GENERAL THEOREMS FOR STABILITY AND
BOUNDEDNESS FOR NONLINEAR FUNCTIONAL
DISCRETE SYSTEMS

YOUSSEF N. RAFFOUL

ABSTRACT. We consider the nonlinear functional discrete system
z(n+1)=G(n,z(s); 0<s<mn) def G(n,z(-))

and obtain sufficient conditions for stability properties of the zero solu-
tion and for the boundedness of solutions.

1. Introduction

In this work we use Lyapunov functionals to prove general theorems about
boundedness and stability of the solution of the nonlinear discrete system
d
z(n+1) = Gn,z(s); 0<s<n) e cmn,z() (1.1)
where G : ZT x R¥ — R¥ is continuous in z. When Lyapunov functionals are
used to study the behavior of solutions of functional difference equations of
the form of (1.1) , we often end up with a pair of inequalities in the form of

n—1

V(n,z(-) = Wiz(n)) + ) K(n, s)Wa(x(s)), (1.2)
s=0

AV (n,z(-)) < =Ws(x(n)) + F(n) (1.3)

where V is a Lyapunov functional bounded below, x is the known solution of
the functional difference equation, and K, F', and W;,i = 1,2, 3, are scalar
positive functions.

The goal of this paper is to use equations (1.2) and (1.3) to conclude bound-
edness of z(n) when F' is bounded. Also, we obtain stability results about
the zero solution of (1.1) when F' =0 and G(n,0) = 0.

Recently, several authors Medina [9], [10], [11], Islam and Raffoul [7], and
Raffoul [12], obtained stability and boundednes results of the solutions of
discrete Volterra equations by means of representing the solution in terms
of the resolvent matrix of the corresponding system of difference Volterra
equations. Eloe et al. [6] and Elaydi et al. [5], used the notion of total
stability and established results on the asymptotic behavior of the solutions
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of discrete Volterra system with nonlinear perturbation. Their work heavily
depended on the summability of the resolvent matrix. For more results on
stability of the zero solution of Volterra discrete system we refer the reader
to Elaydi [4] and Agarwal and Pang [1]. This research is a continuation
of the research initiated by the author in [12] and related to the work of
Medina in [9]. In this paper we extend some of the results in [2] and later
in the paper, we apply the obtained Theorems to obtain new results related
to the behavior of solutions of Volterra discrete systems.

We say that x(n) = z(n,no, ¢) is a solution of (1.1) with a bounded initial
function ¢ : [0,n9] — R* if it satisfies (1.1) for n > ng and z(j) = ¢(j) for
J < no.

If D is a matrix or a vector, | D| means the sum of the absolute values of the
elements.

Definition 1.1. Solutions of (1.1) are uniformly bounded if for each
By > 0 there is By > 0 such that [ng > 0,¢ : [0,n9] — R* with |¢(n)| < B
on [0, ng],n > no] implies |z(n, ng, ¢)| < Ba.

Definition 1.2. Solutions of (1.1) are uniformly ultimately bounded for
bound B if there is a B > 0 and if for each M > 0 there exists N > 0 such
that [ng >0, ¢ : [0,n0] — R with [¢(n)| < M on [0, ng],n > ng,n > ng+N]
implies |z(n, ng, ¢)| < B.

If G(n,0) =0, then z(n) = 0 is a solution of (1.1). In this case we state the
following definitions.

Definition 1.3. The zero solution of (1.1) is stable if for each £ > 0, there
is a § = d(g) > 0 such that [¢ : [0,n9] — R* with |¢(n)| < & on [0,n0],n >
no] implies |z(n,ng, ¢)| < €. It is uniformly stable if § is independent of ng.

Definition 1.4. The zero solution of (1.1) is uniformly asymptotically
stable if it is US and there exists a v > 0 with the property that for each
f1 > 0 there exists N > 0 such that [ng >0, ¢ : [0,n0] — R¥ with |¢(n)| < v

on [0,ng],n > ng + N] implies |z(n, ng, ¢)| < .
2. Boundedness and Stability

In this section we are going to use (1.2) and (1.3) to conclude boundedness
of the solution z(n) of the functional difference equation

z(n+1) = G(n,z(-)) (2.1)
where G is as described in (1.1), when F' is bounded and when W;(x) — oo
as x| — 00,1 =1,2,3.
Let W; : [0,00) — [0,00) be continuous with W;(0) = 0, W;(r) strictly
increasing, and W;(r) — oo as r — 00,1 = 1,2, 3.
We are now ready to state the main results for this section.



BOUNDEDNESS AND STABILITY 3

Theorem 2.1. Let ¢(n,s) be a scalar sequence for 0 < s < n < oo
and suppose that ¢(n,s) > 0,A,0(n,s) < 0,Asp(n,s) > 0 and there are
constants B and J such that Y . _;¢(n,s) < B and ¢(0,s) < J. Also,
suppose that for each ny > 0 and each bounded initial function ¢ : [0, ng] —
R”, every solution x(n) = z(n,ng, ¢) of (2.1) satisfies

n—1
Wi(lz(n)]) < V(n,z(-)) < Wa(lz(n)]) + D p(n, s)Wa(lz(s)))  (2:2)
s=0
and
AViay(n, 2()) < —pWa(la(n)]) + K (2.3)

for some constants p and K > 0. Then solutions of (2.1) are uniformly
bounded.

Proof. Let H > 0 and |¢(n)| < H on [0,ngl, and set V(n) = V(n,z(-)).
Let V(n*) = maxo<n<n, V(n). If V(n) < V(n*) for all n > ng, then by (2.2)
we have

Wi(lz(n)]) <V(n) < V()

< +2¢nwmwm

n*—1

Wa(lg(n*))) + Y (", ) Ws((s)])

s=0
Wao(H) + BW3(H).

IN

IN

From which it follows that
|z(n) < Wi [Wa(H) + BW3(H)].

On the other hand, if V(n) > V(n*) for some n > ng, so that V(n) =
maXp<s<n V(S)

We multiply both sides of (2.3) by ¢(n,s) and then sum from s = ng to
s =n — 1, we obtain

n—1
> (AV(9))p(n,s) < pz (n,s)Ws(|z(s)|) + KB.
S=no $=no

Summing by parts the left side we arrive at

n—1

V(n)p(n,n) — V(no)p(n,ng) = Y V(s+1)Asp(n, s)

s=no

< —pz (n, s)Ws(|z(s)|) + KB.

s=ng
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Hence

oS plm s Waa(s)) < Vinp(n,n) + Vingp(n.no)

s=ng

n—1
+ > V(s+1)Asp(n,s)+ KB, (24)

s=ng

Since Agp(n,s) > 0, we have for V(n) = maxg<s<p—1 V(s + 1),

n—1 —
Z V(s+1)Asp(n,s) < V(n) Z Asp(n, s)

= V(n)[p(n,n) —¢(n,no)].
Thus, from inequality (2.4) we have

p Z p(n,s)Wa(|z(s)]) < V(n)lp(n,n) —¢(n,no)]

s=ng

V(n)e(n,n) + V(ng)e(n,ng) + KB
(no)p(n,no) + KB

V(no)e(0,n9) + KB

V(no)J + KB. (2.5)

ININ A
<

In view of (2.2), we have

no—1

Vi) < Wallotu)) + 3 el )Walo(e))

< W(H)+ BW3(H)-
As a result, inequality (2.5) yields

n—1
S ol s)Wi(la(s)]) < 22 +pBW3<H> . KIOB‘

Now, inequality (2.2) implies that

no—1 n—1

Vin) < Wa(lz(m)]) + Y elns)Ws(lz(s)]) + D (n, )Wa(la(s))

s=0 s=ng

Wa(lz(n))) + BWs(H) + V2 +pBW3(H) . K;)B
< Wa(lz(n)]) + D(H),

IN

where D(H) = BW3(H) + w + %_

As W3(r) — oo as r — o0, there exists an L > 0 such that W3(L) = %.
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Now, by (2.3), if |x| > L, then AV < 0. Thus, V(n) attains its maximum
when |z| < L. Hence we have

Wi(lz(n)]) < Vi(n) < Wa(lz(n)]) + D(H)
< Wy(L)+ DH.

Finally, from the above inequality we arrive at
[x(n)| < Wi [Wa(L) + D(H)].

This completes the proof. The next theorem extends Theorem 2.1.

Theorem 2.2. Let ¢;(n,s) be a scalar sequence for 0 < s < n < o
and suppose that ¢;(n,s) > 0, Appi(n,s) <0, Aspi(n,s) > 0 and there are
constants B; and J; such that >, ¢i(n,s) < B; and ¢;(0,s) < J;. Also,
suppose that for each ny > 0 and each bounded initial function ¢ : [0, ng] —
R*, every solution x(n) = x(n,ng, ¢) of (2.1) satisfies

Wi(lz(n)]) < Vin,2(,))

n—1
< Wa(lz(m)]) + Y @1(n, s)Ws(|a(s)])
s=0
n—1
+> pa(n, s)Wa(|z(s)]) (2.6)
s=0
and
AVigay(n,z(-)) < —pWs(lz(n)|) — p2Wa(lz(n)]) + K (2.7)

for some constants p; > 0,7 = 1,2 and K > 0. Then solutions of (2.1) are
uniformly bounded.

Proof. We follow the proof of the previous theorem. Let V(n) =
maxo<s<n V(8), n > ng. If the max of V(n) occurs on [0,ng], then it is
trivial. Multiply both sides of (2.7) by ¢;(n,s) and then sum from s = ng
to s =n — 1 to obtain

n—1
pi Y wi(n, s)Ws(jz(s)|) < V(no)J + KB, i=1,2. (2.8)
s=ngo

For H > 0 and |¢(n)| < H, we have

V(no) < Wa(H) + BWs(H) + BsWa(H) < R(H),

and

no—1

Y wiln, )Wiga(Je(s)]) < WiraB;.
s=0

Thus, inequality (2.8) yields,

n—1

R(H)J;, + KB; de
S il ) Wiga(la(s)l) < BT KB  ypt s),
s=0

Pi
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Now, by (2.6), if |x| > L, then AV < 0. Thus, V(n) attains its maximum
when |z| < L and hence

Wilz(n)]) < V(n) < Walla(H)|+ S1(H)] + Sa(H)
< Wo[L+ S1(H)| + S2(H).

From the above inequality we obtain
()| < Wy [ WalL + S)(H)] + Sa(H)|.

This completes the proof.
In the next theorem we obtain boundedness and stability results about so-
lutions and the zero solution of (1.1).

Theorem 2.3. Let ¢(n) > 0 be a scalar sequence for n > 0 and V
and W;,7 = 1,2, be defined as before. Also, suppose that for each ng > 0
and each bounded initial function ¢ : [0,n0] — R*, every solution x(n) =
x(n,ng, @) of (2.1) satisfies

n—1
Wi(lz(n)]) < V(n,z(-)) < aWa(jz(n)]) + Y @ln — s — 1)Wa(|z(s)]) (2.9)
s=0
and
AVigay(n,z () < —pWa(lz(n)|) (2.10)

for some constants p and o > 0.

a) If Y22 ¢(s) = B, then solutions of (2.1) are uniformly bounded and
the zero solution of (2.1) is uniformly stable.

b) If >0 > o2, ¢(s) = J, then solutions of (2.1) are uniformly ulti-
mately bounded and the zero solution of (2.1) is uniformly asymptotically
stable.

Proof. Let H > 0 and |¢p(n)| < H on [0,n¢], and set V(n) = V(n,z(-)).
By (2.10), V(n) is monotonically decreasing and hence, by (2.9), we have

Wi(lz(n)]) <V(n) < V(no)

no—1
< aWa(H) +Wa(H) Y p(u)
u=0
< Wa(H)(a+B). (2.11)

Let € > 0 be given. Choose H such that H < € and
WQ(H)(@ + B) < Wl(e).

Hence from (2.11), we have |z(n)| < ¢, for n > ny. Consequently, the zero
solution of (2.1) is uniformly stable. Also, it follows from (2.11) that

jw(n)| < Wyt [Wa(H) (o + B)],
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which implies solutions of (2.1) are uniformly bounded.
Sum (2.10) from s = ng to s =n — 1 to obtain

n—1

~V(no) < V(n) = V(ng) < —p Y Wa(lz(s)])

s=no

and hence

Z Wa(|2(s)]) < (p 0) < (Oé—i'Bf))Wz(H).

S=nQ

On the other , if we sum (2.9) from s = ng to s =n — 1 we arrive at

1 n—1 u—1
v = @B S e
a—no u=ng s=0
no—1 n—1
< (04+BW2 +Z > plu—s—1)Wa(la(s)])
s=0 u=ng
n—1 n—1
+ Z ng(u —s—1)Wa(lz(s)|)
no—1 n—1
< M ZWQ\x Zw(u—s—l)
—|—ZWQ|1‘ Z@U_s_l
no—1 n—1
< B |y S sy
s=0 u=ng
n—1
+B Z Wa(|z(s)])
< (a+B);W2<H) AT ST
s=0 r=ng—s—1
< OHEBWD | ) SOY o)
p £=0 r=¢
B
< [+ B aw. (212)
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Since V' (n) is positive and decreasing for all n > ng > 0, we have

z_: V(s) > V(n)(n —ngp).

s=ng
Let € > 0 be given. Then, for n > ng+ a%ﬁg) we have form (2.9) and (2.12)
that
aWo(H
Wa(|a(n)]) < V(n) < ni(no) < Wi(e). (2.13)
Hence, inequality (2.13) implies that
_1aWs(H)
<wi (B2 <.
)] < Wi (2 <

From this we have the uniform ultimate boundedness and the uniform
asymptotic stability.

3. Volterra Discrete Systems

In this section we apply Theorems 2.1 and 2.3 to establish stability and
boundedness results about the nonlinear Volterra discrete system

z(n+1) = A(n)z(n) + > _ C(n, s)f(x(s)) + g(n, z(n) (3.1)
s=0

where A(n), C(n,s) are k x k matrices, g(n,
functions with [g(n,x(n))| < N and |f(z(n))
constants N and .

In the case of f(x) = x, Medina [9], showed that if the zero solution of
the homogenous equation associated with (3.1) is uniformly asymptotically
stable, then all solutions of (3.1) are bounded when C(n,s) = C(n — s)
and g(n,z(n)) = g(n) is bounded. In proving his results, Medina used
the notion of the resolvent matrix coupled with the variation of parameters
formula. Also, the author in [12] used Lyapunov functionals of convolution
type coupled with the z— transform and obtained results about boundedness
of solutions of (3.1) when g(n,z(n)) = g(n). Moreover, when f is linear in
x, unlike the case here, the authors in [6], used total stability and under
suitable conditions, they showed that the zero solution of (3.1) is uniformly
asymptotically stable, when |g(n,z(n))| < A(n)|z(n)|. We remark that the
notion of the resolvent can not be used to obtain boundednes of solutions
of (3.1), since the summation term in (3.1) is nonlinear.

x(n), f(x(n)) are k x 1 vector
| < Alz(n)| , for some positive

Theorem 3.1. Suppose A(n) = A is a k X k constant matrix, and
CT(n,s) = C(n,s). Let I be the k x k identity matrix. Also, suppose there
exists positive constants p, 4 and a constant k x k symmetric matrix B such
that

ATBA - B = —pul, (3.2)
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NATBY [Cn,9)|+ B Y [Cn, s)| + N? = p < —p, (33)
s=0 s=n
and
AATB|Y " |C(n,s)| + N2[B] > |C(n,s)|+ A~ |B| 0. (3.4)
s=0 s=0

Then solutions of (3.1) are uniformly bounded.
Proof. Define the Lyapunov functional V(n) = V(n,z(n,-)) by

n—1 oo

V(n,z(-)) = a’ (n)Ba(n) + [B| Y ) |C(s, )l (), (3.5)

j=0 s=n

where 22(j) = 27 (j)x(j). Then along solutions of (3.1) we have

AVizp(n) = xT(n) [ATBA — B}x(n) + QxT(n)ATB Z C(n,s)f(x(s))
s=0

+22T(n) AT Bg(n, z(n)) + 24" ( BZC n,s)f(x(s))

+ Z T (2(s))C(n, )" By C(n,s)f(x(s))

s=0

+|B] Z |C(n, s)|z%(n |B\Z]Cns\x

s=n-+1
+¢7 (n,z(n))Bg(n, z(n)). (3.6)

Using (3.2)-(3.4) and the fact that for any two real numbers a and b, 2ab <
a? + b%, equation (3.6) reduces to

AVisn(n) < [NATBIY1C(,9)] + Bl [C(n,5)| + N2 = u]?(n)
s=0 s=n

n

+[NATBI Y [Cln, )| + A21BI Y [Cln,s)| + A = |BI| 3 IC(n, )2 (5)
s=0 s=0 s=0
+ATBI? + AN?|B* Y |C(n, s) + 19" By
s=0
S —px2(n) + K7
where K = |ATB|? + AN2|B|2Y_"_,|C(n, s) + |g" Bg|. Thus, by Theorem
2.1, all solutions of (3.1) are uniformly bounded.

In the next theorem, we use Theorem 2.3 to establish boundedness and
stability results for (3.1), when g(n,z(n)) is identically zero.
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Theorem 3.2. Suppose there is a function p(n) > 0, with Ap(n) < 0
forn >0, App(n—s—1)+|C(n,s)] <0 for 0 < s <n < oo. Also, suppose
that for n > 0, |A(n)| + |C(n,n)| + ¢(0) < 1 — p for some p € (0, 1).

a) If 322, ¢(s) = B, then solutions of (3.1) are uniform bounded and
the zero solution of (3.1) is uniformly stable.

b) If Y07 S22 w(s) = J, then solutions of (3.1) are uniform ultimate
bounded and the zero solution of (3.1) is uniformly asymptotically stable.

Proof. Define the Lyapunov functional V' (n) = V(n,z(n,)), by

n—1
V(n)=lz(n)|+> pn—s—1x(s)|, n>0. (3.7)
s=0

Then along solutions of (3.1) we have
AViy(n) < (JAR)][+|C(n,n)| + ¢(0) — 1) |z(n)|

n—1
+>  (Anp(n— 5 — 1) + [C(n, 5)|)|x(s)]
s=0

< —plz(n),

and the results follow from Theorem 2.3.

4. Scalar Case

In this section we consider the scalar Volterra discrete equation with non-
linear perturbation

z(n+1)=a(n)z(n)+ Zb(n, s)z(s) + g(n,z(n)), n>0 (4.1)
5=0

where g(n,z(n)) is as defined before. In the next theorem we will display a
Lyapunov functional and make use of Theorem 2.2 and obtain boundedness
and stability results for (4.1). In the past and present literature on the
stability of the zero solution of (4.1), see [4], [5], [6], [7], [9], [10], [11] and
[12], it has always been assumed that |a(n)| < 1, a condition that is very
restrictive. Instead, we will use the sign of b(n,n) and try to relax the
severe condition |a(n)| < 1. As the reader shall see, Theorem 2.1 can not
be used to arrive at any results regarding equation (4.1).

Proposition 4.1. Let Q(n) = a(n) — H(n,n) and A,H(n,s) = b(n,s).
Then (4.1) is equivalent to

n—1

z(n+1)=Q(n)x(n) + An[z H(n,s)z(s)] + g(n,z(n)). (4.2)

s=0
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We omit the proof.
Theorem 4.2. Suppose

o0
As|H(n,s), Ay Y |H(u, )| 20,

where
ApH(n,s) =b(n,s).

Also, we assume that

AplH(n,s)| <0.
If
24+1Q - P <0
and
Q*(n)+1-Q |Z\Hns\+PZ |H(n,s)| —1< —pu
s=n+1

for some positive constants P and p, then solutions of (4.1) are uniformly
bounded.

Proof. Define the Lyapunov functional V(n,z(-)) by

n—1 n—1 oo
V(n,x(-)):(m(n)—ZH(n,sxs) +PZZ|Hus|x
s=0 s=0u=n

Note that

n—1 n—1 n—1

Vina() < (14 1Hms))am) + (1+ D 1H 9] ) D 1H(n, 5)la*(s)
s=0 s=0 s=0
n—1 oo

+P Z Z |H (u, s)|z°(s

s=0 u=n

Then along solutions of (4.2) and after some calculations, we have

AV(n,z()) < [QZ( )+ 1-Q ]Z|Hns|—i—P Z |H(n, s)| — 1| 2%(n)
s=n+1
QNI+ [2+1Q1 - P S H(n.5)le*(s)
s=n+1
+N? 1+n_1]H(
(1+ X 1.
< —pa?(n) + 5]z () + K
< —mat(n) - pola(n)| + K,
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for some constants p1,us > 0, where K = N2 (1 + Z?;ol |H (n, s)|) Let

¢i(n,s) = |H(n,s)| and ¢2(n,s) => o2 |H(u,s)|. Then all the conditions
of Theorem 2.2 are satisfied, and hence solutions of (4.1) are uniformly

bounded.
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