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ABSTRACT. We compute the Grothendieck group of non-commutative ana-
logues of projective space bundles. Our results specialize to give the Grothendieck
groups of non-commutative analogues of projective spaces, and specialize to
recover the Grothendieck group of a usual projective space bundle over a regu-
lar noetherian separated scheme. As an application, we develop an intersection
theory for quantum ruled surfaces.

0. INTRODUCTION

A basic result in the K-theory of algebraic varieties is the computation of the
K-groups for projective space bundles [2], [5], [11]. In this paper we compute K
for non-commutative analogues of projective space bundles.

Our motivation comes from the problem of classifying non-commutative surfaces.
This program is in its early stages but, in analogy with the commutative case,
the non-commutative analogues of ruled surfaces appear to play a central role [1],
[10], [15]. An intersection theory will be an essential ingredient in the study of
non-commutative surfaces. One may develop an intersection theory by defining
an intersection multiplicity as a bilinear Z-valued form, the Euler form, on the
Grothendieck group of the surface (cf. [4] and [6]). One of our main results yields
a formula (5-1) for the Grothendieck group for quantum ruled surfaces, and we
use this to examine the associated intersection theory. Natural analogues of the
commutative results hold: for example, if X is a smooth (commutative!) projective
curve and f : P(£) — X a quantum ruled surface over X, then fibers do not meet
and a section meets a fiber exactly once.

Rosenberg [12] was the first to realize that co-monads are useful in non-commutative
algebraic geometry, and Van den Bergh [14] has developed very effective methods
based on this idea. Van den Bergh has also replaced the language of co-monads
by terminology and notation that is close to the classical language of algebra and
algebraic geometry. For the purposes of this introduction we recall a little of his
language.

Let L and K be abelian categories. The category BIMOD(K,L) of weak K-L-
bimodules is the opposite of the category of left exact functors L — K. If F = /.
is a weak K-L-bimodule, we write Hom(F,—) for the corresponding left exact
functor. We call F a bimodule if Hom (F, —) has a left adjoint (which we denote by
—®kF). lf k7L and | G are weak bimodules, then F®\ G is the weak K-M-bimodule
defined by Homm(F LG, —) := Hom (F,Homm(G, —)). In this way BIMOD(K, K)
is a monoidal category with identity object ok defined by Homk(ox,—) = Idk. A
weak K-algebra is an algebra object in BIMOD(K, K). Thus, it is a triple (4, u,7n),
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where A € BIMOD(K,K), and p: A®x A — A and 5 : ox = A are morphisms of
weak bimodules such that the obvious diagrams commute. If Homg(A,—) has a
left adjoint we drop the adjective “weak” and simply call A a K-algebra. In this
paper we are interested in algebras, not weak algebras.

The Yoneda embedding K — BIMOD(Ab, K) realizes objects in K as bimodules
and every Ab-K-bimodule is isomorphic to an object of K in this sense. An A-module
is an object M in K together with a morphism M ®k A — M in BIMOD(Ab, K)
making the obvious diagrams commute. If R is a commutative ring and K = ModR,
then R-algebras in the usual sense give K-algebras, and the new notion of a module
coincides with the old one. Van den Bergh also develops graded versions of these
notions [14].

Thus, the algebras in this paper are endo-functors with additional structure,
modules are objects in categories on which the functors act, morphisms between
algebras are natural transformations, et cetera. Van den Bergh has developed this
theory in a way that closely parallels the usual theory of rings and modules. The
price to be paid for this striking similarity in the language and results is vigilance.
Sometimes the proofs and statements of results that are trivial for genuine algebras
and modules must be modified in a subtle way in order to obtain the appropriate
analogue for these “functor algebras”. For example, A itself is not an A-module,
but it is an A-A-bimodule.

We proceed as follows. A quasi-scheme X is a Grothendieck category [14, Sect.
3.5]. We will use the symbol X when we think of the quasi-scheme as a geometric
object and will use ModX when we think of it as a category. Objects in ModX
will be called X-modules. In this paper X will play the role of the base space for
a quantum projective space bundle. Always A = @;°, A; will denote a connected
graded X-algebra in the sense just described (for more details consult [14]). The
connectedness hypothesis means that the degree zero component of A is isomorphic
to ox. In a sense that can be made precise, ox plays the role of — ® Ox.

Eventually, X will be a scheme and A will be a graded X-algebra (in this new
sense) that is analogous to the symmetric algebra of a locally free sheaf of Ox-
modules. A non-commutative analogue of a P™-bundle over X will be defined by
defining the analogue of the category of the quasi-coherent sheaves on it, namely
ModP(£) := ProjacA := GrModA/TorsA, where TorsA consists of the direct limits
of graded modules that are annihilated by a power of the augmentation ideal.

In section 1 we prove a version of Nakayama’s Lemma, and introduce the notion
of a minimal resolution for a connected X-algebra. In section 2 we assume that the
functors — ® x A; are exact (we call A a flat X-algebra when this happens) and
show this implies that the induced modules V ® x A, V € ModX, are acyclic for
Tord(—,0x). A consequence of this is Lemma 2.4 which gives an analogue of the
result that a finitely generated module M over a usual connected, graded algebra
over a field k is projective (equivalently, free) if and only if Tori (M, k) = 0.

In section 3 we study various Grothendieck groups. We adopt Quillen’s notation
K{)(C) for the Grothendieck group of an abelian category C. When X is a noetherian
scheme we shorten this by writing K{(X) rather than K{(cohX).

We were unable to adapt the method that Quillen uses [11] to compute the K-
groups, and even the higher K-groups, of a P™-bundle. Instead we follow Manin’s
method [5]. We continue to assume that A is a flat X-algebra and in addition
assume that m;“(—,ox) = 0 for ¢ > 0. The latter assumption says that A is
regular relative to X; it ensures that the fibers of Proj,cA are “smooth”. One
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consequence of these assumptions is an isomorphism K{(grmodA) = K| (grmodX)
between the Grothendieck groups of the graded module categories (cf. [11, Theorem
6, page 110]). It is a trivial matter to observe that Kj(grmodX) = K} (X)[T,T—1].
We then prove that K{(ProjacA) = K{(X)[T,T~']/I where I is the image of the
map p : K{(grmodX) — K/(grmodX) defined by p[V] = E(—1)q[mg‘(v, ox)]
where, on the right hand side of the equation, V is viewed as a graded A-module
via the augmentation map A — ox. Up to this point in the argument the structure
sheaf of X plays no role. Indeed, it is not defined for an arbitrary quasi-scheme X.

We now assume that X is a separated, regular, noetherian scheme in the usual
sense and define ModX := QcohX, the category of quasi-coherent O x-modules,
so K{(X) has its usual meaning. We write K(X) for the Grothendieck group
of locally free coherent Ox-modules. The natural map Ko(X) — K§(X) is an
isomorphism. We also write Ko(Proj,cA) rather than K|(Proj,cA) (the remarks
prior to Theorem 3.8 justify this notational change).

We show that p[V] = [V].p[Ox] for all V' € grmodX, where on the right hand
side we take the usual product in Ko(X)[T,T1]. Tt follows that I is the ideal
generated by p[Ox], so Ko(ProjacA) = Ko(X)[T, T~']/(p[Ox]).

In section 4, we assume that X is a scheme in the usual sense. Following Van den
Bergh [13] we define an Ox-bimodule algebra as an algebra object in the category
of Ox-Ox-bimodules (Definitions 4.1 and 4.4). Graded Ox-bimodule algebras are
then defined in an obvious way. A graded Ox-bimodule algebra B is analogous to
a sheaf of Ox-algebras, but it is actually a sheaf on X x X and local sections of B
do not have an algebra structure; its global sections do, and they typically form a
non-commutative graded algebra. Now B determines a graded X-algebra A in the
sense of sections 1-3 by the rule Homy (A4,—) := Homy, (B, —) where the right
hand side is defined in terms of the usual sheaf-Hom on X x X (see (4-3)). Graded
modules over B give graded modules over A.

The B’s of interest to us are constructed from a coherent sheaf £ on X x X with
the property that both projections pr; : Supp& — X are finite and each pr;.€ is
locally free. In this case B is analogous to the symmetric algebra of a locally free
Ox-module, so we impose several natural conditions on B (Definition 4.7). These
conditions on B imply that A has the properties that were used in section 3, namely
the functors — ® x A; are exact and m;‘(—, ox) =0 for ¢ > 0.

We define a quasi-scheme P(£) by ModP(£) := Proj, B := GrModB/TorsB, and
call P(€) a quantum projective space bundle over X. This definition is due to Van
den Bergh [15] (see also the thesis of David Patrick [10]). If X were a scheme and £ a
locally free Ox-module, then B would be the symmetric algebra S(£) and ModP(£)
would be Qcoh(ProjB), the quasi-coherent sheaves on the usual projective space
bundle associated to £. It turns out that ModP(&) is equivalent to GrMod A/ TorsA
where A is the X-algebra defined by Homx (A, —) := Homp, (B, —), so the results
in section 3 for A imply that Ko(P(£)) = Ko(X)[T,T~']/I where I is the ideal
generated by p[Ox]. One of the conditions imposed on B is that its “trivial module”
Ox has a Koszul-like resolution (Definition 4.7). Now p[Ox] can be read off from
this resolution, and is equal to the inverse of the Hilbert series of B, > [B,]T" €
Ko(X)[[T] where B, is the degree n. component of B, and [B,] denotes the class of
B, in Ko(X) when it is viewed as a right Ox-module; to be precise, [B,] = [pra«Bx)
where pro : X x X — X is the projection onto the second factor.
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In section 5 we compute the Grothendieck group Ky of a quantum ruled surface
P(€) and show that a well-behaved intersection theory can be defined on Ky (P(£)).
Here £ is a coherent Ox x x-module such that the two projections pr; : Supp & — X
are finite and each pr;.£ is locally free of rank two, and P(€) := Proj,.B where B is
a graded Ox-Ox-bimodule algebra that is analogous to the symmetric algebra on
& (see [15]). We define a fiber and a section as appropriate elements of Ko(P(E)).
As an explicit application, we show that “fibers do not meet” and “a fiber and a
section meet exactly once”, as in the commutative case.
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1. CONNECTED GRADED ALGEBRAS OVER A QUASI-SCHEME

We adopt the terminology and notation in [14].

Let X be a quasi-scheme. We write modX for the full subcategory of noetherian
X-modules. We say that X is noetherian if modX generates ModX. Throughout
X will denote a noetherian quasi-scheme.

A graded X-module M is by definition a sequence of objects M = (Mp)nez in
ModX. We call M,, the degree n component and, abusing notation, write M =
@®M,,. We define the category GrModX by declaring a morphism f : M — N to be
a sequence of X-module maps f, : M,, - N,. We define Ms,, by declaring that
(Ms,); =0if j <nand (Ms,); = M; it j >n.

Let A be an N-graded X-algebra in the sense of [14, page 19]. The degree zero
component Ag inherits an X-algebra structure from A, and can in turn be given
the structure of a graded X-algebra concentrated in degree zero. There is a graded
X-algebra monomorphism Ay — A. There is also an augmentation map of graded
X-algebras A — Ag. The composition 45 — A — Ag is the identity. A graded
A-module is a graded X-module with additional structure (see [14, Sections 3.1 and
3.2]. We write GrModA for the category of graded A-modules and grmodA for the
full subcategory of noetherian modules.

The identity functor on GrModX can be given the structure of a graded X-
algebra. It is concentrated in degree zero, and its degree zero component is iso-
morphic to ox. Thus, we also denote by ox the graded X-algebra associated to
IdGrModx -

From now on we will assume that A is connected, meaning that Ay = ox. The
unit and augmentation maps, n : ox — A and € : A — ox are maps of graded
X-algebras and en = Id,, . Associated to n and ¢ are various functors [14, (3.8),
(3.9), (3.10)]. For example, associated to 7 is the forgetful functor

(=)x : GrModA — GrModX, (1-1)

its left adjoint — ®x A, and its right adjoint Hom 4 (A, —). Associated to € is the
functor (—)4 : GrModX — GrModA, its left adjoint — ® 4 0x, and its right adjoint
Hom 4(0x,—). The functors (—)x and (—)4 are exact because they have both left
and right adjoints. Therefore their right adjoints Hom x (A, —) and Hom 4(0x,—)
preserve injectives. We observe for later use that if — @ x A is exact, then (—)x
preserves injectives. The functor (=) is fully faithful so we often view GrModX
as a full subcategory of GrModA.
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The functors Hom 4(0x,—) and —® 4 0x associated to the algebra map A — ox
may be composed with the functor (—)a to obtain an adjoint pair of functors
sending GrModA to GrModA, thus endowing ox with the structure of a graded
A-A-bimodule. With this point of view, the appropriate notation for these two
functors is still Hom 4(ox,—) and — ® 4 0ox. The relation between these functors
is set out below, where on the left hand side of each equality ox is viewed as an
A-A-bimodule, and on the right hand side it is viewed as a graded X-algebra:

—®a0x =(—®40x)a,
(- ®a0x)x = — ®a o0x,
Hom 4 (ox,—) = Hom 4 (0x,—)a,
Hom 4(0x,—)x = Hom ,(ox,—).

To illustrate how these functors are used we prove the following basic result.
Lemma 1.1. Let A be a connected graded X -algebra. Let M € GrModA, and
suppose that M; =0 for i <n. Then the map M = M ® 1 A — M ® 4 0x of graded

A-modules induces an isomorphism M, = (M ®4 ox)n of X-modules. The kernel
of the epimorphism M — M ® 4 ox is contained in M-,,.

Proof. The A-module structure on M is determined by a morphism h: M @ x A —
M, and M ®4 ox is, by definition, the coequalizer in GrModA of

MexA —' s M
1®sl (1_2)

M®XOXEM.

Let 6; : ModX — GrModX be defined by 6;(V'); equals V if i = j and 0 if ¢ # j. If
M., = 0, then for every injective I € ModX,

HomX((M Rx A)n,I) = HomGrModX(M Rx A,GH(I))
= HomGrModX(M,"HomX (A, 0n(I)))

= H Hom x (M,', Mx (A7 an(I))l)

= HHOmX(Mi,HomX(Anf’hI))

e HOmX (Mn7 HomX (A07 I))
= HOHIX (Mn7 I)

so (M ®x A)n, = M,. So the degree n part of the diagram (1-2) consists of two
identity maps, whence (M ®4 0x)n = M,. O

We call — ®@x A : GrModX — GrModA the induction functor. Let V € GrModX.
The structuremap h: Vx AQx A - V®x A making V®x A a graded A-module
is V®u, where pi : A®Q x A — A is the multiplication map. A module M € GrModA
is induced if M 2V ®x A for some V € GrModX.

We say that A is noetherian if X is noetherian and the induction functor —®x A :
GrModX — GrModA preserves noetherian modules [14, page 27]. If A is noetherian
and M € grmodA, then each M; is a noetherian X-module.
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Lemma 1.2. Let A be an N-graded X -algebra.

1. Every M € GrModA is a quotient of an induced module.
2. If X is noetherian, and A is noetherian, then every M € grmodA is a quotient
of an induced module V @ x A with V a noetherian graded X -module.

Proof. (1) Let M € GrModA, and let h : M ®x A — M be the structure map.
Forgetting the A-structure on M, we can form the induced module M ® x A. Since
M is an A-module ho (M ® u) = ho (h® A), from which it follows that h is a map
of graded A-modules. To show h is an epimorphism in GrModA it suffices to show
it is an epimorphism in GrModX. Suppose that u : M — N is a map of graded
X-modules such that uwoh = 0. Since (M, h) is an A-module, h o (M ® 1) = idy;
composing this equality on the left with u we see that u = 0, whence h is epic.

(2) By (1) there is an epimorphism &;(M; ® x A) - M where M; € grmodX is
concentrated in degree i. Since M is noetherian, there is a finite direct sum that
still maps onto M, i.e.,

@ M)ex A= ab (M;®x A) o> M

is epic for some a < b. By an earlier remark, each M; is a noetherian X-module,
so ®%_ M, € grmod X. O

We will prove a version of Nakayama’s Lemma. Recall that if k is a field, and
A is a connected k-algebra, then a finitely generated graded A-module M is zero if
and only if M ®4 k = 0.

The augmentation ideal of A is m := ker(e : A — ox). Since (—)4 : GrModX —
GrModA has a left and a right adjoint, GrModX is a closed subcategory [14, page
20] of GrModA, and hence m is an ideal, not just a weak ideal, in A [14, Section
3.4]. If M € GrModA, we write Mm for the image of the composition M ® 4 m —
Meis A= M.

Lemma 1.3 (Nakayama’s Lemma). Let A be a connected X-algebra, and M €
grmodA. Then the following are equivalent:

1. M =0;

2. Mm=M;

3. M®40x =0.
Proof. Clearly that (1) implies both (2) and (3).

The exact sequence 0 - m — A — ox — 0 in BiGr(4, A) induces an exact
sequence

MIam—->MQUA=ZM > MQr0x =0

in GrModA, so Mm = ker(M — M ®4 ox). Hence (2) and (3) are equivalent.
Because M is noetherian, the chain of submodules ... C M>, C M>p_1 C ...
eventually stops. Hence, if M # 0, there exists n such that M = M>, and M, # 0.
It then follows from Lemma 1.1 that M ®4 ox # 0. Therefore (3) implies (1). O

We now wish to consider ox as an A-A-bimodule and examine Torf(M ,ox) for
M € GrModA. The bifunctors Tor are defined in [14, Section 3.1]. Because M is a
Z-A-bimodule the general definition in [14] admits a small simplification.

Lemma 1.4. Let D and E be Grothendieck categories. Let M € D and N €
BiMod(D,E). Then Torg)(/\/l,/\/) is in E, and is uniquely determined by the re-
quirement that there is a functorial isomorphism

HomE(Tor?(M,N),I) =~ BExtd (M, Home (N, I))
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for all injectives I in E.

Proof. If M € D is viewed as a Z-D-bimodule, then Tor? (M, N) is defined to be
the Z-E-bimodule such that Home(Tor (M, N),I) = Ea:tq 2 (M, Home(N,I)) for
all injective I [14, page 12]. However, if F € D, then Ext}) (M,]—') = Ext{ (M, F),
where Ext%,(—, F) is the usual ¢*? right derived functor of Homp(—, F). This is a
consequence of [14, 3.1.2(4)], and the fact that the inclusion D — BIMOD(Ab, D) is
exact and preserves injectives.

Let InjE be the full subcategory of injectives in E. There is a unique left exact
functor F : E — Ab extending the functor F : InjE — Ab defined by

F(I) := Exti(M, Home (N, I)).

We will show that F is representable. This is sufficient to prove the lemma.

Since F is left exact, it is enough to show that it commutes with products because
then it will have a left adjoint and that left adjoint evaluated at Z will give the
representing object. Let {W¥;} be a family of objects in E, and for each j take
an injective resolution 0 — W; — J7. Since the product functor [] is left exact
and exact on injectives, and the product of injectives is injective, 0 = [[W; —
[1J; is an injective resolution of [[W;. Therefore F(ITW;) = Ker(F([]J)) —
F([T1J})).- Since Homg(N,—) and Exth (M, —) both commute with products, so

does F'. Hence
F(I[wy) =Kee(J[ F(7)) = [I F (1))
= HKer F(J)) = F(J}))

= H F(W,
That is, F' commutes with products. O
There is a graded version of this lemma that may be applied to the present
situation. Thus, if M € GrModA, then Tor (M,o0x) € GrModA is determined by
the requirement that
HomGrModA (_TOT?(Ma OX), I) = EXt?}rModA(M7 —HomA(OXJ I)) (1'3)

for all injectives I € GrModA.
We may also view ox as an A-ox-bimodule, and examine Tor (M,o0x) in that
context. As remarked in [14, page 18], we have

Tor (M,ox) = Tor (M,o0x)x,
where on the left ox is an A-ox-bimodule and on the right it is an A-A-bimodule.
There is a notion of minimal resolution in grmodA.
Definition 1.5. A complex {P,,d,} in grmodA is minimal if Imd,, C P,m for all n.
By [14, 3.1.5], Tori(—,o0x) is a d-functor.

Lemma 1.6. Let A be a connected noetherian X - algebm and M € grmodA. If
induced modules are acyclic for Torl(—,ox), then Tori(M,ox)x € grmodX. In
particular, if M admits a minimal resolution of the form Py, = Vo ®x A — M, there
is an isomorphism of graded X -modules

Vi = Tor(M,ox)x.
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Proof. By Lemma 1.2, there is an epimorphism Vj  x A — M for some V; €
grmodX. Repeatedly applying this process to the kernels of the epimorphisms,
we can construct a noetherian induced resolution P, = V, ® x A — M. Since
P,®aox = V;®x A®a0x = V; € grmodX, by the acyclicity hypothesis,
Mf(M,oX)X = H;(P, ®a4 0x) = H;(V,) € grmodX. If the resolution P, =
Ve ®x A — M is minimal, then the differentials in P, ® 4 0x = V, are all zero,
hence Mf(M,oX)X >V, O

Warning. Graded modules over a connected algebra in our sense need not have
minimal resolutions. For example, if A is the polynomial ring k[z,y] with degz =0
and degy = 1, then A is a connected A!-algebra, but A/(z) does not have a minimal
resolution in the sense just defined. If Ag is semi-simple, then every left bounded
graded A-module has a minimal resolution.

For our applications to a quantum projective space bundle P(£) — X over a
(commutative!) scheme X, we will only need that one very special module has a
minimal resolution, namely Ox, and that is guaranteed by the very definition of

P(&).

2. FLAT CONNECTED GRADED X-ALGEBRAS

We retain the notation from the previous section. Thus X is a noetherian quasi-
scheme and A is a noetherian, connected, graded X-algebra.

Definition 2.1. We say that A is a flat X-algebra if — ® x A; is exact for all 4.

Throughout this section we assume that A is a flat X-algebra.

Thus A is analogous to a locally free sheaf of graded algebras on a scheme X.

Lemma 2.3 shows that the flatness of A implies that induced modules are acyclic
for Tor2(—,0x). This is used to characterize those M € grmodA for which
Mf (Ma OX) =0.

Lemma 2.2. Suppose that A is a flat, noetherian, connected, graded X -algebra. If
V € GrModX and M € GrModA, then there is a functorial isomorphism

EthGrModA(V ®x Aa M) = EXtg;rModX (V7 MX)'

Proof. If 0 - M — I°® is an injective resolution in GrModA, then 0 — Mx — I%
is an injective resolution in GrModX. Thus
Extd, moaa(V ®x A, M) = Hi(Homgmodaa(V ®x A, I*))
= H9(Homgmodx (V, I%))
= Ext{ pmoax (Vo Mx).
O

Lemma 2.3. Suppose that A is a flat, noetherian, connected, graded X -algebra.
Then induced modules are acyclic for Tor’(—, o0x).

Proof. Let I € GrModA be injective. By the definition of Tor,
HomGrModA(Mf(V ®x A,0x),I) = Ext{ yoqa(V ®x A, Hom 4(0x, I))-

By Lemma 2.2, this is isomorphic to Extl v .x(V,Hom 4(ox,I)x). In the proof
so far ox has been viewed as a graded A-A-bimodule. But Hom,(ox,I)x =
Hom 4(0x,I), where on the right hand side ox is viewed as a graded X-algebra.
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Since Hom 4(ox, —) is right adjoint to the exact functor (—) 4 it preserves injectives.
Hence Hom 4(0x,I) is injective and, if ¢ > 1, Tor:;‘(V ®x A,ox) =0. O

If k is a field, A a connected k-algebra, and M a finitely generated graded A-
module, then Tori' (M, k) = 0 if and only if M is a free A-module. The next result
is an analogue of this.

Lemma 2.4. Let A be a flat, noetherian, connected, graded X -algebra. For M €
grmodA, Tor(M,ox) = 0 if and only if M has a finite filtration by graded A-
submodules such that each slice is an induced module.

Proof. (<) By the long exact sequence for Tors(—,0x), it suffices to show that
Tor(V ®x A,o0x) is zero. But this is true by Lemma, 2.3.
(=) By Lemma 1.2, there are integers a and b for which the natural map

@g:aMi RQx A—> M

is an epimorphism. We will prove the result by induction on b — a.
Suppose that b — a = 0. Then there are exact sequences

0-K—-M,x A— M —=0
and
OZM?(M,Ox)—)K(XAOX—)Ma®xA®AOXi)M®AOX—>O

of graded X-modules. But M, ®x A ®4 ox = M, because — ®x A ®4 0x is
equivalent to the identity functor, and M ®4 ox = M, by Lemma 1.1, so ¢ is
monic. Thus K ® 4 ox = 0. Since M is noetherian, M, is a noetherian X-module.
Since A is noetherian, M, ® x A is a noetherian A-module, whence K is a noetherian
A-module. Hence by Nakayama’s Lemma, K = 0. Thus M =2 M, ® x A is induced.

Now suppose that b —a > 1. Write C := coker(M, ®x A — M) and K :=
im(M, ®x A — M). Hence there are exact sequences

0-K—->M—-C—0 (2-1)
and
OZMf(M,Ox) %Mf(C,OX) -+ KQ®urox > MQr0x > CR®p0x — 0.

However, M, ®x AQar0x = M ® 4 0x is monic, so K ® 4 0x — M ® 4 0x is monic.
Therefore Tori'(C,o0x) = 0.
The top and right arrows in the diagram

@?:aMi ®XA — M

| |
P Ciox A —— C

are epimorphisms, so the bottom arrow is epic too. However C, = 0, so the
induction hypothesis implies that C' has a finite filtration with each slice an induced
module.

Since C' has a filtration by induced modules, Tors (C,ox) = 0. Therefore
Mf(K, ox) = 0. Since the morphism K, ®x A — K is epic the proof of the
case b = a shows that K is induced. It follows from the exact sequence (2-1) that
M has a filtration of the required form. O
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3. GROTHENDIECK GROUPS

We retain the notation from the previous section. Thus X is a noetherian quasi-
scheme and A is a flat, noetherian, connected, graded X-algebra.

We write K{(C) for the Grothendieck group of an abelian category C.

Now assume that X is a noetherian quasi-scheme. We introduce the notation

K{(X) := K{(modX).
If M € modX, we denote its image in Ky(X) by [M].
Let T be an indeterminate and write
Ko(X)[T,T™'] := Ko(X) @z Z[T, T7'].

We also consider K{(grmodX). The degree shift functor M +— M(—1) on
grmodX induces an automorphism of the group K{(grmodX). We make K/ (grmodX)
into a Z[T,T~']-module by defining

[M].T :=[M(-1)].
The next result is clear.

Lemma 3.1. There is an isomorphism of Z[T, T ]-modules
K{(grmodX) = K\ (X)[T, T
given by the map [M] — Y. [M;]T¢, where M; is the degree i component of M.
The forgetful functor (—)x : GrModA — GrModX induces a map
Hp = grmodA — K{(X)[[T, T,
M~ Hy(T) := Y _[M]T

sending a module M to its Hilbert series. Since (—)x is exact, Hjs induces a group
homomorphism

Kj(grmodA) — Ky(X)[IT, 7]l
If we make Kj(grmodA) into a Z[T,T~1]-module, this group homomorphism is a
homomorphism of Z[T,T~"']-modules.

Proposition 3.2. Let A be a flat, noetherian, connected, graded X -algebra. Sup-
pose that for each M € grmodA, Mf(M, ox) = 0 for ¢ > 0. Then there is a
well-defined Z[T, T~']-module homomorphism

p: Kj(grmodA) — K{(grmodX)
given by

p[M] = (~1)/[Tori!(M,0x)]. (3-1)

>0
Proof. To see that p is well-defined first observe that Tor? (M, ox) € grmodX by

Lemmas 1.6 and 2.3, and the sum (3-1) is finite by hypothesis. The long exact
sequence for TorZ(—,0x) ensures that p is defined on K}(grmodA). O

Proposition 3.3. Let A be a flat, noetherian, connected, graded X -algebra. Sup-
pose that for each M € grmodA, Torj;‘ (M,0x) =0 for ¢ > 0. Then p and the map
induced by [V] — [V ®x A] are mutual inverses giving an isomorphism

K| (grmodA) = K{(grmodX)
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of Z[T, T~ -modules.

Proof. Since —®x A is exact it induces a group homomorphism 6 : K (grmodX) —
K{(grmodA). First we show that 6 is surjective.

Let M € grmodA. By Lemma 2.4, there is an epimorphism L:=V ®x A - M
for some V € grmodX. By Lemma 2.3, M;‘(L,ox) = 0 for all j > 1. By
induction, there is a resolution of graded A-modules

oLy Lo M—0
with each L; induced from a noetherian graded X-module. Consider the truncation
0—+N—=Lsg1—---—Lo—M—=0.
Since m;“(LJ’, ox)=0for 0 <j<d-—1andi>1, dimension shifting gives
Mf(N, ox) = m:14+1(M= ox) =0.

By Lemma 2.4, N has a filtration with slices being induced modules. Each L;
is an induced module so, in K| (grmodA), [M] is a linear combination of induced
modules. This proves the surjectivity.

If V € grmod X, then Lemma 2.3 shows that

(pod)[V1= D (=1)[Tori(V ®x 4,0x)] = [V ®x A®4 0x] = [V],
so pd =1id K (grmodX)- Therefore 8 is injective and p is its inverse. O

Corollary 3.4. Under the hypotheses of Proposition 3.3,
K} (grmodA) = K|\ (X)[T,T!].
Proof. Combine Proposition 3.3 and Lemma 3.1. O

The quasi-scheme Proj,cA. The full subcategory of GrModA consisting of
direct limits of modules annihilated by some A>, is denoted TorsA. The full sub-
category of noetherian objects in TorsA is denoted by torsA. The quotient category

ProjncA := GrModA/TorsA

is a Grothendieck category. We call Projn,cA the projective quasi-scheme associated
to A. We write 7 : GrModA — Proj,cA for the quotient functor, and denote its
right adjoint by w. We define K{(Proja.cA) to be the Grothendieck group of the full
subcategory of noetherian Proj,cA-modules. The degree shift functor on graded
A-modules preserves TorsA, so induces an auto-equivalence of Proj,cA that sends
noetherian objects to noetherian objects, and hence induces an automorphism of
K{(ProjscA). We make K{(ProjacA) a Z[T,T~'-module by defining

M].T := [M(-1)].

A map f of quasi-schemes is an adjoint pair of functors (f*, f.) between their
module categories [14, Section 3.5]. There is a map f : Proj,c4A — X of quasi-
schemes defined as follows. If M € Proj,.A, we define f, M = (wM)g, the degree
zero component. If V' € ModX, we define f*V = n(V @x A).

If A has some appropriate properties (see sections 5 and 6) we think of Proj,cA
as a non-commutative analogue of a projective space bundle over X with structure
map f : Proj,cA — X.
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Theorem 3.5. Retain the hypotheses of Proposition 3.3. The group homomor-
phism K}(X)[T, T~ = K{(ProjacA), [F|T? = [f*F(—i)], induces an isomorphism
K{(ProjncA) = K\(X)[T, T7]/1,
where I is the image in K{(grmodX) = K{(X)[T,T~] of the restriction of p to

K| (torsA).
Proof. The localization sequence for K-theory gives an exact sequence
K (torsA) LN Kj(grmodA) —— K{(Projac4) —— 0.

Using the action of the degree shift functor, this is a sequence of Z[T', T ~!]-modules.
If M € torsA, then Mm' = 0 for i > 0, so objects of torsA have finite filtrations
with slices belonging to grmodX. By Dévissage, the inclusion grmodX — torsA
induces an isomorphism K| (grmodX) — K{(torsA). Thus we have a diagram

Ki(torsd) —Y— K!(grmodd) —— K}(Projocd) — 0

=] =

K{(grmodX) K} (grmodX)

=] |=

Ky(X)[T, 7] Ko(X)[T, 71,
But p is an isomorphism, so K{(ProjacA) = coker(p o 9) = Ky(X)[T,T-1]/I. O

For the rest of this section, we suppose that X is a noetherian scheme in the
usual sense.

As usual, Ox denotes its structure sheaf. We define ModX to be the category
of quasi-coherent Ox-modules. Thus Ox is in grmod X, and hence in grmodA via
the map A — ox of graded X-algebras and the associated fully faithful functor
(=)a : GrModX — GrModA. Thus Ox is a torsion A-module concentrated in
degree zero.

Proposition 3.6. Retain the hypotheses of Proposition 3.3. Further, suppose that
X is a separated regular noetherian scheme. Let F € grmodX, and view Fa = F
as a graded A-module annihilated by A~o. Then

plFal = [F.plOx]

where the product on the right hand side is the usual product in K{(X) extended to
K{(X)[T,T~'] in the natural way.

Proof. The hypothesis on X ensures that F has a finite resolution by locally free
Ox-modules, say We — F. The ring structure on K{(X)[T,T~!] is defined by

[F1.16] = Y (~1)'[Tor;* (F,G)]

where Tor® denotes the sheaf Tor of graded X-modules.
By definition of p[Ox], we have

[F1.p[0x] = ) (=1)*[F].[Tery (Ox, 0x)]

=Y (=17 (=1)?[Tor, (F, Tory (Ox, 0x))];

P
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Hence, to prove the proposition, we must show that

S (=1)"[Tord (F,0x)] = 3 (~1)P*[TorX (F, Torf (Ox, ox))]
n p,q
This will follow in the standard way if we can prove the existence of a convergent
spectral sequence

TOI‘ (]: TOT’ (0X5 OX)) = Mﬁﬂ (‘7:; OX)- (3-2)

This is a mild variation of the usual spectral sequence—the details follow.

By Lemma 1.2, there is a resolution of Ox in grmodA by noetherian induced
modules. Since every Ox-module is a quotient of a locally free Ox-module there
is a resolution Ve, ® x A =+ Ox with each V, a locally free graded Ox-module. The
spectral sequence we want will come from the bicomplex W, ®x V.

First we make a preliminary calculation. Applying the forgetful functor (—)x,
we can view V, ®x A as an exact sequence in GrModX. Since — ® x A is an
exact functor, each V,  x A is a locally free Ox-module. Hence Tor (F,O0x) =

H,(F ®x Vo ®x A). But Tor (F,0x) = Tor(F,Ox) is zero if ¢ # 0, so we
conclude that FRx Ve®x A — }' is exact, Whence it is a resolution of F in grmod A
by induced modules. Applying — ® 4 ox to this complex, it follows from Lemma
2.3 that Tor (F,0x) = H,(F ®x V). Similarly, H,(V,) == Tor, (Ox, ox).

Now we consider the bicomplex W, ®x V,. Since — ®x V, is exact, taking
homology along the rows gives zero everywhere except in the first column where the
homology is F ®x Vs; taking homology down this column gives Tor (F,0x) by the
previous paragraph. On the other hand, because W, is locally free, when we take
homology down the p*? column we get W, x He(Ve) = W,® XTor (0 X, ox). If we
now take the homology of W, ® x Tor2(Ox,ox) we get Tor (F, Tor (Ox,0x)).
Thus, we obtain the desired spectral sequence. O

Proposition 3.6 says that the restriction of p to K{(torsA), which we may identify
with K{(X)[T,T~'] by Dévissage, is multiplication by p[Ox]. Thus p(K{(torsA))
is the ideal generated by p[Ox].

Remark 3.7. A connected graded algebra over a field & has finite global dimension if
and only if the trivial module k has finite projective dimension; equivalently, if and
only if Tor (k, k) = 0 for ¢ > 0. The spectral sequence (3-2) yields an analogue of
this result. If X is a separated regular noetherian scheme, then Tor (F,ox) =0
for all F € modX and all n > 0 if and only if Tor (Ox,0x) =0 for g > 0.

The next result is obtained by combining Theorem 3.5 and Proposition 3.6. First,
however, we make a change of notation.

When X is a separated, regular, noetherian scheme, every coherent O x-module
has a finite resolution by locally free Ox-modules, so the natural map Ko(X) —
K{(X) from the Grothendieck group of locally free coherent Ox-modules is an
isomorphism. When X has these properties, and A is a flat, noetherian, connected,
graded X-algebra such that M;(—, ox) = 0 for ¢ > 0, every noetherian graded
A-module has a finite resolution by iterated extensions of modules of the form
YV ®x A where V is a locally free coherent Ox-module by Proposition 3.3. Since
an extension by modules of the form V ® x A is acyclic for Tor2(—,0x) it behaves
like a flat A-module. Although we do not have a notion of locally free for Proj,.A4,
the image of a flat A-module in Proj,cA can be considered locally free. So in this
situation we will write Ko(ProjncA) for K{(Proj.cA).
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Theorem 3.8. Retain the hypotheses of Proposition 3.3. Further, suppose that
X is a separated, regular, noetherian scheme with structure sheaf Ox. Then the
group homomorphism Ko(X)[T,T~'] = Ko(ProjacA), [FIT¢ = [f*F(—i)] induces
an isomorphism

Ko(ProjacA) = Ko(X)[T,T "]/1
where I is the ideal generated by p[Ox] = 3 (—1)° [Tor?(Ox,o0x)).

Retain the hypotheses of Theorem 3.8. Evaluating —® x A at Ox gives a graded
A-module Ox ®x A with degree ¢ component Ox ®x A; € modX. The Hilbert
series of this graded A-module is defined to be

H(OX ®a A) = Z[OX Rx AZ]Tz
i=0
belonging to the power series ring Ko(X)[[T]]. Since A is connected the leading
coefficient of this is [Ox ® x 0x] = [Ox], the identity element in the ring Ko (X)[[T]].
Therefore H(Ox @x A) is a unit in Ko(X)[[T]] and we may speak of its inverse, as
we do in the next result.

Proposition 3.9. Under the hypotheses of Theorem 3.8, if Ox has a minimal
resolution by noetherian induced modules, then

p[OX] = H(OX ®x A)_l.

Proof. Let Vo ®x A — Ox be a minimal resolution in grmodA (Definition 1.5).
It is necessarily finite. Associativity of tensor product for weak bimodules gives
V, ®x A=V, Q04 (Ox ®x A). Therefore, we have the following computation in
Kj(grmodX) = Ko(X)[T, T~'] C Ko(X)[[TT[T"]:

[Ox] = Z(—l)q[V ®x A]
= Z - [Ox ® A]
= Z [TOT (Ox,0x)]-H(Ox ® A)
= plOx]-H(Ox ® A).
O
Theorem 3.8 and Proposition 3.9 apply to ordinary algebras. If k is a field and
A is a connected graded noetherian k-algebra of finite global dimension, then A is
an algebra over X = Speck such that Mﬁ?(—, k) =0 for ¢ > 0, and — ®, 4; is

exact for every i. Since p[k] = Ha(T)™1, where H4(T) is the usual Hilbert series
of A, we get

Ko(ProjacA) = Z[T]/(Ha(T)™"),
thereby recovering [6, Theorem 2.4].

4. APPLICATIONS TO QUANTUM PROJECTIVE SPACE BUNDLES OVER A
COMMUTATIVE SCHEME

Now we apply the results of the previous section to quantum projective space
bundles over a commutative scheme. Before giving the definition we must recall
some terminology from [13].
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Fix a field k. Let X and Y be noetherian schemes over k. Let pry and pro denote
the canonical projections pri : X XY — X and pro : X XY = Y. Let ModX and
ModY be the categories of quasi-coherent sheaves on X and Y respectively.

Definition 4.1. An Ox-Oy bimodule is a quasi-coherent sheaf M on X x Y such
that the restrictions pr; : Supp M’ — X and pry : Supp M’ — X are finite for all
coherent subsheaves M’ C M. A morphism of Ox-Oy bimodules is a morphism of
Ox xy-modules. We say that M is coherent if it is coherent as an Ox xy-module.
The category of coherent Ox-Oy bimodules is denoted by Bimod(Ox, Oy ).

If M is an Ox-Oy bimodule and A is an Oy-Oz bimodule, then the tensor
product of M and N is the Ox-Oz bimodule, defined by

M oy N = Priz« (pri}M QOxxyxz pr;SN)' (4'1)

It is possible to tensor an O x-Oy bimodule with an Ox-module or Oy-module in
the appropriate order. For example, if F € ModX and M is an Ox-Oy bimodule,
then

FR0x M :=pro.(priF @0y M) (4-2)

is in ModY". This defines a functor —®p, M : ModX — ModY. The formula (4-2)
is a special case of (4-1) since F is naturally an Ogpec r-Ox bimodule.

Let M be a coherent Ox-Oy bimodule and I' = Supp M. Since pro : ' - Y is
finite, it is affine, therefore pro, : ModI' = ModY has a right adjoint prh : ModY —
ModI'. We define the functor Home, (M, —) : ModY — ModX by

HomOY (Ma g) = Prix (Homoxxy (Mapr'zg)) (4_3)

for G € ModY'.

A special case of (4-2) arises when F = Ox. This amounts to viewing M as
a right Oy-module. More precisely, the direct image is an exact functor pro, :
Bimod(Ox, Oy) — ModOy. Of course, pra, need not be exact on ModOx «y, but
its restriction to Bimod(Ox, Oy) is because if 0 — F; — F» — F3 — 0 is an exact
sequence in Bimod(Ox, Oy), then U3_, Supp F; is affine over Y.

Lemma 4.2. If M is a coherent Ox-Oy bimodule, then the functor — ®op, M :
ModX — ModY defined by (4-2) is a left adjoint to the functor Homeo, (M, —) :
ModY — ModX defined by (4-3).

Proof. Let I' = Supp M. Let pra, denote the restriction to ModI'. Since
Homo, (F ®ox M, §) = Homo, (pTQ*(prik]:(gOXxY M), G)
= HOII]@I, (p'rf]:@oxxy Map,rég)
= Homor (PTf}-a Homoxxy (Mapr'zg))

= Homo,, (F, pri«Homoy ., (M, pryG))
= Homp, (‘7:, Homo, (M7 g))a

the result follows. O

Therefore a coherent Ox-Oy bimodule M determines an X-Y bimodule in
the earlier sense that we still call M. It corresponds to the left exact functor
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Home, (M, —), having left adjoint — ®p,, M. The tensor product (4-1) of bimod-
ules is associative [13, Proposition 2.5], so this notion of tensor product is com-
patible with the earlier one defined in the introduction. A morphism of Ox-Oy
bimodules M — A induces natural trasformations

Homo, (N, —) = Homoy, (M, —)

and
—®0XM—>—®OXN.
In this way we get a functor from Bimod(Ox, Oy) to BiMod(X,Y") that is compat-
ible with the tensor products. Moreover, this functor is fully faithful [15, Lemma
3.1.1].
By symmetry M ®p, — : ModY — ModX has a right adjoint, so M also
determines a Y-X bimodule.

Definition 4.3. A coherent Ox-Oy bimodule £ is locally free if pri.€ and pro.& are
locally free on X and Y respectively. If pri.€ and prq.€ are locally free of the same
rank r, then we say that £ is locally free of rank r.

Let M be a coherent Ox-Oy bimodule. Then pri.M (resp. pro2.M) is locally
free if and only if the functor — ®, M (resp. M Qp, —) is exact. Let £ be an
Ox-0Oy bimodule and F an Oy-Oz bimodule. If £ and F are locally free, so is
E®oy F.

From now on we restrict to the case X = Y. By an Ox-bimodule, we mean
an Ox-Ox bimodule. Let A denote the diagonal in X x X. Then Ox is an Ox-
bimodule in an obvious way. We call it the trivial Ox-bimodule. It is isomorphic
to Ox on each side, and the Ox-action is central.

Definition 4.4. A graded Ox-bimodule algebra is an Ox-bimodule B that is a direct
sum B = @;B; of Ox-bimodules equipped with maps of Ox-bimodules B;®o, B; —
Bit; (the multiplication) and Oa — By (the unit) such that the usual diagrams

commute. We say that B is connected if B is N-graded and By = Oa as Ox-
bimodules.

Definition 4.5. Let B be a graded Ox-bimodule algebra. An Ox-module M that
is a direct sum M = ¢; M; of Ox-modules is called a graded right B-module if it
is equipped with maps of Ox-modules M; ®o, B;j — M;;; (the action) satisfying
the usual compatibilities. The category of graded right B-modules will be denoted
by GrModB.

A graded right B-module is torsion if M, = 0 for n > 0. The subcategory
consisting of direct limits of torsion modules is denoted by TorsB. The quantum
projective scheme associated to B is

ProjncB := GrModB/TorsB.

We say that B is noetherian if GrModB is a locally noetherian Grothendieck
category.

Definition 4.6. Let B be a graded Ox-bimodule algebra. A graded B-Ox bimodule
is a direct sum of Ox-bimodules, M = ®M;, endowed with maps B; ®o, M; =
M4 of Ox-bimodules making the usual diagrams commute.

If B is connected then the augmentation map € : B — Oa makes Oa a graded
B-Ox-bimodule.
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Definition 4.7. A quantum P"-bundle over a commutative scheme X is a quasi-
scheme of the form Proj,.B where B is a connected graded noetherian Ox-bimodule
algebra such that

e each B; is a locally free coherent O x-bimodule;
e there is an exact sequence

0 B®ox Enpi(-n—1) = -+ 5 BRoy £1(-1) = B®ox & = Oa = 0
(4-4)

of graded B-Ox-bimodules in which each & is a locally free Ox-bimodule of
rank ("J{l) concentrated in degree zero;
e there is an exact sequence

0= &1 Qo B(-n=1) = --- =5 & Qo B(-1) = & Qo B> Oa =0
(4-5)

of graded Ox-B-bimodules in which each &; is a locally free Ox-bimodule of
rank ("1!) concentrated in degree zero.

Usual projective space bundles are quantum P"-bundles: a locally free sheaf £
on a scheme X may be viewed as a sheaf on A, the usual symmetric algebra S(&)
may play the role of B, and there are exact sequences of the prescribed form with
Eq = &) = NIE, the ¢*® exterior power.

Let B be a graded Ox-bimodule algebra. If each B; is a coherent O x-bimodule,
then B determines a graded X-algebra A in the earlier sense by

Homx (Ai, =) := Homo, (B;, —)

each of which has a left adjoint — ®x A; = — ®p, B;. If B is connected, so is A.
A graded right B-module M can be thought of as a graded A-module because

M; ®x Aj = Mi ®ox Bj = Miyj.

Conversely, a graded A module N can be thought of as a graded right B-module
because
Ni®ox Bj = Ni ®@x Aj = Niyj.
It follows that GrModB = GrModA. Moreover, this equivalence preserves torsion
objects, so
ProjncB 22 ProjncA.

Lemma 4.8. Let X be a scheme, and A a flat, noetherian, connected, graded X -
algebra. If € is a locally free Ox-bimodule and M € GrModA, then A ®x & is
acyclic for Torld (M, —).

Proof. We can view £ as a graded X-X-bimodule in the earlier sense, concentrated
in degree zero. Composing left exact functors gives a graded A-X-bimodule A®x E.
By the graded version of Lemma 1.4, M‘;‘ (M,A®x &) is the graded A-module
determined by the requirement that

HOmGrModA(m:IA(M,A ®x E),I) = Ext yoqn (M, Hom x (A ®x E,1))

for all injectives I € GrMod X . However, Hom x (A®x &, —) has an exact left adjoint
—®x A®oy E,50 Homx (A®x £, 1) is injective. Therefore m;“(M, A®xE) =0
ifg>1. O
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Theorem 4.9. Let X be a separated regular noetherian scheme. If Proj..B is a
quantum P"-bundle over X as in Definition 4.7, then the Hilbert series of pro B =
Ox Qo B is

H(prs.B) = (Z(—1)q[pr2*5q]Tq> _1,

and
Ko(ProjacB) = Ko(X)[T)/(H(pra.B)~1).

Proof. Let A be the X-algebra determined by B. Then Proj,c4 = Proj..B. The
result will follow from Theorem 3.8 and Proposition 3.9, but in order to apply those
results we must check that A satisfies the hypotheses of Proposition 3.3.

First A is connected and noetherian because B is. Since each B; is locally free,
— ®x A is exact, and A is a flat X-algebra. The sequence (4-4) gives an exact
sequence A ®x £, — ox — 0 in BiGr(4,X). By Lemma 4.8, we can compute
m;‘(M, ox) as the homology of M ® 4 A®x £,. But (4-4) is a bounded complex,
S0 M?(M, ox) = 0 for ¢ > 0. Thus, the results in section 4 apply to this
particular A.

Apply pra. to the sequence (4-5). This gives an exact sequence of graded right
B-modules. Passing to the category of A-modules this gives a resolution of Ox by
induced modules, namely

0= prow&np1 ®x A(—n—1) = -+ 5> pra.lo®@x A - Ox — 0.

It is a minimal resolution because each pra.&; is concentrated in degree zero. By
Proposition Lemma 1.6, Torf((? x,0x) =2 pra.€q(—q) so the result is a consequence
of Theorem 3.8 and Proposition 3.9. O

As remarked after Definition 4.7, usual projective space bundles are quantum
P™-bundles, so Theorem 4.9 computes the Grothendieck group of a usual projective
space bundle.

5. INTERSECTION THEORY OVER QUANTUM RULED SURFACES

In this section, let X be a smooth projective curve over an algebraically closed
field k. We apply our computation of the Grothendieck groups to a quantum ruled
surface (defined below) and then use this to develop an intersection theory for
quantum ruled surfaces.

First we recall Van den Bergh’s definition of a quantum ruled surface [15] (see
also [7], [10], [13]). Let £ be a locally free Ox-bimodule. By [15, Section 3], £
has both a right and a left adjoint, £* and *&, each of which is a locally free Ox-
bimodule. An invertible Ox-subbimodule Q@ C £ ®p, £ is nondegenerate if the
composition

E*Ruy Q> E"Rouy ERO E—E

induced by the canonical map £* ®, &€ = Oa, and the composition
O Roy "€ > ERuy EROy & =&
induced by the canonical map £ ®p, *€ — Oa are isomorphisms.

Definition 5.1. [15] A quantum ruled surface over X is a quasi-scheme P(E) where

e £ is a locally free Ox-bimodule of rank 2,
e QO C £®p, € is a nondegenerate invertible Ox-subbimodule,
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e B=T(E)/(Q) where T(£) is the tensor algebra of £ over X, and

e ModP(E) = ProjncB.
We define Op(¢) := 7(pra.B) = 7(Ox ®x B).

By [15, Section 4], P(£) is independent of the choice of a nondegenerate Q. In
fact, Q is not even needed to define P(£) (loc. cit.).

Theorem 5.2. If P(£) is a quantum ruled surface over X, then

Ko(P(£)) = Ko(X)[T]/T (5-1)
where I is the ideal generated by [Ox| — [pra+E]T + [pro. QT2
Proof. By [15, Theorem 1.2], B is noetherian. By [15, Theorem 6.1.2], each B, is a

locally free coherent Ox-bimodules of rank n + 1 for n > 0, and there is an exact
sequence

00— Q®oy B(—2) > ERoy B(—1) > Oa ®oy B— Oa — 0
of graded Ox-B bimodules. By symmetry of the definition of B, there is an exact
sequence

0= B®oy Q(—2) > BRep, £(—1) 2 BRp, Oa = Oa — 0
of graded B-Ox bimodules. It follows that P(€) is a quantum P'-bundle over X in
the sense of Definition 4.7, so Theorem 4.9 applies and gives the desired result. [

The structure map

fiPE) - X
for a quantum ruled surface over X is given by the adjoint pair of functors

fx : ModP(€) - Mod X
fsM = (wM)OJ
f*: ModX — ModP(€)

" F=7n(F ®o, B).
We have f*Ox = Op(g) and f.Op) = Ox. The next lemma, which is a simple
consequence of results of Nyman and Van den Bergh, shows among other things
that le*Op(g) =0.

Notice that f* is exact because —®p, B : ModX — GrModB and 7 : GrModB —
ModP(£) are exact. Moreover, f*F € modP(£) for all F € modX by [8, Lemma
2.17], and R f, M € modX for all M € modP(£) and ¢ > 0 by [9, Corollary 3.3].

The isomorphism in Theorem 5.2 is induced by the map Ko(X)[T,T~!] —
Ko(P(€)), [FIT? = [f*F(—i)]. Since Qis invertible, [pro. Q] is a unit in Ko(X)[T,T 1],
and we obtain an isomorphism Ko(P(£)) = Ko(X) & Ko(X)T.

Lemma 5.3. Let £ be a locally free coherent Ox-module. Then
F((f*L)(n)) = L ®oy By for all n € Z,
0 if n> -1
Rl ; *£ o~ jll )
S L)) { f oo By iine o
R'f. =0fori>2.

Furthermore, f*f. = id, R'f. o f* = 0, and Rf. o f* = idps(x), where Db(X)
denotes the bounded derived category of coherent Ox-modules.
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Proof. By [9, Theorem 2.5],
(L ®oy B) =0,
RIT(£ ®o, B) =0,

.
(R27(£ R0 B))n = {0 n >,

Loy (B2-n)* ifn< -2,
Rir =0for i > 3.
If M € GrModB, there is an exact sequence
0=7TM > M= wrM = R'7(M) =0,

and isomorphisms Riw(mM) = R*17M for i > 1 in GrModB [14, section 3.8].
Since R!f.(mM(n)) = Riw(r M), for i > 0, the result follows.

Let F be a coherent Ox-module. There is an exact sequence 0 — L' — £ —
F — 0 with £' and £ locally free Ox-modules. Because f* is exact, f.f* is left
exact; because R! f, o f. vanishes on locally free sheaves, there is an exact sequence
0 = fuf*L = fof*L — fof*F — 0. Because f.f* is the identity on locally
free sheaves it follows that f.f*F = F. Hence f.f* is isomorphic to the identity
functor. It follows that Rf. o f* = idpe(x).

Because R2f, = 0, R'f, is right exact. Because R!f, o f* vanishes on locally
free sheaves it vanishes on all O x-modules. O

Because R?f, = 0, there is a group homomorphism Rf, : Ko(P(€)) — Ko(X).

Intersection theory. Let Y be a noetherian quasi-scheme over a field k such
that

e dimj, Ext}, (M, N) < oo for all i > 0, and

e Exty (M,N)=0foralli> 0,
for all M, N € modY. A quantum ruled surface satisfies the first of these conditions
by [9, Corollary 3.6], and satisfies the second by Proposition 5.4 below. We define
the Euler form on the Grothendieck group of Y by

(=,=): Ko(Y) x Ko(Y) = Z.

(M],[N]) = Z(—l)idimk Extl (M, N).
i=0
We define the intersection multiplicity of M and A by
M-N = (=13 N (M, N)

for some suitably defined dimension function dim A/. In particular, if M and N
are “curves” on a “quantum surface” Y, then we define M - N = — (M, N).
The homological dimension of M € modY is

hd(M) = sup{i | Ext} (M, N) # 0 for some N € modY'},
and the homological dimension of Y is
hd(Y) = sup{hd(M) | M € modY'}.

Proposition 5.4. The quantum ruled surface P(E) over X has finite homological
dimension.
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Proof. First we show that hd(f*F) < 2 if F is a coherent Ox-module. Let M €
modP ().

Since f. is right adjoint to the exact functor f*, it preserves injectives, so there
is a Grothendieck spectral sequence

Exth (F, R? fu M) = Extg (4 (f*F, M)

for any F € modX and M € modP(£). Since RIf, = 0 for ¢ > 2 by Lemma 5.3,
we get an exact sequence

0 = Ext (F, fu M) = Extp o) (f*F, M) = Homx (F, R' fu M) —

— Ext% (F, fu M) = Extp g)(f*F, M) = Extx (F, R' f. M) —

— Ext% (F, fuM) = Extp g)(f*F, M) = Ext% (F, R' fu M) = -
Since X is a smooth curve, Ext% = 0 for p > 2, so Extf'l;(g)(f*]:, —)=0forp>3
and hd(f*F) < 2.

By Theorem 5.2, Ko(P(£)) is generated by [(f*F)(n)] for F € modX and n € Z.

Let 0 = M' - M - M"” — 0 be an exact sequence in modP(£). If two of
M, M'; M" have finite homological dimension, so does the other, so it is enough to

show that (f*F)(n) has finite homological dimension. But we have just seen that
hd((f*F)(n)) < 2 so the result follows. O

Lemma 5.5. Let P(£) be a quantum ruled surface over X. If F € modX and
M € modP(€), then

1. (f*F,M)=(F, fuM) = (F,R* f. M) and
2. if L is a locally free coherent Ox-module and n > —1, then

(F*F, (f*L£)(n)) = (F, L ®ox Bn).

Proof. (1) From the long exact sequence in the previous proof, we obtain an exact
sequence

0 = Extx (F, feM) = Extp o) (f*F, M) — Homx (F, R' f M) = 0
and an isomorphism
Ext3 ey (f*F, M) 2 Exty (F, R' fu. M).
Combining this with the adjoint isomorphism
Homp (g)(f*F, M) = Homx (F, f+ M),
we get
(f*F, M) = (F, feM) — (F,R' fM).
(2) By Lemma 5.3, f.((f*£)(n)) = £ ®o, Bn and R f.((f*£)(n)) = 0 so part
(1) gives (f*F,(f*L)(n)) = (F,L®o Bn). O

Our remaining goal is Theorem 5.8 which shows that the intersection theory on
P(€) is like that for a commutative ruled surface.

First we recall the following standard result that describes the Euler form on the
smooth projective curve X.
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Lemma 5.6. Let g be the genus of X, and p and q closed points of X. Then
(Ox,OX) =1-—g.

(0x,0,) =1.
(OPJOX) =-1.
(Opaoq) =0.

Lemma 5.7. Let p be a closed point of X and n an integer > —1. Then

1. RU.((f*Op)(n)) =0,
2. [£((f*O0p)(n)] = 31 o[05,] in Ko(X) for some closed points po,--- ,pn €
X, and

3. (Op(e), (f*Op)(n)) =n + 1.

Proof. Let n € Z. Since f* is exact, the exact sequence 0 - Ox(—p) - Ox —
Op — 0 in modX induces an exact sequence

0= (f*(Ox(=p))(n) = (f*Ox)(n) = (f*Op)(n) = 0
in modP(£). Applying f. to this produces a long exact sequence
0= ful(f*Ox(=p))(n)) = f((f*Ox)(n)) = f((f*Op)(n))
= R f((f*Ox(=p))(n)) = R f.((f*Ox)(n)) = R f.((F*Op)(n)) = ---

in modX.

Now suppose that n > —1.

Applying Lemma 5.3 to various terms in the previous long exact sequence, we
get an exact sequence

0— OX(_p) ®OX BTL — OX ®Ox Bn — f*((f*op)(n)) — 0;

and also see that R'f,((f*O,)(n)) = 0. On the other hand, there is an exact
sequence

0— Ox(—p) ®ox Brn = Ox Qox Brn = Op ®0x Bn — 0
in modX, so
[f((f*Op)(n))] = [Ox ®ox Bn] — [Ox(=p) ®ox Bn] = [0p ®ox Bxl

in Ko(X). By [7, Lemma 4.1], the length of O, ®p, Bn, € modX is n + 1, so
[0p ®ox Bn] = Y1 o[Op:] in Ko(X) for some closed points pg,--+ ,pp € X. In
particular,

(f*Ox, (£*0p)(n)) = (Ox, £((f*0p)(n))) = (Ox, R fo((*Op) (n)))

= Z(Oxa Opi)
i=0
=n+1
by Lemmas 5.5 and 5.6. O

The next result says that “fibers do not meet” and “a fiber and a section meet
exactly once”.

Theorem 5.8. Let P(E) be a quantum ruled surface over X, and p and q closed
points of X. Define

H .= [O]p(g)] — [Op(g)(—].)] S KO(]P(((:))
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Then
frO, - ffO, =0.
O, -H=1.
H-f"0,=1

H - H = deg(pra«&).
Proof. (1) By Lemmas 5.5 (2), 5.6, and 5.7,
(f*opaf*oq) = (opaf*(f*oq)) - (Opale*(f*Oq)) = (Opaoq) =0.
(2) By Lemmas 5.5 (3) and 5.6
(f*Op, H) = (f*Op, f*Ox) = (£*Op, (f*Ox)(-1))
= (0p, Ox ®ox Bo) — (Op, Ox Qo B-1)
= (0p, Ox)
=-1.
(3) By Lemma 5.7,
(H, f*0p) = (" Ox, f*Op) = ((f*Ox)(-1), f*Op)
= (f70x, [70p) = (7 Ox, (f70,) (1))
=1-2
= —1.

(4) Let g be the genus of X. Since pra.£ is a locally free module of rank 2 on a
smooth curve, there is an exact sequence

0—= Ly > pra€ — L2 —0
in which £, and £ are line bundles [3, Chapter V, Exercise 2.3 (a)]. Thus [prs.&] =
[£1] + [£2] and deg(pra2.€) = deg L1 + deg Ly [3, Chapter II, Exercise 6.12]. By
Riemann-Roch, and Lemmas 5.5 (3) and 5.6, we have
(H,H) =(f*Ox, f*Ox) — ((f*Ox)(-1), f*Ox)
— (f*0x, (f70x)(-1)) + ((f*Ox)(-1), (f*Ox)(-1))
=(0x,0x ®ox Bo) — (Ox,0x ®oy B1) — (Ox,0x ®ox B-1)
+ (Ox,0x ®oy Bo)
=(1-g)—(1-g+degls) — (1 —g+degLs)+(1-g)
=—deg Ly —deg L,
= — deg(pra.€&).
([l

The previous result is the same as that for the commutative case—see Proposi-
tions 2.8 and 2.9 in Chapter V of [3]. When £ is “normalized”, it is reasonable to call
H a K-theoretic section; in this case the integer e := —H - H = — deg(pr2.&) should
play an important role in the classification of quantum ruled surfaces analogous to
the role that e plays in the commutative theory.

The rank of a coherent O x-module gives a group homomorphism rank : Ky(X) —
Z. Recall that Ko(P(&)) = Ko(X) ® Ko(X)T, where the Ky(X) on the right
hand side is really f*Ko(X). We define rank : Ko(P(€)) — Z by rank(a + bT") =
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rank(a) + rank(b) where a,b € Ko(X). Then rank(Opg(n)) = 1 for all n, so
rank(H) = 0, and also rank(f*Op(n)) = 0 for all n and all p € X. We define
F1Ky(P(£)) to be the kernel of the rank function and think of it as the subgroup
of Ko(P(£)) generated by those P(£)-modules whose “support” is of codimension
> 1.

The kernel of rank : Ko(X) — Z is F*Ky(X), the subgroup generated by the
Ox-modules having support of codimension > 1, and this subgroup is isomorphic
to the Picard group Pic X. We have F1 K (P(€)) = F'Ko(X)® F1Ko(X).H®ZH.
Using the results already obtained, one sees that F* Ko(X).H is contained in both
the left and right radicals of the Euler form restricted to F1Ko(P(£)), so the Euler
form induces a Z-valued bilinear form on the quotient F'Ky(P(€))/F1Ko(X).H.
There are good reasons to think of this quotient as playing the role of the Picard
group for P(£), and if one does this one has PicP(£) = f*Pic X & Z.H just as in
the commutative case (cf. [3, Ch. V, Prop.2.3]); here f* Pic X denotes the image
of F1Ky(X) under the map f* : Ko(X) = Ko(P(£)).

Modding out all the radical for the Euler form on F'Ky(P(£)) produces an
analogue of the Neron-Severi group, and this is a free abelian group of rank two
with basis [f*O,] and H, and the pairing on this is given by Theorem 5.8. Again,
one has a good analogue of the commutative theory.
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