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Abstract

Let {W(t), t € R} and {B(t), ¢t > 0} be two independent Brownian motions
in R with W(0) = B(0) = 0 and let

Y(H) = W(BW)  (t>0)
be iterated Brownian motion. Define d-dimensional iterated Brownian motion by
X(t) = (X1(t),---, Xq(t)) (t20),

where X1,---, X, are independent copies of Y. In this paper, we investigate the
existence, joint continuity and Hoélder conditions in the set variable of the local
time

L={L(z,B): tcR% BecBR,)}

of X(t), where B(R,) is the Borel o-algebra of Ry. These results are applied to
study the irregularities of the sample paths and the uniform Hausdorff dimension

of the image and inverse images of X (t).
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1 Introduction

Let {W(¢t), t € R} and {B(t), t € R} be two independent Brownian motions in R
with W(0) = B(0) = 0 and let

Y(t)=W(B(t), teR,.

Using the terminology of Burdzy ([Bul]), Y'(¢) (t € R), is called iterated Brownian mo-
tion or simply IBM. Recently, there has been a lot of investigations on sample path prop-
erties of IBM; see Bertoin [Be], Burdzy ([Bul], [Bu2]), Burdzy and Khoshnevisan (|[BK]),
Csaki et al. ([CCFR1], [CCFR2|), Deheuvels and Mason ([DM]), Hu et al. ([HPS]),
Hu and Shi ([HS]), Khoshnevisan and Lewis ([KL1], [KL2]), Shi ([S]) and the references
therein.

It is easy to verify that Y'(¢) (¢ € R, ) has stationary increments and is a self-similar

process of index 1/4, that is, for any a > 0
Y(a-) £aY (), (1.1)

where X < Y means that the two processes X and Y have the same finite dimensional
distributions. The notion of self-similarity was first initiated by Kolmogorov in 1940.
Self-similar processes have gained much attention due to their role in numerous physical
theories. We refer to [K62] and [Taq] for more historical comments and a bibliograph-
ical guide on self-similar processes, especially self-similar stable (including Gaussian)
processes. IBM offers an interesting example of non-stable self-similar processes.

The existence and joint continuity of the local time of Y'(¢) have been proved inde-
pendently and at the same time by Burdzy and Khoshnevisan [BK]| and by Cséki et al.
[CCFR2]. In particular, they proved that for any 7' > 0, almost surely

: l(z,t+h)—I(z,t)
1 < K. 1.2
TP ook B A(log 1/R)FE (1.2)

By using (1.2) and a capacity argument, Burdzy and Khoshnevisan ([BK]) also proved

the following uniform Hausdorff dimension result for the level sets of IBM: almost surely

&m@f%@ﬂmﬂ)zz (1.3)



for all t > 0 and all z in the interior of Y'([0,t]), where
Y Hz)={s>0:Y(s) =z}

is the z-level set of Y (¢) and dimFE is the Hausdorff dimension of E. We refer to [F] for
definition and more properties of Hausdorff measure and Hausdorff dimension.
Associate to IBM Y (¢) (t > 0), we define an R? valued process by

X(1) = (X2 (1), - -, Xa(?)) (1.4)

where X, -+, X, are independent copies of Y. We will call X(¢) (¢ > 0) d-dimensional
iterated Brownian motion. By (1.1) we see that X (¢) (¢ > 0) is also self-similar of index
1/4. Furthermore for every U € SO(d)

UX(-) L X() . (1.5)

The purpose of this paper is twofold. Our first objective is to investigate the existence,
joint continuity and Hélder conditions in the set variable of the local times of X (¢) (¢ >
0). This is motivated by the papers of Burdzy and Khoshnevisan [BK] and Cséki et
al. [CCFR2|. In particular, our Theorem 2.3 improves Proposition (2.4) in [BK]| and
Theorem 3.1 in [CCFR2] (see (1.2) above) and gives the best possible order for the
logarithmic factor. We also apply the results on local time of IBM to derive other sample
path properties such as nowhere differentiability and the Hausdorff measure of the graph
of X(t). The second objective of this paper is to prove some results on the Hausdorff
dimension of the image and inverse image of X (¢). In particular, we prove that almost
surely for every z € R4\{0} .

dimX (7)) =1 - 1

This generalizes (1.3) to iterated Brownian motion in R¢.

We say a few words about the methods used in this paper. The arguments of Burdzy
and Khoshnevisan ([BK]) and Csdki et al. ([CCFR2]) in the study of local time of
iterated Brownian motion depend on the properties of the local time of Brownian motion
in R. Since Brownian motion in R? has no local time for d > 1, their methods can
not be carried over to the current case. Instead, we will use the methods developed by
Berman ([B1], [B2], [B3]), Pitt ([Pi]), Ehm ([E]) and Xiao ([X]) to prove the results on
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local time of d-dimensional iterated Brownian motion. The arguments are also valid in
more general setting, such as certain iterated Gaussian processes. Uniform Hausdorff
dimension results for Brownian motion were proved by Kaufman ([Kal] [Ka2]), see also
Perkins and Taylor [PT]; for locally nondeterministic Gaussian random fields by Monrad
and Pitt ([MP]). We will follow the same line to study the Hausdorff dimension of the
image set and the inverse image of X ().

The rest of the paper is organized as follows. In Section 2 we study the existence,
joint continuity and Holder conditions in the set variable of the local time of iterated
Brownian motion in R%. The results are applied to derive partially the results on the
modulus non-differentiability of the sample path proved by Hu and Shi ([HS]) and the
Hausdorff measure of the graph of X (¢). In Section 3, we prove some uniform Hausdorff
dimension results for the image set and the inverse image of X (¢).

We will use K to denote an unspecified positive finite constant which may not neces-

sarily be the same in each occurrence.

2 The Local Time of IBM

Let X(¢) (¢t € R;) be iterated Brownian motion in R? defined by (1.4). In this section,
we investigate the existence, joint continuity and Holder conditions in the set variable of

the local time
L={L(z,B): z€R% BeBR,)}

of X (t), where B(R;) is the Borel o-algebra of R,. These results are applied to study
the irregularities of the sample paths of X (¢).

We recall briefly the definition of local time. For a comprehensive survey on local
times of both random and non-random vector fields, we refer to Geman and Horowitz
([GH]) (see also Geman, Horowitz and Rosen [GHR]). Let X (¢) be any Borel function on
R with values in R%. For any Borel set B C R, the occupation measure of X is defined
by

up(A) = M{t e B: X(t) € A} (2.1)

for all Borel set A C R? where ), is the one-dimensional Lebesgue measure. If up

is absolutely continuous with respect to the Lebesgue measure \; on R? we say that
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X (t) has a local time on B and define its local time L(z, B) to be the Radon-Nikodym
derivative of pp. If B = [0, 1], we simply write L(z, B) as L(z,1).
The following existence theorem for the local time of iterated Brownian motion in R4

is easily proved by using Fourier analysis (see e.g. Berman [B1] or Kahane [K]).

Proposition 2.1 Ifd < 4, then for any T > 0, with probability 1, X (t) (0 <t <T) has

a square integrable local time L(x,T).

PROOF. Let pp be the occupation measure defined by (2.1). Then the Fourier

transform of ppo 1y is
T
i, T) = / exp(i < u, X (1) >)dt .
0
where < -,- > is the ordinary scalar product in R? and we will use | - | to denote the

Euclidean norm. It follows from Fubini’s theorem that

E/ uTQdu—///Eesz<uX() X(s) >) dudtds . (2.2)

To evaluate the characteristic function in (2.2) , we assume 0 < s < t (thecase 0 <t <s
is similar) and denote the density of (B(t), B(s)) by pis(z,y). Since Xi,---, X, are
independent copies of W(B(t)), we have

Eexp(i < u, X(t) — X(s) >)

- kl:[l E exp(iug (W (B(t)) — W(B(s))))

= H/ / E exp(iug(W(z) — W(y))) prs(z,y) dzdy

—H//exp(—— —yl)%m

2 2

Yy (r—y ))
cexp(—2 — dzd
exp( 25 ot —s )Y

d 9 1 x2
= Lz 4) (-—) d 2.3
el T exp(8 | S|uk luz [t—s| xPp 2 T ( )

2

by substitutions. Putting (2.3) into (2.2), we have

B[ty = [ [Ty e (51— ait)
u, u= — exp (= |t —slu
Rd'u 0o Jo JRép ¥ P 8 k



exp dxdudsdt

~/—uk\/t s| ( 2

- () (L) e (ol [
== Rexp 8u L , XDP rdu t—s|d/4
<00,

since d < 4. That is, almost surely fi(u, T) € L?(R?). Therefore with probability 1, ujo 1]
is absolutely continuous with respect to \g and its density belongs to L?(R¢%). The proof
is completed.

We can express the local time L(z,t) as the inverse Fourier transform of j(u,t),

namely
L(z,t) = (i)d/ exp(—i < u, z >)i(u,t)du

= ( )//Rdexp —i < u,x >)

exp(i < u, X(s) >)duds (2.4)

It follows from (2.4) that for any z, w € R%, B € B(R,) and any integer n > 1, we have

—nd 'n .
E[L(z, B)]" = (27) /n/Rndexp( zz<uj,x>)

=1

-Eexp( g u;, X ))dudt (2.5)

and
E[L(x + w,B) — L(z, B)]"
= (QW)*nd/n /Rnd ﬁ (exp(—i < uj, x4+ w >) —exp(—i < uj,x >))
-FE exp( Z <wuj, X >dudt (2.6)
where U = (uy, -+, uy), t = (t1,---,t,), and each u; € R% t; € B (j =1,---,n). In the
coordinate notation we then write u; = (uj,---,u$). The equalities (2.5) and (2.6) have

also been given by (25.5) and (25.7) in Geman and Horowitz [GH].
For a fixed T > 0, if we can choose L(z, t) to be a continuous function of (z,t), z €

R? 0 <t < T, then X is said to have a jointly continuous local time on [0,7]. Under

5



these conditions, L(z,-) can be extended to be a finite measure supported on the level
set
Xp'(z)={te€[0,T]: X(t) ==},

see Adler ( [A2], Theorem 8.6.1). This fact has been used by Berman ([B2]), Adler
([A1]), Ehm ([E]), Monrad and Pitt ([MP]), just mention a few, to study the Hausdorff
dimension of the level sets and inverse image of stochastic processes.

In order to study the joint continuity and Holder conditions in the set variable of the
local time of d-dimensional iterated Brownian motion, we will use the methods similar
to those used by Ehm ([E]), Geman, Horowitz and Rosen ([GHR]) and Xiao ([X]). We

first prove some lemmas.

Lemma 2.1 Let 0 < o < 1. Then for any integer n > 1 and any x1,---, 2, € R, we

have )
/ exp(=a”/2) dz < K n®, (2.7)
R min{|z — z;|%, j=1,---,n} -
and for any v > 0
7 exp(—22 /2 1
/ __|alrexp(=27/2) de < K212 pe (2.8)
r min{|z — z;|*, j=1,---,n} 2

where K > 0 is a finite constant depending only on «.

ProOOF. It suffices to prove (2.7). We observe that the left-hand side of (2.7) can be

written as
/l+1 exp(—$2/2) d
T
l€eZ l mln{\x —33j|°‘, .7: 15"'577’}
1 dzx
< 2% exp(—12/2 / : , , 2.9
- lezz p(=1'/2) o min{lz+1—2z[* j=1,---,n} (2.9)

where Z is the set of the integers. It is clear that (2.7) follows from (2.9) and the following

lemma.

Lemma 2.2 Let 0 < a < 1. Then for any integer n > 1 and any z1,---,x, € R, we

have

1
/ du <K no (2.10)
0

min{|z — z;|*, j=1,--+-,n} ~

where K > 0 is a finite constant depending only on «.
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PROOF. The easiest case is that z; € [0,1] (i = 1,---,n). In this case, the proof of
(2.10) is implied in the following. If z; (i = 1,---,n) are not all in [0, 1], we may and will

assume z, o, -, T, € [—1,2] and
T ST S STy

Since decreasing the number of z;’s does not increase the value of the integral in (2.10),

we will further assume z; € [-1,0) and
T <z <+ <1 <1< <2—2py 1 .

In this case

/1 dx
o min{|z —z;|*, j=1,---,n}
/(w1+w2)/2 dx /($2+$3)/2 dx
0 [z —z1|® " J@itan)2 |7 — @
1 dz

(@n—1+20)/2 |T — Ty |*

2a
< T [(xQ — o)) (3 —x) (T — xpy)
20 [1& 1-a
— Ti;— Ti
_1—04[71].2::2(] ]1)]
< Kn®

by Jensen’s inequality. This proves (2.10).

Lemma 2.3 is a special case of a lemma of Kono ([K61]), see also [E].

Lemma 2.3 Let 0 < o <1 and h > 0. Then for anyn > 1,

1
/O<t1<t2---<tn<h H?:l(tj - tjfl)a

S( 2 )nh(l—a)n(n!)a—l )

11—«

The following lemma gives the basic estimates for the moments of the local time of

iterated Brownian motion in R¢.



Lemma 2.4 Let X(t) (t > 0) be d-dimensional iterated Brownian motion with d < 4.
For any h > 0, B =1[0,h], z, w € R% , any even integer n > 2 and any 0 < y < 1/6,
we have

E[L(z, B)]* < K™ h1=d/9n(p1)3d/1 (2.11)

E[L(z +w, B) — L(z, B)]* < K™|w|* h1=@n/4n p1)sd (2.12)
where K > 0 is a finite constant depending on d only.

PROOF. Since Xi,---, Xy are independent copies of Y (¢t) = W (B(t)), it follows (2.5)
that

E[L(z, B)]" < (27) “d/ [/ Eexp< ZUkY )dU’“]df, (2.13)

where U = (u¥,--- uF) € R". For any n > 1, let S(n) be the family of all permutations
of {1,---,n}. For any permutation 7 € S(n), let

L ={(t, --,t,) e R": la(r) <la@) < -- < tﬂ(n)} ;
For simplicity, we consider distinct t1,- - -, ¢, € (0, h] with

Denote the density of (B(t1), B(tz), -, B(ty)) by Dyt (Y1, -+, Yn), 1€

1 1~ (55— y5-1)
. oo (1§ =Py
(2m)" 2 TG (t — tj-1)'/? 2 JZ tj—tj-

=1

Dty tn (yl: T yn) =

Then by conditioning, we have

Eexp(iiujW(B(tj)))
= J e (i u 36)) ) =y, 1< <)

ptl,', (y17 ayn) dyl dy
—/ EeXp( ZU'] yg)> Dot Y1y Yn) Ay -+ - dyp,

7=1

= [ exp(=5UR@s - )
R» 2
Prryotn Y157 Yn) Y1 dyn . (2.15)
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where R(yi,- -, yn) is the covariance matrix of W (y;), - - -, W(y,) and U’ is the transpose
of U € R™. We claim that for any y1,---,y, € R

(277')”/2
(det(R(y1,- -, yn)))Y/2 "’

where det(R) denotes the determinant of R. If det(R(y1,---,y,)) = 0, then (2.16) is

trivial. Otherwise, we see that the following function

(2.16)

1
/n exp (_iUR(yla " ':yn)Ul> dU <

(2r) "2 (det(Rys, )7 exp(~5URGn, -+, u)U")

is the density function of the Gaussian vector with mean zero and covariance matrix
R Y(y1, - -+, yn). This implies (2.16) immediately.

It is well known that
det(R(y1, -+, yn)) = Var(W(y1) H Var(W (y;)[W (y1), -+, W(y;-1)) , (2.17)
j=2

where VarY and Var(Y|Z) denote the variance of Y and the conditional variance of Y

given Z respectively, and for any y1,---,y, € R

Var(W(yn)|W(y1), - --,W(yn_l)) > emin{lyn— ], j=0,1,---,n—1}  (2.18)

where 3o = 0 and ¢ is an absolute constant. In fact, (2.18) holds for a large class of locally
nondeterministic Gaussian processes (see e.g. Xiao [X] and the references therein). We

make the change of variables
d 1/2
yi =3 (ti— 1) (j=1,---,n),
=1

then it follows from (2.15), (2.16), (2.17), (2.18) and Lemma 2.1 that

[ Bexp (iéujy(tj))dU

]_ 1 n
= . _Z 2) )
= /R" (det(R(yl’ R yn)))1/2 eXP( 9 ; i dzy---dz
1

re [[5_ min{[y; — 312 :0<i<j—1}

< K"



1 n
-exp(—§ E z32> dzy---dz
Jj=1

n 1 1
< K"
- ]1;[1 (tj —tj—1)Y/* Jre [T min{|z; — 2;[Y/2: 0 <0 < j— 1}

1 n
-exp<—§ sz) dzy -+ -dz,

=1

(2.19)

where
_ Z =t l
l=i+1 t t]—l
By Lemma 2.3 and (2.19) we see that (2.13) is at most
i 1
K™ (n))%? / dty - - dt,
Weg?n) Tnl0A]" Jl;[l = tn(j—1))¥*

< K" (n!)3d/4h(17d/4)

This proves (2.11).
Now we turn to the proof of (2.12). By (2.6) and the elementary inequality

le™ — 1] < 2177 |u|” forany ueR, 0<y<1,
we see that for any even integer n > 2 and any 0 < v < 1,
E|[L(x +w,B) — L(z, B)]"
n
< @) 2t [ 1_1 "

E exp( Z <wuj, X )du dt . (2.20)

1/4

By making the change of variables t; = hs;, j=1,---,nand u; = h™/%v;, 5 =1,---,n

and changing the letters s, v back to ¢, u, we see that the right hand side of (2.20) equals

27 ) ~don(1=7) | gy M pr(=(d4)/4) - u;|”
j
1] JRrd 25

-Eexp( Z <u;, X )du dt . (2.21)
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We fix any distinct ¢y, -- -, ¢, € [0, 1] satisfying (2.14) and let
n n
J = /Rnd I u” Eexp(iz < u;, X(t;) >>dﬂ .
j=1 7=1

Since for any 0 <y < 1, |a + b|” < |a|” + |b]?, we have

n ; n )

I " <3 TT 1wl (2.22)

j=1 j=1

where the summation 3 is taken over all (B1,- -, Bn) € {1,---,d}". It follows from
(2.22) that

J< Z'/ 1’[ | Eexp( S <y, X(4) >)dﬂ . (2.23)
Rnd et
Now fix a sequence (0, - --,ﬂn) e{l,---,d}" for 1 <k <d, let
Ay ={j:8;=k}.

Then Ay, (k =1,---,d) are disjoint and ", #A = n. By the independence of X7, - -, X,

we have

/ H ﬂj|’7 Eexp(iz < Uj, X(t]) >)dﬁ
j=1 j=1

li[[/ I 1451 EeXp( Zuka ) dU’“] . (2.24)

JEAL

Fix a k € {1,---,d} and consider the integral in (2.24). To simplify the notations, we
will omit the superscript (subscript) &. Similar to (2.15), we have

/ H lu;|” Eexp( Zu] ) dU

:/ ]g\u]‘7 [/ exp(——Var ]leuj )))

Dty oot Y155 Yn) dy1 - -dyn] dU

= Y /anr [/ I 1w1” exp(——Var Zu] ) dU]

m€S(n) T JEA
'ptl,---,tn (yl: Ty yn) dyl e dyn . (225)
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For any fixed (y1, -, y,) € R"NT;, by the independence of increments of W (-), we have

n

Var(é w;W(y;)) = D 05 Ue() = Yn(G-1)) » (2.26)

=1

where
n
Vj = ) Un(l)
1=j

It follows from (2.26) that

/n II u” exp(——Var Zuj (v5) ) duy - - - duy,

JEA

= [ I fo=vl
jeT—1(A)
n

'eXP< Z (Yn() — -_1))> dvy - -dv, . (2.27)

Using again the inequality |a+b|" < |a|” +(b]” (0 < v < 1), we see that (2.27) is at most
" n 1.n )
Z /R" H |Uj|nﬂ €xp (—5 ZUj (yw(j) - yr(j—l))) dvy - - - dvy,
i =
n
< Z K

] l(yw() yﬁ(j_l))(lﬂm)/? ?

(2.28)

by simple substitutions, where the summation 5" is taken over all (m,---,m,) € {0,1,2}"
with Y- 7n; = #A. It follows from (2.27) and (2.28) that

7 exp( -V, duy - - - du ]
Anmrﬂ |:/ H ‘U/J‘ eXp( ar Z U/] > Ui -
Dty,yentn (y17 P yn) dyl dyn
" 1
<Y R 4
2 Rer [171 (Y () — Y1) T2

Dty ot (Y15 Yn) dY1 -+ - dyn
1

- Z K /Rnnl“,r (det(R(yl, ce ,yn)))(1+27)/2

H Yr() = YnG-1)E T pry e W1, ) Ay - dyn - (2.29)
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We make the substitution y; —y; 1 = (t; —t; 1)*?z; ( = 1,---,n) in (2.29) and notice
that

1L ety = o) &2 < 1 (Z |zl|(2—m)v/2>
j=1 b

=1 ‘=1
nr n
BN | [EA R (2.30)
7j=1
where the summation ¥ is taken over all (6y,---,6,) € {1,---,n}". For any such a
fixed sequence (01, ---,d,), we can write
H |25, |07/ = H |27 (2.31)
j=1

with 7; > 0 and

-5 (-8,

j=1
By (2.30), we have that each summand in (2.29) is at most

=1
- Kn
I — o)
1
Z /n [T7-, min{[z; — =; |22 3 =0,1,---,7 — 1}
11 125, |(2=7)7/2 exp (_% 3 212) dz -+ dz, (2.33)
j=1 j=1

It follows from (2.31), (2.32) and Lemma 2.1 that the integral in the summand of (2.33)

1s at most
| Zj |73

/nHmln{\z]—xP”“Y/z i=0,1,---,5— 1}

1 n
-exp(—§ sz) dzi---dz,

7j=1
< K™(n)(1+27)/2 QT;’/2F(TJ_>
< K)o ] .
< K™(n!)'*27 . (2.34)
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Combining (2.23) - (2.34), we have

KT 342v)d
/= oty =t (A2 (nt) 0 (2.35)

It follows from (2.20), (2.21), (2.35) and Lemma 2.3 that for 0 <y < 1/6

E[L(z +w,B) — L(z, B)]"
< Kn|w‘n7 hn(l—(d+7)/4) (n!)(3+27)d

1 _
' Z )/[0,1}nnr,, H;'l:1(tj — 1 ) (+2md/e dt

weS(n

< Kn|w‘n’y hn(lf(d+'y)/4) (n!)4d )

This proves (2.12).

REMARK.  We believe a better inequality than (2.12) with (n!)¢ replaced by
(n!)3(@+1/4 hold. However, (2.12) is enough for our purpose.

Since X (t) has stationary increments, the above arguments also prove the following

lemma.

Lemma 2.5 For any 7 > 0, let B = (7,7 + h] with h > 0. Then for any v, w € R%
any even integer n > 2 and any 0 <y < 1/6

E[L(z+ X(7), B)]" < K™ h(1=4/4n(p))3d/4 (2.36)
E[L(z+w+ X(7),B) — L(z + X(7), B)]" < K"w[™ p3-@/Mnpnid — (2.37)
The following lemma is a consequence of Lemma 2.5 and Chebyshev’s inequality.

Lemma 2.6 With the notations of Lemma 2.5, for any X > 0, there exists a finite
constant A > 0, depending on X\ and d only, such that for any u > 0

P{L(z + X(r), B) > AR """} < exp(—du) (2.38)
P{|L(x +w+ X(r), B) = L(z + X(r), B)| > AJw["h!~(#t7)/4y*4}
< exp(—Au) . (2.39)
In particular, (2.38) and (2.39) hold for 7 = 0.
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PRrROOF. We only prove (2.38); inequality (2.39) can be proved in the same way. Let

L(z+ X(7),B)

A= pi—d/4

By (2.36), Jensen’s inequality and Stirling’s formula, we have
E (AY6D)" < K™l (2.40)

Then (2.38) follows from (2.40) and Chebyshev’s inequality as in the proof of Lemma
(3.14) in Geman, Horowitz and Rosen ([GHR]).

Now we prove the main results of this section.

Theorem 2.1 If d < 4, then almost surely X (t) (t > 0) has a jointly continuous local
time L(z,t) (x € R%, t > 0) and for any B € B(R,), A € B(RY)

pp(A) = /A L(z, B)dz . (2.41)

PROOF . It follows from Lemma 2.4 that for any 0 < v < 1/6 and any even integer
n>2
E[L(z, [0, s]) = L(y, [0, 2])]" < K"|(z,5) — (y,2)|"" . (2.42)

Then the joint continuity of L(z,t) follows immediately from (2.42) and a continuity
lemma of Garsia ([G]). See also Geman, Horowitz and Rosen ([GHR]) for a more general
result.

To prove Theorem 2.2, we will need the following lemma, which can be derived from

LIL of Brownian motion (see Burdzy [Bul]).

Lemma 2.7 Let Y(t) (t > 0) be iterated Brownian motion in R. For any T € R, with
probability 1,

: Y (t) = Y(7)]
lim <K.
i rereren B/ (loglog 1/R)¥E =

Theorem 2.2 [If d < 4, then there exists a positive and finite constant K such that for
any T > 0 with probability 1

L —L
lim sup sup (2,7 + h) (z,7)

2.43
hoso  gerd h1=¥4(loglog 1/h)34/4 = (2.43)
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PROOF. The proof is similar to the proof of Theorem 1.1 in Xiao [X2] (see also [GHR]
and [E]). For any fixed 7 > 0, let B, = [r,7+27"](n = 1,2,---). It follows from Lemma

2.7 that almost surely there exists n; = n;(w) such that

sup | X (t) — X(7)| < K27 Y*(loglog2")** for n>mn, . (2.44)
tEBy

Fix a v with 0 < v < 1/6 and for any integer n > 1, let
0, = (27™)/4/(log log 27)13¢/(4)
and let
G, = {x eR¢: |z| < K(27")Y%(loglog 2™)** | x = ,p for some p € Zd} ,
where Z¢ is the integer lattice in R%. The cardinality of G, satisfies
#Gy < K(logn)®

at least when n is large enough, where a > 0 is a constant depending on 7 and d only.
Denote
b1(s) = 5"/ (log log 1/s)*/*

It follows from Lemma 2.6 that for some constant A > 1,

P{L(z + X(7),By) > A¢1(2 ") for some z € Gy}
< K(logn)®exp(—2logn)
= K(logn)*n 2.

Hence by the Borel-Cantelli lemma there is ny = ny(w) such that almost surely

sup L(z + X(7),B,) < A$1(27") for n>ny. (2.45)

z€Gp

For any fixed integers n with n? > 24, m > 1 and any = € G,,, define

F(n,m,x) :{yERd:y:x—i—HnZeij for ¢; € {O,l}d} )

i=1
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A pair of points y;, yo € F(n,m,z) is said to be linked if y5 — y; = 6,e2™™ for some
e € {0,1}¢. Then by (2.39) we have

P{ L(ys + X (7), By) — L{ya + X(7), By)|
> Aly; — 172770 (1 Toglog 2™)* for some

x € Gp,m >1 and some linked pair vy, y, € F(n,m, x)}

< #G,, Y 2™ exp(—2mlogn)

m=1
o 2%/n?
Since 22
> n
(logn)® ——— < 0,
n:[QdZ/?H—l 1—24/p?

there exists n3 = n3(w) such that for almost surely for n > nj

|L(y1 + X (7), Bn) — L(y2 + X (1), By)|
< Aly — o727 DD (m Toglog 27)* (2.46)

for all x € G,,m > 1 and any linked pair y;, yo € F(n,m,x). Let Qq be the event
that (2.44), (2.45) and (2.46) hold eventually. Then P(€)) = 1. Fix an n > ny =
max{ni,ny,n3} and any y € R¢ with |y| < K27"/*(loglog 2")3/*. We represent y in the
form y = lim,;, o0 ¥, Where
Ym = T + 0, Z ej2’j (yo =1z, € € {0, l}d)
j=1

for some x € G,,. Then each pair y,,_1, ¥, is linked, so by (2.46) and the continuity of
L(-, B,) we have

|L(y + X(7), By) — L(z + X (1), B,)|
< 3" Al 27| 27 =@ (1 Jog log 2m)*

m=1
< Kz—n(l—(d+’7)/4) (loglog 2n)4d0;¥ i 9—my m4d
m=1
— K¢ (27) . (2.47)
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It follows from (2.45) and (2.47) that almost surely for n > ny
L(y + X(7), Bn) < K¢:1(27")

for any y € R? with |y| < K27"/*(loglog 2")3/*. Therefore

sup L(x, Bn) = sup L(Q?, Bn)
z€R4 z€X(Bn)
< K¢i(277) . (2.48)

Finally for any > 0 small enough, there exists n > n4 such that 277! < r < 277
Hence by (2.48) we have

sup L(z, B(r,r)) < Ko¢1(r) .
z€RJ

This completes the proof of Theorem 2.2.
REMARK.. If d =1, Csdki et al.((CCFR2], Theorem 4.1) proved that almost surely
lim sup sup L(z, 7+ h) — L(z,T) >
h—0  zerd W' ~%*(loglog1/h)3d/4
We believe this inequality also holds for 1 < d < 4, but we have not been able to prove
it.

Theorem 2.3 If d < 4, then for any T > 0, there exists a positive finite constant K

such that almost surely

, L(z,t + h) — L(x,t)
! <K. 9.49
lezl—%lp ozltlgT l-seu];{)d h'=d/4(log1/h)3d/*+ — ( )

PROOF. The proof, using Lemma 2.6, is very similar to that of Theorem 1.2 in [X].

Hence we will omit the details.
REMARK. If d =1, (2.49) becomes
, L(z,t+ h) — L(x,t)
limsup sup su <K.
b0 oster aeme B3/ (log 1/R)IA =
This improves Proposition (2.4) in [BK] and Theorem 3.1 in [CCFR2| as mentioned in
(1.2).

The Holder conditions for the local time of a stochastic process X (t) are closely related

to the irregularity of the sample paths of X (¢) (cf. Berman ([B2])). In the following, we
will apply Theorem 2.2 and Theorem 2.3 to derive results about the degree of oscillation

of the sample paths and the Hausdorff measure of the graph set of X (¢).
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Theorem 2.4 Let X (t)(t € Ry) be iterated Brownian motion in R? with d < 4. For
any T € Ry, there is a finite constant K > 0 such that

[ X(s) = X(7)

lim inf > K .8. 2.50
RIS T ogTog 1y 2 .
For any interval T C R,
X(s)—X(t
liminf inf sup X(5) ®) > K as. (2.51)

o0 i€l e ri/t/(log /)3
In particular, X (t) is almost surely nowhere differentiable in R .

ProOF. For any interval Q C R,

MQ) = /ML(%Q) d

< @~ (sup 1x(9) - X)) (2.52)

5,6€Q
Let @ = B(7,r). Then (2.50) follows immediately from (2.43) and (2.52). Similarly,
(2.51) follows from (2.49) and (2.52).

REMARK. Theorem 2.4 recovers partially the results obtained by Khoshnevisan and
Lewis ([KL2]), Hu, Pierre-Lotti-Viaud and Shi ([HPS]) and Hu and Shi ([HS]) respec-
tively.

Now let

X([0,1]) ={X(t) : t€[0,1]}

and
GrX([0,1]) ={(t, X(t)) : t€]0,1]}

be the image and graph set of iterated Brownian motion X (¢) in R¢. It follows from
standard methods that with probability 1

dimX ([0, 1]) = min{d, 4} (2.53)

dimGrX([0,1]) = min{4, 1+ 3d/4} . (2.54)

It would be interesting to study the exact Hausdorff measure of the image and graph of
iterated Brownian motion in R%. We end this section by presenting a result on the lower

bound of the Hausdorff measure of the graph as an application of Theorem 2.2.
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Theorem 2.5 Let X(t)(t € R,) be iterated Brownian motion in R with d < 4. Then
almost surely
b-m(GrX([0,1]) > K | (2.55)

where ¢3-m is the ¢3-Hausdorff measure, K is a positive finite constant depending on d

only and
p3(r) = ri+344 (loglog1/r)34/*

PROOF. We define a random Borel measure p on GrX([0,1]) € R*? by
w(B) =\ {t€0,1]: (t,X(t)) € B} forany BC R .

Then p(R'™4) = u(GrX([0,1])) = 1. It follows from Theorem 2.2 that for any fixed
to € [0,1] almost surely

1(B((to, X (to)), 7))
< /B gy 1 Blio )
< Kos(r) . (2.56)

By Fubini’s theorem, we see that (2.56) holds almost surely for \; a.e. t5 € [0,1]Y. Then
the lower bound in (2.55) follows from (2.56) and an upper density theorem for Hausdorff
measure due to Rogers and Taylor ([RT]).

3 Uniform Dimension Results

It follows from a capacity argument and the following Lemma 3.1 that for any Borel set
E C R, almost surely
dimX (F) = min{d, 4dimFE} . (3.1)

The exceptional null set in (3.1) depends on E. In the following, we will prove a uniform
Hausdorff dimension result: if d > 4, then outside a single null probability set, (3.1)
holds simultaneously for every Borel set £ C R,. This is not true for d < 4. The
Hausdorff dimension of the inverse image X !(F) for any Borel set F C R¢ will also

be considered. In particular, we will generalize (1.3) to d-dimensional iterated Brownian
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motion. Hausdorff dimension results of this nature for Brownian motion were proved by
Kaufman ([Kal] [Ka2]), see also Perkins and Taylor [PT], for locally nondeterministic
Gaussian random fields by Monrad and Pitt ([MP]). We will follow the same line.

We need several lemmas. Lemma 3.1 is a direct consequence of a result of Khosh-
nevisan and Lewis ([KL1]) and Lemma 3.2 is from Monrad and Pitt ([MP]).

Lemma 3.1 Let Y (t) be iterated Brownian motion in R, then with probability 1

Y(t -Y(t
lim sup sup Yt +s) ®)]

=1. 3.1
h—=0 o<t<1 0<s<h h1/4(10g1/h)3/4 )

Lemma 3.2 If for any e > 0, X(t) : [0,1] — R? satisfies a uniform Hélder condition of
order o — €, then
1
dimX(F) < — dimFE . (3.2)
a

If, in addition, X(t) also has a bounded local time L(x,[0,1]), then for every closed set
F C R4,
1
dimXHF) <1 - %z + ZdimF : (3.3)

Forn=1,2---and k € {1,2,---,2"}, let L, = [(k — 1)27™, k2"

Lemma 3.3 If d > 4, then almost surely for n large enough and for any ball D in R?

of radius 27™/* n3*, X YD) can intersect at most n***? intervals I,y.
By Lemma 3.1, we see that Lemma 3.3 is a corollary of the following lemma.

Lemma 3.4 If d > 4, then almost surely for n large enough, any ball D of radius

21=n/4 3% in R? can contain at most n?**2 points X (k27").

PROOF. Let A, be the event that there exists a ball D of radius 2!~/ n3/4 in R¢
such that it contains at least n?**? points X (k2™"). Consider n distinct points ¢; =
k;j2=™ (k; € {1,---,2"}) satisfying

L <to<---<t,

and X(t;) € D for j =1,---,n. Denote by N, the number of such n-tuples (¢1,---,%,).
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Since Xi,---, X4 are independent copies of W (B(-)), we have

P{X(t-) €D, jzl,---,n}

lj { ) €Dy, j=1,- }, (3.4)

where D is the orthogonal projection of D in the [-th axis. For each fixed 1 < [ < d,
similar to (2.15) and (2.19) we have

P{W(B(tj)) €D, j=1,-- n}

- P{W(y]) €Dy, j=1,-, n} ’ ptl,"',tn(yla T ayn) dy, - - - dyp

R'I‘L
n 92-—n/4 n3/4

< / Dyt Y1, Yn) dy1 - dyny

we%z) Rl 13 yw(jryw(jfl))”? 1

1 n

< 22—n/4 n3/4 / exp<—— 22) dZ1 Zn

( yla ayn))1/2 2]21 !

1

n (92-n/4 3/4 11/2 I ——

<K (2 ) (n!) H t —t; )1/4’ (3.5)

where the last inequality follows from Lemma 2.1. It follows from (3.4) and (3.5) that
P{X(t-) €D, j= ln}

< K"n 3nd/4 n, d/2 H 1

i (k= k)i
Therefore,
1
ki<ko<--<kn<2m H?:l(kj - kj—l)d/4
Knpndld (n)4/2 if d >4
{ K™n®* (n!)? n™ if d=4.

E(Nn) — KnnSnd/4 (n!)d/Z

We can simply write for d > 4
E(N,) < K"n** . (3.6)

On the other hand, if the event A,, occurs, then for n large enough

n2d+2

A R (3.7)

n
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It follows from (3.6) and (3.7) that

P(An) S P(Nn Z n(2d+1)nen/2>
< K'n ™.

Since Y-, P(A,) < 0o, the proof of Lemma 3.4 is completed by the Borel-Cantelli lemma.

Now we prove the main theorem of this section.

Theorem 3.1 Let X (t) be iterated Brownian motion in R® with d > 4, then with prob-
ability 1,
dimX (E) =4 dimE for every Borel set E C R, . (3.8)

PROOF. It suffices to prove (3.8) for E C [0,1] . Then the upper bound in (3.8)
follows from Lemmas 3.1 and (3.2). The lower bound follows from Lemma 3.3 in a

standard way.

Theorem 3.2 Let X (t) be iterated Brownian motion in R® with d < 4, then with prob-
ability 1, for every closed set F C R\{0}

mmx*@3:1—g+%mmF. (3.9)
In particular, for every x € R4\ {0}
dimX '(z) =1— %l :

PRrROOF. The upper bound in (3.9) follows from Lemma 3.1, the continuity of the
local time and (3.3). The proof of the lower bound

1
mmx*ﬁjz1—g+1mmF

for every closed set F' C O = U, g{z : L(z, [s,t]) > 0}, is the same as that of Theorem 1
in [MP], using Theorem 2.3. The open set O is almost surely nonempty. It follows from
the self-similarity of X (¢) and (1.5) that O = R%\{0}.
REMARK. The packing dimension (see Taylor and Tricot [TT]) of the image and
inverse image of X (¢) can also be discussed. Results similar to (3.8) and (3.9) also hold.
Acknowledgment I would like to thank Professors K. Burdzy and M. Csorgé for

sending me their papers on IBM before publication.
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