Theorem. [DuBois81, 6.3, 6.5] Let X be a proper complex scheme of finite type
and D a closed subscheme whose complement is dense in X. Then there exists a
unique Qx (log D) € Ob(Dy1:(X)) with the following properties, using the notation:
Q% (log D) := Gry,y, Qx (log D)|p].
Let j: X \ D — X be the inclusion map. Then
QX (10g D) qis R]*CX\D .

It is functorial, i.e., if ¢ : Y — X is a morphism of proper complex schemes of
finite type, then there exists a natural map ¢* of filtered complexes

¢" : Qx (log D) — R,y (log ¢* D)
Furthermore, Qx(log D) € Ob(D?‘ilt,coh(X)) and if ¢ is proper, then ¢* is a mor-

phism in D?ilt’coh(X).
Let U C X be an open subscheme of X. Then

Qx (log D) | ~4is @y (log D).

There exists a spectral sequence degenerating at E1 and abutting to the singular
cohomology of X \ D:

Efq = HI(X, Q’;((logD)) = Hp+q(X \ D, C).
Ife.: (X.,D.) = (X, D) is a good hyperresolution, then
Qx (log D) ~4s Re.,Qx (log D.).

In particular h*(Q5% (log D)) = 0 for i < 0.

e There exists a natural map, Ox — Q% (log D), compatible with j.
e If X is smooth and D is a normal crossing divisor, then

Q% (log D) 245 Qx (log D).

In particular
QF (log D) ~,is 2% (log D).

If : Y — X 1is a resolution of singularities, then

Qg{im X (IOg D) qis Ro,wy (d)*D) .



Theorem. [Kovacs01, 5.1] Let f : X — B be a morphism between complex va-
rieties such that dimX = n and B is a smooth curve. Let A C B be a fi-
nite set and D = f*A. For every nonnegative integer p there exists a complex
Qg(/B (log D) € Obj(D(X)) with the following properties.

There exists a natural map A, : Q% (log D) ® f*wg(A) — Q% ' (log D) that factors

through Q’)’(/B(log D) ® f*wg(A), i.e., there exist maps:

~

wy : Q% (log D) ® frfwg(A) — 2% p(log D) ® ffwp(A) and

: Q% (log D) ® f*wp(A) — Q% (log D)

o~ S

w

such that A, = w]’[, o wg.
If wp = wy ®idgy,, (a)-1 : Ly (log D) = Q% 5 (log D), then

* w; Wp+1 +1
Q% p(log D) ® frwp(A) —" Q" (log D) =+ Q87 (log D) ——
is a distinguished triangle in D(X).

wp 18 functorial, i.e., if ¢ : Y — X is a C-morphism, then there are natural maps
in D(X) forming a commutative diagram:

0% (log D) 0% p(log D)

| l

R(JS*QI))/ (log¢* D) —— R¢*Q€//B (log ¢*D)

If f is smooth over B\ A, then Qg(/B (log D) ~ ;s Q’;(/B (log D)
Q’"X/B(logD) =0 for v > n and if f is proper, then Qg(/B(logD) € Obj(D? , (X))
for every p.
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