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EVERYTHING IS DEFINED OVER k, WITH chark = 0,

AND (MOST OF THE TIME) k = k.

NOTATION.
B 1S A SMOOTH CURVE OF GENUS g

A C B 1S A FINITE SUBSET

DEFINITION. A family (OVER B),

f: X — B, CONSISTS OF

X, A SMOOTH PROJECTIVE VARIETY, AND

f:X — B, A FLAT PROJECTIVE MORPHISM WITH CON-

NECTED FIBRES.

NOTATION. For b€ B, X, = f~1(b).

SIMILARLY, FOR Z —+ B, X7z =X Xp /.

DEFINITION. A rFaMiLY f : X — B 1S isotrivial

IF X, ~ X, FOR GENERAL a,b € B.



(1)

SHAFAREVICH CONJECTURE (1962).
Function Field Case

Fix B, A AND AN INTEGER ¢q > 2. LET g = g(B).
THERE EXISTS ONLY FINITELY MANY ISOMORPHISM
CLASSES OF SMOOTH NON-ISOTRIVIAL FAMILIES OF
CURVES OF GENUS g OVER B\ A. (THESE WILL BE
CALLED “ADMISSIBLE FAMILIES” ).

IFr 29 — 2+ #A < 0, THEN # NO SUCH FAMILIES.

Note:
29 — 2+ #A <0 & {z

A

0 & #A <2
1 & A=1

THE SHAFAREVICH CONJECTURE IN THE FUNCTION
FIELD CASE WAS CONFIRMED BY

PARSHIN ror A = (1968),

ARAKELOV IN GENERAL (1971).



REFORMULATION.

BOUNDEDNESS

ADMISSIBLE FAMILIES ARE PARAMETRIZED BY T,
A SCHEME OF FINITE TYPE.
(3 ONLY FINITELY MANY DEFORMATION TYPES.)

RicIDITY

dim T = 0.
(ﬂ NON-TRIVIAL DEFORMATIONS OF THESE FAMILIES.)

HYPERBOLICITY

T£) = 29—2+#A > 0.

(NO ADMISSIBLE FAMILIES EXIST IF 2g — 2+ #A < 0).

REMARK. (B) + (R) = (I)
(H) & (II)



INTERMEZZO: THE NUMBER FIELD CASE

LET (R,m) BE A DVR, F = Frac(R) AND

C' A SMOOTH PROJECTIVE CURVE OVER F'.

DEFINITION. C HAS A good reduction over R
IF 4 Z SMOOTH PROPER VARIETY OVER Spec R

SUCH THAT Zr ~ C.

LET R BE A DEDEKIND RING, F' = Frac(R) AND

C' A SMOOTH PROJECTIVE CURVE OVER F'.

DEFINITION. C HAS A good reduction at the

closed point m € Spec R

IF IT HAS A GOOD REDUCTION OVER R,,.



SHAFAREVICH CONJECTURE (1962).
Number Field Case

LET ¢ > 2 BE AN INTEGER,
F' A NUMBER FIELD (A FINITE EXTENSION OF QQ),
R C F' THE RING OF INTEGERS OF F', AND

A C Spec R A FINITE SET.

THEN THERE EXISTS ONLY FINITELY MANY SMOOTH
PROJECTIVE CURVES OVER F' OF GENUS q THAT HAVE

GOOD REDUCTION OUTSIDE A.

THE SHAFAREVICH CONJECTURE IN THE NUMBER

FIELD CASE WAS CONFIRMED BY FALTINGS (1983)

HOMEWORK. REFORMULATE THE SHAFAREVICH
CONJECTURE IN THE FUNCTION FIELD CASE TO RE-

SEMBLE THE ABOVE STATEMENT.



NOTATION. IF C' 1S A SMOOTH PROJECTIVE CURVE
OVER F' (AN ARBITRARY FIELD), THEN C'(F') DENOTES

THE F-RATIONAL POINTS OF (.

MORDELL CONJECTURE (1922).
LET F BE A NUMBER FIELD AND (C A SMOOTH PRO-
JECTIVE CURVE OF GENUS g > 2 DEFINED OVER F'.

THEN C(F) 1S FINITE.

THE MORDELL CONJECTURE WAS CONFIRMED BY

FALTINGS (1983)



MORDELL CONJECTURE for function fields.
LET F BE A FUNCTION FIELD (I.E., THE FUNCTION
FIELD OF A VARIETY OVER k, WHERE k IS AN ALGE-
BRAICALLY CLOSED FIELD OF CHARACTERISTIC 0).
LET ' BE A SMOOTH PROJECTIVE NON-ISOTRIVIAL
CURVE OVER F' OF GENUS g > 2.

THEN C(F) 1S FINITE.

THE MORDELL CONJECTURE FOR FUNCTION FIELDS

WAS CONFIRMED BY MANIN (1963).

REMARKS.
THE ESSENTIAL CASE IS tr.deg, F' = 1, I.LE., F = K(B)

WHERE B IS A SMOOTH PROJECTIVE CURVE OVER k.

X=0C, f: X - B “CLOSURE” OF C — Spec F.

PeC(F) & C9SpecF < XOB

F-RTL POINT Spec F'-SECTION B-SECTION



PARSHIN’S TRICK. SHAFAREVICH = MORDELL.

(IN BOTH FUNCTION/NUMBER FIELD CASE)

COVERING TRICK

For ALL P € C(F) OR EQUIVALENTLY FOR ALL SEC-
op

TIONS X 53 B, THERE EXISTS A FINITE COVER OF X,
Wp —F+ X SUCH THAT

e deg mp IS BOUNDED IN TERMS OF ¢

e Wp — B 1S SMOOTH OVER B\ A

e Tp IS RAMIFIED EXACTLY OVER THE IMAGE OF op

e GENUS OF THE FIBERS OF Wp — B IS BOUNDED

e THE SHAFAREVICH CONJECTURE IMPLIES THAT THERE

ARE ONLY FINITELY MANY DIFFERENT Wp’S.
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DE FRANCHIS THEOREM

LET C' BE A CURVE OF GENUS AT LEAST 2, AND /Z AN
ARBITRARY (FIXED) VARIETY.
THEN THERE EXISTS ONLY FINITELY MANY DOMINANT

RATIONAL MAPS /Z — (.

COMBINED WITH THE PREVIOUS OBSERVATION THIS
IMPLIES THAT THERE ARE ONLY FINITELY MANY DIF-
FERENT MAPS Wp — X.

SINCE THOSE MAPS ARE RAMIFIED EXACTLY OVER THE
IMAGE OF op, THIS MEANS THAT THERE ARE ONLY

FINITELY MANY op’S, I.E., C'(F') IS FINITE.
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(H) HYPERBOLICITY

DEFINITION. A COMPLEX ANALYTIC SPACE X IS
CALLED Brody hyperbolic i1r V C —+ X HOLOMOR-

PHIC MAP IS CONSTANT.

REMARK. X BRODY HYPERBOLIC IMPLIES THAT
o V C* - X HOLOMORPHIC MAP IS CONSTANT,
e VT — X HOLOMORPHIC MAP IS CONSTANT,

WHERE 7' IS AN ARBITRARY COMPLEX TORUS.

COROLLARY. X 1s BRODY HYPERBOLIC

0

V C* — X HOLOMORPHIC MAP IS CONSTANT,
VT — X HOLOMORPHIC MAP IS CONSTANT.

DEFINITION. AN ALGEBRAIC VARIETY X IS
CALLED algebraically hyperbolic IF
oV Al \ {0} - X REGULAR MAP IS CONSTANT,
eV A — X REGULAR MAP IS CONSTANT,

WHERE A IS AN ARBITRARY ABELIAN VARIETY.
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DEFINITION. (REMINDER)
A LINE BUNDLE £ ON X IS CALLED ample IF THE
GLOBAL SECTIONS OF L£L®™ DEFINE A MORPHISM

dr: X — PN sucH THAT X ~ ¢(X).

A LINE BUNDLE £ ON X IS CALLED big IF THE
GLOBAL SECTIONS OF L®™ DEFINE A RATIONAL MAP

¢r: X --» PV sUCH THAT X IS BIRATIONAL TO ¢(X).

X IS OF general type IF wx IS BIG.

LANG’S CONJECTURE.

LET X BE A PROJECTIVE VARIETY. THEN

X IS ALGEBRAICALLY o EVERY SUBVARIETY OF X
HYPERBOLIC IS OF GENERAL TYPE.
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MODULI SPACES OF CURVES. (SKETCHY)

M, = {SMOOTH PROJECTIVE CURVES OF GENUS g} / ~

e MUMFORD: FOR g > 2 THERE EXISTS A QUASI-
PROJECTIVE COARSE MODULI SCHEME 9, FOR Mg,
I.E., A SCHEME img AND A NATURAL BIJECTION BE-

TWEEN M, AND THE SET OF CLOSED POINTS OF IN,.

o “NATURAL” HERE MEANS, THAT

ALL FLAT FAMILIES OF SMOOTH PROJECTIVE CURVES
OF GENUS g INDUCES A MORPHISM FROM THE BASE OF
THE FAMILY TO gﬁg SUCH THAT EACH POINT IS MAPPED
TO THE ISOMORPHISM CLASS OF THE FIBRE OVER THE

POINT:

Vf:X—=>B ~ dns:B—=>M,; Vbe B neb) =X
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¢ PROJECTIVE COMPACTIFICATION: 9, C M,

e I, SHOULD ALSO BE “NATURAL”.

DEFINITION.
A REDUCED PROJECTIVE CURVE C IS stable IF
e (' HAS ONLY NORMAL CROSSING SINGULARITIES,

e wc IS AMPLE.

M, = {STABLE CURVES OF GENUS g} / ~

e MUMFORD: FOR g > 2 THERE EXISTS A COARSE

MODULI SCHEME 901, FOR M, SUCH THAT 9, C M,

IS AN OPEN SUBSCHEME.

Vf:X—B
FAMILY OF STABLE ~
CURVES OF GENUS ¢

E|’I7f:B—>ﬁg
vV be Bn(b) =[Xy]
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BACK TO THE SHAFAREVICH CONJECTURE

3 f:X—>B
— <
29 -2+ #A <0 = ADMISSIBLE
(i ()
( IP’i 1 B\ A—m,
A NON-CONSTANT
B\A =« A\ {0} COMING FROM
. ELLIPTIC CURVE A FAMILY
THEREFORE
A A\ {0} — M, NON-CONSTANT
(H) < #AE-—M, COMING FROM
F = ELLIPTIC CURVE A FAMILY

DEFINITION. 91, 1s modular hyperbolic I1F
V.S — 9, REGULAR MAP COMING FROM A FAMILY
IS CONSTANT FOR S = Al \ {0}, AND S AN ABELIAN

VARIETY.

(H) <= 91, 1S MODULAR HYPERBOLIC.
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RECALL:

THE ADMISSIBLE FAMILIES ARE PARAMETRIZED BY T,

A SCHEME OF FINITE TYPE.

THE NATURALITY OF MODULI SPACES IMPLIES THAT A
FAMILY, f: X — B, CORRESPONDS TO A MAP

ng: B\ A — 9,, (AND THEN A MAP 7j; : B — 9M,),
SO ONE CAN TRY TO FIND THE PARAMETER SPACE T

AS A SUBSCHEME OF Mor((B, B\ A), (M,,M,)).

LET £ BE AN AMPLE LINE BUNDLE ON 90,. THEN
(B) & degn}L 1S BOUNDED ON B.

(INDEPENDENT OF f)
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THE CONSTRUCTION OF 20, PRODUCES NATURAL AM-
PLE LINE BUNDLES:

3 A\?) LINE BUNDLES ON M, SUCH THAT VY f: X — B

FAMILY OF STABLE CURVES, IF 7y : B — 9, IS THE

INDUCED MAP, THEN

det(fuw 5)? = MjAY)

[T FOLLOWS FROM THE (INDEPENDENT) WORKS OF
KAWAMATA, KOLLAR and VIEHWEG,

THAT )\,,(ﬁ) IS AMPLE FOR m > 1.

THEREFORE
(B) & deg f.w,p IS BOUNDED ON B

FOR SOME m > 1.
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(WB) WEAK BOUNDEDNESS

FOR AN ADMISSIBLE FAMILY f : X — B, deg f.w'g, 5 1S

BOUNDED IN TERMS OF g = g(B), #A,q = g(Xgen), m.

COMBINED WITH THE EXISTENCE OF MODULI SPACES:

(WB) = (B)

ALSO, BY A SIMPLE ARGUMENT:

(WB) = (H)

(WB) 1S THE “RIGHT” STATEMENT

GENERALIZATIONS. (FUNCTION FIELD CASE)
e HIGHER DIMENSIONAL FIBERS
e HIGHER DIMENSIONAL BASE

e SINGULAR FIBERS
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HIGHER DIMENSIONAL FIBERS.

FIrRST TASK:

GENERALIZE STATEMENT/CONDITIONS.

q — g(Xgen) > 2 = WX, IS AMPLE.
FIX ¢ < FIX R,
h IS THE HILBERT

ngen

POLYNOMIAL OF Xgep.

B 1S A SMOOTH CURVE OF GENUS g
A C B IS A FINITE SUBSET

h 1S A POLYNOMIAL

DEFINITION. AN admissible family 1S A NON-
ISOTRIVIAL FAMILY, f : X — B SUCH THAT X IS A
SMOOTH PROJECTIVE VARIETY AND FOR ALL b € B\ A,
Xp IS A SMOOTH PROJECTIVE VARIETY WITH wyx, AM-
PLE AND hyy = h.

TWO SUCH FAMILIES ARE equivalent IF THEY ARE ISO-

MORPHIC OVER B\ A.
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SHAFAREVICH CONJECTURE.

(B) BOUNDEDNESS

ADMISSIBLE FAMILIES ARE PARAMETRIZED BY T,
A SCHEME OF FINITE TYPE.

(R) RicIiDITY
dim T = 0.

(H) HYPERBOLICITY
T4 = 29— 2+ #A > 0.

(WB) WEAK BOUNDEDNESS

FOR AN ADMISSIBLE FAMILY [ : X — B,

deg f*wQ/B IS BOUNDED IN TERMS OF g, #A, h, m.

COMPACTIFIED

e MODULI SPACES + (WB) = (B)
(CONJECTURAL)

° (WB) = (H)

e (WB) 1S AGAIN THE “RIGHT” STATEMENT
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WHAT ABOUT (R)?

EXAMPLE.

LET Y — B BE AN ARBITRARY NON-ISOTRIVIAL FAM-

ILY OF CURVES OF GENUS > 2, AND

C' A SMOOTH PROJECTIVE CURVE OF GENUS > 2.

THEN
f: X =Y xC — B 1S AN ADMISSIBLE FAMILY, AND

A DEFORMATION OF C' GIVES A DEFORMATION OF f.

HENCE (R) FAILS.

QUESTION: UNDER WHAT ADDITIONAL CONDITIONS

DOES (R) HOLD?



(WB)
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WEAK BOUNDEDNESS

CONTRIBUTORS:
MIGLIORINI
BEDULEV-VIEHWEG
OGUISO-VIEHWEG
VIEHWEG-ZUO
KOVACS

THEOREM.

LET f : X — B BE AN ADMISSIBLE FAMILY WITH
B,A,h FIXED. LET 0 = #A, g = g(B), AND n =
dim Xgen = dim X — 1.

IF fiwy, p # 0, THEN 3 e = e(m, h) SUCH THAT

deg fiw¥/p <m-e- 1k fiwy, g - (n(29 — 2+ ) + )
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THEOREM.

A SIMILAR STATEMENT HOLDS IF

Xgen IS OF GENERAL TYPE,

(VIEHWEG-ZU0 /KOVACS)

OR

Xgen HAS A GOOD MINIMAL MODEL AND K(Xgen) > 0,
(VIEHWEG-ZUO)

OR

Xgen HAS RATIONAL GORENSTEIN SINGULARITIES.

(KovAcs)
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EXAMPLES FOR NON-ISOTRIVIAL FAMILIES OF CURVES

OVER P! WITH EXACTLY 3 SINGULAR FIBERS.

EXAMPLE #1.

oy +tyz+ (t—1zz® =0

EXAMPLE #2 — cc.

"y +ty"z+ (t —1)xz" =0

EXAMPLE # (co+ 1) — (2 00).

y? = 2" —ntx + (n — 1)t
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POSITIVITY OF PUSH-FORWARDS.

DEFINITION. A LOCALLY FREE SHEAF, €&,

1s ample 1IF Op)(1) ON P(£) 1S AMPLE.

AFTER KAWAMATA, KOLLAR and VIEHWEG:

THEOREM 1. LET m > 1.

Ir f*w%B # () THEN f*wgg/B IS AMPLE ON B.

COROLLARY 1. deg fuwy, 5 > 0.

THEOREM 2. LET f : X — B BE AN ADMISSIBLE
FAMILY, m > 1, r =1k f*wgg/B, AND M A LINE BUNDLE

ON B SUCH THAT
deg M < deg fiwx/p-
THEN d e = e(m, h), SUCH THAT
(few p)®m @ M™1

IS AMPLE ON B.
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COROLLARY 2. (FOrR A = ()

LET N BE A LINE BUNDLE ON B SUCH THAT
deg N™" < deg fuw'y) 5.

THEN wx/p ® f*N ™! IS AMPLE ON X.

PROOF. (VERY SKETCHY)
(f* (w?/B ® f*_/\/‘—m))@e-r ~ (f*w;l(%/B)®e-r ®N—m-e-r
THEOREM 2 = f.(w} 5 ® f*N~™) IS AMPLE ON B.

Wi g © N xpen = WX

gen

IS AMPLE ON Xgep. U

gen

To PROVE (WB):

FIND AN AN DEPENDING ONLY ON B, A SUCH THAT
wx/p @ f*N~1 1s NOT AMPLE ON X.
THEN

deg N7 £ deg fiw'y) 5,

1.E.,

deg fuw)p <m-e-r-deg\V.
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VANISHING THEOREM. LET f : X — B BE
A FAMILY, (B A SMOOTH PROJECTIVE CURVE), n =
dim Xgen, AND £ AN AMPLE LINE BUNDLE ON X SUCH

THAT L ® f*wp(A)~™ IS ALSO AMPLE. THEN

H" 'Y X, L® ffwg) =0

e COROLLARIES 1 AND 2 WITH N = Op
IMPLY THAT wx/p IS AMPLE.

e dimX =n+1, so H”H(X,wX/B ® ffwp) #0

"~

wx
4

® wx/B® f*wp(A)™™ CANNOT BE AMPLE.

(OTHERWISE THE VANISHING THEOREM WOULD APPLY).

o N = f*wp(A)"® WILL WORK. ~

=m-e-r-dim Xgep - (29 — 2 + #A)
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SMOOTH FIBERS THAT ARE MINIMAL OF
GENERAL TYPE/SINGULAR FIBERS.

DEFINITION. A LINE BUNDLE, L, IS semi-ample

IF L%™ 1S GENERATED BY GLOBAL SECTIONS FOR m > 0.

PRINCIPLE.
SEMI-AMPLE & BIG LINE BUNDLE ON SMOOTH

AMPLE LINE BUNDLE ON SINGULAR

USUAL SITUATION
GOAL: A STATEMENT FOR (X, L)

X POSSIBLY SINGULAR, AND £ AMPLE ON X

TRICK: WOoRK wiTH (Y, K)
f:Y — X DESINGULARIZATION (I.E., Y SMOOTH)

I = f*L SEMI-AMPLE & BIG ON Y
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UPSIDE-DOWN SITUATION
GOAL: A STATEMENT FOR (Y, K)

Y sMOOTH, K SEMI-AMPLE & BIG ON Y
TRICK: WORK WITH (X, £)

GIVEN BY f:Y — X INDUCED BY K®™

K™ = f*£ L AMPLE ON X

PLAN:

(1) FIRST PROVE THE STATEMENT FOR

Y sMOOTH, K AMPLE.

(2) EXTEND THE ARGUMENT FOR

X SINGULAR, £ AMPLE.

(3) TRY TO “PULL BACK” THE RESULT.
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DERIVED CATEGORY (D(X))

“short exact sequence” ~» “distinguished triangle”

0 >A—>B—->C—>0 ~ A—>B—>Ci>
“cohomology” ~ “hypercohomology”
H' (X, A) ~ H (X, A)
R'p.A ~ Ry« A
“sheat” ~ “complex”

L ~ =2 0= L=20—...
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DU BOIS.
1 Q' FILTERED COMPLEX IN D(X) WITH ALL THE RE-

QUIRED PROPERTIES.

NAVARRO AZNAR et al.
KODAIRA-AKIZUKI-NAKANO VANISHING HOLDS, I.E.,
LET Q% = Gr};,Qx[p] AND L AN AMPLE LINE BUNDLE
ON X. THEN

HI(X, 0% ®L)=0
FOR p +q > dim X

KOVACS.

vV p 3 Q% p COMPLEX IN D(X) WITH ALL THE RE-

QUIRED PROPERTIES.
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HIGHER DIMENSIONAL BASES.

B 1S A SMOOTH PROJECTIVE VARIETY
A C B 1S A DIVISOR WITH NORMAL CROSSINGS

h 1S A POLYNOMIAL

DEFINITION. AN admissible family 1S A NON-
ISOTRIVIAL FAMILY, f : X — B SUCH THAT X IS A
SMOOTH PROJECTIVE VARIETY AND FOR ALL b € B\ A,
Xp IS A SMOOTH PROJECTIVE VARIETY WITH wx, AM-
PLE AND hy,, = h.

TWO SUCH FAMILIES ARE equivalent IF THEY ARE ISO-

MORPHIC OVER B \ A.
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THERE EXISTS A COARSE MODULI SCHEME, 91},

PARAMETRIZING SUCH X,’S.

dn: B\ A — Iy

b+— [Xb]

ISOTRIVIAL < 1 IS CONSTANT.

DEFINITION. Var f = dim(Im7n) < dim B

INTERESTED IN THE CASE Var f = dim B

SHAFAREVICH CONJECTURE:

(B) AND (R) ARE INTERESTING FOR dim B = 1.

(H) ~» 9915, 1S MODULAR HYPERBOLIC
~~ NEED:
V A —- X REGULAR MAP COMING FROM A FAMILY IS
CONSTANT, WHERE A IS AN ARBITRARY ABELIAN VA-

RIETY.
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THEOREM. 91, 1S MODULAR HYPERBOLIC

(H) IMPLIES THAT IF f : X — P! 1S AN ADMISSIBLE

FAMILY, THEN #A > 2.

WHAT ABOUT P™7

f: X —P™ wiTH Var f = m

A CP™ A NORMAL CROSSING DIVISOR
FROM ABOVE: deg A > 2

THEOREM. degA > m + 1,
1L.E.,

wpn (A) IS AMPLE.

VIEHWEG’S CONJECTURE. Ir f: X — B 1S

AN ADMISSIBLE FAMILY, THEN wpg(A) IS BIG.



