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Abstract

Oscillatory instabilities of a basic state, a translation and re
ection
invariant periodic steady state and a doubly periodic, re
ection invariant
steady state in two-dimensional, anisotropic systems of PDE's are consid-
ered. When doubly periodic boundary conditions selected in accordance
with a linear stability analysis are imposed, the PDE's can be reduced
to normal forms for equivariant Hopf bifurcations with the symmetries
O(2)�O(2), Dm�O(2) and Dm�Dn. The group theoretical classi�ca-
tion of the basic periodic normal form solutions is reviewed in a coherent
manner for the three symmetry groups. In the �rst case, the normal form
solutions translate directly into wave patterns whereas in the second and
third cases also the dynamics of phases along the group orbits of equilib-
ria have to be considered. Depending on the symmetries, the phases can
be at rest, oscillate about a �xed phase or rotate in which case we �nd
a modulated wave. Computational aspects concerning the derivation of
the phase equations are discussed and a system of amplitude equations
is derived that generalizes the basic normal form to account for spatial
modulations.

1 Introduction

The subject of this paper is the Hopf bifurcation in the presence of two trans-
lation and two re
ection invariances in continuous systems. To describe the
main ideas, let us �rst consider the case of a system with a single translation
and re
ection invariance. As is well known [6, 8], if such a system undergoes
a Hopf bifurcation we typically �nd periodic states in the form of standing
waves and travelling (or rotating) waves. If the translation symmetry is con-
tinuous and compact, the relevant symmetry group is O(2) whose continuous
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part SO(2) describes the translations. In this case the Hopf bifurcation pre-
dicts a one parameter family of re
ection invariant standing waves and a pair
of travelling waves related to each other by re
ection. A prototype example
for a system with O(2) symmetry is provided by reaction di�usion equations
of the form

@u

@t
= D

@2u

@x2
+ F (u;�) ; (1)

where u is a vector of N chemical concentrations, � 2 R is a bifurcation pa-
rameter and D is a di�usion matrix. The symmetry group O(2) comes into
play if periodic boundary conditions, say u(t; x + 2�) = u(t; x), are imposed.
The translations  2 SO(2) then act as u(x) ! u(x +  ) and the re
ection
� acts as u(x) ! u(�x). When (1) encounters a Hopf bifurcation from a
spatially homogeneous equilibrium, u = 0 say, with critical mode e{xv0 where
v0 2 CN , the standing and travelling waves are approximately of the form
R<(v0e

{!t) cos(x+�) and R<[v0e
{(!t�x)], respectively, where R is a small am-

plitude, � is an arbitrary phase and ! is close to the critical frequency. These
wave states are periodic orbits that reside in an attractive center manifold of
the steady state.

If the translation symmetry is discrete, the continuous subgroup SO(2)
of O(2) has to be replaced by Zm, the group of cyclic translations of order
m which, when combined with the re
ection, constitute the subgroup Dm of
O(2). A prototype system showing this symmetry is provided by m identical
cells (or oscillators) coupled in the form of a (discrete) ring. As shown in [7],
the Hopf bifurcation predicts here again periodic states in the form of, now
discrete, travelling waves as well as two distinct discrete families of standing
waves. In the context of coupled cells the two types of standing waves are
distinguished by in phase and out of phase oscillations of pairs of cells. When
m increases, they become more and more indistinguishable and in the limit
m!1 they both approach the standing wave family of a continuous system.
A cell system with Dm symmetry arises naturally if the PDE (1) is spatially
discretized, in this case the appearance of two distinct types of standing wave
solutions at a Hopf bifurcation should be considered as an artefact of the
discretization. On the other hand, a discrete Dm symmetry may occur in
the continuous system (1) if the Hopf bifurcation is not from a homogeneous,
but from a periodic, re
ection invariant equilibrium with spatial period 2�=m
which may have arisen in a primary bifurcation from a homogeneous state.
Expanding (1) about such a nonhomogeneous equlibrium leaves us with a Dm

symmetric system, hence the Dm equivariant Hopf bifurcation may arise here
in a natural manner and has in fact been observed numerically in the Ku-
ramoto Sivashinsky equation for m = 3, see [1]. In this case, however, the
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equlibrium is not isolated because the translations create a continuous family
of equilibria that forms a circle (the group orbit) in phase space. As a conse-
quence, there is no single center manifold to which the dynamics is attracted.
Instead, one has to deal with a family of center manifolds, each of them at-
tached to a point on the circle of equilibria. This family is called a "center
bundle". As shown in [10, 5] in a more general setting, it is still possible to
obtain a reduction of the full system to the center bundle and to apply nor-
mal form techniques (see also [4] for a speci�c case including imperfections).
Roughly speaking, in this reduction the normal form that would arise from
an isolated equlibrium is coupled to a tangential vector �eld along group or-
bits. Thus periodic solutions of the normal form may or may not be combined
with a drift, depending on the ODE for the group parameters which in the
cases considered here play the role of phases. In the case described before it
turns out [10] that only the discrete traveling wave solution is combined with a
drift and hence becomes quasiperiodic, revealed as a modulated wave, while for
the standing waves the phase is constant or oscillates with the same frequency.

In this article we are concerned with the Hopf bifurcation in the presence
of two translation and two re
ection symmetries. The translations may be
continuous or discrete, thus the combined symmetry group is one of the direct
products �cc � O(2)�O(2), �dc � O(2)�Dm or �dd � Dm �Dn. Our main
emphasis is to discuss the implications of the Hopf bifurcation with such a
symmetry for spatially continuous systems. Concerning the underlying group
theoretical and normal form analysis we refer to [11, 12, 2] for details of the
proofs and stability calculations.

Two translation symmetries occur naturally if a homogeneous system of
PDE's is posed in the full two dimensional plane, with coordinates (x; y). Since
we wish to exclude rotation invariances, the system has to be anisotropic.
The most important case is that of axial anisotropy where one has re
ection
symmetry with respect to an axis, taken to be the x-axis: (x; y) ! (x;�y),
together with space inversion: (x; y) ! (�x;�y). Both operations combined
induce a re
ection about the y-axis: (x; y) ! (�x; y), and generate the sym-
metry group D2 of a rectangle. A linear di�erential operator consistent with
these symmetry operations depends only on (@2x; @

2
y). For simplicity we con�ne

ourselfes to reaction di�usion equations, thus we are led to a system of PDE's
of the form

@u

@t
= Dx

@2u

@x2
+Dy

@2u

@y2
+ F (u;�) ; (2)

with the meanings of � 2 R and u = (u1; : : : ; uN )
T as in (1). Since usually u
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represents deviations of chemical concentrations from homogeneous equilbrium
values, the reaction term F satis�es F (0;�) = 0. The axial anisotropy is
revealed in the presence of two di�erentN�N di�usion matricesDx;Dy whose
symmetric parts have to be positive de�nite. Concerning the spatial domain
we will initially assume that it can be idealized as in�nitely extended in both
directions, i.e., speci�c physical boundary conditions and "�nite size e�ects"
will be ignored. However, to obtain a framework which is accessible to center
manifold theory we have to impose doubly periodic boundary conditions. The
spatial periods chosen are as usual determined from a linear stability analysis.

In Section 2 we review the results of [11, 12, 2] concering the classi�cation
of basic periodic states predicted by the Hopf bifurcations with the symmetries
�cc, �dc and �dd. While in [2, 12] the states for �dc and �dd are interpreted
entirely in the context of discrete systems (see [13] for an application to cou-
pled lasers), we emphasize here the spatio-temporally continuous setting. In
Sections 3, 4 and 5 we consider oscillatory instabilities of the basic state, a
periodic steady state and a doubly periodic steady state of (2). When periodic
boundary conditions are chosen in accordance with a linear stability analysis,
(2) becomes amenable to center manifold or center bundle techniques. In case
of the primary instability the periodic states of Section 2 translate directly
into wave patterns whereas for the secondary (or tertiary) instabilities the dy-
namics of phases that parametrize the group orbit of equilibria has to be taken
into account. It turns out here that for all standing waves the phases remain
constant, except for one particular case in which we �nd phase oscillations.
In contrast, travelling waves typically become modulated waves because of
phase drifts, in agreement with previous results of [10] for the one dimensional
case. In the concluding section we summarize and discuss these results. In
addition, a spatially dependent version of the ODE-normal form for primary
instabilities is derived formally, which accounts for modulations. This system
of amplitude equations is a two dimensional extension of the one dimensional
equations derived in [9]. It should provide the starting point for a re�ned
analysis, without the restriction to periodic boundary conditions.

2 Normal Forms and Wave States

Here we review the classi�cation results of [11, 12, 2] in a spatio-temporally
continuous setting which in this section is not yet related to a speci�c sys-
tem. In Sections 3 { 5 we discuss these results in the context of primary and
secondary bifurcations of the reaction di�usion system (2).

Assume we are given a complex-valued, doubly periodic function v : R2 !
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CN , whose minimal periods in both x- and y-directions are 2�. By applying
the D2-re
ections we can generate four modes v(�x;�y). Let us assume that
these modes, together with their complex conjugates, form a basis of a center
eigenspace Ec of a dynamical system (not necessarily a PDE) posed in a space
of doubly 2�-periodic functions.1 We parametrize the center eigenspace by
four complex amplitudes z = (z1; z2; z3; z4) 2 C

4 as

Ec : z! z1v(x; y) + z2v(�x; y) + z3v(�x;�y) + z4v(x;�y) + cc (3)

where cc refers to the complex conjugate expression. Let us further assume
that v(x; y) is left invariant under translations by certain angles ( 1;  2) 2
SO(2) � SO(2) = T 2 which are specialized below, that is,

v(x+  1; y +  2) = e{( 1+ 2)v(x; y) :2 (4)

The translations (4) leave Ec invariant and induce the following operations on
the amplitudes z,

( 1;  2) : z ! (e{( 1+ 2)z1; e
{(� 1+ 2)z2; e

�{( 1+ 2)z3; e
{( 1� 2)z4) : (5)

In addition, Ec is left invariant under the re
ections �1 : (x; y)! (�x; y) and
�2 : (x; y)! (x;�y) which are represented in Ec as

�1 : z ! (z2; z1; z4; z3) ; �2 : z ! (z4; z3; z2; z1) : (6)

Concering the allowed translations ( 1;  2) we distinguish the following situ-
ations:

(i) Arbitrary translations ( 1;  2) 2 T 2 are allowed, thus the basic sym-
metry group is �cc = O(2)�O(2) and the function v(x; y) is a Fourier mode,
v(x; y) = e{(x+y)vc with vc 2 C

N .
(ii) Arbitrary translations  2 in the y-direction are allowed but in the

x-direction only angles  1 that are multiples of 'm � 2�=m (m � 3) are
admitted. In this case the basic symmetry group is �dc = Dm � O(2) and
v has the form v(x; y) = e{yv0(x) with some 2�-periodic function v0(x) such
that v0(x+'m) = e{'mv0(x). By checking Fourier coe�cients (or using spatial
Floquet arguments [10]) it is easily seen that v0 has the form v0(x) = e{xvc(x)
where vc is 'm-periodic.

1A standard L2-space, usually the domain of the 'vector �eld' is a suitable Sobolev space.
2The generalized version of (4), where  1 +  2 is replaced by k1 1 + k2 2 for integers

k1; k2 would require a number of case distinctions but would not alter the basic aspects of
our discussion, thus we con�ne ourselfes to k1 = k2 = 1.
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(iii) In both x- and y-directions only translations by discrete angles which
are multiples of 'm and 'n, respectively, with given integers m;n � 3 are
allowed. Here the basic symmetry group is �dd = Dm�Dn and nothing special
can be said about v, except that it must be of the form v(x; y) = e{(x+y)vc(x; y)
where vc is 'm- and 'n-periodic in the x- and y-directions, respectively.

Since (3) parametrizes a center eigenspace, the 
ow on the center manifold
is governed by a closed system of ODE's for the mode amplitudes z. Assum-
ing that the original system is equivariant under one of the symmetry groups
� = �cc;�dc or �dd, the reduced system is equivariant under the representa-
tions (5), (6) of � in Ec. Our �nal assumption is that the center (or critical)
eigenvalues consist of a semisimple imaginary pair �{!c, and that v(x; y) is
the eigenfunction corresponding to {!c. As is well known [6, 8], in this case
a subsequent normal form transformation leads to an additional phase shift
symmetry

� 2 S1 : z ! e{�z : (7)

Up to cubic order a vector �eld that is equivariant under the extended sym-
metry �cc � S1 can be written as [11, 12],

_z1 = [{!0(�) + �+
4X

j=1

ajjzj j
2]z1 + a5z2�z3z4 ; (8)

and the ODE's for z2; z3; z4 follow by operating with �1; �1�2; �2 on (8). The
aj 2 C are certain coe�cients which depend on the original system in which
the Hopf bifurcation takes place, and {!0(�) + � is the critical eigenvalue of
the linearized operator, i.e., !0(0) = !c. As usual we consider the real part,
�, of the critical eigenvalue as (small) bifurcation parameter. In [11, 12] it is
shown that, when the aj satisfy certain non-degeneracy conditions, the cubic
truncation (8) fully determines the basic small amplitude periodic solutions in
the sense that higher order terms do not alter their branching directions and
stabilities for � near 0.

In the case of �dc further terms need to be taken into account in (8) which
break the continuous  1-translation equivariance to a discrete one. According
to [12], the relevant terms are of the form bj�z

j�1
1 zj2(z3�z4)

�m�j for 1 � j � �m,
where �m = m (m=2) if m is odd (even). In the case of �dd one has to add
to the �dc-normal form the terms cj�z

j�1
1 zj4(z3�z2)

�n�j (1 � j � �n) that destroy
the second continuous translation symmetry as well as a term d�zk�11 zk3 , where
k = lcm(m;n) is the lowest common multiple of m and n.

General equivariant Hopf bifurcation theory tells [6, 8] that the normal
form (8), and the extended versions for � = �dc and �dd have basic periodic
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~ 1 ~ 2 ~�1 ~�2  ̂

�cc ( 1; 0;� 1) (0;  2;� 2) (�1
�
2 ;�

�
2 ;

�
2 ) (��

2 ; �2
�
2 ;

�
2 ) ( ;� ; 0)

�dc ('m; 0;�'m) (0;  2;� 2) (�1; 0; �) (0; �2; �) ('m;�'m; 0)

�dd ('m; 0;�'m) (0; 'n;�'n) (�1; 0; �) (0; �2; �) ('k;�'k; 0)

Table 1: Auxiliary symmetry generators occuring in Table 2, written as
(
1; 
2; �) where (
1; 
2) 2 � and � 2 S1. Here, k = lcm(m;n). Not listed
in the table is the generator ~�12 = (�1; �2; �), the same for all three cases.

solutions which reside in two dimensional, 
ow invariant �xed point subspaces
Fix(�) that are parametrized by a single complex variable z, z = z(z). Here,
� is the underlying (maximal) isotropy subgroup of � � S1, that is, �z = z

for all � 2 � and z 2 Fix(�). The isotropy subgroups and their �xed point
subspaces can be classi�ed (up to conjugacy) and the (maximally symmetric)
periodic orbits in Fix(�) have the form z(t) = R<e{!t, where R is a small
amplitude determined by R2 = a�+ O(�2) and ! � !(�) is close to !c. The
coe�cient a, determined by restricting (8) to Fix(�), is a linear combina-
tion of the real parts of the aj. Its sign distinguishes sub- and supercritical
branches. The O(�2) terms are necessary to distinguish certain periodic solu-
tions in case of the smaller symmetry groups �dc and �dd. Given a periodic
solution z(t) in Fix(�) one can generate wave patterns by substituting z(z(t))
in the representation (3) of the center eigenspace. These constitute the leading
terms of periodic solutions of the original system for which the center mani-
fold reduction has been pursued. The isotropy subgroup � then characterizes
the invariance properties of the resulting wave patterns. If � contains non-
trivial phase shifts � 2 S1 we encounter a spatio-temporal symmetry (twisted
subgroup), otherwise the symmetry of the pattern is purely spatial.

The classi�cation of the isotropy subgroups and the stability analysis of
the corresponding periodic patterns has been carried out in [12] for all three
cases, in [11] for �cc and in [2] for �dd = D3�D3 (see, also [3]). We summarize
these results in a coherent manner, emphasizing in particular which isotropies
are broken up when the symmetry is successively lowered according to �cc �
�dc � �dd. For generating the isotropy subgroups, some auxiliary symmetry
generators are needed which also characterize the invariance properties of wave
patterns. These are de�ned in Table 1. In this table, following common
notation [6, 8], a tilde refers to a symmetry generator containing nontrivial
phase shifts � 2 S1. Recall that � acts on functions as � : u(t; x; y) !
u(t + �=!; x; y) whenever u(t; x; y) is 2�=!-periodic in t and doubly periodic
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�cc �dc �dd generators Fix� wave pattern

TTW TmTW TmTnW ~ 1; ~ 2 (z; 0; 0; 0) <[e{!tv(x; y)]

STW S0TW S0TnW �1; ~ 2 (z; z; 0; 0) <[e{!tv+0(x; y)]

S�TW S�TnW ~�1; ~ 2 (z;�z; 0; 0) <[e{!tv�0(x; y)]

TSW TmSW TmS0W ~ 1; �2 (z; 0; 0; z) Re[e{!tv0+(x; y)]

TmS�W ~ 1; ~�2 (z; 0; 0;�z) <[e{!tv0�(x; y)]

SSW S0SW S0S0W �1; �2 (z; z; z; z) <[e{!tv++(x; y)]

S0S�W �1; ~�2 (z; z;�z;�z) <[e{!tv+�(x; y)]

S�SW S�S0W ~�1; �2 (z;�z;�z; z) <[e{!tv�+(x; y)]

S�S�W ~�1; ~�2 (z;�z; z;�z) <[e{!tv��(x; y)]

SW SW S0W �1�2;  ̂ (z; 0; z; 0) <[e{!tv+(x; y)]

S�W ~�12;  ̂ (z; 0;�z; 0) <[e{!tv�(x; y)]

AW �� �� ~�1; ~�2 (z; {z; z; {z) 2 cos(x+ y) cos!t�
2 cos(x� y) sin!t

Table 2: Generators of isotropy subgroups �, their �xed point subspaces
Fix(�) and the corresponding wave patterns (see text) for the actions of
�cc � S1, �dc � S1 and �dd � S1 in C4. An empty space in the �cc- and �dc-
columns means that the subgroup generated is conjugate to the next upper
isotropy subgroup.

in (x; y). Thus,

~ 1 : u! u(t�  1=!; x+  1; y)

~�1 : u! u(t+ �=2!;�x � �=2; y � �=2) for �cc

u! u(t+ �=!;�x; y) for �dc; �dd

~�12 : u! u(t+ �=!;�x;�y)

 ̂ : u! u(t; x+  ; y �  ) ;

where according to Table 1 the angle  1 in ~ 1 is arbitrary for �cc and  1 = 'm
for �dc;�dd, and similarly for  ̂ (observe that 'k = 0 if m;n are relatively
prime). The generators ~ 2; ~�2 act analogously as ~ 1; ~�1, with the roles of x
and y interchanged.

The basic information of the classi�cation is summarized in Table 2. The
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fourth column of this table contains the generators of the (maximal) isotropy
subgroups �, the �fth column contains the form of the corresponding �xed
point subspaces and in the last column we list the wave patterns u(t; x; y)=2R
with u de�ned by substituting a periodic solution z(t) = Re{!t in Fix(�) into
the representation (3) of Ec. These patterns stay invariant under the symmetry
operations shown in the fourth column. The auxiliary functions occuring in
the table are

v�0(x; y) = v(x; y)� v(�x; y) ; v0�(x; y) = v(x; y) � v(x;�y) ;
v�(x; y) = v(x; y) � v(�x;�y) ; v�� (x; y) = v�0(x; y) + �v�0(x;�y) ;

where �; � 2 f0; 1g. In the �rst three columns of Table 2 we list the names
chosen in [12] to characterize the invariance properties of the wave patterns.
The letters T and S stand here for travelling and standing wave components.
When two of these letters appear (upper nine rows), the �rst refers to the x-
and the second to the y-direction. Thus TTW in case of �cc means that this
wave is observed as a travelling wave in both directions, in fact, it is a transla-
tion invariant (roll or stripe) pattern travelling in the (1;�1)-direction. There
are actually four TTW 's obtained by re
ections about the axes. Similarly,
TSW is observed as a travelling wave in the x- and as a standing wave in the
y-direction, i.e., it may be interpreted as a rectangular pattern travelling in
the x-direction and analogously STW . The patterns SSW and SW are both
standing waves, the �rst with a rectangular shape and the second is translation
invariant (standing roll or stripe). If only translations that are multiples of 'm
or 'n are allowed in a travelling wave component, this is indicated by writing
Tm or Tn. The corresponding wave pattern is, then, not a pure travelling
wave but should be considered as a discrete version of a travelling wave, char-
acterized by phase lags. Concerning standing wave components, recall that a
standing wave resulting from an O(2) carries an arbitrary phase (not shown
in the table). The breaking of O(2) to Dm or Dn leads to a phase selection
leaving two nonconjugate standing wave components S0 and S�, characterized
by in phase and out of phase oscillations of u at points related to each other
by re
ections as prescribed, for example, by invariance under �1 and ~�1. Thus
an S-component for �cc in the x-direction is split into S0 and S� when �cc is
broken down to �dc or �dd, and analogously for the y-direction when �cc is
broken to �dd. In Table 2, distinct discrete patterns originating from the same
continuous �cc-pattern are combined into groups separated by horizontal lines.
Thus the four distinct subspaces for the S�S�W patterns (�; � 2 f0; �g) of �dd
belong all to conjugate isotropy subgroups of �cc and the two subspaces for
S0S�W belong to conjugate isotropy subgroups of �dc�S

1. The other blocks
separated by horizontal lines in Table 2 are to be interpreted analogously. The
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�dc �dd conditions

S0(�)TW S0(�)TmW <[(a1 � a2)�b �m] < 0 (> 0)

S0(�)SW S0(�)S0;�W <[(a1 � a2 � a3 + a4 � a5)(�m + d0)] < 0 (> 0)

S0S0(�)W <[(a1 + a2 � a3 � a4 � a5)(�n + d0)] < 0 (> 0)

S�S0(�)W <[(a1 + a2 � a3 � a4 � a5)(�n � d0)] < 0 (> 0)

TmS0(�)W <[(a1 � a4)�c�n] < 0 (> 0)

S0(�)W <[(a1 � a3) �d] < 0 (> 0)

Table 3: Supplementary stability criteria for the discrete patterns. The sub-
scripts 0(�) and 0; � refer to opposite and equal signs, respectively, in the
conditions for S0 and S�. Here, �m =

P �m
j=1

�bj , �n =
P�n
j=1 �cj and d0 =

�d (0) if
�m = �n ( �m 6= �n) for �dd while d0 = 0 for �dc. The bj; cj ; d are the higher order
coe�cients introduced below (8).

only exception is AW (alternating wave) for �cc which has the same � like
S�S�W but otherwise is not related to the discrete cases. This pattern shows
a "switching" between oblique oriented stripe patterns. We note that TTW ,
STW , TSW , SSW and SW are denoted in [11] as TR (travelling roll), TRe1,
TRe2 (travelling rectangles) SRe (standing rectangle) and SR (standing roll).

Besides the invariances described by the symmetry generators of Table 2,
any pattern is left invariant by the kernel of the action of � � S1 in Ec. Let
�̂1 = (�; 0; �) which acts on patterns as u! u(t+�; x+�; y), and analogously
�̂2 = (0; �; �). These two re
ections generate a D2-subgroup of � � S1 that
contains the kernel. Noting that � is in Zm only when m is even, �̂1 and
�̂2 is not in the kernel only if the �rst and second factor of � is Dm and Dn

with m and n odd, respectively. Thus for �cc, �dc with m even and �dd with
m;n both even the kernel is generated by both re
ections whereas if m or n
is odd �̂1 or �̂2 have to be taken out. We note that for �dc there is always the
re
ection �̂2 present, i.e., invariance under (t; x; y)! (t+ �=!; x; y + �). For
both S�SW and S�TW this symmetry enforces nodal lines at x = 0; � which
are reminiscent of the resting oscillator that occurs in antiphase oscillations
of Dm-symmetrically coupled cells when an additional re
ection symmetry is
present (see [7]). In our case the additional re
ection symmetry is "picked"
from the translations in the y-direction.

Concerning stabilities, we do not present the full information about the
Floquet exponents, but con�ne ourselfes to necessary and su�cicent conditions
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for the patterns to be stable. In case of the �cc- patterns these are

TTW : ajr < a1r < 0; j = 2; 3; 4

STW : a1r < �ja2rj; a1r + a2r � a3r � a4r < ja5rj

SW : a1r < �ja3rj; a1r + a3r < a2r + a4r; ja1 � a2 + a3 � a4j
2 < ja5j

2

SSW : a1r + aM < �ja3r + a5r + amj;

a1r � a2r + a3r � a4r < 3a5r; <[�a5(a1 � a2 + a3 � a4)] < ja5j
2;

where am = minfa2r; a4rg, aM = maxfa2r; a4rg and the subscript r refers
to the real part. The conditions for TSW follow from those for STW by
interchanging a2 and a4 and the conditions for AW are obtained from those
for SSW when a5 is replaced by �a5. We note that each S-component of a
�cc-pattern induces a zero Floquet exponent (neutral direction due to spatial
translations). The above conditions are inferred from the nonzero Floquet
exponents whose stability indices persist the splitting in S0; S�-components
when �cc is broken to �dc or �dd. The separation of S0 and S� is due to the
higher order terms (bj ; cj ; d) which also perturb the zero Floquet exponents
into nonzero ones, with opposite signs of the real parts for the two components.
Thus the conditions for TTW hold also for TmTW and TmTnW as well as for
SW in the �dc-classi�cation, however, for the remaining patterns the above
stability criteria have to be supplemented by further inequalities involving
higher order coe�cients. These are summarized in Table 3. According to that
table, if the SSW -stability criteria are satis�ed, then either S0SW or S�SW
is stable and analogously for the splittings of STW , TSW and SW . The
same holds when S�SW is split in S�S�W provided �m 6= �n. Thus at most
one among the four patterns S�S�W can be stable if �m 6= �n. If �m = �n, all
higher order terms are of the same order which leads to the appearance of
d in the Floquet exponents of the S�S�W patterns. In this case two among
these patterns can be simultaneously stable, namely either (S0S0W;S�S�W )
or (S0S�W;S�S0W ), as can be seen by carefully inspecting the inequalities of
Table 3. In general, for all cases except �dd with �m = �n, at most two patterns
can be simultaneously stable and in the exceptional case �m = �n there can be
up to three simultaneously stable patterns.

3 Hopf Bifurcation of the Basic State

The stability of the basic state u = 0 of (2) is determined by the linearized
equation,

@u

@t
= Dx

@2u

@x2
+Dy

@2u

@y2
+M(�)u ; (9)
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where M(�) = duF (0;�). The ansatz u(t; x; y) = exp(�t + {px + {qy)v0,
v0 2 C

N , leads to the eigenvalue problem

K(�; p2; q2)v0 = �v0 with K =M � p2Dx � q2Dy : (10)

The typical situation is that there exists a neutral stability surface � =
�n(p

2; q2) in (�; p; q)-space with �-minimum at (�c; p
2
c ; q

2
c ) such that for � <

�n(p
2; q2) the eigenvalues of K(�; p2; q2) have negative real parts whereas for

� = �n(p
2; q2) this matrix has eigenvalues on the imaginary axis whose real

parts become positive for � > �n. Thus, when � is increased from below,
the transition to instability occurs at �c and we assume that this is an os-
cillatory instability, i.e., K(�c; p

2
c ; q

2
c ) has a simple pair of imaginary eigen-

values �{!c with the remaining eigenvalues still having negative real parts.
Near (�c; p

2
c ; q

2
c ), {!c is embedded in a critical eigenvalue family �(�; p2; q2).

Typically <� = 0 yields locally a smooth surface �n � �osc(p
2; q2), referred

to as oscillatory neutral stability surface, with a nondegenerate minimum
�c = �osc(p

2
c ; q

2
c ). On that surface one has a dispersion relation 
(p; q) =

=�(�osc; p
2; q2). A further basic assumption is that the critical wave num-

bers pc; qc are both nonzero. Note that this requires N > 2 because when
N = 2 a necessary condition for an imaginary eigenvalue is TrK = 0 yielding
p2TrDx+ q2TrDy = TrK(�). Thus if a smooth �osc(p

2; q2) exists for N = 2,
the minimum occurs at pc = qc = 0.

A standard approach to studying (2) near �c is to con�ne the analysis to
functions that are doubly periodic in (x; y), i.e., periodic with respect to a two
dimensional lattice with spatial periods chosen in accordance with the linear
stability analysis. In isotropic systems, Dx = Dy, the choice of lattice is a very
delicate question because only p2c + q2c is prescribed and hence both the type
of lattice (square or hexagonal) as well as its orientation can be arbitrary. In
contrast, for the anisotropic system considered here we have isolated critical
wave numbers (�pc;�qc) which naturally suggests to choose a rectangular
lattice with basic spatial periods 2�=pc and 2�=qc in the x- and y-directions.
Within this restricted analysis center manifold and normal form techniques
can be applied to determine basic wave patterns and their stabilities against
perturbations that are spatially periodic with respect to the chosen lattice.

In the restricted analysis, (2) is posed in the space of functions which
are doubly periodic in x and y with periods 2�=pc and 2�=qc. By rescaling
(x; y) ! (pcx; qcy) and rede�ning Dx;Dy, we can achieve 2�-periodicity in
both directions. Although the lattice becomes a square lattice in this case,
we still have to regard its fundamental domain as a (stretched or compressed)
rectangle because of the anisotropy, i.e., the basic symmetry group is �cc =
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O(2)�O(2) rather than Z4�sT
2. In this setting, we �nd the standard situation

for a Hopf bifurcation: the linearized operator of (2), posed in the space of
functions which are doubly 2�-periodic, possesses a simple pair of imaginary
eigenvalues �{!c for � = �c and all remaining (now discrete eigenvalues) have
negative real parts. The eigenspace corresponding to {!c is spanned by the four
critical modes exp(�{x� {y)v0 where v0 2 C

N satis�es K(�c; 1; 1)v0 = {!cv0.
As a consequence, the classi�cation of Section 2 can be applied. Since the
�xed point which undergoes the Hopf bifurcation is isolated (�xed by �cc), no
drifts along group orbits appear. Hence the �cc-patterns of Table 2 provide the
leading terms of the periodic solutions of (2), whose existence is guaranteed
by the equivariant Hopf branching lemma [8].

To close the gap to the normal form (8) of Section 2, we present for-
mulae for the nonlinear coe�cients aj, but omit details of the computa-
tions. Let v�c be the adjoint critical eigenvector, i.e., a row vector in CN

which satis�es v�cK(�c; 1; 1) = {!cv
�
c and is normalized by v�cvc = 1=4�2. Let

F2 = (1=2)d2uF (0;�c), F3 = (1=2)d3uF (0;�c) and let the (nonsingular) N �N -
matrices Kqrs (q; r; s 2 f0; 1g) be de�ned by

Kqrs = 2q{!cIN + 4r2Dx + 4s2Dy �M(�c) : (11)

The quadratic terms of the center manifold are represented in terms of vectors
vqrs 2 CN that multiply non-critical harmonics such as v111z

2
1e

2{(x+y). These
vectors satisfy

K0rsv0rs = F2[vc; �vc] ; K1rsv1rs = F2[vc; vc] : (12)

The aj (1 � j � 5) can then be compactly written as

aj = 4�2v�c � fF2[vj ; �vc] + F2[wj ; vc] + F3[vc; vc; �vc]g ; (13)

where the vj ; wj are taken from the vqrs as follows: vj = v111=2, v101, v100,
v110, v100 for j = 1 : : : 5, w1 = v000, w5 = v001 + v010 and wj = v000 + ~wj with
~wj = v010; v011; v001 for j = 2; 3; 4.

When the aj are known, one can determine which of the solutions of Ta-
ble 2 are stable against perturbations that are, in the original scale, spatially
periodic with the periods prescribed by the critical wave numbers. Whether
stable patterns found in this way are also stable against more general per-
turbations, in particular perturbations with nearby wave numbers, cannot be
answered within the restricted analysis. We comment on this question further
in Section 6 without, however, giving a full stability analysis.

13



4 Hopf Bifurcation of a Singly Periodic Steady State

In this section we assume that the primary instability of the basic state leads
to stable stationary solutions which are translation invariant in the y-direction,
but periodic and re
ection invariant in the x-direction. These solutions satisfy
the system of ODE's

Dx
d2u

du2
+ F (u;�) = 0 : (14)

Being reversible, (14) typically possesses a family of re
ection invariant peri-
odic solutions for each � and we can use (at least locally) the spatial period l
as parameter of the family. Thus we assume that there is a family u0(x; l;�)
of periodic solutions of (14) such that u0(x+ l) = u0(x) = u0(�x) and with l
in a certain range of allowed periods that depends on �. Note that we actually
have a two-parameter family of periodic solutions due to translations along the
x-axis, but the phase has been �xed here by the requirement u0(x) = u0(�x).
Typically, the range of l shrinks to a point l = 2�=pc > 0 when � approaches
the minimum of the stationary neutral stability surface which in this case is
placed on the re
ection axis q = 0.

Letting u = u0+ ~u, the stability of u0 is determined by the linear equation

@~u

@t
= Dx

@2~u

@x2
+Dy

@2~u

@y2
+M(x; l;�)~u ; (15)

with M = duF (u0;�). The ansatz ~u(t; x; y) = exp(�t + {qy)~v(x) yields the
eigenvalue problem

L(�; l; q2)~v � [Dx
@2

@x2
� q2Dy +M(x; l;�)]~v = �~v : (16)

If (16) admits bounded solutions for some <� > 0, u0 is linearly unstable.
Since the original nonlinear equation is translation invariant, du0=dx is an
l-periodic and hence bounded solution of (16) for � = 0. Thus transitions
to instability are signi�ed by the existence of bounded solutions of (16) for
� 2 {R, with multiples of du0=dx excluded if � = 0 is a simple, isolated eigen-
value of L posed in the space of l-periodic functions. There are two types of
basic stationary instabilities that emerge already at the primary bifurcation
point, namely phase (or Eckhaus) instabilities and long wavelength transverse
(zig zag) instabilities. We are not interested in these instabilities here, thus we
assume that there is still some range of l, l1(�) � l � l2(�), say, in which u0
is stable against perturbations characteristic of these two instabilities. Con-
cerning the transition to instability in that range we assume that, when � is
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increased from below, there is a critical (�c; lc; q
2
c ) (q

2
c > 0) such that (16) pos-

sesses a (complex)mlc-periodic solution ~v(x) = v0(x) for some � = {!c 6= 0 and
some integer m � 3 (mlc is the minimal period) and that locally, for (�; l; q2)
near (�c; lc; q

2
c ), all bounded solutions of (16) (except du0=dx) have <� < 0

when � < �c or � = �c and (l; q2) 6= (lc; q
2
c ). Moreover, it is assumed that {!c

is a semisimple eigenvalue of L(�c; lc; q
2
c ), viewed as di�erential operator in

the space of mlc-periodic functions and that fv0(x); v0(�x)g forms a basis for
the corresponding eigenspace, i.e., v0(x) and v0(�x) are linearly independent
eigenfunctions (recall that u0(x) = u0(�x)). Thus there is a spatially subhar-
monic bifurcation in the x-direction combined with temporal oscillations and
a nonzero wavenumber in the y-direction. Since {!c is semisimple, the critical
eigenvalue can be embedded in a smooth family of semisimple complex eigen-
values �(�; l; q2) of L posed in the space of ml-periodic functions, and we may
extract a local (secondary) oscillatory neutral stability surface � = �osc(l; q

2)
by setting <� = 0 which generically is smooth and has a nondegenerate min-
imum �c = �osc(lc; q

2
c ). Thus the situation is analogous to that of a primary

instability, the di�erence being only that variations of l alter here the under-
lying stationary solutions whereas in the primary case variations of p about
p2c alter the perturbations. Again, the anisotropy is essential in order that
(�c; lc; q

2
c ) be a nondegenerate minimum of the secondary oscillatory neutral

stability surface.
One can now proceed as in the preceeding section and perform a restricted

analysis by imposing doubly periodic boundary conditions with spatial pe-
riods mlc and 2�=qc in the x- and y-directions. Rescaling again (x; y) !
(2�x=mlc; qcy) and rede�ning Dx;Dy normalizes the periods to 2�. Since the
periods are now prescribed in this setting, (2) possesses a unique (up to trans-
lations) branch of 'm-periodic ('m = 2�=m), re
ection invariant stationary
solutions ~u0(x;�), ~u0(x;�c) = u0(x), which is stable for � < �c and encoun-
ters a Hopf bifurcation at � = �c, with complex critical modes e�{yv0(�x)
where v0 has minimal period 2�. Since u0(x) is invariant under discrete trans-
lations x! x+'m, v0(x) can be chosen such that v0(x+'m) = exp({'m)v0(x)
for some integer j, for simplicity we assume j = 1 so that v0(x) = e{xvc(x)
with vc 'm-periodic as in Section 2.

The task is now to derive a system of normal form ODE's for the ampli-
tudes of the critical modes. In contrast to the previous section, the underlying
state is, however, not isolated but embedded in a group orbit (circle) of sta-
tionary solutions obtained by translations u0(x + �). Consequently, there is
not a single center manifold but a whole family, each attached to a point on
the steady state circle. This family is called a center bundle and the reduction

15



process yielding a reduced system that governs the 
ow in the center bundle is
called "center bundle reduction". For some general aspects of this reduction
procedure we refer to [5, 10], here we employ a simpler approach which is
suitable for our speci�c situation. In view of a compact notation, we resort
�rst to an abstract formulation.

Assume we are given an ODE in a Hilbert space H,

_u = F(u); u 2 H; (17)

(parameter dependence ignored), and that there is an action of O(2) in H
under which F is equivariant. Let SO(2) be represented by a family of linear
operators T� : H ! H such that T�� = T �� = T�1� , T2� = id, and let S =
d�T�j�=0 be its generator; an asterik-superscript refers to adjoint operators.
Similarly, the re
ection � 2 Z2 is represented by R� : H ! H satisfying
R�� = R� = R�1� and SR� + R�S = 0. Equivariance of (17) means that F
commutes with R�, S and hence T�. Assume now there is an equilibrium
u0 which is re
ection invariant, R�u0 = u0, but not translation invariant so
that the group orbit O(u0) = fT�u0 : � 2 SO(2)g forms a circle in H. The
unit tangent of that circle at u0 is w0 � (1=d)Su0 (d = jjSu0jj) and is odd,
R�w0 = �w0. Letting H0 = w?0 be the orthogonal complement of w0 in H,
we can parametrize a tubular neighborhood of O(u0) via u = T�(u0 + v) with
v 2 H0 and jjvjj su�ciently small. The coordinate change u! (�; v) yields

_� = F1(v) �
1

D(v)
(F(u0 + v); w0) ; (18)

_v = F2(v) � Q0F(u0 + v)�F1(v)Q0Sv : (19)

Here, (:; :) is the inner product in H, Q0 is the orthogonal projection u !
u� (u;w0)w0 onto H0 and D(v) = d+ (Sv;w0). The symmetries of (18), (19)
depend on the isotropy of the equilibrium u0. In particular, since R�u0 = u0
we have (w0; R�u) = �(w0; u), hence H0 is invariant under R� and

F1(R�v) = �F1(v); F2(R�v) = R�F2(v): (20)

In addition we assume that, as in our reaction di�usion system, T'mu0 = u0
which implies (w0; T'mu) = (w0; u) for all u 2 H, hence H0 is also invariant
under T'm which implies

F1(T'mv) = F1(v); F2(T'mv) = T'mF2(v): (21)

In order to fully match the situation we are dealing with in the case of the
reaction di�usion system, we have to assume further that the full symmetry
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group under which (17) is equivariant is � = O(2)��0 with some other group
�0 and that �0u0 = u0. It is easy to see that �0 also leaves H0 invariant and
is revealed in (18),(19) by invariance of the �rst equation, F1(


0v) = F1(v),
and equivariance of the second equation, F2(


0v) = 
F2(v), i.e., (18),(19) are
Dm � �0-equivariant.

Let us now assume that (17) depends on a parameter � and that u0 is an
equilibrium for a bifurcation point �c, i.e., L0 � dvF2(0) has eigenvalues on the
imaginary axis. Note that any generalized eigenspace of L � duF(u0) which is
transverse to span(w0), projects down via Q0 to a generalized eigenspace of L0.
Concering a Jordan chain of length k for L attached to the zero eigenvector w0,
one can verify that this projects to a Jordan chain of length k� 1 attached to
a zero eigenvector of L0. In any case, a bifurcation is signi�ed by a nontrivial
center eigenspace of L0 which is in one to one correspondence to a center
eigenspace of L with the neutral direction w0 excluded. Thus one can perform
a standard center manifold reduction for (19) to obtain a reduced system
_z = g(z;�) for center coordinates z that is equivariant under the induced
action z ! 'mz, z ! �z and z ! 
0z of Dm � �0 in the center eigenspace.
This system has to be supplemented by an equation for the phase,

_� = h(z; �); (22)

which is obtained by substituting the representation v(z) of the center mani-
fold into (18) and hence is equivariant under R� and invariant under Zm��0.
Consequently, if z(t) is a periodic solution of the z-system, we �nd either a
rotation (drift) or an oscillation about an arbitrary phase �0, which case ap-
pears depending on the time average of h(z(t)). The �rst case generically
leads to a quasiperiodic solution and the second to a periodic solution in the
full space H. A third possibility is � = const which occurs if the symmetry
constraints enforce h(z(t) � 0. In [5, 10] general group theoretical criteria are
stated which allow to decide the behaviour of the group parameters in terms
of the isotropy of z(t). We do not use these general criteria here but rather
inspect the various cases distinguished below and in the next section directly.

In case of the reaction di�usion system, where S = @=@x and T�u(x; y) =
u(x + �; y), the center eigenspace is spanned by the four complex functions
v(�x;�y) = v0(�x)e

�{y which are orthogonal to du0=dx. Thus we �nd here
the �dc�S

1-equivariant normal form of Section 2 with its maximally symmetric
periodic solutions summarized in Table 2. It remains to study the phase
dynamics (22) along these periodic solutions. The function h satis�es here
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(suppressing the �-dependence)

h(�1z) = �h(z) and h(
z) = h(z) for 
 2 Zm � SO(2) � T 2 : (23)

In particular, since (0; �) 2 T 2 acts as z ! �z, we �nd h(�z) = h(z). Let
now z(t) be a periodic orbit in a �xed point subspace Fix(�) corresponding
to an isotropy subgroup � of the �dc-classi�cation. Note that for any of these
periodic solutions z(t+ �=!) = �z(t). If �1 2 � we have �1z(t) = z(t), hence
h(z(t)) = h(�1z(t)) = �h(z(t)) which implies � = const. The same kind
of argument applies when �1�2 2 �. If ~�1 2 � we �nd ~�1z(t)) = ��1z(t)
leading to h(z(t)) = �h(�z(t)) = �h(z(t)) due to the (0; �)-invariance, thus
� = const too. Consequently, along all �dc-patterns of Table 2 inferred from
the normal form analysis, the phase � is constant if the pattern is �xed by a
spatio- or spatio-temporal re
ection in the x-direction, also if this is combined
with a re
ection in the y-direction.

This constancy of the phase, which was shown here using properties of
the normal form, holds generally. Consider _� = F1(v) and let v(t) be a
periodic solution in H0 such that 
0R�v(t) = v(t) for some 
0 2 �0. The
same arguments applied to h(z(t)) also show that F1(v(t)) = 0. Similarly, if

0R�v(t + �=!) = v(t) and if in addition there is another re
ection �0 2 �0

such that �0v(t+ �=!) = v(t) we deduce F1(v(t)) = 0 too, since �0
0R�v(t) =
v(t). In our case the second re
ection is �0 = (0; �) 2 T 2 and the operation
v(t)! �0v(t+ �=!) = �̂2v(t) is taken from the kernel of the �dc � S1-action.

The remaining two �dc-patterns of Table 2, TmTW and TmSW , which
are not �xed by the above re
ections, involve a Tm-component. For these
patterns, there is no symmetry restriction which would enforce h(z(t)) to have
a zero mean, thus generically we will �nd a rotation (usually combined with
an oscillation), i.e., � will drift periodically around the steady state circle and
the full dynamics will be quasiperiodic (except for isolated parameter values
where resonances occur). In fact, the leading term of h is proportional to
(jz1j

2 � jz2j
2 + jz4j

2 � jz3j
2), hence h is generically nonzero in the �xed point

subspaces of TmTW and TmSW and the drift velocities are O(�).
The computation of the cubic coe�cients aj in (8) proceeds along similar

lines as in the preceeding section, but requires more space to be written down
in full, thus we omit the details. We just mention that the matrix Kqrs de�ned
in (11) is here replaced by the di�erential operator

Kqrs = 2q{!c �Dx(@x + 2r{)2 + 4s2Dy �M(x) ;

acting in the space of 'm-periodic functions of x and that in the right hand
sides of (12) di�erent sign combinations [vc(�x); vc(�x)] and [vc(�x); �vc(�x)]
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have to be distinguished. The resulting nonhomogeneous problems still have
unique solutions and the aj can be expressed analogously to (13). One just has
to replace the vector-inner product by v�c with the L2-inner product (space of
'm-periodic functions) by v

�
c (x) where e

�{xv�c (x) is the adjoint critical eigen-
function. The second term in (19) does not come into play at cubic order.

5 Hopf Bifurcation of a Doubly Periodic Steady

State

The third case we consider is bifurcation from a doubly periodic (in x and
y) equilibrium which may have arisen in a primary bifurcation from the basic
state or in a secondary bifurcation from a translation and re
ection invariant
periodic state. The precise mechanism is not relevant, in either case such
states are solutions of the nonlinear elliptic PDE

Dx
@2u

@x2
+Dy

@2u

@y2
+ F (u;�) = 0 : (24)

Again one can resort to reversibility in x and y to show that typically (24) may
possess a two parameter family of D2-symmetric, doubly periodic solutions.
To see that this is generically the case, �x �rst the period l2 in y and consider
(24) as a reversible ODE in x posed in the space of l2-periodic functions of y.
This ODE typically possesses a family of re
ection invariant periodic solutions,
with periods l1 that vary continuosly through some interval. Fixing then l1
and viewing (24) as a reversible ODE in y posed in the space of l1-periodic
functions of x gives rise to a two parameter family of doubly periodic solutions.
Thus we assume that (2) has a family of solutions u0(x; y; l1; l2; �) such that

u0(x+ l1; y) = u0(x; y + l2) = u0(x;�y) = u0(�x; y) = u0(x; y);

with the (minimal) periods l1; l2 varying in some domain of R+ �R+ which
may depend on �. Concerning the transition to instability we assume the anal-
ogous scenario as in the preceeding section, namely that locally, for (�; l1; l2)
near some critical point (�c; l1c; l2c), there is a (secondary or tertiary) oscil-
latory neutral stability surface in (�; l1; l2)-space, represented by a smooth
function �osc(l1; l2), with a nondegenerate minimum at (�c; l1c; l2c). Along
that surface the linearized operator of (2), posed in the space of (ml1; nl2)-
doubly periodic functions, has a pair of imaginary eigenvalues and for � < �c
or � = �c and (l1; l2) 6= (l1c; l2c), all non-neutral bounded solutions of the
linear eigenvalue problem have eigenvalues with negative real parts, i.e., there
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is a doubly subharmonic spatial bifurcation associated with temporal oscilla-
tions. The restricted analysis of the full PDE now amounts to posing (2) in
the space of (ml1; nl2)-doubly periodic functions and by suitable rescaling we
may assume that the periods are again 2� in both directions. In this restricted
setting (2) possesses a branch of ('m; 'n)-periodic solutions which encounters
a Hopf bifurcation at �c. Let u0(x; y) be this solution at criticality, that is,

u0(x+ 'm; y) = u0(x; y + 'n) = u0(x;�y) = u0(�x; y) = u0(x; y) ;

and 'm; 'n are the smallest periods. Due to our assumptions the linearized
operator

L = Dx
@2

@x2
+Dy

@2

@y2
+M(x; y;�c) ;

has an eigenfunction v(x; y) with minimal periods 2� in x and y corresponding
to a semisimple eigenvalue {!c. As in the preceeding sections we assume that
the re
ected functions v(�x;�y) form a basis for the full eigenspace associ-
ated with {!c. Due to translations in both (x; y)-directions we �nd, however,
a Hopf bifurcation from a full torus of equilibria u0(x + �1; y + �2) where
(�1; �2) 2 T

2, hence a center bundle reduction for a two parameter group or-
bit is necessary. The formal procedure, which makes everything "computable",
is fully analogous to the center bundle reduction described in the preceeding
section. Employing again the abstract notation of Section 4, there is now a
torus group action T (�1; �2) with generators S1; S2 and two re
ection opera-
tors R�1 ; R�2 . Generators with distinct indices commute and R�j ; Sj satisfy
for each j = 1; 2 the relations for R�; S stated in Section 4. The vector �eld
(17) is equivariant under the full group O(2) � O(2) = D2 �s T

2 and the
equilibrium u0 is left invariant under both re
ections. Letting wj = Sju0=dj
where dj � jjSju0jj, the tangent plane of the group orbit T (�1; �2)u0 at u0
has w1; w2 as orthonormal basis, and R�1;2w1;2 = �w1;2, R�2;1w1;2 = w1;2. We
set H0 = spanfw1; w2g

? and change coordinates u ! (�1; �2; v) by setting
u = T (�1; �2)(u0 + v) with v 2 H0 and su�ciently small jjvjj. This yields

_�j = Fj(v) (j = 1; 2); (25)

_v = F3(v) � Q0F(u0 + v)�F1(v)Q0S1v �F2(v)Q0S2v ; (26)

where F1;F2 are obtained by inverting

_�j [dj + (Sjv; wj)] + _�k[dj + (Skv; wj)] = (F(u0 + v); wj); j; k = 1; 2; j 6= k;

and Q0 is again the orthogonal projection H ! H0. If, as in the case of the
reaction di�usion system, u0 is �xed by �dd = Dm �Dn, the v-system is �dd-
equivariant and for j = 1; 2 we �nd Fj(R�jv) = �Fj(v) whereas Fj(
v) =
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Fj(v) for the remaining group operations in �dd, including R�k ; k 6= j. Bi-
furcations from the torus of equlibria are signi�ed by zero real parts of the
eigenvalues of Q0duF(u0)jH0

and can be treated in a standard manner via
center manifold reduction and normal form transformation, supplemented by
(25) with v restricted to the center manifold.

In case of the reaction di�usion system, the scenario described before leads
to the �dd � S1-equivariant normal form of Section 2 and we can resort again
to the classi�cation of Table 2. It remains to study the phase dynamics along
the periodic solutions summarized in the table. Let us write the ODE for the
phases after the center manifold reduction as

_�j = hj(z); j = 1; 2 (27)

(parameter dependence suppressed) and consider a periodic solution z(t) in
one of the �xed point subspaces � of the table. If �j 2 � we �nd as in the
preceeding section that hj(z(t)) = �hj(z(t)), hence �j = const. Similarly, if
�1�2 2 �, then both h1 and h2 vanish, giving �1 = const and �2 = const.
Observe that if n is even, �̂2 is in the kernel of the �dd � S1-action. Then, if
~�1 2 � the same arguments as in the preceeding section show that �1 = const
in this case. If n is odd, however, we can only show that the average of h(z(t))
vanishes because h(z(t + �=!)) = �h(z(t)), but generically h(z(t)) will be
nonzero. Thus in this case �1(t) will oscillate about an arbitrary phase �10.
The same holds in case of ~�2 2 � with the roles of m and n interchanged and
analogously if ~�12 2 � in which case both phases are involved. As in Section
4, these observations hold generally for the phase dynamics _�j = Fj(v) when
v(t) is a periodic solution showing one of the above invariances. If neither �j ,
~�j , �1�2 or ~�12 are in �, then generically the phase �j(t) will drift around its
steady state circle component. In case of TmTnW this concerns both phases,
thus we will have a three frequency motion. For S�TnW and TmS�W the
phases �1 and �2 drift, respectively, whereas the other phase oscillates or
is constant, hence here we will observe a two-frequency motion. The drift
velocities are generically O(�) because of the quadratic terms

(jz1j
2 � jZ2j

2 + jz4j
2 � jz3j

2) and (jz1j
2 � jZ4j

2 + jz2j
2 � jz3j

2)

occuring in h1 and h2, respectively. All other patterns remain periodic solu-
tions of (2), possibly combined with oscillations of the phases.

Concerning the computation of the coe�cients aj we mention that the
matrices Kqrs, equation (11), become here elliptic di�erential operators

Kqrs = 2{!c �Dx(@x + 2{r)2 �Dy(@y + 2{s)2 �M(x; y);
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acting in the space of ('m; 'n)-doubly periodic functions. Accordingly, the
expression (13) becomes the L2-inner product in that space with v�c replaced
by v�c (x; y) where e�{x�{yv�c (x; y) is the adjoint critical eigenfunction. Also
here the second and third terms on the right hand side of the _v-equation in
(26) do not come into play at cubic order.

6 Discussion and Conclusions

In this article we have utilized the classi�cation of periodic solutions for the
Hopf bifurcation with O(2) � O(2)-, Dm � O(2)- and Dm � Dn-symmetries
to describe wave patterns in spatially extended, anisotropic systems. In case
of a primary oscillatory instability the periodic solutions of the corresponding
normal form equations could be directly translated into wave patterns. In
contrast, in the case of an instability of a nonhomogeneous, spatially periodic
state a center bundle reduction had to be performed and the normal form
solutions are supplemented by a phase dynamics. It turned out here that
for all types of (discrete) standing wave components the phase is constant
in case of Dm � O(2), whereas in case of Dm � Dn an S�-component may
induce oscillations of the phases, depending on the parities of m or n. Stand-
ing waves combined with phase oscillations should be observed as pulsating
patterns which during their oscillation periods travel back and forth. On the
other hand, any (discrete) travelling wave component is combined with rota-
tions of the phase and hence is observed as a modulated (quasiperiodic) wave.
In particular, for TmTnW the phase trajectories will generically be dense in
the torus of equlibria, although close to the bifurcation the drift velocities are
very small. These observations are consistent with the results of [10], where
the Dm-symmetric Hopf bifurcation in the context of SO(2)-group orbits was
examined using more general concepts. The case of the cross product sym-
metries considered here basically combines two such components, but imposes
more restrictions due to the other group actions.

In Sections 3 { 5 we have also adressed the wave number selection problem.
In all cases considered the (x; y)-periods used to compactify the spatial domain
have been considered as minima of neutral stability surfaces. In the restricted
problems, spatial periods close to the chosen ones are not taken into account,
although these occur on the neutral stability surface above threshold. A more
complete analysis, concerning in particular the stabilitiy of the waves against
perturbations with other wavelengths, requires to take spatial modulations
into account. In case of the primary oscillatory instability we propose an
approach that leads to a two dimensional extension of the globally coupled
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amplitude equations of [9]. As usual in modulation theory, the quantities
Aj = zje

{!ct are considered as slowly varying functions of (t; x; y). The cubic
expansion (in @t; @x; @y; Aj) of the evolution equation for A1 must be of the
form,

(@t � vx@x � vy@y)A1 = f�+D(@x; @y) +
4X

j=1

ajjAj j
2gA1 + a5A2

�A3A4 ; (28)

where D(@x; @y) =
P
j+k=2Djk@

j
x@

k
y is a second order differential operator

and the additional coe�cients follow from the expansion of the critical eigen-
value �(�c; p; q) about (pc; qc). In particular, vx; vy are the components of
the critical group velocity vector r
(p; q)jc and are real, whereas the Djk

are typically complex. For more general systems the second derivative terms
may also involve @t and @

2
t . The aj are the same coe�cients as those which

occur in the ODE normal form (8), and � = {! + � � {!c. The equations
for A2; A3; A4 are obtained by applying �1; �1�2; �2 combined with (x; y) !
(�x; y); (�x;�y); (x;�y) to (28), respectively. When spatial variations are
ignored, (28) reduces to (8) in the "moving frame" zj = Aje

�{!ct.
Generically, all the additional coe�cients vx; vy;Djk are O(1) and @t, @x,

@y, Aj should be considered of the same order O(") where � � "2. To deal
properly with the second order terms described by the �rst derivatives, we
introduce four wave variables �� = "(x=vx � t), �� = "(y=vy � t) and a
slow time � = "2t. Clearly, the variables ��; �� are not independent but
satisfy the relation �+ � �� = �+ � ��. The Aj are as usual expanded as

Aj = "Bj + "2B
(2)
j + O("3). Due to the �rst order di�erential operator on

the l.h.s. of (28), B1 = B1(�; �+; �+) and analogously B2 = B2(�; ��; �+),
B3 = B3(�; ��; ��) and B4 = B4(�; �+; ��). Substituting the expansion of Aj
in (28) yields at order O("3),

�2
@B

(2)
1

@��
= �

@B1

@�
+ fa0 +D1 +

4X

j=1

aj jBjj
2gB1 + a5B2

�B3B4 ; (29)

where D1 = D(v�1x @�+ ; v
�1
y @�+) and a0 2 C is a further O(1) parameter.

In writing (29) we have chosen (�+; �+; ��) as independent variables. The

existence of bounded solutions of B
(2)
1 requires that the average of the r.h.s.

of (29) with respect to �� vanishes, with �� = �+ + �� � �+ considered as
dependent on �� (the roles of �� and �� may be interchanged). The ��-
averages of the various terms in (29) can be written in a symmetrical fashion,
giving

@B1

@�
= fa0 +D1 + a1jB1j

2 + a2 < jB2(s; �+)j
2 >
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+a3 < jB3(�+ + s; �+ + s)j2 > +a4 < jB4(�+; s)j
2 >gB1 +

a5 < B2(�+ + s; �+) �B3(�+ + s; �+ + s)B4(�+; �+ + s) > ; (30)

where the brackets denote averages with respect to s. Analogous equations
are found (using symmetry operations) for B2; B3; B4 which we omit for rea-
sons of space. The equation (30) is a PDE for B1 which is globally coupled
to the equations for B2; B3; B4. Such global coupling terms are typical and
unavoidable in wave problems when the group velocities are O(1).

We note that the Bj-equations admit the same types of wave patterns as
predicted in the �cc-classi�cation but, when switching back to the unrescaled
variables, allow a continuum of wave numbers close to (pc; qc). Here the ques-
tion of their stabilities on the basis of the linearized modulational equations
arises. The same question concerns more complicated solutions of (30), in
particular quasiperiodic solutions and heteroclinic cycles whose existence has
been shown in [11, 12]. Concerning the secondary instabilities one might at-
tempt a similar approach as above which, however, will lead to even more
complicated modulation equations. In particular it is to be expected that the
phase or phases are coupled to the amplitudes through derivative as well as
global coupling terms.
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