BOUNDEDNESS IN NONLINEAR DIFFERENTIAL
EQUATIONS

YOUSSEF N. RAFFOUL

ABSTRACT. Non-negative definite Lyapunov functions are employed
to obtain sufficient conditions that guarantee boundedness of so-
lutions of a nonlinear differential system. The theory is illustrated
with several examples.

1. Introduction

In this paper, we make use of non-negative definite Lyapunov functions
and obtain sufficient conditions that guarantee the boundedness of all
solutions of the initial value problem

i’:f(t,.T), tzo?
x(tg) =0, 1 >0

(1.1)

where z € R", f : RT x R® — R" is a given nonlinear continuous
function in ¢ and x, where ¢ € R*. Here R" is the n-dimensional
Euclidean vector space; R* is the set of all non-negative real numbers;
||z|| is the Euclidean norm of a vector x € R". Our interest in studying
the boundedness of solutions of (1.1) arises from the fact that in the
study of the stability of the zero solution of (1.1) when f(¢,0) = 0, one
may have to assume the existence of solutions for all positive time. For
more on the stability, we refer the interested reader to [1] and [6]. In
2], the authors obtained , using positive definite Lyapunov functionals,
interesting results regarding the boundedness of solutions of systems
that are similar to (1.1). For more results regarding the stability of
the zero solution or boundedness of solutions of (1.1), we refer the
interested reader to [4], [5], [7] and [9]. In the spirit of the work in
[3] and [6], in this investigation, we establish sufficient conditions that
yield all solutions of (1.1) are bounded. We achieve this by assuming
the existence of a Lyapunov function that is bounded below and above
and that its derivative along the trajectories of (1.1) to be bounded by
a negative definite function, plus a positive constant.
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2. Boundedness of Solutions

In this section we use non-negative Lyapunov type functions and estab-
lish sufficient conditions to obtain boundedness results on all solutions
x(t) of (1.1). From this point forward, if a function is written without
its argument, then the argument is assumed to be t.

Definition 2.1 We say that solutions of system (1.1) are bounded, if
any solution x(t, tg, xo) of (1.1) satisfies

2 (t, to, zo)|| < C’<Hx0|],t0), for all £ > to,

where C' : RT x Rt — RT is a constant that depends on t;, and xo.
We say that solutions of system (1.1) are uniformly bounded if C' is
independent of .

If 2(t) is any solution of system (1.1), then for a continuously differen-
tiable function

V: Rt xR" - R",
we define the derivative V'’ of V' by

_ oV (t,x) N Z oV (t,x)

V'(t, ) 5

Theorem 2.2 Let D be a set in R™. Suppose there exist a continuously
differentiable Lyapunov function V' : Rt x D — R™ that satisfies

Allz]|P < V(E ) < Mgz, (2.1)
and
V'(t,2) < =Xsllz||" + L (2.2)

for some positive constants Ai, A2, A\3,p, ¢, and L. Moreover, if for
some constant v > 0 the inequality

holds, then all solutions of (1.1) that stay in D are uniformly bounded.

Proof Let M = X3/Ay“. For any initial time ¢, let z(t) be any
solution of (1.1) with x(to) = xo. Then,

%(V(t,l’(t))eM(tto)> — [V/(t,:z:(t)) + MV (t,z(t))| M1,
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For z(t) € R", using (2.2) we get

d

— (V(t, x(t))eM@*to)) < [ — Nsllzl[" + L+ MV (2, x(t))] M(t=to) (9 4)

From condition (2.1) we have ||z||? > V (¢, z)/\s.

Consequently, —||z||" < —[V(t/’\—x(t))]’"/q. In addition, if we use (2.3) in-
2
equality (2.4) becomes

%(V(t, :L'(t))eM(tfto)> < [— (Ag/)\g/q)Vr/Q(t,a:(t)) + MV (t, x(t))] oM (t—to)

= [M ) - v a) + Lo
= <M7 + L) eM(t=to)

= KeM—to),

Integrating the above inequality from t, to t we obtain,

K K
V(t, x(t))eMtt) < V(to’xo)_l_MeM(t—tO)_M

K _
< Aoflwol|” + MGM(t ),

Consequently,

K
Vi(t,z(t) < )\2\|:1:0||qe_M(t_t°)+M.

From condition (2.1) we have \||z||P < V (¢, x(¢)), which implies that

1

1 K13
el < {177 Phallooll? + 2] for all £ to,
1
This completes the proof. &

Example 2.3 Consider the semi-linear differential equation
¢’ = ox + Ra'/?. (2.5)
If

4
20+§:—04 for some o > 0,



4 YOUSSEF N. RAFFOUL

then all solutions of (2.5) are uniformly bounded.

To see this, let V (¢, ) = x2. Then along solutions of (2.5) we have

V'(t,z) = 22’
= 201% +2Rz"?
< 202% 4 2|R|2Y3. (2.6)

To further simplify (2.6), we make use of Young’s inequality, which
says for any two nonnegative real numbers w and z, we have

e !
wz < w—+27, with 1/e +1/f = 1.
e
Thus, for e = 3/2 and f = 3, we get
(x4/3)3/2
3/2
4

4
2 3
— —|R|°.
3x +3| |

1
2\R|zY? < 2[§|R\3+

By substituting the above inequality into (2.6), we arrive at

4 2
/ < )2 = 3
V'(t,x) < (20+3)x +3|Ry

2
2 3
= - =|R|".
az® + 3| |
One can easily check that conditions (2.1)-(2.3) of Theorem 2.2 are

satisfied with Ay = Ay =1, \s =, L=2|RP and p=¢q =r = 2.
Hence all solutions of (2.5) are uniformly bounded. O

In Example 2.3, condition (2.3) did not come into play, which was due
to the fact that » = ¢ = 2. In the next example, we consider a nonlinear
system in which condition (2.3) naturally comes into play.

Example 2.4 Let D = {z € R : ||z|| > 1} and consider the nonlinear
differential equation

)
— —6953 + Rz'3, t>0,

z(0) = 1.
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Consider the Lyapunov functional V(¢,z) : Rt x D — R* such that
V(t,z) = 2. Then along solutions of the differential equation we have
V= 2za
5
= —§x4 + 2Rx"/3

5
< —§x4 + 2|R|z*/? (2.8)

Using Young’s inequality with e = 3 and f = 3/2, we get

4
2
2 *FIR| < 5 + S|P

Hence 4
V'(t, ) < —a* + §]R|3/2.

We take \y =X =1, \3=1, L=3|R]*? p=g=2and r=4.
For x € D
V(t,x) — V7t z) = 2*(1 —2?) < 0.
Thus, condition (2.3) is satisfied for v = 0. An application of Theorem
2.2 yields

1 K13
< 1/p q P
e < {537 Palleoll + 5
= (1+£)%

= (1+ §|R|3/2)§ for all ¢ > 0.
Hence, every solution = with z(¢) € D satisfies
1< Je()] < (1+ §|R|3/2)%, for t > 0.
¢

In the next theorem we show that solutions of (1.1) are bounded.

Theorem 2.5 Suppose there exist a continuously differentiable Lya-
punov function V : Rt x R” — R that satisfies

M@)|z]lP < VI(E z) < X@)]]]], (2.9)
and
V'(t,z) < =Xs3(t)||=|]" + L (2.10)
for some positive constants p, g, r, L, and positive continuous functions
A1(t), Aa(t), and A3(t), where A\;(t) is nondecreasing. Moreover, if for
some constant v > 0 the inequality
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V(t,x) =Vt x) <~y (2.11)
holds, then all solutions of (1.1) are bounded.

Proof Let

= in —)\S(t)
M= e

For any initial time ¢y, let z(¢) be any solution of (1.1) with z(¢y) = zo.
By calculating

d
= (V(t, x(t))eM@*tw)
and then by a similar argument as in Theorem 2.2 we obtain,
K
V(t,x(t)) < Xalto)||wol|%e M0 4 e (2.12)

Since A;(t) is nondecreasing and by using (2.7), we arrive at

. V( ) y1yp o (V2011
ol < (LD < (2O 219
Combining (2.10) and (2.11) we get

1

1 K1t
l|z]] < {~—r— /P [AQ(to)llonq + 7| forall £ 1.

/\1 (to)

This completes the proof. &

The next theorem does not require an upper bound on the Lyapunov
function.

Theorem 2.6 Suppose there exist a continuously differentiable Lya-
punov function V : RT x R® — R™ that satisfies

and
V'(t,z) < =XV (t,x)+ L (2.15)

for some positive constants Ay, Ao, p and L.
Then, all solutions of (1.1) are bounded.
Proof For any initial time t,, let z(¢) be any solution of (1.1) with
x(ty) = xo. By calculating

d

= (Vitaee),

and making use of (2.15) we obtain
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d

dt

An integration of the above inequality from t, to ¢ yields
L

Vit,z) < V(to,xo)e_’\Q(t_tO)—i-)\—.
2

<V(t, :v)e)‘Qt> < LeMt

Using (2.14) into the above inequality, we have
1

1 L1;
lall < {17 [V (b, 0) + 2 for all £ .
)\1 )\2

This completes the proof. &

In the next theorem our Lyapunov function satisfies a different type of
condition on its derivative along the solutions.
Theorem 2.7 Suppose there exist a continuously differentiable Lya-

punov function V : RT x R® — R* that satisfies
Mllz|]P < V(t,z), V(t,z) #0ifz #0 (2.16)
and
V'(t,z) < —=Xo(t)VI(t, ) (2.17)
for some positive constants Ay, p,q > 1 where \o(%) is a positive con-
tinuous function such that

t>t0>0
Then all solutions of (1.1) are bounded.

Proof For any initial time ¢ty > 0, let z(¢) be any solution of (1.1)
with x(tg) = x¢. By calculating

d
—V(t,x(t

vt (0)
along the solutions of (1.1) and making use of (2.17) and (2.18), we
obtain

VIt z(t) < =XVt (1)
—c VAt x(t)).
Denoting u(t) = V(t,z(t)), we have that this function satisfies the
following differential inequality
u(t) < —cu [u(®)],

and, therefore its positive solutions satisfy

<
<
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An integration of the above inequality from t, to t yields

Vit,z(t) < [Vl_q(to,ﬁo) +ea(g—1)(t - to)] 71/((171).

By invoking condition (2.16) we arrive at

-1/(¢-1)y 1/p
e/l < 1A [V, 20) + el = D= t0)] T}

This completes the proof. O
As an application of the previous theorem, we furnish the following

example.

Example 2.8 To illustrate the application of Theorem 2.7, we consider
the following two dimensional system

Yy =y — 1 || — Y2
1 1+ y?
/ Y1
= —y — +
Yo = =1 — Y2 |y2] T+

y1(to) = 41(0),  2(0) = 2(0) for to > 0.
Let us take V' (¢,y1,92) = 3(y7 + ¥3). Then

Y1Y2 n Y291

V't g1, 52) = —uk [n] — ¥ |ye| —
(t, 91, 92) Y1 ly1l — ya [l 1—|—y% 1+y%

= — (Jyal’ + [v2]*)
_ _2[\y1|3 N Iyzl?’}
2 2
2.3/2 2.3/2
o™ )"
2 2

= _2V3/2 (ta Y1, yQ)

3/2
< -2 (’%’2 + ’yzyz) 273/

where we have used the inequality (“T”Lb)l < %l + %l, a,b>0,1>1.
Hence, by Theorem 2.7 all solutions of the above two dimensional sys-
tem are uniformly bounded. &
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