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1. Introduction

Class Field Theory is one of the major accomplishments of twentieth century
number theory. Broadly speaking, it is the study of abelian extensions of number
fields and their relation to certain “generalized ideal class groups”. Though easily
formulated, class field theory seems to require a lot of machinery to prove. For this
reason, it is easy when first learning Class Field Theory to get lost in a jungle of
technicalities without first appreciating the neatness of the end results. It seems
that before one studies the machinery needed to prove Class Field Theory, it would
be desirable to have a good understanding of what the theory is and how it can be
used to solve concrete problems. This paper, then, is a “black box” approach to the
subject. It is my hope that this paper will provide incentive to embark upon a more
rigorous study of Class Field Theory. I hope also that the examples given here will
make the statements of Class Field Theory seem well-motivated and reasonable.

As background, I assume only familiarity with the content of a first semester
graduate course in Algebraic Number Theory as found, for example, in Part I of
[4]. I have tried for the most part to follow the approach to Class Field Theory used
by Lang in [4]. The exposition and notation occasionally correspond more closely
to that of Janusz in [3]. Most of the examples are either adapted directly from the
literature, or are based on exercise sets from Class Field Theory courses given at
U.C. Berkeley by P. Vojta and H.W. Lenstra, Jr.

Though Lang develops Class Field Theory almost exclusively using ideles, I delay
introducing ideles until the final sections. The reader should keep in mind, however,
that ideles are clearly the proper setting for class field theory from a modern point
of view. I have also avoided using the language of places, which has superceded the
notion of finite and infinite primes in the modern number-theoretic consciousness.
The point of this is merely to strengthen the classical ambience that I am aiming
for throughout most of the paper.

The reader is encouraged to use the bibliography as a springboard for forays into
more detailed aspects of the theory.

2. Algebraic Background

Unless otherwise specified, K will always denote a number field (finite extension
of Q) with ring of integers O (= OK), unit group U (= UK), and class group CL(O).
We denote by SpecO the set of nonzero primes of O, including infinite primes. In
the language of places, this would be the set Lang calls MK (see [4]). Recall that an
infinite, or archimedean, prime q lying over p is said to be ramified if q is complex
and p is real.
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Let c0 =
∏

pi
ei be an integral ideal of K, and let c∞ be a formal squarefree

product of real archimedean primes of K. Then c = c0c∞ is called a cycle of K. As
an example, c = 1, c =∞, c = 25 · 32 · ∞, and c = 7 · 11 · 13 are all cycles of Q. The
support of a cycle is the set of primes “dividing” it; for example, Supp(25 · 32 · ∞)
= {2, 3,∞}.

Here is another important definition. If α ∈ K∗, we say that α ≡ 1 mod∗c if

(i) vpi(α− 1) ≥ ei ∀pi ∈ Supp(c0)

(ii) α > 0 in the real embeddings corresponding to primes in Supp(c∞).

There are no restrictions at complex primes or primes not dividing the cycle c.

Let Pc be the set of principal fractional ideals of K which can be expressed
as (α) with α ≡ 1 mod∗c. Note that a principal ideal (α) may be in Pc even if
α 6≡ 1 mod∗c; we just need there to be η ∈ U s.t. ηα≡ 1 mod∗c.

Let I(c) be the group of fractional ideals of K prime to c (which by definition
equals the group of fractional ideals prime to c0). The quotient I(c)/Pc is called the
generalized ideal class group mod c, or the ray class group mod c, and its elements
are called ray classes. Note that if c = 1, I(c)/Pc is just the ordinary class group
of K.

We define φ(c) (the “generalized Euler phi-function”) to be 2s(c)φ(c0), where s(c)
is the number of real p | c and φ(c0) = |(O/c0)∗| =

∏
pi|c0(Npi − 1)Npi

ei−1. Let Uc

denote the units of K congruent to 1 mod∗c.

Proposition 1. The order hc of I(c)/Pc is finite, equal to

h · φ(c)
(U : Uc)

,

where h is the class number of K.

See [4, pp. 125-127] for a proof. If c = c0 is a fractional ideal, the proposition
follows from the exact sequence

1→ Uc → U → (O/c)∗ → I(c)/Pc → CL(O)→ 1.

Example: K = Q, c0 = m (a positive integer), c∞ =∞ (so c = m · ∞).
We have Uc = 1, while

Uc0 =
{

1 if m > 2
{1,−1} if m = 1, 2.

I(c) = I(c0) is the set of fractional ideals of Q generated by rational numbers r
prime to m. If (r) ∈ Pc0 , then ±r ≡ 1 mod m, so r ≡ ±1 mod m. Therefore
I(c0)/Pc0

∼= (Z/mZ)∗/{±1}.
Similarly, if (r) ∈ Pc, then we require |r| ≡ 1 mod m. If |r| ≡ −1 mod m, then

(r) 6∈ Pc (unless m = 1, 2), so the presence of the archimedean prime in c makes Pc

smaller. It follows that I(c)/Pc
∼= (Z/mZ)∗.

One can view these generalized ideal classes as generalizations of arithmetic pro-
gressions in number fields. In fact, one has the following generalization of Dirichlet’s
theorem on primes in arithmetic progressions: Let K be a number field and c an
integral ideal of K. Then every ray class in I(c)/Pc contains infinitely many (degree
1) primes of K.
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Example: K = real quadratic field, c0 = 1, c∞ = ∞1 · ∞2. Let ε be a funda-
mental unit of K. We have two cases:

Case 1: Suppose ε has norm -1. Let (α) = (−α) = (εα) = (−εα) be a principal
ideal of K. One of the generators for (α) is positive at both infinite places, so every
principal ideal is generated by a totally positive element. Therefore I(c)/Pc, which
is called the narrow ideal class group, is the same as CL(O).

Case 2: Suppose ε has norm +1. If we choose α ∈ K such that α > 0 at ∞1

and α < 0 at ∞2 (e.g. α = 1 +
√
d, where K = Q(

√
d)), then (α) has no totally

positive generator, so Pc is smaller than P1. One sees easily that in this case, the
narrow ideal class group is twice as big as the ordinary class group.

Suppose L/K is a finite Galois extension of number fields. Let q ∈ SpecOL be
a finite prime lying over p ∈ SpecOK . Let l and k denote the respective residue
fields, so that l is a finite cyclic extension of k with Galois group Gal(l/k) generated
by the Frobenius element (x 7→ x(#k)).

Let Gq and Tq denote the decomposition and inertia groups, respectively, of q
over p. There is an exact sequence

1→ Tq → Gq → Gal(l/k)→ 1.

If q/p is unramified, then there is a global Frobenius σq ∈ Gq uniquely determined
by the congruence

σqx ≡ xNpmod q ∀x ∈ OL.

If τ is an automorphism of L fixing K, then τq is unramified over p. For each
x ∈ OL, σq(τ−1x)−(τ−1x)Np ∈ q, so we have τσqτ

−1x−xNp ∈ τq. As Np = N(τp),
we see that στq = τσqτ

−1.

Therefore if L/K is abelian, σq depends only on the unramified prime p, and we
define the Artin symbol (p, L/K) to be the element σq ∈ Gq/p. Note that the order
of (p, L/K) is f(q/p), so p splits completely in L iff (p, L/K) = 1.

Extending multiplicatively to I(c) (where c is divisible by all ramified primes),
we obtain a homomorphism

φc,L/K : I(c)→ Gal(L/K)

called the Artin map. This map will be of fundamental importance to all of the the-
orems of class field theory. The reader may verify the following properties possessed
by the Artin symbol (or see [4, p. 200]).

A1. Let σ : L → σL be an isomorphism (not necessarily the identity on K).
Then

(σa, σL/σK) = σ(a, L/K)σ−1.

A2. (Consistency property) Let M ⊃ L ⊃ K be a larger abelian extension, a a
fractional ideal of K all of whose prime factors are unramified in M . Then

resL(a,M/K) = (a, L/K).

A3. Let L/K be abelian and E/K finite. Let p be a prime in K unramified in L
and q a prime of E lying over p. Then

resL(q, LE/E) = (p, L/K)f(q/p).
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A4. Let L,E be as above, with b a fractional ideal of E such that if q occurs in the
factorization of b, and q | p with p in K, then p is unramified in L. Then

resL(b, LE/E) = (NE
Kb, L/K).

In particular, if L ⊇ E ⊇ K, then

(b, L/E) = (NE
Kb, L/K).

It follows from (A4) that if c is a cycle of K and we denote by η(c) the group
NL
KIL(c′) [here c′ is a cycle of L divisible by all primes lying over primes of K in

the support of c], then η(c) is contained in the kernel of the Artin map φc,L/K .

3. Global Class Field Theory (Classical Form)

The essence of global class field theory is the determination of the exact kernel
and image of the Artin map. To characterize the image, we need the following
proposition from [4, p. 194], which is a special case of the Chebotarëv Density
Theorem.

Proposition 2. Let L/K be cyclic of degree > 1. Then there are infinitely many
primes of K which do not split completely in L.

Theorem 3. Let L/K be abelian. Then the Artin map is surjective for any cycle
c divisible by all ramified primes.

Proof. Fix such a c, and let H < Gal(L/K) be the image of φc. Let F be the
fixed field of H. We want to show that F = K. Any p ∈ I(c) must split completely
in F , or else (p, F/K) = resF (p, L/K) 6= 1. So all but finitely many primes of K
split completely in F . If F 6= K, there is a field F0 cyclic over K of degree > 1 with
almost all primes of K splitting completely in F0. But this contradicts Proposition
2. �

Example: Let m > 1 be an integer, let ζ be a primitive mth root of unity, and
let L = Q(ζ). The primes which ramify in L are exactly those dividing m. Take a
prime p - m. Then ((p), L/Q) is the automorphism (ζ 7→ ζp). So if a is a positive
rational number prime to m and a ≡ d mod(m) for some positive integer d, then

((a), L/Q) : ζ 7→ ζd.

So the Artin map is surjective for any cycle divisible by all ramified primes (and
by Dirichlet’s Theorem, it is even surjective when restricted to prime ideals). We
determine its kernel. Let r ∈ Q with (r) ∈ I(m), and write |r| =

∏
pi
bi . Then

(r) =
∏

(pi)bi , so ((r), L/Q) =
∏

((pi), L/Q)bi = σ|r|, where σ|r|(ζ) = ζ |r|, |r| ∈
(Z/mZ)∗. So ((r), L/Q) = 1⇔ |r| ≡ 1 modm⇔ (r) ∈ Pm∞.

As I(m) = I(m∞), we have (letting c = m∞)

I(c)/Pc
∼→Gal(Q(ζm)/Q) ∼= (Z/mZ)∗

under the Artin map. This agrees with our previous observation that I(c)/Pc
∼=

(Z/mZ)∗ for c = m∞. As a consequence of our determination of the kernel of the
Artin map, we see that in particular η(m) ⊂ Pm (Can you prove this directly?).

Example: Cyclotomic extensions. Suppose K ⊂ L ⊂ K(ζm).
Claim: There exists a cycle c of K, divisible only by p | m and archimedean

primes, such that Pc is contained in the kernel of the Artin map from L to K.
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Proof. (Sketch) By the consistency property (A2) of the Artin map, we can
reduce to the case L = K(ζm). By the continuity of the local norms, there exists a
cycle c of K, divisible only by p | m and archimedean primes, such that if α ∈ K∗
and α≡ 1 mod∗c, then NK

Q
α ≡ 1 mod∗(m) and is positive. Then by property (A4)

we have

resQ(ζm)((α), L/K) = (NK
Q

(α),Q(ζm)/Q) = 1,

so (−, L/K) is in fact trivial on Pc. �

We now state the main theorems of global class field theory, which generalize
the above examples to arbitrary finite abelian extensions of number fields.

Theorem 4. Let L/K be a finite abelian extension. Then there is a cycle f of K
(called the minimal conductor of L/K) such that the following hold:

(i) A prime p of K (finite or infinite) ramifies in L/K ⇔ p | f.
(ii) If c is a cycle with f | c, then there is a subgroup H with Pc ⊆ H ⊆ I(c) such

that I(c)/H ∼→Gal(L/K) under the Artin map. In fact, we have H = Pcη(c).

We call any cycle divisible by the minimal conductor f a conductor for L/K (or
an “admissible cycle”).

Theorem 5. Let c be a cycle of K and H a subgroup of I(c) with Pc ⊆ H ⊆ I(c).
Then there exists a unique finite abelian extension L/K, ramified only at primes
dividing c (though some primes dividing c might be unramified), such that H =
Pcη(c) and I(c)/H ∼→Gal(L/K) under the Artin map.

In particular, taking H = Pc, we obtain an abelian extension Kc/K called the
ray class field of K modulo c. It is characterized by the property that the primes
of K that split completely in Kc are precisely the prime ideals in Pc.

Theorem 6. Let L1/K,L2/K be finite abelian extensions of conductors f1, f2. Let
c be a multiple of f1, f2, and let H1,H2 ⊆ I(c) be the corresponding subgroups. Then

H1 ⊆ H2 ⇔ L1 ⊇ L2.

According to Theorem 6, the ray class field of K mod c is the largest abelian
extension ofK with minimal conductor dividing c. Note that the minimal conductor
of Kc/K may be strictly smaller than c; for example, the ray class field L of K =
Q(i) mod the cycle c = (2) is just K itself, since the degree [L : K] = |I(2)/P(2)| is
given according to Prop. 1 as

hK · φ(2)
(U : U(2))

=
1 · 2

2
= 1.

So in this example the minimal conductor of K(2)/K is (1).

The ray class field of a number field K modulo the cycle (1) is particularly
important. It is an abelian extension of K sometimes denoted by K(1), and is
called the Hilbert Class Field of K. By Theorem 5 it satisfies

Gal(K(1)/K) ∼→I/P ∼= CL(K),

and is unramified at all primes (including archimedean ones) of K. By Theorem 6,
it is the maximal abelian extension of K which is everywhere unramified. Notice
that if p ∈ Spec(K), then p splits completely in K(1) ⇔ (p,K(1)) = 1⇔ p ∈ P ⇔ p
is principal.

A deeper property of the Hilbert Class Field is given in the following Theorem.
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Theorem 7 (Principal Ideal Theorem). Every prime ideal p of K becomes princi-
pal when extended to the Hilbert Class Field of K.

This theorem was conjectured by Hilbert and reduced by E. Artin to a statement
of finite group theory using his reciprocity law. The group-theoretic statement was
proved shortly thereafter by Furtwangler.

4. Examples and Applications

We now examine some of the consequences of the theorems from the previous
section and illustrate how they can be used in a concrete way.

As a first example, we classify abelian extensions of Q.

Recall that (setting c = m∞ for m > 0) we have

I(c)/Pc
∼→Gal(Q(ζm)/Q)

under the Artin map. This means that Q(ζm) is the ray class field modulo the cycle
m∞. The reader can check that if we leave off ∞ and consider I(m)/Pm, then the
corresponding ray class field modulo m is Q(ζm)+, the maximal real subfield of
Q(ζm).

It is now essentially trivial to prove the following important theorem.

Theorem 8 (Kronecker-Weber). Every finite abelian extension of Q is contained
in a cyclotomic field.

Proof. Let K/Q be abelian. By Theorem 4, there exists a cycle c and a
subgroup H with Pc ⊆ H ⊆ I(c) giving the Artin isomorphism. We may assume
c = n∞ for some n ∈ Z. Then K is contained in the ray class field modulo c,
namely Q(ζn). �

Exercise: Show that if K/Q is abelian, then the finite part of cK/Q is the
smallest integer m such that K ⊆ Q(ζm).

Because of our explicit description of the Artin map for cyclotomic extensions,
it is not hard to see that in abelian extensions of Q, the rational primes that
split completely are determined by congruence conditions modulo n for some n.
Conversely, if the rational primes that split completely in K are determined by
congruence conditions then K/Q is abelian.

We now give an application of Class Field Theory to classical reciprocity laws.
Let K be a number field containing a primitive nth root of unity ζ, and let p be

a prime ideal of K not dividing n. Then for any α ∈ OK prime to p, the nth power
Legendre symbol (αp )n is the unique nth root of unity satisfying

α
Np−1
n ≡ (

α

p
)nmod p.

If c is a cycle supported at every prime containing nα, this extends multiplicatively
to give a homomorphism

(
α

·
)n : I(c)→ µn.

Lemma 9 (Weak Reciprocity). Let K be a number field containing a primitive nth

root of unity, and let L = K( n
√
α), where α ∈ OK is nonzero. Let c be divisible by
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all p ∈ SpecOK containing nα and by the minimal conductor for L/K. Then

(
α

·
)n = i ◦ φc,L/K ,

where i : Gal(L/K)→ µn is the natural injection. So if G is the image of Gal(L/K)
inside µn, then (α· )n induces a surjective homomorphism

(
α

·
)n : I(c)/Pc � G ⊂ µn.

Proof. Exercise. �

As an example of weak reciprocity, we prove the classical quadratic reciprocity
theorem (for p and q odd).

Let p, q be distinct odd primes and let p∗ = (−1)
p−1
2 p. As Gal(Q(ζp)/Q) is cyclic

of order p − 1, there is a unique subfield Q ⊂ K ⊂ Q(ζp) quadratic over Q, and p
is the only prime that ramifies in K. It follows easily that K = Q(

√
p∗).

Since Q(ζp) has minimal conductor c = p∞, the consistency property tells us
that the kernel of the Artin map from K to Q contains Pc. By the lemma, the
Legendre symbol (p

∗

· ) gives a surjective map

I(c)/Pc � {±1}.

But we have already seen that I(c)/Pc
∼→(Z/pZ)∗. So (p

∗

· ) induces a surjective
homomorphism from (Z/pZ)∗ to {±1}. But the Legendre symbol ( ·p ) is a surjective
homomorphism between the same two groups, and since (Z/pZ)∗ is cyclic, there is
only one such map. Therefore (p

∗

q ) = ( qp ), which is quadratic reciprocity.
Cubic reciprocity and other higher reciprocity laws can also be derived from

Class Field Theory, but they require some of the local theory from the next chapter
and follow most easily from familiarity with the Hilbert Symbol. See [3] or [2] for
more details.

We now give some examples and applications of Hilbert Class Fields.

Exercise: Show that the class group of Q(
√

3) is trivial, but that Q(
√

3,
√
−1)

is an abelian extension of Q(
√

3) unramified at every finite prime. Why doesn’t
this contradict Class Field Theory?

Lemma 10. Let K be a number field normal (i.e. Galois) over Q, and let L be
the Hilbert Class Field (H.C.F.) of K. Then L is Galois over Q.

Proof. Regard K,L as embedded in a fixed algebraic closure Q. Let σ ∈
Gal(Q/Q). Then σL is the H.C.F. of σK. But σK = K by normality, so by the
maximality of the H.C.F. σL = L. Therefore L is normal over Q. �

Before giving some explicit computations of Hilbert Class Fields, we give one
result which illustrates something pleasant about them.

Theorem 11. Let L be the Hilbert Class Field of K = Q(
√
−n), n > 0 a square-

free integer. Assume that n 6≡ 3 (mod 4), so that OK = Z[
√
−n]. If p is an odd

prime not dividing n, then p = x2 + ny2 for some x, y ∈ Z⇔ p splits completely in
L.

Remark: For n ≡ 3 (mod 4), one needs the more general concept of a ring class
field, which takes into account non-maximal orders. For details, see [2].
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Proof. We have p = x2 +ny2 ⇔ pOK = (x+
√
−ny)(x−

√
−ny)⇔ pOK = pp,

p principal in OK ⇔ pOK = pp, p splits completely in L ⇔ p splits completely in
L. �

We now show how to do some computations involving Hilbert Class Fields.

Proposition 12. The Hilbert Class Field of K = Q(
√
−5) is L = K(

√
−1).

Proof. Since K has class number 2, it suffices to show that L/K is an unrami-
fied extension of K. To see this, note that if we set M = Q(

√
−1) and N = Q(

√
5),

then L = KM = KN . Since M/Q is unramified outside 2 and N/Q is unrami-
fied outside 5, we see that L/K is unramified everywhere (including archimedean
primes, since K is already imaginary). �

Exercise: Conclude that if p 6= 5 is an odd prime, then p = x2 + 5y2 ⇔ p ≡ 1, 9
(mod 20).

As another example of computing Hilbert Class Fields, we use inductive rea-
soning to search for the Hilbert Class Field of Q(

√
−31). First we need another

Galois-theoretic lemma, whose proof can be found in many standard references on
Algebra.

Lemma 13. Suppose [L : Q] = 3, and ∆L/Q is not a square. Then the Galois
closure of L/Q has Galois group S3 and contains a unique quadratic subfield K =
Q(
√

∆L/Q).

Example: The Hilbert Class Field of Q(
√
−31).

Let K = Q(
√
−31), L = K(1). Looking up the field K in a table, we find that its

class number is 3, hence [L : K] = 3. By Lemma 10, L is a Galois extension of Q.
Suppose its Galois group G = Gal(L/Q) ∼= Z/6Z. Then G has a unique subgroup
F of order 2; let M denote its fixed field, which is Galois over Q. The only prime
of Q ramifying in L is 31; its ramification degree must be 2. Therefore no primes
ramify in the cubic field M , which is impossible (every nontrivial extension of Q

has at least one ramifying prime). Therefore Gal(L/Q) ∼= S3.
We can determine what ∆L/Q has to be. Since L/Q is ramified only at 31 and

∞, ∆L/Q must be a power of (31). 31 ramifies to order 2 in K and ramifies no
further in L, so (31) must factor in L as either (31) = p2 or (31) = p2

1p
2
2p

2
3. As 31

is prime to the ramification index, DL/Q equals p in the first case, p1p2p3 in the
second. Either way, the discriminant ∆L/Q is the norm to Q of this ideal, which is
(313).

Let M be a subfield of L which is a non-normal cubic extension of Q. The
discriminant ∆M/Q is also a power of (31). By the multiplicativity of the different
in towers, we have DM/Q | DL/Q. Taking norms yields ∆2

M/Q
| ∆L/Q, so that

∆M/Q = (31). By Stickelberger’s Criterion, we must have ∆M = −31.
Conversely, suppose we start with M a non-normal cubic extension of Q with

discriminant −31, and let L be its Galois closure. The discriminant of M is not
a square in Q, so by Lemma 13 we have Gal(L/Q) ∼= S3, and K is the unique
quadratic subfield of L. Since K is already totally imaginary, L/K is unramified at
archimedean primes, and it is unramified at all finite primes not dividing 31 since
L is the compositum of M and its conjugates. If L/K is ramified at a prime over
31, then it would be totally ramified (by normality) over K, hence totally ramified
over Q. Then M/Q is totally ramified at 31, so ∆M/Q = (312), a contradiction. So



CLASS FIELD THEORY 9

L is a cubic extension of K which is everywhere unramified; as hK = 3, such an L
must be the Hilbert Class Field of K.

It remains to find a cubic extension of Q with discriminant −31; such a field
is found almost immediately to be given by adjoining a root of the polynomial
X3 +X+1. So the Hilbert Class Field of K must be the splitting field of X3 +X+1
over Q.

We use some of the ideas from the previous example to prove an interesting
result about discriminants of cubic fields using Class Field Theory.

Proposition 14. Let d be a square-free integer with d ≡ 3 (mod 8), d > 3. Then
there exists a cubic field (over Q) with discriminant −d or −4d.

Proof. Let K = Q(
√
−d). Since −d ≡ 1 (mod 4), ∆K/Q = −d. We have two

cases to consider.
Case I: 3 | hK . In this case the Hilbert Class Field of K has degree divisible by

3, so by Galois theory K has an unramified abelian extension M of degree exactly
3 which is normal over Q. Let L be a cubic extension of Q contained in M . Notice
that since M/K is unramified, primes of Q ramify to order at most 2 in M , hence
also in L. Therefore L cannot be Galois over Q. So M is the Galois closure of L
over Q, and by Lemma 13 we have K = Q(

√
∆L/Q) = Q(

√
−d) ⇒ ∆L/Q and −d

differ by a square.
For each p | d (remember that d is square-free) we must have pOL = p1p2, where

e(p1/p) = 2, f(p1/p) = 1, e(p2/p) = 1, f(p2/p) = 1. As p 6= 2 (since d is odd),
p is tamely ramified, so the factor of DL/Q lying over p is p1, and therefore the
p-component of ∆L/Q = (p). We conclude that ∆L/Q = −d.

Case II: 3 - hK . Notice that d ≡ 3 (mod 8) implies that (−d2 ) = −1 ⇒ (2) is
inert in K. To avoid confusion let p = 2OK . Let F be the ray class field modulo
p. Its order is |I(p)/Pp| = hK ·φ(p)

(U :Up) by Prop. 1. Now φ(p) = (Np− 1) = 22 − 1 = 3,
and U = Up = {±1}, since K is quadratic imaginary and d > 3. So F is an abelian
extension of K of degree divisible by 3 which is unramified outside 2.

As before, let M be a subextension of F of degree 3 over K, and let L be a
cubic field contained in M . Now p must ramify in M , since otherwise M/K would
be everywhere unramified and we would have M ⊂ K(1), contradicting the fact
that 3 - hK . So pOM = q3 ⇒ e(q/2) = 3, and we see that 2 is totally and tamely
ramified in L/Q, say (2) = r3. Then the power of r appearing in DL/Q is exactly
2, so 22‖∆L/Q. Hence L/Q cannot be Galois, so M is the Galois closure of L over
Q. By Lemma 13, Q(

√
∆L/Q) = Q(

√
−d). For p | ∆L/Q, we argue as before to

see that p‖∆L/Q, and no other odd primes ramify in L. As 4‖∆L/Q and ∆L/Q

−d is a
square, we conclude that ∆L/Q = −4d. �

Exercise: Find the cubic field of smallest absolute discriminant.
Exercise: Let K = Q(

√
−d), with d a square-free positive integer ≥ 5. Show

that if d is composite or a prime congruent to 1 (mod 4), then hK is even.
Exercise: Let K = Q(ζp),K+ = Q(ζp)+. Show that hK+ | hK .

As the final example in this section, we introduce the fields K(n) for n ≥ 1.
We define K(1) to be the Hilbert Class Field of K, as before. We define K(2) to
be the Hilbert Class Field of K(1), and so on, so that we obtain a tower of fields
K ⊂ K(1) ⊂ K(2) · · · called the Hilbert Class Field tower of K. The tower is said
to be finite if K(i) = K(i+1) for some i.
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Proposition 15. The Hilbert Class Field tower of K is finite ⇔ ∃ a finite exten-
sion E of K with hE = 1.

Proof. (⇒) If K(i) = K(i+1), then hK(i) = 1, so let E = K(i).
(⇐) The key is that both finite abelian extensions and finite unramified exten-

sions form a “distinguished class of extensions” in the sense of [5]. If K ⊂ E and
K(1)/K is abelian and unramified, then EK(1)/E is also abelian and unramified;
since hE = 1 it follows that EK(1) ⊂ E, i.e., K(1) ⊂ E. By induction, all K(i) ⊂ E,
so by the finiteness of E/K we see that the Hilbert Class Field tower of K is finite.
�

One can ask whether or not the Hilbert Class Field tower is necessarily finite for
any number field K. This problem remained unsolved for some time, until in 1964
Golod and Shafarevich constructed examples where the Hilbert Class Field tower is
infinite. See the article by P. Roquette in [1] for more details. In particular, notice
that this result implies that a number field K can have infinitely many unramified
extensions, though class field theory tells us that K only has finitely many abelian
unramified extensions.

5. Local Norms, Conductors, and Local Class Field Theory

The minimal conductor probably seems a bit mysterious, since so far we have
only guaranteed its existence. In this section, we investigate how to calculate the
conductor using local norms, and we give local versions of many of the theorems
from the section on Global Class Field Theory.

We first give an important definition.
Def: Let K be a number field, p a prime of K (finite or infinite), and let Kp

and Up denote the completion of K at p and the p-adic units of Kp, respectively.
We define the group U

(b)
p [or, in Lang’s notation, Wpb(v)] to be

U
(b)
p =


1 + pb if b > 0 and p is finite
Up if b = 0 and p is finite
R
∗
>0 if b > 0 and p is real

K∗p if p is complex or b = 0 and p is real.

Though this looks frightening, the reader who thinks of U (b)
p as the local units

congruent to 1 mod pb will have the right idea. The definition at archimedean
primes will not be used explicitly in the sequel.

Now let L/K be an abelian extension, with q a prime of L lying over p. Let Gp

denote Gal(Lq/Kp) and Tp the corresponding inertia group. Suppose c is a cycle
of K divisible by the minimal conductor f(L/K). Let c = pa ·m, p - m.

Let Km,1 denote the set of α ∈ K∗ with α ≡ 1 mod∗m.
Let θc : Km,1 → Gal(L/K) be defined by

θc(α) = φc,L/K ◦ j ◦ i(α),

where i takes an element to the corresponding ideal, and j is the identity on primes
not dividing c and 1 on primes dividing c.

From this map θ (= θc), we get the p-local Artin map θp : K∗p → Gp as follows.
If x ∈ K∗p , we can approximate it by y ∈ K∗ such that y ≡ 1 mod∗m and yx ≡
1 mod pb. We then define θp(x) = θ(y−1). (This differs from the definition in [3],
who has θp(x) = θ(y); our definition agrees with [4]. It doesn’t make a difference,
really.) This map is well-defined, and it is not hard to see that its image does indeed
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lie inside of Gp. Though this definition may seem a bit convoluted, it becomes much
more natural in the language of ideles.

We now give some theorems relating the groups U (b)
p , p-local norms, and the

p-local Artin map. For a definition of the local norm at infinite primes, see [3, pp.
88-90].

Theorem 16. The p-local Artin map θp maps K∗p onto Gp, and the kernel is the
group of p-local norms from Lq (i.e. NLq

Kp
(L∗q), which we abbreviate as Nq(L∗q)).

Theorem 17. θp induces an isomorphism Up/NqUq
∼→Tp.

Theorem 18. The power of p dividing f(L/K) is the least nonnegative power pb

such that U (b)
p ⊆ Nq(L∗q).

In classical terminology, the p-local conductor, written fp, is pb, where b is the
least nonnegative integer such that U (b)

p ⊆ Nq(L∗q) for all q | p. So Theorem 18 says
that f(L/K) =

∏
p fp.

Finally, we have a product formula for the local Artin maps, sometimes known
as Artin’s Reciprocity Theorem.

If α ∈ K∗, we write θp(α) for θp(αp), where αp is the image of α under the
embedding K ↪→ Kp.

Theorem 19. For each α ∈ K∗,
∏

p θp(α) = 1.

Note that the product above is finite because θp(α) = 1 whenever p is unramified
and α ∈ Up, since every element of Up is a norm from L∗q when p is unramified by
Theorem 17. (Alternatively, this follows in a more elementary way from [4, pp.
50-51]). Also, the values θp(α) lie in an abelian group, so the product may be taken
in any order.

Corollary 20. Let L/K be abelian, p, p′ ∈ SpecOK . If α ∈ K∗ is a p-local norm
from L for all primes p 6= p′, then α is a local norm at p′ also.

These results can be used to obtain the main theorems of local class field theory.
For the rest of this section only, let K be a finite extension of Qp, and let π be a
uniformizer for K.

Theorem 21. Let L/K be a finite abelian extension. There is a map (called the
Artin map)

K∗ → Gal(L/K)
α 7→ (α,L/K)

which induces an isomorphism K∗/NL/KL
∗ ∼→Gal(L/K).

Theorem 22. With conditions as above, UK/NL/KUL
∼→T (L/K) under the Artin

map. If L/K is unramified, then Gal(L/K) is cyclic, generated by the Frobenius
element σ, and (α,L/K) = σvπ(α).

Theorem 23. Let H ⊆ K∗ be an open subgroup of finite index (i.e., H contains
some U (b)

p , where p = (π)). Then there exists an abelian extension L/K such that
H = NL/KL

∗.

Theorem 24. Let L1, L2 be finite abelian extensions of K. Then

L1 ⊆ L2 ⇔ NL1/KL
∗
1 ⊇ NL2/KL

∗
2.
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It is an easy consequence of these theorems, together with basic properties of
the Artin map, that if L/K is any finite Galois extension of local fields, and E is
the maximal abelian subextension of L abelian over K, then NL

KL
∗ = NE

KE
∗.

6. Applications of Local Theory

We first prove the following (Note the similarities to the conductor of an elliptic
curve!):

Proposition 25. Let L/K be a finite abelian extension of number fields, p ∈
SpecOK , q ∈ SpecOL lying over p. Then p2 | f(L/K) ⇔ p is finite and wildly
ramified in L.

Proof. By the definition of a cycle, it suffices to assume p is a finite prime.
Let Op be the valuation ring of Kp and p the rational prime lying under p. For

i ≥ 1, we have

(Up : U (i)
p ) = |(Op/p

i)∗| = φ(p) = (Np− 1)(Np)i−1,

so Up/U
(1)
p is a finite group whose order is prime to p, and U

(1)
p /U

(i)
p is a p-group

for all i.
Suppose L/K is wildly ramified at p. Then by Thm. 17, (Up : NLq

Kp
Uq) = e(q/p)

is divisible by p. Since (Up : U (1)
p ) is prime to p we cannot have 1 + p ⊆ NLq

Kp
Uq.

Therefore, by Theorem 18, the minimal conductor of L/K is divisible by at least
p2.

Conversely, suppose p2 | f(L/K). Then NLq

Kp
Uq does not contain U (1)

p , so p must

divide the norm index (Up : NLq

Kp
Uq) = e(q/p) . Therefore p is wildly ramified. �

Next, as an extended example, we compute the minimal conductor f for the
extension L/K with K = Q(µ3), L = K( 3

√
2), and show that L is the ray class

field of K mod f. We do this in a few steps. Let p2, p3 be the unique primes of K
lying over 2 and 3, respectively. (Note that 2 is inert and 3 is ramified in K since
K = Q(

√
−3)).

Step 1: Show that p2p
4
3 is a conductor for L/K.

As L = K(α), with mα/K(X) = X3 − 2 having discriminant −33 · 22, only p2

and p3 can ramify in L. Note that this also applies to the archimedean prime
of K, which is already complex. So we can write f(L/K) = p

m(2)
2 p

m(3)
3 for some

m(2),m(3) ≥ 0.
Notice that L/K is Galois. As p2 = ( 3

√
2)3, we must have that ( 3

√
2) = q2 is

prime, and that e(q2/p2) = 3, so p2 is totally and tamely ramified in L. Therefore
m(2) = 1. Also, since 3 appears to an odd power in disc(X3 − 2), we see that p3

must be ramified in L. Since L/K is Galois, it is totally (and wildly) ramified in
L. By Prop. 25 again, we have m(3) ≥ 2. Let q3 be the unique prime of L lying
over p3. (For notational convenience, we write q and p for q3 and p3).

As Uq ⊂ L∗q, it suffices to show that 1 + p4 ⊆ NLq

Kp
Uq. In fact, as U3

p ⊆ NLq

Kp
Uq,

it suffices to show that 1 + p4 ⊆ U3
p . We first show that 1 + p5 ⊆ U3

p .
Pick u ∈ 1 +p5, and consider f(X) = X3−u. We have ‖f ′(1)‖ = ‖3‖ = 1

32 . But
‖f(1)‖ ≤ 1

35 < ‖f ′(1)‖2, so by Hensel’s lemma u has a cube root in Kp. Therefore
1 + p5 ⊆ U3

p .
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In addition, −8 = 1 − 9 ∈ 1 + p4 is a generator for (1 + p4)/(1 + p5), since
that group has order Np = 3 and −8 6∈ 1 + p5. But −8 is also a cube in Kp, so
1 + p4 ⊆ U3

p . Therefore m(3) ≤ 4 as claimed.

Step 2: Show that f = p2p
2
3 = (6).

Again let p = p3, q = q3. We must show that 1 + p2 ⊆ NLq

Kp
L∗q given that

1 + p4 ⊆ NLq

Kp
L∗q. To do this, let ζ be a primitive cube root of unity and θ a cube

root of 2 in L (or Lq).
A computation shows that NLq

Kp
(a+ bθ) =

(a+ bθ)(a+ ζbθ)(a + ζ2bθ)
= a3 + (1 + ζ + ζ2)a2bθ + (ζ + ζ2 + ζ3)ab2θ2 + ζ3b3θ3

= a3 + 2b3.

We seek an element α ∈ NLq

Kp
L∗q which lies in 1 + p3 but not 1 + p4. Notice

that p = (ζ − 1), so putting a = 1 and b = ζ − 1 gives α = 1 + 2(ζ − 1)3, which
is indeed in 1 + p3 but not 1 + p4. As (1 + p3 : 1 + p4) = 3, α generates the
group (1 + p3)/(1 + p4) and thus 1 + p3 ⊆ NLq

Kp
L∗q. Now putting a = 0, b = −1

gives β = a3 + 2b3 = −2 = 1 − 3, which is in 1 + p2 but not 1 + p3. Again,
(1 + p2 : 1 + p3) = 3, so 1 + p2 ⊆ NLq

Kp
L∗q ⇒ m(3) ≤ 2⇒ m(3) = 2.

Step 3: Show that L is the ray class field of K modulo f.
Since f is a conductor for L/K, it follows that L is contained in the ray class

field F of K mod f. We now do a computation: by Prop. 1, we have

[F : K] = |IK(f)/Pf| =
hK · φ(f)
(U : Uf)

.

Now hK = 1, and φ(f) = (Np2 − 1)(Np3 − 1)Np3 = 3 · 2 · 3 = 18. Also, U =
{±1,±ζ,±ζ2}. It remains to compute Uf = {u ∈ U : u− 1 ∈ (6)}.

Clearly 1 ∈ Uf. −1 6∈ Uf, since −2 6∈ (6). −ζ − 1 = ζ2 6∈ (6). (ζ − 1) = p3, so
ζ − 1 6∈ (6). −ζ2 − 1 = ζ 6∈ (6). Finally, ζ2 − 1 = −ζ2(ζ − 1), so (ζ2 − 1) = p3 ⇒
ζ2 − 1 6∈ (6). We conclude that Uf = {1}, and thus [F : K] = 18

6 = 3. If follows
that L = F . �

As another long example, we calculate the minimal conductor of an arbitrary
quadratic extension of Q using Theorem 18.

Proposition 26. Let d be a square-free integer. The minimal conductor of Q(
√
d)/Q

is ∆
Q(
√
d)/Q
· pa∞, where a = 1 if d < 0 and a = 0 if d > 0.

Proof. Let K = Q(
√
d), and f the minimal conductor of K/Q. We see imme-

diately that p∞ | f⇔ d < 0.
Let p be a prime ramifying in K, let Up denote the units of Qp, and denote by

Kp the completion of K at the unique prime dividing p. We have (Kp : Qp) = 2,
so all squares in Qp are norms.

We first consider the case where p is odd. Let w ∈ U
(1)
p , and consider the

polynomial f(X) = X2 − w. We have ‖f ′(1)‖ = ‖2‖ = 1, and ‖f(1)‖ ≤ 1
p <

‖f ′(1)‖2, so by Hensel’s lemma w is a square in Qp, hence a local norm. Thus
fp(K/Q) = p.
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We now turn to the case p = 2. Since 2 is (wildly) ramified in K, d ≡ 2 or
3 (mod 4) and f2(K/Q) ≥ 22. It follows easily from Hensel’s lemma that U (3)

2 ⊆
(Q∗p)

2 ⊆ NKp

Qp
K∗p . We are left to figure out whether or not U (2)

2 ⊆ NKp

Qp
K∗p .

Notice that U2 = U
(1)
2 , so we have (U (2)

2 : U2) = (U (2)
2 : U (1)

2 ) = 2. Also, by [4,
Cor., p.48], (U2 : U2

2 ) = 2
‖2‖2 = 4. So (U (2)

2 : U2
2 ) = 2; since ( 5

2 ) = −1, we must

have U (2)
2 = 〈5, U2

2 〉.
Therefore the 2-local conductor is 22 ⇔ 5 is a norm

⇔ x2 − dy2 = 5 has a solution in Q2

⇔ x2 − dy2 = 5z2 has a sol’n in Q2 (since all squares are norms)
⇔ x2 − 5z2 = dy2 has a sol’n in Q2

⇔ d is a norm from Q2(
√

5).

The norms from Q2(
√

5) are easily determined since 2 is unramified. This means
that every unit is the norm of a unit in Q2(

√
5) by Thm. 17. Furthermore, the index

of the norm group in Q
∗
2 is 2 by Theorem 16. It follows that NQ2(

√
5)

Q2
Q2(
√

5)∗ =
〈22, U2〉.

Since d is square-free, we have for d ≡ 2, 3 (mod 4) that f2(K/Q) = 22 ⇔ d ∈
U2 ⇔ d is odd. Upon inspection, this is exactly what we wanted to prove. �

Corollary 27. Q(
√
d) ⊆ Q(ζD), where D = |∆

Q(
√
d)/Q
|.

Proof. Since f | (D)p∞, it follows that Q(
√
d) is contained in the ray class field

mod (D)p∞, which is Q(ζD). �

Finally, we work out an example of how class field theory can be used to under-
stand the splitting of primes in extensions of number fields. We will see that the
local Artin maps play a key role.

Example: The splitting of rational primes in K(1), where K = Q(
√
−5).

Since (K(1) : Q) = 2hK = 4 and K/Q is normal, we see that K(1)/Q is abelian.
As K(1)/K is unramified, fK(1)/Q

= fK/Q = (20)p∞. So K(1) ⊆ Q(ζ), ζ = ζ20. Of
course, we have already found that K(1) = Q(

√
−5, i). But we now determine this

fact in a way that generalizes better.
First note that Q(ζ) = Q(ζ4) ·Q(ζ5), so G = Gal(Q(ζ)/Q) = 〈τ, σ〉, where τ2 =

σ4 = 1. Explicitly, we have τ(ζ4) = −ζ4, τ(ζ5) = ζ5, and σ(ζ4) = ζ4, σ(ζ5) = ζ2
5 .

Fix an identification of i with ζ4 . We now determine the subgroup of G fixing K.
We have

√
−5 = i

√
5, and

√
5 ∈ Q(ζ5). So σ and τ both send

√
−5 to −

√
−5,

and στ fixes K. As 〈στ〉 has order 4, it is the whole group fixing K. But K(1) must
be left fixed by the subgroup 〈σ2〉 of index 2 in 〈στ〉. Since σ2 fixes both K and i,
it follows that K(1) = K(i) = Q(

√
−5, i), and that

Gal(K(1)/Q) ∼= 〈τ, σ〉/〈σ2〉.
Now let φ denote the Artin map for Q(ζ)/Q; it sends p to the map (ζ 7→ ζp).

Then φK(1)/Q
= resK(1)φ. An unramified prime p of Q splits completely in K(1)

exactly when resK(1)φ = 1, i.e., when (ζ 7→ ζp) is the identity on K(1). This occurs
when either ζp = ζ or ζp = σ2(ζ). The latter condition means that ip = i and
ζp5 = ζ4

5 , so p splits completely ⇔ p ≡ 1 (mod 20) or p ≡ 9 (mod 20).
Similarly, one can determine the unramified primes with a specified decomposi-

tion group.
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Gal(K(1)/Q) ∼= 〈τ, σ〉/〈σ2〉 has three subgroups of order 2, generated by the
restrictions to K(1) of τ, σ, and τσ.

An unramified prime p has decomposition group generated by σ iff the automor-
phism (ζ 7→ ζp) is the same as σ or σ3. This happens ⇔ either ip = i and ζp5 = ζ2

5

or ip = i and ζp5 = ζ3
5 , which occurs ⇔ p ≡ 17 (mod 20) or p ≡ 13 (mod 20).

The other cases are summarized in the table below. At the ramified primes 2,5,
the decomposition groups can be analyzed in a similar way except we must use the
p-local Artin maps. As before, the p-local Artin map for K(1)/Q is the restriction
to K(1) of the p-local map for Q(ζ)/Q. Let θ2, θ5 denote these maps; we must
compute the restrictions to K(1) of θ2(Q∗2) and θ5(Q∗5). We consider here the case
p = 2, and leave p = 5 as an exercise.

The 2-conductor for Q(ζ)/Q is the same as the 2-conductor for Q(i)/Q, which
we know is 22. Therefore θ2(U (2)

2 ) = 1. The group Q
∗
2/U

(2)
2 is generated by the

cosets of 2 and 3, so the decomposition group of (2) in Q(ζ) is G(2) = 〈θ2(2), θ2(3)〉.
We can write θ2(2) = φ ◦ j ◦ i(y−1), where

2y ≡ 1 mod 4
y ≡ 1 mod∗5p∞.

For example, take y = 17
2 , and then φ ◦ j ◦ i( 17

2 ) = φ(17) is the map (ζ 7→ ζ17) = σ.
Similarly, θ2(3) = φ ◦ j ◦ i(11) is the map (ζ 7→ ζ11) = τ . Therefore G(2) = 〈σ, τ〉 is
the full Galois group, and so the decomposition group of (2) in K(1) has full order
4. We must have e = f = 2 for this prime, since K(1)/K is unramified.

Similarly, we find that G(5) = 〈τσ3〉. The decomposition of rational primes in
K(1) is summarized in the following table (where G(p), σ, τ are all restricted to
K(1)):

p (mod 20) G(p) e, f
1,9 1 1,1
3,7 〈τσ〉 1,2
11,19 〈τ〉 1,2
13,17 〈σ〉 1,2
2 〈τ, σ〉 2,2
5 〈τσ3〉 2,1

7. The Chebotarëv Density Theorem

Notice in the table describing the decomposition of rational primes in L =
Q(
√
−5, i) that each of the four elements of the abelian group Gal(L/Q) is a Frobe-

nius 1
4 of the time (assuming Dirichlet’s Theorem on primes in arithmetic progres-

sions). This turns out to be universal behavior for abelian extensions. More gener-
ally, suppose L/K is any Galois extension of number fields (not necessarily abelian).
It no longer makes sense to ask whether or not an element σ ∈ G = Gal(L/K) is
the Frobenius of some prime, for this is only determined up to conjugacy. But if we
consider Frobenius to be a conjugacy class in G, then we can ask for the (Dirichlet)
density of unramified primes in K whose Frobenius is the conjugacy class Cσ of σ.
The following theorem says that the answer is exactly what it should be.

Theorem 28 (Chebotarëv Density Theorem). Let L/K be Galois. Given σ ∈
G = Gal(L/K), the density of (unramified) primes in K whose Frobenius is Cσ
is #Cσ

#G .
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The Chebotarëv Density Theorem gives the surjectivity of the Artin map in a
very strong sense. One method for proving it is to use the existence of a conductor
for the Artin map to reduce to the abelian case, where analytic techniques of L-
functions can be used. Chebotarëv’s original proof predated (and hence did not
use) Class Field Theory; in fact, Artin attributed some of the crucial ideas in his
proof for the existence of a conductor to Chebotarëv. For more details on this
history, as well as a sketch of Chebotarëv’s original proof, see [9].

We give some applications. Our first is immediate:

Corollary 29. Let E/K be a finite extension. If all primes of K except a set of
(Dirichlet) density zero split completely in E, then E = K.

Proof. Apply Chebotarëv to the Galois closure of E/K. �

Proposition 30. Let K be a number field and f an irreducible polynomial over
K. If f has a root in Kp for all primes p except a set of density zero, then f has
degree 1.

Proof. Let α be a root of f , and let E = K(α). Let L be the Galois closure of
E/K. Let G = Gal(L/K),H = Gal(L/E). The hypothesis on f means that for all
p not ramifying in L/K, there is some q lying over p such that (q, L/K) is trivial
when restricted to E, i.e., the conjugacy class of (q, L/K) in G intersects H. By
Chebotarëv, this implies that G is the union of conjugates of H. But the number
of conjugates of H is bounded above by (G : H), and #G = (#H)(G : H); since all
conjugates of H contain 1, this is impossible unless G = H. So E = L, and almost
all primes of K split completely in L, contradicting Cor. 29. �

Exercise: Let K be a number field, a ∈ OK . Suppose that for all prime ideals
p of OK except for a set of Dirichlet density zero there exists bp with a ≡ b2p mod
p. Then there is b ∈ OK with a = b2.

Two fundamental equidistribution statements follow quickly from Chebotarëv’s
theorem:

Example: (Dirichlet’s Theorem on Primes in Arithmetic Progressions)
Let K = Q, L = Q(ζm). For all unramified p (i.e. p - m), we have seen that

(p, L/K) = (ζm 7→ ζpm). By Chebotarëv, a fixed element of Gal(L/K), say (ζm 7→
ζam), a ∈ (Z/mZ)∗, is a Frobenius for a set of primes of density 1

[L:K] = 1
φ(m) . In

other words, by Global Class Field Theory, the set of primes congruent to a (mod
m) has density 1

φ(m) , which is Dirichlet’s theorem.

Example: (Distribution of Primes in Ideal Classes)
Let K be a number field. We can study the distribution of prime ideals among

the ideal classes of K by looking at the Artin map for K(1)/K. It induces an
isomorphism

φK(1)/K : CL(K)∼→Gal(K(1)/K).

Fix σ ∈ Gal(K(1)/K). By Chebotarëv, the density of primes p of K such that
(p,K(1)/K) = σ is 1

hK
. Using the Artin isomorphism, this says that the set of

primes lying in a given ideal class of K also has density 1
hK

.

We now show that Chebotarëv’s Theorem allows us to completely characterize
Galois extensions of number fields by the set of primes which split completely. First
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we introduce some notation. Given a finite extension L/K, we set

SL/K = {p ∈ SpecOK : p splits completely in L}.
Also, given two sets S and T , we say that S ≺ T if S ⊂ T ∪ Σ for some finite set
Σ. We now prove:

Proposition 31. Let L,M be finite extensions of K.
(i) If M is Galois over K, then L ⊆M ⇔ SM/K ≺ SL/K .
(ii) If L is Galois over K, then L ⊆M ⇔ S̃M/K ≺ SL/K , where

S̃M/K = {p ∈ SpecOK : p is unram. in M,fq/p = 1 for some prime q ∈ SpecOM}.

Remark: If M/K is Galois, then S̃M/K = SM/K .

Proof. We prove (ii), and leave (i) as an exercise (which is easy if you use (ii)!).
It is clear that L ⊆ M ⇒ SM/K ≺ SL/K . Conversely, assume SM/K ≺ SL/K , and
let N be a Galois extension of K containing both L and M . It suffices to show that
Gal(N/M) ⊆ Gal(N/L). So given σ ∈ Gal(N/M), we want to show that resLσ is
the identity.

By Chebotarëv, there is a prime p of K, unramified in N , such that (p, N/K) =
Cσ. So there is a prime q of N lying over p with (q, N/K) = σ. We claim that
p ∈ S̃M/K . To see why, let q′ = q ∩ OM . Then for α ∈ OM , we have

α ≡ σ(α) ≡ αNp mod q′.

Thus #(OM/q′) = #(OK/p)⇒ fq′/p = 1, and p ∈ S̃M/K as claimed.
Chebotarëv’s theorem implies that there are infinitely many such p. So the

hypothesis that SM/K ≺ SL/K allows us to conclude that p ∈ SL/K , i.e., (p, L/K) =
1. But (p, L/K) = resL(q, N/K); since σ = (q, N/K), we have resLσ = 1 as desired.
�

Corollary 32. A Galois extension L/K is uniquely determined by the set of primes
of K splitting completely in L.

Recall that if K = Q(
√
−n), n > 0, n 6≡ 3 (mod 4), then for all odd p - n we have

p = x2 + ny2 ⇔ p splits completely in K(1).

We see that the primes represented by the quadratic form x2 +ny2 characterize the
Hilbert Class Field of Q(

√
−n) uniquely.

Finally, we give a version of the Chebotarëv Density Theorem for infinite Galois
extensions.

Proposition 33. Let L/K be a (possibly infinite) Galois extension, unramified
outside a finite set S. Then the Frobenius elements of the unramified primes of L
are dense in Gal(L/K).

We leave the proof as an exercise: remember that an element σ ∈ Gal(L/K) is
represented by a coherent sequence of σi ∈ Gal(Mi/K), where M1 ⊂M2 ⊂ · · · are
finite extensions of K. Two elements σ, τ ∈ Gal(L/K) are “close” if they agree
when restricted to a large finite extension.

This version of Chebotarëv is often quite useful. For example, it frequently
arises when dealing with continuous representations of infinite Galois groups such
as Gal(Q/Q). It implies that such a representation is determined by its values on
elements which are Frobenii. See [7] for applications.
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8. Ideles: Background

Nowadays, Class Field Theory is almost always stated and proven in Chevalley’s
language of ideles. We have worked so far in the more classical setting of ideals
in order to give explicit examples, but ideles allow a more flexible and elegant
treatment of Class Field Theory. In this section, we introduce ideles and some
of their properties; in the next, we reformulate Class Field Theory in the idelic
language.

Again, let K be a number field, and let p be a prime (finite or infinite) of K.
Let Kp be the completion of K at p, Up the group of units of Kp.

For archimedean p, we let Up = K∗p (= R
∗ or C

∗).
The idele group JK of K is defined by

JK = {(· · · , ap, · · · ) ∈
∏
p

Kp
∗ : ap ∈ Up for almost all p}

(where “almost all” means “all but finitely many”).
Also, for a finite set S containing the set S∞ of archimedean primes, we define

the S-ideles to be

JS =
∏
p∈S

Kp
∗ ×

∏
p6∈S

Up.

One then makes JK into a locally compact topological group by declaring that each
JS is an open subgroup.

There is an embeddingK∗ ↪→ JK which sends α ∈ K∗ to the idele (· · · , α, α, α, · · · ),
and it can be shown using the product formula for K that the image is discrete.
The image of K∗ in JK is called the group of principal ideles, and we define
CK := JK/K

∗ to be the idele class group.
There is also an embedding of Kp

∗ in the idele group JK via

x 7→ (· · · , 1, 1, x, 1, 1, · · · )

which we will need later.
We can define an idele norm by the formula ‖a‖ =

∏
p ‖a‖p, where ‖a‖p = ‖ap‖p.

This product is well-defined, since all but finitely many terms are equal to 1. The
map a 7→ ‖a‖ is a continuous homomorphism of J onto R

∗
>0, the multiplicative

group of positive reals. Its kernel is a closed subgroup of JK denoted J1
K (or J0

K in
Lang), the “ideles of norm 1”.

There is also a natural continuous homomorphism of JK onto IK , the group
of fractional ideals of K endowed with the discrete topology. Indeed, the map
a 7→ (a) =

∏
p pordpap induces an isomorphism JK/JS∞ � IK . The image of

K∗ under this map is exactly PK , the principal fractional ideals of K, so that
J/K∗JS∞

∼→I/P = CLOK . So the ordinary ideal class group is a quotient of the
idele class group CK .

We also define the group CK
1 := J1

K/K
∗. Though we will not need it to state

the idelic form of Class Field Theory, the following theorem is fundamental.

Theorem 34. The group C1
K is compact.

The theorem can be proven using standard techniques from the geometry of
numbers. It has as corollaries two of the most important global theorems of alge-
braic number theory: the finiteness of the ideal class group, and Dirichlet’s unit
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theorem. For the second of these results, see [4, p. 144]. To see that IK/PK is
finite, notice that J1

K � IK (since we can fool around at the archimedean primes
to make an idele have norm 1). Thus IK/PK is a continuous image of the compact
group J1

K/K
∗, hence compact. Being discrete as well, it is finite.

We introduce a couple more necessary terminologies. Let L/K be a finite ex-
tension of number fields. If q is a prime (finite or infinite) of L lying over p in K,
we have a norm map on the completions NLq

Kp
. If b = (· · · , bq, · · · ) ∈ JL, we define

NL/K(b) = (· · · , ap, · · · ) ∈ JK , where

ap =
∏
q|p

NLq

Kp
bq.

If b is principal, then NL/Kb is also principal, so there is a map NL/K : CL → CK .
Finally, we have a natural notion of mod∗ for ideles. Let c =

∏
p cp =

∏
p pmp be

a cycle of K. If a ∈ Kp and mp > 0, we say that a ≡ 1 mod∗cp if a ≡ 1 mod pmp

in Op. If p is a real archimedean prime, we define a ≡ 1 mod∗cp to mean a > 0
in the corresponding embedding. Finally, if a is an idele, then a ≡ 1 mod∗c means
that ap ≡ 1 mod∗cp for all p.

9. The Idelic Formulation of Class Field Theory

Now that the reader is familiar with ideles, we can reformulate class field theory
in this new language. Let L/K be an abelian extension. We say that a cycle
c =

∏
pmp is admissible for L/K if U (mp)

p ⊆ NLq

Kp
Lq
∗ for all primes p of K and all

q ∈ SpecOL lying over p. By Theorem 18, c is admissible iff it is a conductor for
L/K.

It can be shown (without using any class field theory) that for any admissible
cycle c, there is an isomorphism

JK/K
∗NL/KJL ∼= I(c)/Pcη(c)

(see [4, p. 150]). This allows one to define an Artin map on ideles

φL/K : JK → Gal(L/K)
a 7→ (a, L/K),

which is given explicitly as follows: Choose an element α ∈ K∗ such that αa ≡
1 mod∗c; then if a is the associated ideal of αa, we set (a, L/K) = (a, L/K). This
is well-defined, and it follows from the definition that (α,L/K) = 1 for all α ∈ K∗.
Therefore the Artin map can be viewed as a map on idele classes. The reader
should verify that the Artin map on ideles satisfies the same properties (A1)-(A4)
as before, and that the p-local Artin map we defined previously is nothing other
than the Artin map on ideles restricted to Kp

∗ ↪→ JK . We can then show that
(a, L/K) =

∏
p(ap, L/K), and from this we get the product formula∏

p

(αp, L/K) = 1

for all α ∈ K∗. This is one manifestation of how the language of ideles simplifies
matters by elegantly piecing together local and global information.

This elegance pushes forward into the statements of class field theory. We briefly
give the main results, and refer the reader to the literature for more details.
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Theorem 35. Let L/K be a finite abelian extension. The Artin map induces an
isomorphism

JK/K
∗NL/KJL = CK/NL/KCL

∼→Gal(L/K).

(We say H = K∗NL/KJL is the class group belonging to L). A prime p (finite
or infinite) of K splits completely in L⇔ Kp

∗ ⊆ K∗NL/KJL, and is unramified in
L⇔ Up ⊆ K∗NL/KJL.

Theorem 36. If H is an open subgroup of CK of finite index, then there is a
unique abelian extension L/K such that NL/KCL = H. Equivalently, if H is open
of finite index in JK and K∗ ⊆ H, there is a unique abelian extension L/K such
that K∗NL/KJL = H. (We say that L is the class field belonging to H).

Theorem 37. Let L1, L2 be finite abelian extensions of K. Then

L1 ⊆ L2 ⇔ K∗NL1/KJL1 ⊇ K∗NL2/LJL2 .

We end with a couple of examples.

Example: Ray Class Fields.
If c =

∏
pmp is a cycle of K, we define a subgroup Uc (which Lang calls Wc) of

the ideles of K by

Uc =
∏
p

U
(mp)
p .

The collection of Uc forms a fundamental system of open subgroups of the ideles
at the identity, i.e., each Uc is open, and given an open subgroup H of JK containing
1, there exists some c such that H ⊇ Uc. Now for any cycle c, there is (see [4, pp.
146-7]) an isomorphism

JK/K
∗Uc
∼= I(c)/Pc.

It follows that the class field to K∗Uc is the ray class field modulo c.

Example: The Hilbert Class Field Revisited.
Let L be the Hilbert Class Field of K. We have just seen that the class group

belonging to L is K∗U , where U = U(1) =
∏

p Up. We could also have seen this via
the ramification statement in Theorem 35 together with Theorem 37, since L/K
unramified ⇒ U ⊆ K∗NL/KJL, and then L maximal ⇒ K∗U is the class group
belonging to L.

So the Artin map induces an isomorphism

JK/K
∗U
∼→Gal(L/K).

By our convention that Up = K∗p for archimedean p, we see that U = JS∞ . But we
have already seen that

JK/K
∗JS∞

∼→I/P

under the map that sends a 7→ (a).
So we obtain once again the fact that Gal(L/K) is isomorphic to the ideal class

group of K.
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10. Further Topics

There are, of course, many topics within Class Field Theory not covered in this
paper. They include: Complex Multiplication, Artin L-functions, Group Cohomol-
ogy and the Brauer Group, the Hasse Norm Theorem, the Conductor-Discriminant
Formula, Ring Class Fields and Genus Fields, Class Field Theory for Infinite Exten-
sions, the Hilbert Symbol, Higher Reciprocity Laws, and the Artin-Hasse Theorem.

For immediately accessible applications of Class Field Theory not covered here,
I recommend reading about the Hilbert Symbol in [6], or doing the exercises on
this topic at the end of [1]. A good exercise which outlines a derivation of cubic
reciprocity from elementary properties of the Hilbert Symbol can be found in [2,
Exer. 8.9]. Also, for the reader familiar with elliptic curves, an excellent introduc-
tion to the explicit construction of abelian extensions of imaginary quadratic fields
(Kronecker’s “Jugendtraum”) can be found in Chapter II of [8].

For a general history of Class Field Theory, see the article by H. Hasse in [1], or
the introduction to Part II of [4].
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