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Abstract
Let X (t) (¢t € R) be a real-valued centered Gaussian process with

stationary increments. We assume that there exist positive constants
8o, ¢1 and ¢z such that for any ¢ € R and h € R with |h| < §

E[(X(t +h) — X(1))"] < e10°(|h])
and for any 0 < r < min{|¢|,do}
Var(X(t)|X(s) :r < |s —t| < 8) > c20?(r) |

where o : [0,dy) — [0, 00) is regularly varying at zero of order a (0 <
a < 1). Let 7 be an inverse function of o near zero such that ¢(s) =
7(s) log log% is increasing near zero. We obtain exact estimates for
the weak ¢-variation of X (¢) on [0, al.
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1 Introduction

The elegant result of P. Lévy on the quadratic variation of Brownian motion
has been extended in different ways (see [Tay] [K]| [KK] [MR2] [MR3] and

references therein). Let
T={0=1ty <ty < <l =a}

be a partition of [0,a], and let m(m) = sup;<;cj(r)(ti — ti-1) denote the
length of the largest interval in 7w (m(7) is called the mesh of 7). Let Q,(d)
be the family of the partitions 7 of [0,a] with m(7) < ¢. For any function
f: Ry — R?% and any function ¢ : [0,6] — R, with ¢(0) = 0, the weak
¢-variation of f on [0, a| is defined by

Vialf) = lim_inf Vo(fim) (1)
where
Vo(f5m) = tZ S(R(f; [ti-1, 1i])) (1.2)
i ET
and

R(f;[a,b]) = sup |f(£) = f(s)| .

s, t€[a,b]
The sum in (1.2) and all that follows is taken over all the terms in which
both ¢; ; and ¢; are contained in w. The strong ¢-variation of f on [0, a] is
defined by

Voa(f) =lim sup > o(|f(t:) = f(ti1)]) (1.3)

=1l

-0 TE€Qa(9) t;em
Let B = {B(t), t € R, } be a Brownian motion in R¢. Taylor (1972) proved
the following exact estimates for the weak and strong variations of B: with

probability 1

sm ot Vo, (B;m) = Aa (1.4)
lim sup 3 ¢5(|B(t:;) — B(ti-1)|) =2 (1.5)

020 7€Q1(8) ;e
where ¢,(s) = s?loglog1/s, ¢3(s) = s?/loglog1/s and )\, is a positive finite
constant. Strong ¢-variation result similar to (1.5) has been obtained by

Kawada and Nono ([KK]) for certain Gaussian processes (see also Marcus
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and Rosen [MR2]). The main purpose of this paper is to generalize (1.4) to
strongly locally nondeterministic Gaussian processes.

Let X (t) (¢t € R) be areal-valued, centered Gaussian process with X (0) =
0. We assume that X (¢) (¢ € R) has stationary increments and continuous
covariance function R(t,s) = EX ()X (s) given by

R(t,s) = / (€™ — 1)(e 7 — 1)A(d)) | (1.6)

R
where A(d)) is a nonnegative symmetric measure on R\{0} satisfying
/\2
—— A(dA .
Ju e A <o

Then there exists a centered complex-valued Gaussian random measure W (d\)
such that
X(t) = / (€™ — )W (d)) (1.7)
R

and for any Borel sets A, BCR

E(W(AW(B)) = A(ANB) and W(-A) =W(4).
It follows from (1.6) that
E[(X(t+h) — X(1))]] = 2/R(1 —coshA) A(dN) .

We assume that there exist constants dp > 0, 0 < ¢, ¢ < oo and a non-
decreasing, continuous function o : [0, dg) — [0, 00) which is regularly varying
at zero of order o (0 < o < 1) such that for any ¢ € R and h € R with
|h] < do

E[(X(t+h) = X(t))*] < ci0®(|R]) - (1.8)

and for all ¢ € R and any 0 < r < min{|¢|, 6}
Var(X(#)|X(s):r < |s—t] < &) > co?(r) . (1.9)

If (1.8) and (1.9) hold, we shall say that X(¢) (¢ € R) is strongly locally
o-nondeterministic. A typical example of strongly locally nondeterminis-

tic Gaussian process is the so-called fractional Brownian motion of index



a (0 < a < 1), the centered, real-valued Gaussian process X (t) (¢ € R) with
covariance

EX(6)X(s) = g + |5 — |t — ) .
We refer to Berman [Bel] [Be2] [Be3] and Cuzick and Du Peez [CD] for more
information on (strongly) locally nondeterminism.

Based on an isomorphism theorem of Dynkin [D1] [D2], Marcus and Rosen
[MR1] [MR2] [MR3] studied the sample path properties of the local times
of strongly symmetric Markov processes through their associated Gaussian
processes. In particular, they proved results similar to (1.5) for the (strong)
p-variation of the local times of symmetric Lévy processes in the spatial
variable (see [MR2] [MR3]). It is natural to consider the weak ¢-variation of
the local times of symmetric Lévy processes. In this case, the argument of
Marcus and Rosen seems not enough and we have not been able to prove an
analogous result for the local times of symmetric Lévy processes.

Throughout the paper, we let 7(s) to be an inverse of o(s) near zero.
Then 7(s) is regularly varying at zero of order 1/a. We may and will choose
7(s) to be continuous and such that ¢(s) = 7(s)loglog ! is strictly increasing

near zero (see e.g. [S], p22).

2 0-1 Law

Let X(¢) (t € R) be a real-valued Gaussian process with stationary incre-
ments and X (0) = 0. We assume that X (¢) satisfies (1.8), where o(s) is
regularly varying at zero of order a (0 < o < 1), and it has a representa-
tion (1.7). It is well known that X (¢) has continuous sample paths almost
surely (see e.g. Section IV, Theorem 1.3 in [JM]). The following lemma is a
corollary of Proposition 2 of Wichura [W].

Lemma 2.1 Let

Zn(t) = / G LY

Then with probability 1



converges uniformly on [0, 1].

Now we prove a 0-1 law about the weak ¢-variation of X (¢) on [0,1]. 0-1
laws for other types of variation were obtained by Koéno [K] and by Kawada
and Kéno [KK].

Theorem 2.1 Let X (t) (t € R) be a real-valued Gaussian process with sta-
tionary increments and X (0) = 0 satisfying (1.8). Then there exists a con-
stant 0 < X\ < oo such that

P!l inf X: = =1. 2.1
{63%%131(5) Vo(X;m) = A} (2.1)

PROOF. Let (€2, B, P) be a basic probability space such that for every
w € §, the series Y 0%, Z,(t,w) in Lemma 2.1 converges uniformly in ¢ on
[0,1]. Let By be the o-algebra generated by {Z,(t), n = N,N +1,---}.
An event which is measurable with respect to B,, = NX_, By is called a tail
event. Since {Z,(t), n > 1} is a sequence of independent random variables,
it follows from Kolmogorov’s 0-1 law that for any A € B,,, P(A) =0 or 1.
Let

A= {lim inf Vy(X;m) = constant} .
0—=07meQ1(d)

We will show that A is a tail event and then (2.1) follows.

Let N be an arbitrary positive integer and set

e’} N-1

Xn(t) =3 Zu(t), Yn(t) =D Zu(t)

n=N n=1

Let 6, | 0 be a decreasing sequence. For any 0 < n < min{l/a —1, 1/3}

and any positive integer n, let

o = {w:R(YN; 15, 4]) < o (|t — s|™*)

for all £ > n and all [s,t] C [0, 1] with [t — 5| < 6k} :

Clearly
n n+1
Qp C Q,ﬁ C...



Since for each w € €, Yy(t,w) is continuously differentiable on [0, 1] and
a(l+mn) <1, we have

Q=)Q

s

n
n
n=1

We note that ¢(s) is regularly varying at zero of order 1/, then for any
€ > 0 there exists sqg > 0 such that for 0 < s < sg

oes)
¢(s)

(see e.g. Theorem 1.1 in [S]). For any w € 2, there exists n, such that w € Q7

— 2% <€ forall x € [n,3/2] (2.2)

for all n > n; and hence for any m € Q1(d,) and any t; 1, t; € T, we have

R(Yy; [ti-1, ti]) <o (|tio — ti|F7) (2.3)
O'(|ti_1 — ti‘H—n) < S, R(XN, [ti—lati]) < 8o (24)
and .
[ti_1 — t;|"1loglog s — ) <1 (2.5)
Let
Kr = {i: R(Xy; [tic1, ti]) < mo(ftiy — 1)}
Then by (2.2), (2.3), (2.4) and (2.5) we have
Y A(R(X; [tior, )
e
< Z ¢(R(XN; [ti—1,ti]) + R(Yn; [ti1, tz]))
i€ Ky
< 3 (ot =)
e
/o . 1
: ieZK,, ((77 )Y 6) ti — tia| " loglog o(|t; = tiza|1H7)
< (m+m)Ve4e. (2.6)
and
> O(R(X; [tia, ta]))
o
T a R(Yn; [ti 1,t])
< 5 o(RO st (14 R(Xx: [til,ti])))

it Ky



< 3 o((+ RO [, 1)

¢ Knr

< ()Y +e) 3 (R(Xn; [tima, ti])) - (2.7)

i K

Similarly we have

> (R Lo, 1)) > (A=) =) 30 ¢(R(Xy;[tims, ti])) - (28)

i¢Kx igKr

Combining (2.6), (2.7), (2.8) and noticing that n > 0, € > 0 are arbitrary, we
have
lim inf V4(X;7)= lim inf V,(Xy;7)

=0 meQ1(6) n—=00 1€Q1(dn)
for any positive integer N. Hence A is a tail event. This completes the proof
of (2.1).

3 Weak ¢-Variation for Gaussian Processes

Let X(¢) (t € R) be a real-valued Gaussian process with stationary incre-
ments and X (0) = 0 satisfying (1.8) and (1.9), where o(s) is regularly varying
at zero of order « (0 < v < 1). In this section, we study the weak ¢-variation
of X(t) on [0, a].

We will need several lemmas. Lemma 3.1 is proved in [X], which gener-
alizes a result of Talagrand [T2]. Lemma 3.2 is from [T1]. Lemma 3.3 gives
an estimate for the small ball probability of the Gaussian processes satisfy-
ing (1.8) and (1.9), which is a modification of Theorem 2.1 in Monrad and
Rootzén [MoR] (see also Shao [Sh]).

We will use K to denote an unspecified positive constant, which may be

different in each appearance.

Lemma 3.1 There exists a constant 61 > 0 such that for any 0 < ry < 6y,
we have

| I
P{Hr € [r2, ro] such that sup |X(t)] < Ko(r(loglog —)_W)}
,

[t|<r

! ). (3.1)

N[

)

>1- exp( (log



Let Z(t) (t € S) be a Gaussian process. We provide S with the following
metric

d(s,t) = [|Z(s) = Z(t)]l2 ,

where || Z||, = (E(Z2))2. We denote by Ny(S, €) the smallest number of open

d-balls of radius € needed to cover S.

Lemma 3.2 Consider a function ¥ such that Ng(S,€) < U(e) for all € > 0.

Assume that for some constant C' > 0 and all € > 0 we have
U()/C < U(5) < CU(e) .
Then

P{sup |Z(s) = Z(t)| < u} > e:vp(— K\Il(u)> ,

s, t€

where K depends on C only.

Lemma 3.3 For any 0 <r < & and any € < o(r), we have

exp(—%) < P( sup | X(t)] < e) < exp(—K:(6)> , (3.2)

te[0,r]

where K > 0 is an absolute constant.

ProOOF. The left hand side follows immediately from Lemma 3.2. The
proof of the right hand side by using (1.9) is the same as that of Theorem
2.1 in Monrad and Rootzén [MoR)].

Proposition 3.1 For any t € R, with probability 1

i P, 1)
e R

where £(s) is the inverse function of ¢(s) = 7(s) loglog + near zero and v > 0

(3.3)

s a finite constant.
Proor. Clearly,
R(X;[tt+ hl) > M(X; [t ¢+ h]) = max [X(s) — X(2)].

Then (3.3)follows from (3.2) and the Borel-Cantelli lemma in a standard way.
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REMARK. By using an argument similar to the proof of Theorem 3.3 in
Monrad and Rootzén [MoR], we can strengthen (3.3) to

L R(X:[ht+h)
Bt = )

for some constant K > 0. But we will not need (3.4) in the present paper.

=K a.s. (3.4)

Proposition 3.2 For any t € R, with probability 1

}im f R(X;[t—v,t+u])>

i )
-0 0<u1112u0§6 §(utv)

(3.5)

where £(s) and v > 0 are as in Proposition 3.1.

PROOF. Since the proof of (3.5) is similar to that of Lemma 3.4 in [Tay],
there seems no need in reproducing it.

We are now in a position to prove the main result of this section.

Theorem 3.1 Let X (t) (t € R) be a Gaussian process with stationary incre-
ments and X (0) = 0 satisfying (1.8) and (1.9). Let ¢(s) = 7(s) loglog . Then
there exists a positive finite constant A such that for any a > 0 with probability
1

(ljl_r)% wechelaf(J) Vo(X5m) = Aa . (3.6)
1; inf X2 — 21/a/a X 1/ ) )
lim inf Ve(XTym) =27 | X (8)[ " dt (3.7)

PROOF OF (3.6). We start by proving that with probability 1, for §

small enough
weicglf(é) Vo(X;7m) < K < 0. (3.8)
For k > 1, consider the set
R, = {t €[0,1]: 3r € [27%,27%] such that
|Ss_1;‘gr X(s)— X(t)| < Ko (r(log 10g%)‘1>} :
By Lemma 3.1 we have that for £ > log1/6;
P{t € Ry} > 1 —exp(—/k/2) .
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Denote by |A| the Lebesgue measure of A. It follows from Fubini’s theorem
that P(€y) = 1, where

Qo ={w:|Rx| >1—exp(—y/k/4) infinitely often} .

On the other hand, it is well known (see e.g. Section IV, Theorem 1.3 in
[JM]) that there exists an event §2; such that P(€;) = 1 and for all w € )y,
there exists ny = n4(w) large enough such that for all n > n4 and any dyadic

cube C' of order n in [0, 1], we have

sup | X (t) — X(s)| < Ko(27")v/n . (3.9)

s,teC

Now fix an w € €y Ny, we show that V,(X;7) < K < 0.
For any = € R, we denote by Cj(x) the unique dyadic interval of order [

containing x. Consider k£ > 1 such that
|R| > 1—exp(—y/k/4) .
For any = € Ry we can find [ with £ <[ < 2k such that
R(X;Cy(z)) < Ko(2 ' (loglog2)™!) (3.10)

Let V; be the union of such dyadic intervals Cj, then {V;} are disjoint and
Ry, CV = U, V. Let 7 be the partition of [0, 1] formed by the end points of
the dyadic intervals in V' and the end points of the dyadic intervals of order
2k that do not meet Rj. Then

Vo(X;m) = Z'o(R(X; ) + E"6(R(X; (7)) (3.11)

where 3~ sums over all the intervals in V and 3" sums over all the dyadic
intervals of order 2k that do not intersect Ry . By (3.10) we have

YOR(X;Cp)) <D > K2
=K <oo. | (3.12)

On the other hand, the number of the dyadic intervals of order 2k that do

not meet I is at most
27%[0, 1\V] < K2%*exp(—Vk/4) .
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For each C] of these intervals, by (3.9) we have
R(X;C)) < Ko(27*)Wk .
It follows that
S'O(R(X;Cp)) < K2%eap(—VE/4)$(Ko(27*)VEk)
< Kexp(—\/TE) krate <1 (3.13)

for k large enough. Since k can be arbitrarily large, (3.8) follows from (3.11),
(3.12) and (3.13).
To prove the opposite inequality for a = 1, we set for any € > 0, § > 0,

_ o R(X;[t —v,t+u)) B
E.;= {(t,w) €[0,1] x Q: ul,?;fo utv) > e}

O<utv<d
Then E, s is measurable in (¢,w). Define I5(t,w) = 1 for (t,w) € E.s and
I;(t,w) = 0 otherwise. By Proposition 3.2, for any fixed ¢ € [0, 1] almost

surely
(151_1)?% I(s(t, w) =1.

It follows from Fatou’s lemma that
1
E(lim inf / Is(t, w)dt)
> E/ hmme; (t,w)dt
= / E(hm 1an5(t,w)>dt =1.

0 6—0

Hence with probability 1
1
(]sl_rg ; Ii(t,w)dt=1.

This implies that for any € > 0, there exists almost surely 5 = d5(w) > 0
such that for any 0 < § < 45, |Es(w)| > 1 — €, where

E.s(w)={t€[0,1]: (t,w) € Es} -
For any partition 7 € Q(0), m = {0 =1p <11 <--- <tpm =1}, let
D(w) ={i: [tic1, 6] N Ees(w) # 0} .
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Then we have

Vo(Xsm) = ) $(R(X; [tim1, ti]))

t,em
> Y K(ti—ti1)
1€l (w)
> K(l-¢€).
This proves that
lim inf Vy(X;7m)>K>0. (3.14)

50 TEQ1(6)
It follows from (3.8), (3.14) and Theorem 2.1 that (3.6) holds for a = 1.

For any a > 0, let G(t) = X (at). By applying above result to G(t) (¢t €
[0, 1]) we get (3.6).

ProoF ofF (3.7). We divide [0,a] into m > 1 equal subintervals
Iim(a) = [%a, %a], j = 1,---,m and denote by Q(Imn(a);d) the family
of partitions 7; of I;,,(a) with m(w;) < 6. For any partition 7 = {0 =t <
ty < -+ <ty = a} of [0,a], define

J .
th(i =supyte 1ty < —a =1,---,m.
k(])(ﬂ') kp{ kete =0 } J
Consider the partitions of I;,,(a) given by

W(Ij’m(a)) = {tk(j—l) < tpgjetygr < - o- < tk(j)} j=1,---,m. (3.15)

and
T (Ijm(a)) = {j ;Lla <p—1)+1 < o0 <) < %a} J=1-,m.
(3.16)
Thus for any m € Q,(d), we can write
VolX%m) = 3 Vo (X5 7(Lim(@)
7j=1
m m—1 .
> 3 Ve(X5 7 Gnl@)) = X0 6RO oty )
m ) i
- 32 0RO k)
> 3 Vo (X% ALim(@) = 2m6 (w(0) swp X)), (317)
t€[0,a]



where
w(d) = sup |X(s)—X(¢)|.
s, t€[0,a]
s—t|<d

It follows from (3.17) that

inf V, <X2 ) inf |% (X2;7r-) —2m (w sup |2X (¢ )
€Qu() * z_:ﬂjEQ(Ij,m(a);J) g ’ P )te[OIZL 2X ()
(3.18)

Since ¢ is regularly varying at zero, for any € > 0, v > u > 0, for s sufficiently

small, we have
B(sb) > (1 — €)p(s)|b]*/* for all b € [u,v] . (3.19)

Since with probability 1, X (¢) is uniformly continuous on [0, a], there exists
almost surely dg = dg(w) > 0 such that for any 0 < § < g, we have, by (3.18)
and (3.19)

inf v, <X2 )
WEQa(J)

:>§: nﬁ()ﬂl@(anU)-l( inf |xxw|zzo

WJEQ(I] m telj m(a)

~2mo () sup [2X (1))

t€[0,a]
m

>1-9Y i v¢(X;7rj) inf X

j=1 m;€Q(I,m(a);0) ,m(a)
1(, inf X)) 2 u) - 2mo(w(0) sup [2X(1 1) IRCE)
teI] m(a) te[0,a]

where I(A) is the indicator function of the set A. It follows from Section IV
Theorem 1.3 in Jain and Marcus[JM] that

lim sup w(9)

-0 g(d)4/log1/é

for some constant K. Let 6 — 0 in (3.20), by (3.6) we have

<K a.s.

lim inf V(X2 )
6—>O7r6Qa()

(1—¢) 2”&2 inf (t)\l/o‘-l( inf \X(t)\2u>. (3.21)

m €l m(a) t€lj,m(a)

12



Let m — oo, we see that the left-hand side of (3.21) is
> (- a2l [NX @1 11X (@) > wt
> (1 —eml/a( /0 ) |X(t)|1/adt—au1/a) .
Since € > 0, u > 0 are arbitrary, we get

lim inf V¢<X2;7r) > 2t [C X ()t (3.22)
=0 1€Q4(9) 0

To prove the opposite inequality, we note that for any ¢ > 0, v > u > 0,

for s sufficiently small, we have
B(sb) < (1 +€)p(s)|b|'/*  for all b € [u,v].

However for b small enough, ¢(sb) < ¢(s)|b|*/*. Therefore for any 0 < v < o0

and any € > 0, if s is sufficiently small we have
d(sb) < (14 €)p(s)|b|/* forall b<w . (3.23)
Similar to (3.18), by (3.23) we have

v
inf V(X% -I(su X(t <—)
wanf 5 Ve(X55m) te[Ol,?z]| 0] <3

<Y i V¢(X2;7rj) -I(sup X ()] < g)

j=1 T €Q(Ij,m t€[0,a]

m

<1+ inf V¢(X;7Tj)( sup |2X(s)|>1/a

j=1 7 €Q(I},m(a);d) €I m(a)

Let § — 0, it follows from (3.6) that

v
lim inf V(X2;7r) -I(su X(1)| < —)
=0 meQq(9) te[ng]‘ ( )‘ -2

S(l—i—e))\Ql/o‘Zg sup | X (¢)[ .

j=1 T tel} ma)

Letting m — oo and noticing that € > 0 and v > 0 are arbitrary, we obtain
(3.22) but with a less than or equal to sign. This completes the proof of
(3.7).

The argument in Taylor ([Tay]) can be applied to prove the following

corollary.
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Corollary 3.1 Let
Us(X;[0,a]) = inf Vi (X;7)

where the infimum is taken over all the partitions of [0,a]. Then with proba-
bility 1, 0 < Ug(X;[0,1]) < Aa.

REMARK. If X(¢) (t € R) is the fractional Brownian motion of index
a (0 < a<1)in R, then (1.8) and (1.9) are satisfied with o(t) = t*. It fol-
lows from Theorem 3.1 and Corollary 3.1 immediately that with probability
1

(lsl_I)I(l) nelgf(é) Vo(Xs5m) = Aa (3.24)
and
0 < Uy(X;[0,1]) < Aa (3.25)

where ¢(s) = s/*loglog1/s. In the case of Brownian motion, i.e. a = 1/2,
(3.24) and (3.25) recover the result of Taylor [Tay| mentioned in (1.4).

4 Comments

Let Y = {Y(¢) ,t € R,} be a symmetric real-valued Lévy process with

characteristic function
Eewp(iAY (1)) = exp(—t(}))
and Lévy exponent
W) = 2/0°°(1 — cosuN)dv(})

where v is a Lévy measure, i.e. [;°min{l, v?}dv(u) < oo. If ¥(\) = \?/2,
then Y is Brownian motion. We assume that () is regularly varying at
infinity of order 1 < g < 2. It follows from a result of Barlow ([B]) that
Y has an almost surely jointly continuous local time, which is denoted by
L ={L?,(t,z) € Ry x R} normalized such that

E° (/OOO e_tstz) =u'(x)
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where
1 COS TA

ut(z) = - /0 md)\
is the 1-potential density of Y.
The mean zero Gaussian process G = {G(z) x € R} with covariance
E(G(z)G(y)) = u'(z — y) is said to be associated with Y. Then we have

E(G(z) = G))* =o*(|lz —yl) ,

where

9 2/001—c0sx)\d)\'
0

7= T+ 90
By a result of Pitman [P] we know that o%(z) is regularly varying at zero of
order 3 — 1. Marcus and Rosen ([MR1]) proved a corollary of the Dynkin
Isomorphism Theorem ([D1] [D2]), which enables them to obtain in [MR2]

and [MR3] almost sure results for the (strong) variations of the local times

™

of symmetric Lévy processes from analogous results about the associated
Gaussian processes in [MR2] and [MR3]. It would be interesting to study
the weak variation of the local times L of symmetric Lévy processes.
Let G(z) (z € R) be the associated Gaussian process and let (Qg, Pg)
be the probability space of G. Then G(z) (x € R) is strongly locally o-
nondeterministic if: (i) o%(z) is concave near zero and o*(z) — 0 as x — 0
(see [M]); or (ii) f(A) > K|A|7# for large | )|, where
2 1 A2
T =2 5o 1+

and
F(z) = / F(N)dA
0
(see [Bel]). Hence Theorem 3.1 holds under the condition (i) or (ii). It
follows from Lemma 4.3 in [MR1] and (3.7) that for almost all w € Qg,

G5 () 1 . G5 ()
. . . w\/, _ /(B-1) 4 w 1/(8-1)
lim Welclzlf((s) Vi (Lt + =5 ,7r) A2 /0 |LY + 5 \ dr (4.1)

for almost all £ € R, almost surely. However, it is not known whether the
following weak variation result for the local time L holds or not: almost

surely

lim it Va(Lipm) = A2/0°0 [ 120 Da
60 7€Qq (8) 0
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for almost all t € R. This can not be derived from (3.7) and (4.1) by using

the argument of Marcus and Rosen [MR2].
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