] where 7¢ ¢ is the principal symbol
of the positive projector I1; ()).) associated to the signature operator J), with coefficients in an
auxiliary bundle & (see [AESZ Prop. 4.4]). Then it is enough to show that pgr vanishes on these
classes. In fact as J); is a geometric Dirac operator the vanishing of Res I} () = 1 res,—o n(Pg; s)
can be obtained by using invariant theory ([AESZ], [iF]) or, alternatively, by means of direct heat
kernel arguments which show that n(}).; s) is analytic for ®s > —% (cf. [BEL Thm. 2.6]; see also [Md,
Sect. 8.13]). In any case we deduce that pr vanishes on odd dimensional manifolds.

- Even dimensional case ([zZ], [aF]). In this case we cannot make use of twisted signature
operators to generate K°(S*M)/pr*K°(M). Nevertheless, Gilkey [[zd] showed that, on the one
hand, Ko(S*M) was generated by those classes [im 1} (p,,)] coming from principal symbols of self-
adjoint elliptic differential operators and, on the other hand, if P is a selfadjoint elliptic differential
operator on M then there exists a selfadjoint elliptic differential operator  on M x S! such that
ResIly(P) = ResIly(Q) (since ress—o n(F;s) = ress=on(Q;s)). Thus the vanishing of pg in the
even dimensional case follows from the vanishing of pg in the odd dimensional case.

Now, combining the vanishing of pr and Formula (M) we see that, without any appeal to
Wodzicki’s characterization of local invariants of spectral asymmetry, we recover Theorem E and
Theorem EL

Finally, it remains to carry out the proof of Lemma E3

Proof of Lemma 3} First, as Iy and [1; are projectors for any A in Ag := C\ {0, 1} we have

(4.11) (I; =)t =211 -1;) + (1= A)~,, j=0,1.

Therefore, if I' denotes a (direct) circle about A = 1 with radius r € (0, 1), then we have
1

4.12 Mj=-— [ (I;=XN)7"d\, j=0,1.

( ) J U F( J ) y ] 07

In the sequel we say that P € WO(M, &) is an almost projector when its principal symbol is a
projector and, given any Fréchet algebra A, we let A; denote the Fréchet algebra C1([0, 1],.4). Also,
recall that WO(M, €) carries a natural Fréchet algebra structure (see Corollary BE&in Appendix).

Claim. 1) There exists a C'-path P, € WO(M, £); of almost projectors connecting Ilg to I1;.
2) There exist Q+(A) in Hol(Ag, ¥°(M, £);) and R; and S; in Hol(Ag, ¥~ (M, &);) such that

(4.13) (P, = NQN) =1- Ri()\) and Q:M\)(P—A)=1-S5,.

Proof of the claim. 1) Let us cover M by finitely many domains U; of local charts x; : U; — V;
over which there is a trivialization 7; : £, — U x C". Also, let (¢;) C C*°(M) be a partition of
the unity on M subordinated to the covering (U;) and for each index i let ¥; € C*°(U;) be such
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that ¢; = 1 near supp ¢;. Then by Lemma [BEXin Appendix we can define a C'-family of UDQ'’s
of order 0 by letting

(414) pf = Z@iﬂ*ﬁ?[ﬁ'i,t(f, D)]% 0<t<1,

where 7;4(z,€) € S°(U x V;,End C"); is a smoothed version of (KixTix1 0] pagryo) (%, €)- Notice that

the principal of P, is just ;. As by hypothesis 7y is a projector we see that P is an almost projector
for every t. Moreover, since mg and 7, are the principal symbols of Ily and Tly, the ¥DO’s Py and
P, have the same the principal symbols as ITy and ITy, respectively. Therefore, a C''-path of almost
projectors joining Iy to 11y is given by

(4.15) Pr= P+ (1—t)(Ilg — Po) + (T, — P,).

2) Since P; has principal symbol 7, which is projector, we see that P, — X is elliptic for every
A € Ag. Let us now show that we can carry over the parametrix construction for F; — A in such

way to get an element of Hol(Ag, ¥°(M, €);). To do this notice that on V; each homogeneous
o
A and is C'! with respect to . Then by an easy adaptation of the proof of the Borel’s Lemma
for symbols (e.g. [Ed, Prop. 18.1.3]) we can construct qt(l)()\) in Hol(Ag, S°(V;, End C?);) such that

qfl)()\) ~ th(jlj()\) Therefore, we get a global parametrix on M by letting

(4.16) QN =Y i silal) (V) (x, D).

Moreover, by Lemma B=lin the appendix this defines an element of Hol(Ag, (M, £)).

Finally, for A € Ag and t € [0,1] let Ry(A\) = 1 = Q¢(A\) (P — A) and S; = 1 — (P — A)Q(A).
As WO(M, €) is a Fréchet algebra R;(A) and S;()) both belong to Hol(Ag, WO(M, £):). Moreover,
for every t and every A the operators R:(A) and S;()) are smoothing, since @;(\) is a parametrix
for P, — A. Therefore, on any local trivializing chart their symbols have no nonzero homogeneous

components, so R;(A) and S¢(A) are in Hol(Ag, U= (M, £)y). a

component g, ” -(A) of the symbol of a parametrix for x;.7;x(F,.) — A is analytic with respect to

Since the asymptotic resolvent @Q;()\) belongs to Hol(Ag, (M, £);) we can interpolate For-
mula (20 ”modulo smoothing operators” by letting

1
4.17 = — A)dA 0<t <1
(417 Q=5 [@an  0<is
This defines an element of W(M, £),. Observe also that, for j = 0, 1, the equality (E=Id) shows that
(I; — A)~! is in Hol(Ag, ¥(M, E€)). Thus setting ¢ = j in (&) and multiplying the two sides of
the first equality there by (II; — XA)™! show that @;(X) = (II; — A\)~™! modulo Hol(Ag, ¥~°°(M, &)).
Combining this with (B8 we get (); = [I; mod ¥~*°(M, £). Hence
(4.18) Res@; = Resll;, 7=0,1.

Next, since @+ belongs to Hol(Ag, ¥O(M, £);) and (BEIH) shows that Res is a continuous linear
functional on the Fréchet algebra W°(M, &) we have:

d . 1 .
(4.19) ERes Q¢+ =ResQ; = Zim /F Res 0:Q+(A)dA.
Now, differentiating with respect to ¢ the first equality in () gives
Then multiplying this equality by Q:()\) and using the second equality in (&) we obtain
(4.21) (1= S:(N)Q:A) = =Q:(N) PQ:(A) — Qe(\) Ry,
(4.22) Qi) = —Q: (N P.Q:(N\) mod Hol(Ag, =% (M, £);).
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Similarly, repeating the same arguments with differentiation with respect to A we get

(4.23) DQr(N) = QN [0A (P, — N]Q:(A) = Q:(N)?  mod Hol(Ag, U=*°(M, £),).

Now, since Res is a continuous trace on WO(M, €) and vanishes on W=°°(M, &) the equalities (E=23)
and (E=Z3) show that

(4.24) ResQ:(\) = — Res[P,Q (M) = — Res[PiQ:(M)?] = 9 Res[P:Q: (V)]
Combining this with (=) gives % Res@; = # fF 12\ Res[PtQt()\)]d)\ = 0. Hence Res(Qg = Res (Y.
Then using (EIH) we deduce that ResIly = ResIl;. a

Remark 4.9. 1t is possible to prove Theorem EJl and Theorem EX by using an approach similar
to that of Wodzicki in [Mal] and [8¥aZ Sect. 7] and which also bypasses his characterization of
local invariants of spectral asymmetry. To see this consider two rays Lg and Ly with 0 < 0 <
0" < 2r and for m > 0 let Elly, (M) consist of all m’th order elliptic ¥DO’s P on M such
that Ly and Lg are spectral cuts for both P and its principal symbol. Then Wodzicki ([Madl
pp. 126-129, 133-135], [MaZ, pp. 148-150]) proved that there exists a unique morphism pg ¢ from
K°(5*M)/pr*K°(M) to C such that for any P € Ellj;, (M) with principal symbol p,,, we have

(4.25) ord P.(Ca(P50) — Cor (75 0)) = pg,or[im g g1 (P )]

Moreover, in 8o, 7.9] Wodzicki showed that for any zero’th order WDO projector I1 with principal
symbol 7 there exists Py € Ellg’ o (M) with principal symbol p,, such that:

(i) We have [im 7] = [im [1g ¢ (ps)] in K°(S*M);

(i) We have 2im Res Il = ord P1.(Co (P15 0) — Cor (P13 0)).

This uses the analytic continuation of ord P.{y(P;0) and ord P.y (F;0) to Ella o (M) (see [MZ,
7.1-8]). Combining the properties (i) and (ii) with (E=Z3) we can recover Lemma = and the first
part of Proposition 23 In fact, we can also recover second and third parts of Proposition EZ by
using (E3) and specializing the arguments of [, 7.9] to selfadjoint elements of ElIf . (M). Then
by proceeding as before we can show the vanishing of the morphisms pg ¢ and pgr, and so recover
Theorem B and Theorem 3

In fact, our previous approach allows us to easily recover the existence of the morphism pg g

Indeed, from (EZl) and Proposition (E=1) we get

(4.26) ord P.(Ca(P;0) — (g (P;0)) = 2im Res g g/ (P) = 2impg[im g g (pr)],

since Ilg g/ (prm) is the principal symbol of Ilg g:(P). Moreover, if (7, £) is a projective pair then 7 is
homotopic to Ilg g (pm ), where p,, is the principal symbol of any element of Ellg ¢:(P) of the form

(6,6')
(4.27) Pl

Thus K°(S*M) is generated by the classes [im Iy g:(p,, )] coming from principal symbols of elements
of Ellj’y (M). Therefore, Formula (=ZJ) defines a unique morphism pg g from K°(S*M)/pr* K°(M)
to C and in fact, thanks to (EZZH) we have pg g = 2impr = iTpaPS.

On the other hand, as alluded to in Introduction, our first approach has the advantage to hold
for more general traces, since the only properties we need to prove Lemma B and the first part of
Proposition E= are the facts that Res is a continuous linear trace on W(M, £) and that it vanishes

on 1+ U=>(M,¢E).

= Ty (P Py = €T (Pirg)) Pir)yy 0 <w <8 <w'<f+2m

APPENDIX A. SPECTRAL ASYMMETRY AND CAYLEY-HAMILTON DECOMPOSITION

In this appendix we give a new proof of the formulas (IE3)-([E) of Wodzicki (a3, [iad])
by making use of the spectral representation of the projector Ilg¢:(P) given in [Eal] and of the
Kontsevitch-Vishik canonical trace. Here we let P : C*(M, &) — C*(M, &) be an elliptic ¥ DO of
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order m > 0 and assume that Ly = {arg\ =8}, 0 < 6 < 2x, and Ly = {arg A = 0}, 6 < 6’ < 27,
are spectral cuts for both P and its principal symbol p,,(z,£).
Let us first suppose that P is selfadjoint. Then we have

(A1) P =14 (P)|P)° + e ™_(P)|P|* and P =114 (P)|P|]° + €™ 1_(P)|P|’,

where 14 (P) and I1_ (P) denote the orthogonal projectors onto the positive and negative eigenspaces
of P. Hence

(A.2) P — P = (e7'™ — ™)I_(P)| P = (1 — e*™)[I_(P) P
Therefore, in the selfadjoint case, the spectral asymmetry of P is encoded by the projector I1_(P).

Now, let us deal with the general case. Then Formula (=) tells us that for any s € C we have
(A.3) P = P = (1= ™)Ly 0 (P) Py,
where Il ¢/ (P) is the operator given by

1 _ -
= 2—/ pH (T — p)~dp,
m FB,B’,T

Top,r = {pei00> p>r}U{re’;0 <t <O}U{pe;r < p < oo},

(A4) My g(T)

with r small enough so that no non-zero eigenvalue of T" lies in the disc |A| < r. In fact, g g (P)
is a WDO projector which either has order zero or is smoothing (cf. [Mad], [Eai]).

In the selfadjoint case the projector Ilg ¢/ (P) coincides with I1_(P) when 0 < § < 7 < 8’ < 27,50
that it has a clear spectral interpretation as the orthogonal projector onto the negative eigenspace
of P. As shown in [Eal] in the non-selfadjoint case as well we have a spectral interpretation of
g g (P) in terms of Cayley-Hamilton of P, which was briefly reviewed in Section B The point
is that we can associate to the ”infinity” of the open angular sector Agg = {6 < argA < '} a
characteristic subspace Fyg g, C Foo(P) which is the range of a characteristic projector Ilg g o (P)
by letting

(A5) Hgﬁlpo(P) = lim

Jim o p PP —p) tdp and  Egg oo (P) = imIlg e o (P),

Lo r
o6, = {pes00 > p>r}Uire’; 0 <t <#}U{pe;r < p < oo},

where the limit exists with respect to the strong topology of £(L*(M, £)). Then we get the following
spectral interpretation of Ilg g/ (P).

Proposition A.1 ([Eal]). 1) The family {1y g/0c (P) }U{II\(P) }resp Pra, ,, i5 an orthogonal family
of projectors and with respect to the strong topology of L(L*(M,E)) we have

(A.6) g (P) =g 00 (P) + Z I, (P).
AESp PNAg o

2) The projector 1l g: (P) projects onto Eg g0 (P) + (4respPra, . 21 (P)) and along the subspace
Eo(P) + Eg g12r.00(P) + (resp Pring g, 0, EX(P)).
We shall now make use of (BZH) and of the Cayley-Hamilton decomposition (E@) for proving

Formula (B=0).

Proof of Formula (AZ]). Let us assume Rs < 0. Since by the Cayley-Hamilton decomposition (E=)
we have 37, cqp oo IIN(P) = 1 we have

(A7) Py-Fp= ) IL(P)(P;-Pp).
A€Sp Pu{co}
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Similarly, thanks to (BX) we get

(A.8) Moo (PYP =Mgpea(P)PF+ Y T\(P)F}.
AESP PA o
Now, let A € Sp P\ 0. We may suppose that the radius of the circle I'(yy in Formula (B&=3) which
defines I1,(P) is small enough so that I'(y isolates A from the origin and the rest of the spectrum
of P and I'yy does not intersect the rays Ly and Lg. Then using the identity (P—pu)~'(P—v)~' =

(n=v) (P = p)~! = (P —v)7'] we get:
(A.9)

My(P) j/ /Qe P(P = 1) (P = 1)~ dpdy,

Sdy 1 pldp
W IP(P—p / i dy + — viP(P—v)™! / dv,
o Gy e R o MUY e

-1

-1 1
S PP - ) 'd
2ir ., )H@ (P —p)~ dp,

where the powers v and ,uz_l are defined relatively to the continuous determination of the argument
on C\ Ly with values in (0,6 — 27), e.g. ,uz_l = ei(s_l)arg9“|u|5_1). Similarly, we have

1

(A.10) mﬁmz;%‘WT@Mwm
(A)

2w
where ug,_l is defined by means of the continuous determinations of the argument on C\ Ly that
take values in (6,6 — 27).

Notice that since 0 < 8 < 6’ < 27 we see that if ' — 21 < argyu < 6 then argg pu = argg u and
ps = pf, whereas if  — 27 < arggp < ' — 27 then argy u = argg o+ 27 and pf, = e*™*uf. Thus,

s _ | I\N(P)P; =11\(P)F} if 0/ — 27 < arggp < 4,
(A-11) M\(P) Py = { (P) B, = e2™ 1, (P)P} i 6 — 27 < argyp < 6 — 27.
On the other hand, we have
(A.12) e (P)P; = lim / / YWweP(P — )~ (P - v) tdudy.
R=o0 J|ul=R JTy
In fact, when R > r arguing as in (BEZd) enables us to get
1.5 _ 1
a3 [P (P v = S [ PP ),
lul=R JTq U Jlul=R

Since we have Rs < 0 the r.h.s. above converges to zero as R — oco. Hence Il (P)P; = 0. In the
same way we get I (P)P; = Il g (P)FP; = 0.
Moreover, using the group property of the complex powers we obtain

(A.14) Lo (P) Py = o (P)P§P; = 1lo(P)(1 — lo(P)) P = 0.

All this shows that in the summations in (BZ8) and (B3) only the eigenvalues contained in Ag g
give a non-zero contribution. Therefore, using (BZXl) we get

(A.15) Pp-Pp= ) (1=€)\(P)F = (1 - ™) lgp(P)F;.

AESpPUA, o
This proves the equality (B for ®s < 0. Since both side of (BZW) are holomorphic families of
UDO’s we get the equality on the whole complex plane by analytic continuation. O
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Next, since Formula (BZ0) yields an equality between holomorphic families of ¥DO’s, composing
it with the Kontsevich-Vishik canonical trace allows us to recover Theorem = in the form below.

Theorem A.2. We have the following equality of meromorphic functions

(A.16) Co(P;s)— Cor(P;s)=(1-— 6_2ms) TRHgﬁ/(P)PQ_S, s e C
In particular, at any integer k € Z the function (g(P;s) — Cgr(P; s) is regular, and there we have
(A.17) ord P. lirr}c(Cg(P; s) — Cor(P;5)) = 2im Res g g (P)PF.

s—

Corollary A.3. Let k be an integer and assume that Res P™F = 0, so that (y(P;s) and Cgr(P; s)
are reqular at s = k. Then we have:
(A18) C@(P; k) = CQI(P; k) <= Res Hgﬁ/(P)P_k = 0.

Moreover, as a consequence of the spectral interpretation of Iy ¢/(P) and of Theorem B2 we

will obtain:

Proposition A.4. Assume that the principal symbol of P has no eigenvalue within the angular
sector Agg. Then for any s € C we have

(A.19) Go(Pys) = Cor(Pss) = (1—e72™) Y~ Ag*dim Ex(P),
AESP P g

where the sum is actually finite. Thus Cg(P;s) — Cor(P; 8) is an entire function vanishing at every
integer point and, in particular, the regular values (g(P;0) and (g (P;0) coincide.
Proof. First, by a result in [Eald] if the principal symbol of P has no eigenvalue in Agg then
Sp PN Ag g is finite and Tlg g o (P) = 0. Therefore, using (BX) we get
(A.20) Mo (PYPy= > Ii(P)F;, secC

AESP P o
Since each operator Iy (P) P} is smoothing, hence trace-class, combining this with (BZl) shows that
for Rs < 0 we have

(A21) (o(P;s) — Cor(Pys) = (1 — e 279) Z Trace I, (P) Py,
AESPPNA,
= (1 — e 27 Z / p* Trace[l1y(P) (P — p)~']dp.
AESpPNA, 6 710

Claim. For any A € Sp P and any p € C\ Sp P we have
(A.22) Trace[ll(P)(P — )~ '] = (A = p)~ dim By (P).
Proof of the claim. Without any loss of generality we may assume A = 0. Recall that, as alluded
to in Section B, there exists an integer N > 1 such that Fy(P) = ker PN. Since I[lg(P) commutes
with P it follows that (Ilo(P)P)N = PNIlg(P) = 0. Thus Ilo(P)P is a nilpotent operator with
finite rank. Thus,

N . .
(A.23) o(P)[> p= G+ PAY(P — ) = Ho(P)(PY = 1) = —Tlo(P).

=0
Composing this equalitly with (P — p)~1 yields I\ (P)(P — pu)™' = — Z;\;O p~ U (P)PI. Since
each operator Ilg(F) P’ is nilpotent for j > 1, we get

N
(A.24)  Trace[lly(P)(P —p)~'] = — Z p~ UG (P) P = —p Trace [y (P) = —pdim Eo(P).
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Hence the claim. O

Combining the claim with (BZZW) shows that (4(P;s) — (g (P;s) is equal to
(A.25)

(1—em) ) pe (= N)7Hdim Ey(P)dp = (1—e727™) Y~ \jdim E\(P).
AESpPAA, 5 710 AESpPAAg o
This proves (B=X) for s < 0. The general equality follows by analytic continuation. O

Finally, let us look at Theorem B= and Proposition B2 when P is selfadjoint. To this end let
F =114 (P) — II_(P) be the sign operator of P. Then using (Bl we obtain:

(A.26) P? — F|P) = (14 e ™)II_(P)|P].
Combining this with (B=3) and using the fact that (1 — €'™*)(e™"™ 4 1) = e™'™ — €™ we get
(A.27) PP — PP = (7™ — ™) (1+ e ™) (P2 — F|P|) = (1 — ™) (P - F|P|*).
As the eta function of P is n(P;s) = TR F|P|™* we get the following (see also [MWall, Prop. 6]).
Proposition A.5. 1) We have:
(A.28) G(P5s) = G(Pss) = (1 — ™)y (Prs) — (1 — ™ )n(P;s),
(A.29) ord P. li%(CT(P; s) — (,(P;s)) = ir Res P™% — imord P. res,—p n(P; 5), k€ Z.
s—
2) Let k € Z and suppose that Res P~% = 0, so that (;(s) and (,(s) are both regular at s = k.
Then we have:
(A.30) (P k) = (P k) < n(P;s) is regular at s = k.
Remark A.6. The equality (B=Z) was first observed by Shubin [BH, p. 114].

Remark A.7. From (BZ3) we see that once (;(P;s) and ( (P;s) are regular at s = k the non-
regularity of the eta function at s = k is the only obstruction to their non-asymmetry at s = k.
However, when (;(P;s) and ( (P;s) are regular at s = k there are examples for which n(P;s) is
regular at some integer, although lim,_x((;(P;s) — ¢ (F;s)) is non-zero (¢f. Proposition BEZ).

On the other hand, since P is selfadjoint the characteristic space Fy\(P), A € Sp P, coincides
with ker(P — A) (e.g. [Ba]). Moreover, the condition on the principal symbol in Proposition BEZ
means that it has to be positive and we have A\{* = ¢™|A|°. Therefore, in the selfadjoint case
Proposition B=0 becomes:

Proposition A.8. Suppose that P is selfadjoint and has a positive principal symbol. Then for any
s € C we have

(A.31) C(P;s) = G(Pss) = 2isin(rs) > |A|7* dim ker(P — ).
A0

APPENDIX B. FRECHET ALGEBRA STRUCTURE FOR UDOQO’s.

In this second appendix we briefly recall how the WDO’s can be endowed with a natural Fréchet
space structure.

First, let m € C and let V be an open subset of R”. As the homogeneous components p_;’s in the
asymptotic expansion p(z,&) ~ Y50 p—j(2,§) for a symbol p € S™(V x R”,End C") are uniquely

25



determined by p, we turn S™(V x R”, End C") into a Fréchet space by means of the seminorms,

(B.1) sup sup |(1+ [¢)) "0z a p(x, &), sup sup 039, p_;(x,€)l,
ze€K EER™ zeK |¢|=1
(B.2) sup sup [¢|7F N 9207 (p - " p_j) (@, €]
zeK [¢]>1 J<N

where N ranges over integers, K over compacts subset of U and a and § over multiorders. In this
setting the quantization map p — p(z, D) is continuous from S™(V x R™ End C") to the Fréchet
space L(C(V,C),C*(V,C")) and for any pin S™(V xR”, End C") the distribution kernel k,(z, y)
of p(z, D) is represented outside the diagonal by a smooth function depending continuously on p
(see [Hd, Thms. 18.1.6 and 18.1.16]).

Now, we cannot immediately turn W™ (M, ) into a topological space by means of the above
topology, because in (&) the pair (p™7, R™7) is not unique. To remedy this we need:

Lemma B.1 ([Ed, Prop. 18.1.19]). Let P € L(C™(M,&)) have a distribution kernel which is
smooth off the diagonal. Then the following are equivalent:

(i) P is a VDO of order m;

(ii) For any trivialization 7 : £, — U x C" over a local chart k : U — V C R" and for any ¢
and ¥ in C(U) we have k.7 (pP) = 6™ (eP)(z, D) with 6" (ePv) in S™(V x R”, End C").

In the sequel we let L>(M x M \ A, ) denote the Fréchet space of the smooth sections of the
vector bundle £ X (£* @ |A|(M)) over the complement M x M \ A of the diagonal A in M x M.
Definition B.2. The topology of V" (M, ) is the weakest topology such that:

- The map P — kp(z,y) is continuous from W™ (M, E) to K=(M x M\ A, €£);

- For any quadruple (s, 7, @, ) as in Proposition Bl (ii) the map P — o™7 (@ Pv) is continuous
from W™ (M, &) to S™(V x R", End C").

|M><M\A

Let (¢i)i<i<ny C C*°(M) be a (finite) partition of the unity on M which is subordinated to an
open covering (U;) by domains of local charts ; : U; — V; under a trivialization 7; : 5|Uz‘ — U; xC,
and for each index ¢ let ¥; and y; in C2°(U;) be such that 1; = 1 near supp¢; and y; = 1 near
supp ;.

Lemma B.3. Let 7: &, = U X C" be a trivialization over a local chart k : U — 'V and let ¢ and
¥ be in C°(U). Then:

1) The map p — o1*r*(p(z, D)) is continuous from S™(V x R™, End C") to W™ (M, E).

2) There exist continuous linear maps ©* from S™(V; x R™, End C") to S™(V x R", End C") and
r from K®(M x M\ A,€) to S™(V x R*, End C") such that, for any P € V™ (M,E), we have

N
(B.3) UH,T(¢P¢) — Z,H.Z[Umm‘ (XiPXi)] + r(kP|M><M\A)'

=1
Proof. 1) First, recall that by [Hd, Thm. 18.1.7] if ¢ : V. — V' is a diffeomorphism from V onto
another open subset V'’ of R” and if x and p are in C'2°(V), then for any p in S™(V x R”) there
exists a unique symbol p¢ , € S™(V’ x R™) such that

(B.4) ¢« (xp(2, D)p) = pf (2, Dy).

We claim that the map p — p? , is continuous. To see this let (Pr)k>0 C S™(V X R™) be a sequence
such that pr — p in S™(V x R") and pixp — ¢ in S™(V’' x R"). Since the quantization map
p — p(z, D) is continuous from S™(V x R") to L(C(V),C*(V)) we have

(B.5) 6. (p(z, D)) = lim 6. (¢pi(a, D)) = lim pf, (', Do) = g2, D).
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Thus ¢ and pzw coincide by injectivity of the above quantization map. As S™(V x R") is a Fréchet
space it then follows from the closed graph theorem that the linear map p — pgw is continuous
from S™(V x R”) to S™(V' x R").

Now, let 7: &, — U x C" be a trivialization over a local chart & : U — V and let ¢ and ¢ be
in C2°(U). Thus there is a transition map 7' € C*(sk(UNU),GL(C")) such that

(B.6) [(f@1le)oFo[(k®le)or]  (z,€) = (Ror™(z),T(2)E), (z,6)ew(UNU)xC.
Let p € S™(V x R",End C"). Then we have

(B.7) R (@K (op(z, D))Y] = (R o k™ 1) [XTp(x, D)T 9],

where we have let y = (pox™")(por™!) and 5 = (o k~1)(p o k~1). Therefore, thanks to the
continuity of the maps () there exists a continuous linear map 7" ’j(p’zz from S™(V xR™ End C")

77—7@7
to S™(V x R", End C") such that
(B3 ok (pla, DYE)T] = 72T ).

Since we already know that the distribution kernel of p(z, D) is represented outside the diagonal
by a smooth function depending continuously on p, this shows that the map p — ¢x*(p(z, D))v is
continuous from S™(V x R™, End C") to U™ (M, £).

2) Let P € U™(M, ). Since (p;)i1<i<m is a partition of the unity we have

(B.9) Tekin(PPY) = Y Tukin(ppi PUith) + T R,

where we have let R = Ef\il @;P(1 — ;). Also, as x; = 1 near supp ¢, by Lemma Bl we have
(B.10) wiPi = wi(xi Pxi) i = @ik [0 7 (xi Pxi)](z, D).

Therefore, using (B3 and letting 7 = ﬂ:’;‘zf/j’%, we can write

(B.11) Tuhin (i PYit)) = Tural i k1[0 (xi Pxi) (2, D)]gbi] = ' [0 (x; Px)] (2, D).

On the other hand, we have x.(pRy) = r(z, D) with r = F,_y¢[k,, (,ry)(z, 7 + y)], because
the Schwartz kernel of k.(¢R%) is smooth and has compact support. This defines an element
r=1(kp|yana) of STF(V x R") depending continuously on kpj,, /. .-

All this shows that 7.k« (@ Pv) is equal to 6% (eP)(z, D) with

N
(B.12) e (SDPZ/J) — Zﬂ.zl:a_m‘m‘ (XiPXi) + r(kP|M><M\A)'
=1
Since r and the 7'’s are continuous linear maps this proves the second part of the lemma. O

Now, Lemma EZd implies that the topology of U™ (M, &), which is complete, can actually be
defined by means of a countable family of seminorms. Thus W™ (M, £) is a Fréchet space. Further-
more, we have:

Proposition B.4. The composition of WDO’s is continuous.

Proof. We need to check that for any complex numbers m; and mg the composition of YDO’s
induces a continuous bilinear map from W™ (M, &) x W™2(M, £) to ¥™1+m2 (M, £). To do this let
(Pe)k>o C U™ (M,E) and (Qr)r>0 C W2 (M, E) be sequences such that P, — P, Qr — @ and
PiQp — Rin U™ (M, ), W2 (M, E) and W™ +72 (M, £), respectively. Then in £L(C™(M,E)) we
have R = lim P,Q; = PQ. Since V™1 (M, ), ¥"2(M,E) and ¥™1+72 (M, E) are Fréchet spaces,
the closed graph theorem then tells us that the bilinear map (P,Q) — PQ is continuous from
U (M, E) x W™ (M, E) to W™1+m2 (M, £). Hence the result. a
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Finally, as a consequence of Proposition B2l we get:

Corollary B.5. (M, &) is a Fréchet algebra.
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