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Spectrum of the Kerzman-Stein operator for model do-

mains

Michael Bolt

Abstract. For a domain Q C C, the Kerzman-Stein operator is the skew-hermitian part of the
Cauchy operator acting on L*(bQ2), which is defined with respect to Euclidean measure. In this
paper we compute the spectrum of the Kerzman-Stein operator for three domains whose bound-
aries consist of two circular arcs: a strip, a wedge, and an annulus. We also treat the case of a

domain bounded by two logarithmic spirals.
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1. Introduction

For a smooth domain @ CcC C", Kerzman and Stein studied in [8] a certain compact operator A
in relation to the Szegd projection. Let C' be the Cauchy operator on {2, defined for an integrable
function f according to

1 fw)dw
Cf(z) = Z_M/bgiw—z for z € Q,

then using the nontangential limit of the integral for C f(z) when z € b). For rather general domains
(eg., piecewise-smooth boundary), C is a bounded projection from L2(b2) onto the Hardy space
H2(bQ). The norm on L?(bf2) is the one compatible with the hermitian inner product that is given
by integration on the boundary against arclength measure. Now, if bQ is smooth and has finite
length, then the operator A = C'— C* is compact, and the Szegd projection can be expressed as the
composition of bounded operators S = C(I + A)~!.!

A problem, suggested by Kerzman in [7], is to relate the spectrum of A to the geometry of
bQ). It is known that A is identically zero precisely when the boundary has constant curvature. This

happens since the Kerzman-Stein kernel, defined by

1 [Tw T,

A(z,w) = _] for z,w € b,

2m |lw—2 W—7Z

vanishes precisely when there exists a circular arc that is tangent to the curve at both points. Here,
T, is the unit tangent vector at w € b2, so if the arclength measure is ds, then dw = T, ds,,.

The author thanks Prof. Sidney Webster for supervising the work of his doctoral dissertation, from which this origi-

nated, and also David Barrett for many helpful conversations.
IThe Szegd projection is the orthogonal projection from L? to H2, where H? is the space of square-integrable functions

that extend holomorphically to . A measures how close is C to being the Szegé projection.
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Here we extend the result and compute the spectrum of A for domains bounded by either two
circular arcs, or by two loxodromes that meet only at their poles. Since A(z,w) vanishes for z and w
on a common circular arc, it follows that A acts diagonally for the circular arc domains—it maps a
function supported on one circular arc to a function supported on the other. For the domains bounded
by two loxodromes, A can be expressed using convolutions in the inversive arclength coordinates. If
the domain is bounded by more than two arcs, then A is a sum of operators, and the interference
prevents us from writing A in a concise fashion.

Since A is known to be Mobius invariant we restrict our attention to the strip, wedge, annulus,
and logarithmic sector. In [12], Singh treated the case of an annulus for a problem that is equivalent
to ours. For completeness we include that example here as well. The equivalence between the two
problems was outlined by Burbea in [2]. We also mention related work of Feldman, Krupnik, and
Spitkovsky in [4] where the norm of the Cauchy operator is computed for parallel lines and concentric
circles. The relationship between the norms for a projection operator and its skew-hermitian part
can be understood generally, as described by Gerisch in [5], for instance.

We remark that besides the Mobius invariance, there is a more general symmetry in the kernel,
namely, A(z,w) = A(z,w) T, T. From this it follows that if f is an eigenfunction of A corresponding
to +i)\, then fT is an eigenfunction corresponding to —i). In general, the imaginary spectrum of
A is symmetric with respect to the origin. A final symmetry occurs between a domain and its
complement. The spectrum is the same for each, since reversing the orientation of the boundary
corresponds to multiplying A(z,w) by a factor of -1.

We hope that the examples given here will help initiate a study of the spectrum of A which
is analagous to the theory for the Fredholm eigenvalues. See the work of Schiffer and others in
[1, 10, 11, 13], for instance.

2. Strip

The boundary b2 of the strip consists of the two lines Im z = 41, which can be parameterized by
s € R — s+i, respectively. Notice that if z = s+i, then T, = F1. We identify f and g = Af € L2(bQ)

Imz=+1

Imz=-1

with the vectors

j&], [g+] € L*(R) x L*(R), where, for instance, f1(s) = f(s + i) for s € R.

Since the kernel A(z,w) vanishes if z and w belong to the same line, the value of g4 (s) will

depend only on the values of f(t) for t € R, respectively. We then compute,
1 +1 T1
gi(s)_%/k((tm)—(sii) (tii)—(sm))f*(t)dt
+4 s—1
T /R ((s —1)2 +4) =) dt,

and we notice that A involves convolution with the function k(s) = (£i/m) s (s?+4) 1. The transform

of this function can be found using residues, but since the integral is standard, we refer to formula
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3.723-3 from [6], page 418, for instance, and find that

E/ S eist g = 2/ 5 Sin(s6) ds = +sgné - e72l¢0.
7 Jps?+4 m Jo s2+4

Let F and F~! be the Fourier and inverse Fourier transforms, defined for h € L?(R) by
1 : 1 )
Fh :—/ h(s)e *¢ds,  F~'h(s :—/ h(§) et de. 1
© == [ 0 == [ meereas 0

It then follows that if ¢ € L?(R) is the real function ¢(¢) = sgné - e €/, then on the transform
side, the Kerzman-Stein operator acts as matrix multiplication according to

lm] Zl 0 +¢ ff+] _ +¢ff]
Fg- —6 0 | |Ff ~6Ffr]

where Ag = f, and we are using the identifications of f,g with fi, g+ described above. For a fixed

& € R, the eigenvalues of the 2 x 2 matrix are +i|¢(§)[, so the continuous spectrum of A is precisely
the range of these two functions, that is, the interval along the imaginary axis [—i,+i]. The L2-
operator norm of A is precisely maxg |¢(£)| = 1, and since ¢ vanishes only at zero, the nullspace of

A is trivial.

3. Wedge

The boundary b2 of the wedge consists of the rays argz = 60 (0 < 6 < 7/2), which can be
parameterized in terms of arclength by s € Rt — se®# respectively. Notice that if z = s e*i’, then

T, = Fe*?. We identify f and g = Af € L2(bQ) with the vectors [j}], g+] € L*(R") x L*(RY),

where, for instance, fi(s) = f(se*) for s € RT.

Then, since the kernel A(z,w) again vanishes when z and w belong to the same line, the value
of g4 will depend only on the values of f(t) for t € Rt, respectively. We compute,

1 oo :te:FiG :Fe:F‘iG
g+(s) = 27 0 (tejFie —setif  peEif _ seij) Fx(t) dt
+eFi¥ cosf [ t—s
= - / R f(t)dt.
i o 8%2+1t%2—2stcos20

Next, the change of coordinate s = e* (u € R) induces an isometry A : L2(Rt) — L%(R) given by
h — h' where h/(u) = h(e*) e*/2. In terms of the new coordinate, we have
ou/2 — +eTi cosf /+°° e’ — et

w02 | p (o) ov/2
o €2+ e2v — 2eutv cos 20 ¢ Fr(e)et ™ dv,

g+(e") v

and the kernel now is a convolution kernel since
(e —e¥)-et¥/2 _ginh[(u —v)/2]
et 4 e2v —2eutvcos20  cosh(u — v) — cos26’
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In particular, A involves convolution with the function

+eF cos® —sinh(u/2)
i coshu — cos 26’

k(u) =

whose transform can be found using residues, or by referring to formula 3.984-3 from [6], page 506,
for instance. We find that
+eTi cos —sinh(u/2) . du = +eTi sinh[¢(m — 26)]
/R coshu — cos 20 “ cosh(én)

- for £ e R
i

So if F and F~! are the Fourier and inverse Fourier transforms, as in the previous section, and if

¢ € L%(R) is the function ¢(&) = e~ ¥ sinh[¢(7 — 260)]/ cosh(éw), then on the transform side, the
Kerzman-Stein operator acts as matrix multiplication according to

[m% Zlo +¢ ]—'Af+]: +¢.7—'Af_]

FAg_ % 0 FAf- —SFAf,

where Ag = f, and we are using the identifications of f, g with fi, g+, and the isometry A, described

above.

Again, for fixed £ € R, the eigenvalues of the 2 x 2 matrix are +i|¢(€)|, so the continuous
spectrum of A is precisely the range of these two functions. In Figure 1 we show a graph of the
real-valued function (£,6) — e??$(¢). Since ¢ vanishes only at zero, it follows that the null-space of

RRRRRLRLTZE%
IR

o,
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e
l',""',":',

FIGURE 1. Graph of (£,0) — e??¢(¢) for the wedge, 0 < § < 7/2.

A is trivial for all #. We also point out that the L? operator norm of A approaches 0 as § — 7/2, and
it approaches 1 as @ — 0. When 6 = 7 /4, we find that max |¢(£)| occurs at & = 7! log(2 + V/3);
therefore, ||A|| = |¢(€)| = 0.354.

Finally, we point out an interesting continuity property of the spectrum at the endpoints § = 0,
m/2. As 8 — /2, the wedge tends toward a half-plane, and as mentioned above, the norm for the
wedge tends to 0, which is precisely the norm for a half-plane. Likewise, as § — 0, the wedge tends
toward a strip, and as mentioned above, the norm for the wedge tends to 1, which is precisely the
norm for a strip. The manner in which the wedge tends toward a strip can be pictured as follows—for
0 > 0, let the vertex Vy of the wedge lie on the negative real axis, so that the boundary of the wedge
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also passes through the points +i. Then as § — 0, we have Vj — —o0, and the wedge tends toward
a strip.

4. Annulus

The boundary bQ of the annulus consists of the circles |z| = r*! (0 < r < 1), which can be

(4

parameterized by s € [0,27] — e?*r*!, respectively. Notice that if z = e®*r*! then T, = Fie®. We
identify f and g = Af € L?(bQ) with the vectors HJF], [ng] € L?([0,2x])x L?([0,27]), where, for
instance, f1(s) = f(e®*r*?!) for s € [0,27]. o

The kernel A(z,w) vanishes when z and w belong to the same circle, so the value of g4 (s) will
depend only on the values of f(t) for t € [0, 2], respectively. We compute,
I ( +i et +tie

—_— _ :|:1
9+(s) = omi Jo  \elrFl —gispEl | gmitpFl e—isr:tl) f(#) (rTdi).

The kernel in this expression can be rewritten

+rFL 1 1 7 = 5 ij i(j
_ j+1 | jij(s—t) _ *Z(J+1)(5*t)j|
[ﬁ N ] Al ;} E e .

21 1 _ ei(s—t)pxl rEl _ ei(s—t)pF1

For n > 0, consider then the function f™! € L2(bQ) for which f'(s) = eFim/4 p¥1/2 ¢ins, We find

+rFl
27

2w o0
g2(5) = / Zrzjﬂ [eij(s—t) _ e—i(j—i—l)(s—t)] Fim/ApE1/2 gint gy

— :I:r:F1 T2n+1 e:F’iﬂ'/4 ,r:l:l/2 ez’ns — _Z 7'2n+1 fi,l(s),

so f™! is an eigenvector of A corresponding to the eigenvalue —ir2"+1,

Having found one eigenfunction, the symmetry of the annulus can provide another. In general,
linear transformations p : Q — Q' induce isometries L2(b§2) + L2(bS)') according to h(u(2))/p' ()
h = h(z), and these isometries commute with A = Apq and Apor. So for the annulus, the self-map
u(2) = 1/z determines another eigenfunction f™? according to f™?(z) = f™!(1/2)/1/2%. Then,
using these eigenfunctions, we find two more using the involution described in the introduction. In
particular, f™3 = fnlT and f™* = fn2T are eigenfunctions corresponding to +ir2"+1. For n > 0
these are all recorded in the following table.

Eigenvalue Eigenfunction
— 7.2n+1 fial(s) — e:l:i7r/4 7.:Fl/2 eins

—i 7.2n+1 s) = e:Fi7r/4 7«:F1/2 ef'i(n+l)s

+iq r2ntl — e:Fz"rr/4 7.:|:1/2 eins

F172(s)
i 2t fj":S(s) — tin/4 . F1/2 o—i(n+1)s
F4(s)
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Of course, it is also possible to verify directly (as we did for f™!) that these are eigenfunctions.
Notice that as n ranges over the nonnegative integers and k& = 1,2, 3,4, the f™* form a complete

basis for L2(bf2), so we’ve determined all the eigenvectors. As before, the null-space of A is trivial.

5. Logarithmic Sector

The boundary bQ) consists of the logarithmic spirals that can be parameterized by s € Rt —
2(s) = setaloBsetif /(1 4 ja), respectively, where a > 0 and 0 < # < 7/2 are fixed. Notice

that if z = 2(s), then T, = Fei'198%e+¥  Again, we identify f and ¢ = Af € L?(bQ) with

[?] ["”] € L*(R") x L*(R"), where fi(s) = f(se!*198%e* /(1 4 ia)) for s € RY.

In this case, A(z,w) does not vanish for z and w on the same spiral, so when computing
g+ we must consider contributions from both fi and f+. Moreover, it will be simpler to work in
the inversive? arclength coordinate v = +/a logs (u € R), rather than the arclength coordinate
s. So, as we did for the wedge, we use an isometry A : L?(RY) — L?(R) given by h — h' where
' (u) = h(e*/ V@) ev/(2Va) | 4/g. The effect of this coordinate change on the kernel is the multiplicative

factor e(u+v)/(2Va) /., /g We find, after simplifying, that

A N 1 [t e—ivalu—v)/2 1+ia A p
o) = g [ | v Mo
1 +o0 e—i\/E(u—v)/2qu€ 1+ia
— - . A .
Fomi /_ o Ja Re [sinh[(u "0 +ia)/(2va) iw]] f+(v) dv
So A involves convolution with the functions k; and ko given by
1 e—au/2 144
ki(w) = £ © Tm |- tla :
2r  +Ja sinh[u(1 + ia)/(2+/a)]

and

1 e—ivau/2Fio 1+ia
ka(u) = Fo— Re[. . . ]
2mi Va sinh[u(1 + 7a)/(2v/a) 6]

The transform of k; can be found with help from formula 4.111-1 from [6], page 511. We omit the

lengthy computation, but after simplifying we find that

def 1 /+°° e~ iVau/2 Im [ 1+ia

27 J_ o Vva sinh[u(1l + ia)/(2v/a)]

_ i sin(2mad)
~ cosh(27d) + cos(2wad)’

] e dy

2For a nice study of the inversive geometry of plane curves, see Patterson [9] or Cairns and Sharpe [3].
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where d = \/a({++/a/2)/(1+a?). The transform of ky can likewise be found using formulas 3.983-5,6
on page 506. After simplifying, we find that

+00 —ivau/2—if : ,
$2(€) = —L/ - Re | = 1.+m — | e dy
270 J_ oo va sinh[u(1 + ia)/(2v/a) + 6]
e—if [ p(n—26)d(1—ia) o (7 —20)d(1+ia)
2 [cosh(wd(l —ia)) cosh(md(1 + ia))]

_ o(20-m)iad—if e™d ginh 2(m — 0)d — e~ ™% sinh 26d
B cosh 2rd + cos 2ard

?

where d = v/a(€ + v/a/2)/(1 + a?).
We summarize what we have shown so far. Let ¢y and ¢ € L(R) be defined as above, and
let 7 and F~! be the Fourier transforms, as in the previous sections. Then on the transform side,
the Kerzman-Stein operator acts as matrix multiplication according to
FAgr | _ | 1 +o2 | | FAS:
FAg- —¢s —¢1 | | FAF- |

where Ag = f, and we are using the identifications of f, g with fi, g+, and the isometry A, described

above.
Notice that ¢, is purely imaginary. So, for fixed £ € R, the eigenvalues of the 2 x 2 matrix are

+iv/]¢1(€)]2 + [¢2(€)]?, and the continuous spectrum of A is the range of these functions as £ spans
R. Since ¢; vanishes only at discrete points, namely those for which a®/2(2¢ +v/a)/(1+a?) € Z, we
know that the null-space of A is trivial. We also illustrate the spectrum for certain values of a and
6. In Figure 2 we show a graph of (£,6) — \/|¢1(&")]> + [¢2(€")|? for a = 4, using &' = £ — \/a/2.
Then in Figure 3 we show a graph of (§,a) = /|¢1(£)]? + [p2(&')]? for 6 = n/4.

Il
s
R
\ R
W

611> + ||

NN

FIGURE 2. Graph of (£,0) = /|¢1(&)]? + [¢2(€")|?> with a = 4.

Observe next that large values of a correspond to large operator norms for A. In particular, if
¢ is chosen so that wad = m/2 (this means ¢ = 1/2a%/?), then |¢;(£)| = 0, and

sinh == 4 sinh ¢ cosh =29
a a 2a

T - : P
cosh > —1 sinh o

lp2(&)| =



8 Michael Bolt IEOT

|$1]% + |$2|?

FIGURE 3. Graph of (§,a) = /[$1(£)]2 + |¢2(&')]? with 0 = /4.

It follows that

cosh =20 1
Al = 2 2 > 2a > .
41 = max JEPF TP > B > o

This estimate is best for large values of a.

We also point out the continuity property of the spectrum at the endpoint a = 0. If a = 0,
then in fact, the logarithmic sector is a wedge. Following a linear change of coordinate, £ — d =
Va(é ++/a/2)/(1 + a?), we find from the first expression for ¢, that ¢o(d) — @(d) as a — 0, where
¢ was defined for the wedge in the previous section; we also find that ¢;(d) — 0. So the description
given in this section passes continuously to the one given for the wedge, as a — 0. In particular, the
norm of A extends continuously as a function of a at 0; that is, in the limiting case as logarithmic
sectors become wedges.

To finish, we show in Figure 4 a graph of (a,6) — ||A||.- This function was computed by
numerically solving for maxg \/[¢1|2 + |$2|2 for an array of pairs (a,6).

7 Z ZZFFF—7~)
S ZZIZ P T I I ZFFFF 7~
e i
i
i
v

10 719

FIGURE 4. Graph of (a,8) — ||A|| for logarithmic sectors.
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