LAYERS AND SPIKES IN NON-HOMOGENEOUS BISTABLE
REACTION-DIFFUSION EQUATIONS

SHANGBING AI, XINFU CHEN, AND STUART P. HASTINGS

ABSTRACT. We study €2ii = f(u,z) = Au(1—u) (¢p—u), where A = A(u,z) > 0, ¢ = ¢(x) € (0,1),
and £ > 0 is sufficiently small, on an interval [0, L] with boundary conditions @ = 0 at z = 0, L.
All solutions with an ¢ independent number of oscillations are analyzed. Existence of complicated
patterns of layers and spikes is proved, and their Morse index is determined. It is observed that
the results extend to f = A(u,z) (u—¢-) (u— @) (u— ¢+) with ¢_(z) < ¢(z) < ¢+ (z) and also to
an infinite interval.

1. INTRODUCTION

We consider the boundary value problem

{ e2ii= f(u,x), x€l:=(a,b),

e i(a) = a(b) = 0,

for a sufficiently small positive parameter &, where "= % and f = %—5 =: F}, is the derivative of a

smooth bistable potential F'. More precisely,

{fueR| f(u,z) =0} = {0,p(x),1} Vxel,
@) { 0<o¢(x) <1, fu(0,2)>0, ful,z)>0 Vrel
At the end of the paper we will show that a transformation takes f = A(u,z) [u — ¢—(2)] [u —
o(z)] [u — ¢+ ()], where A > 0 and ¢_ < ¢ < ¢4, to a slight extension of the standard form (2),
the difference being that the new function f depends as well on €. Our results extend to the type
of function obtained by such a transformation.

In [AH] the problem was studied with f(u,z) = u? — Au + cosx, A > 3/+/4. That reference
includes some of the conclusions of this paper, the main exception being results on Morse index,
and also results on what we call below “multiple spikes”, since these are not supported by this
particular form of f. Similar problems were studied in [A] and [HM], though in both of these cases
the nonlinearities were quadratic rather than cubic in nature.

An early reference is the paper [AMPP], which studied all of the stable solutions in the case where
f=u(l—u)(¢—u). Subsequent results on “single layer” unstable solutions were obtained in [HS].
In [N] Nakashima obtains similar results to ours in the “balanced” case: f = A(z)u(l —u)(3 — u).
Our results do not apply to her model.

We are only interested in solutions that have an € independent bounded number of oscillations

in any bounded interval, namely, solutions in the set
SN, = {u | usolves (1), & = 0 has at most N roots in any interval of length < 1}.
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With such a definition, we can allow the length b — a to be arbitrarily large.

To study solutions in Sy ¢, we introduce
1 .
o _J 0 if J(=)<O0
J(x) e 0 f(S,.CI?) dSa ¢0($) = { 1 if J(.’E) >0 °

F(u,x) = / f(s,x)ds, ¢*(x) € [0,1\{¢o(z)} : F(¢",2z) =0,
$o()

*

)
V2F(s,x)ds = ’ fa_ s if J(x)#0.

= d

Ar g0 () s V2F
Note that ¢ lies between ¢y and ¢* and F(s,z) > 0 for all s between ¢y and ¢*.

As € is small, near each xy € I, any solution to (1) can be approximated by U ((z — z¢)/e) where
U'(y) = f(U(y),z0) VyeR.

Note that U = 0 and U = 1 are the only stable constant solutions. Physically they correspond to

¢* (x
()= L

two phases, which we call 0 and 1. When J(x¢) # 0, the potential energy density F(1,z) and
F(0,x0) of the two phases are different. In our definition, ¢o(zo) is the non-minimal potential
energy phase, whereas the other (0 if ¢9 = 1 and 1 if ¢y = 0) is the minimal energy phase.

On the phase plane, all the trajectories are given by U'? — 2F(U,z) = C. Since we are only
interested in solutions to (1) that have finitely many (independent of €) oscillations, only the
trajectories corresponding to C' = 0 will be relevant (Cf. Lemma 2.1 below.)

If J(xg) = 0, the trajectory U'? = 2F (U, xq) gives a heteroclinic orbit connecting 0 and 1, which
will be called a (phase transition) layer. To study layered solutions to (1), we will assume that all

roots of J = 0 are non-degenerate, namely,
(3) J2(x)+ J(x)?>0 Vrel

Suppose that J(zo) = 0 > J(zp). Then the minimal potential energy phase switches from 0 to
1 as x passes the position zg. Hence if U(—o0) = 0 and U(oco) = 1, the phase transition is from
the minimal energy phase before zy to the minimal energy phase after xy. On the other hand, if
U(—o0) =1 and U(oo) = 0, the transition is from the non-minimal energy phase to the non-minimal
energy phase.

When J(z0) # 0, the trajectory U2 = 2F (U, xq) gives a homoclinic orbit which we will call a
spike, with base ¢g(zg) and peak ¢*(xp). It turns out that spikes can only appear near those
points where S = 0, or near the boundaries. To study these solutions, we assume that zeros of S

are non—degenerate, i.e.
(4) S%(z)+ S%(x) >0 Vze{zellJ(z)+#0}
For an illustration of the functions J and S, one can calculate, when f = u(u — 1)(u — ¢),
J@)=e-1), Sxé.
Hence, for this particular non-linearity, the set where S = 0 is the set of all critical points of ¢.
Any solution to (1) is necessarily bounded between 0 and 1. Hence, it is concave in the set

{u > ¢} and convex in {u < ¢}. An oscillation will then be referred to as a root to u = ¢.

This paper is divided into three parts.
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In Part I, we investigate the location of oscillations of solutions in Sy .. We show that oscillations

are either layers or spikes. Layers appear only near Zj and spikes only near Zg where
(5) Zy=A{z|J(z) =0}, Zs:={2¢Z;|(z—a)(z—b)S(z) =0}.

Multiple layers can exist, but only in transitions from a non-minimal potential energy phase to
a non-minimal energy phase (i.e., from ¢o(xo—) to ¢o(xo+).) Multiple spikes can exist but only
at those interior points where S = 0 < JS, or at the boundary point a if {J(a)S(a) > 0 or
S(a) =0 < J(a)S(a)}, or at b if {J()S(b) <0 or S(b) =0 < J(b)S(b)}.

In Part II, we show that there exist solutions with arbitrarily prescribed numbers of oscillations
at places allowed by the italicized sentences in the previous paragraph.

In Part I1I, we study the dimension of the unstable manifold, i.e, the Morse Index, of an arbitrary
solution in Sy .. We show that the Morse Index is equal to n—ng—nss, where n is the total number
of oscillations, ng is the number of minimal energy phase to minimal energy phase transitions, and
Nes is the number of interior spikes near which JS < 0.

Our analysis would have been much simpler if boundary oscillations were not addressed. For
simplicity, the readers can skip the analysis for boundary oscillations.

Through out this paper, we always assume (2), (3), and (4). For simplicity, we consider only
the case that a,b, and f are independent of €. Nevertheless, when a,b, and f depend on ¢, all
the proofs remain unchanged, provided that f is uniformly smooth, and that ¢,1 — ¢, S? + §2
and J2 4 J? are uniformly positive. For boundary layers or spikes, we need to assume that either
ac€Z:={zeR|J(2)S(z) =0} or dist(a, Z) > /e, and either b € Z or dist(b, Z) > /e.

Finally, we remark that assumption (2) implies, for all # € I, the following:

‘f(svx)v f:v(svx)v facac(sax)‘ SKS(l_S) Vs € [0,1],

. . . 52— g2 if 0<s5<s<¢(x)
|G(s,8,2), Ggu(s,$,x), Gm(s,s,x)\SK{ (I—s)—(1—8)?2 if 1>5>s>o(x)

52 — &2 if ¢(x

R )>s>3§
G(s,s,x)z%{ (1—s)2—(1—4)?2 if ¢(z)<s<3

where K is a positive constant and

G(s,$,x) = F(s,x) — F(§,z) = / f(v,z) dv.

Part I: Solutions In Sy

In this part we study a general solution in Sy .. When needed the following even (about a and

b) and periodic (with period 2(b — a)) extensions are implicitly assumed:

f(s;a+y) = f(s,a—y), [f(s,2) = f(s,2(b—a)+m),
u(a+y) =u(a—y), u(x)=u?2b-a)+z) Vy € [a—b,0],z € R.

With such an extension, f is continuous and piecewise smooth, and wu solves £2ii = f on R.
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2. LOCATIONS OF OSCILLATIONS
Lemma 2.1. Let N > 1 be a given integer. Then

lim sup max |[e%a® — 2F (u,z)] u(l —u)| = 0.
eNO ueSN, zel
Proof. By a maximum principle, if « # 0 and « # 1 then 0 < u < 1 in L
Suppose that the assertion is not true. Then there exist § > 0 and a sequence {&;, u’, x; 12, such
that lim; ..o &; = 0 and for each 7 > 1, there holds ¢; > 0, u’ € SN, and |EZ2iLi2 — F(uf, ;) |uf (1 —
u’)]x:% > 4. By taking a subsequence if necessary, we can assume that lim; . z; = x, € L
Define U;(y) = u'(z; + ey) for y € [—(b—a)/ei, (b — a)/g;]. Then U/ = f(Uj,x;i +ey) (/= %).
Hence {U;}2, is a bounded family in C?, and, by taking a subsequence if necessary, there exists
U € C*(R) such that lim; oo (U;, U/) = (U, U’) uniformly in any compact subset of R. In addition
U" = f(U,x*) so that U'? = 2F (U, z,) + C for some C. One notices that if C > 0, then the
solution is unbounded on R, and if C' < 0 then the solution is periodic. But both are impossible,
since U; is bounded and can have at most 2N + 1 oscillations in [-1/¢;, 1/¢;]. Hence, we must have
C = 0. But this implies that lim; . |20 (z;) — F(u’, z;)| = lim;_ |U/2(0) — F(U;(0), x;)| = 0.
This completes the proof. ]
We remark that if b—a is not bounded, then the subsequence is taken such that lim; o F'(-, ;) =
F*(+) for some smooth bistable potential F™*.

Lemma 2.2. For each integer N > 1, there exists e(N) > 0 such that for each u € Sy with
e € (0,e(N)], there are an integer n > 1 and points 1o, -+ , Ty, and 219, -+ 2,12 such that

{xel|u(z) =0} ={r0, -+ ,7n},
{zeTlu(@)=o(@)} = {2172 s Zn-1/2},
a=T90<z1p<TI < <Zy_12<Tp =0

Proof. 1f u(z) = ¢(z), then e%u? ~ 2F (¢, z) > 0, so that %(u — ¢)|g=» # 0. Hence the number
of roots of u(x) = ¢(z) is finite. In addition, between each pair of neighboring roots of u = ¢,
€2l = f # 0, so u is either convex or concave, and hence there is a unique local extreme, i.e., a
unique 7 such that u(7) = 0. The assertion of the lemma thus follows. O

In the sequel, N > 1is a fixed integer and v € Sy with ¢ sufficiently small. We use the notation

in Lemma 2.2. With the even and periodic extension, 7;, 2,11/ are well-defined for all integers 1.

Definition 1. Let [ and k be integers satisfying —N <l <n,0<k<n+N,0<k—-1<2N.

We call (1;, 1) an interval with a cluster of oscillations if

Zh12 — ap1e < (K —=1=1)Ve, z_10+Ve <ziy1ja, Zk_1/2 + VE < Zpy1)o.

A cluster is referred to as interior if 0 < < k < n. Otherwise it is called a boundary cluster.

An interior cluster is called a cluster of spikes if k — [ is even, and layers if k — [ is odd.

A boundary cluster is called a boundary cluster of layers if J = 0 at the boundary point; otherwise
it 1s called a boundary cluster of spikes.

A cluster of spikes is called multiple if k — [ > 4 and single if k — [ = 2. Similarly, a cluster of
layers is called multiple if kK — [ > 2 and single if k — [ = 1.
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Note that for boundary clusters, either k+1 =0 or k+1 = 2n, so that k —1 is always even. Con-
sequently, boundary layers are always multiple. Restricted to the interval [a, b], a single boundary
spike will be called a half boundary spike. (In this terminology, a half boundary layer exists only
for Dirichlet boundary conditions.)

If we define an equivalence relation z; 115 ~ 2j11/2 if |2i41/2 — 2j_1/2] < |i — j|\/€, then each
equivalence class {z;11 /g}f:_ll can be regarded as a cluster, and belongs to an interval (7, 7x) with
a cluster. In this manner, the decomposition is unique. Also, each cluster is either of spikes or of

transition layers.

Theorem 1. Assume that f satisfies (2), (3) and (4), that N is a fized positive integer and € > 0
is sufficiently small. Define Zj and Zg as in (5).

Letu € Sy be arbitrary and (1;,7;) be a cluster of oscillation of u. Then there exists z* € Z;UZg
such that z; /9 = 2" + O(elIneg|) for alli=1,--- k — 1. In addition,

(i) if k—1=1, then z* € (a,b) and J(z*) =0;

(ii) if k — 1 > 1, then u(n) = ¢o(z* =) + O(e~YV?) and u(my,) = ¢o(2*+) + O(e~1/V?);

(iii) if k— 1> 2, then JS > 0 in (2*,2* +\/2) and JS <0 in (2* — /e, 2%).

Remark 2.1. (1) If z* € (a,b) N Z;, then ¢o(z*—) # ¢o(2*+), so that k — [ is odd. On the other
hand, if z* € Zg U {a, b}, then ¢o(z*+) = ¢o(2*—), so that k — [ is even. Hence, transition layers
appear only near Z; and spikes only near Zg.

(2) From (ii), multiple layers exist only in transitions from non-minimal phase to non-minimal
phase.

(3) From (iii), multiple spikes exist only near those z* € [a, b] at which S(z*) = 0 < J(2*)S(z*),
or z* = a and J(a)S(a+) > 0, or z* = b and J(b)S(b—) < 0. (Note that J(-) is even and S(-) is
odd.)

(4) The definition of S implies that lim, ¢ S(x) = oo if J(£) = 0 < J(&) and lim,_¢ S(z) = —o0
if J(€) =0 > J(£). Hence, for some positive § depending only on f,

(6) if J(2*) =0, then JS < 0in [2* —2§,2*) and JS > 0 in (2%, 2" + 24].

Later on, we shall provide accurate estimates on the location of oscillations, as well as the
potential energy at points of local minimum and maximum. The following lemma plays a key role

in our estimates. We use the notation

u =u(r), fi=flu,m), ¢i=é(m), & =¢ (1), Uiri/2 = W(2iq1/2),

B fu(lyz) if u(z) > ¢(x), o ful f(s,m)ds if u; < ¢
o) = { u0,0) if u(@) <o(x) T { T Fsmds i wi> dy
a; = a(r), Fi=F(u;,).

Lemma 2.3. For eachi=0,--- ,n,

(7) 527),2(36) = [24+0(9)] G(u(x),ui,x) Y€ [2-1/2 2it1/2]s
(8) ellnf| = 2047 — zig1y0| + Ol + (i — 221 2)°),

9) Ei—Eipy1 = J(ziy172)H(dir1/2) + O()

where H(-) is the Heaviside function, i.e., H(s) =1 for s >0, = —1 for s <0 and =0 for s = 0.
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Proof. By symmetry, we need only consider the case where u; is a local minimum. Then @ > 0
1 «— 1 f(S,iE)

and f > 0in (73, zj41/2). Set v = mmxel,se(o,¢>/2}{ -
[Tis Zip1/2]. After an integration, we then obtain, for some positive constant cy independent of e,

} > 0. Then e%iit = fi > vuiix{y<g/2) in

e202(z) > co(u?(z) — u?) V€1, 2412

Now integrating dt{%52u2(t) G(u(t),u;,t)} = —Gyp(u(t),u;,t) and using dt = \/%du and
‘Gac(uvu’u )’ - ( )(’U, - ’U,2) we obtain
Le2i () — G(u(w), ui, v /cyuw,

_ 0(5)/ Wd s = 0(e)(? — u2) = O()C(u, us, ),

from which, (7) follows.
Note that 2G(u,u;, ) = [2 4+ O(x — 7;)|G(u, u;, 7;). Integrating dx = \/ﬁldu] gives

/ \/mds = / [1 + O(.’E — Tl)]d.’E =T —T; + 0(5 + (.’E o Tz)Q))~
Since 2G (u, u;, 7)) = fu(0,7;)(u? — u3 )(1 + O(u)) and oy = +/fu(0,7;), we have, at x = Ziy1/2;

Uit1/2 1 d Git1)2 1+ O(s) d In u;
S = S =

\/QG 8 ui,TZ‘ s ai(SQ—u%)l/Q B (67}
since f2 = afu?[1 + O(u;)]. This gives (8). It remains to prove (9).
Integrating %(5 202 (t) — G(u(t),0,t)) = =Gz (u,0,t) = O(u?) over t € [13, 241/2] gives

+0() =~ +0(1)

Zit1/2 Ujt1/2 0(5)82
%€2uz2+1/2 + Ei — G(uit1/2,0,2i4172) = —/ Gdt = / )i ds = O(e).
Ti Uq
Similarly, integrating dt(%EQuQ(t) — G(u(t),1,t)) over [zj41/9,Tiy1] gives us %52%24_1/2 + By —
G(Uit1/2,1,241/2) = O(e). Hence, taking the difference, we obtain

E; — Eit1 = 0(g) + G(ti41/2,0, 2i41/2) — G(uit1)2, 1, zig172) = O(e) + J(2i41/2)-

This completes the proof. ]

From formula (8), we immediately obtain the following:

Corollary 2.4. There exists a positive constant u that is independent of ¢ such that if (7, 7g) is
an interval with a cluster, then |fi| + | fi| < e #/Ve.

For simplicity, in the sequel, we assume p = 1; otherwise, we modify the definition of clusters by

replacing /e by v/g/u.

3. TRANSITION LAYERS

Let 2z* € Z; be fixed. In this section, we consider a generic cluster of oscillations near z*; namely,

(2141725 2k—1/2] € [2* —20,2" +20],  zp_1/2 < Zhg1/2 —VE,  Zi—1j2 < Zip1/2 — VE
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where ¢ is a small positive constant (independent of €). By (9), (8), and Corollary 2.4,
Ei — Eip1 = (1) H(iyg1/2)J (2i412) + O(e) i=1,-- k-1,

(Zz'+1/2 - Zi71/2) + O((Zi71/2 - Zz’+1/2)2) = a%\ In f;’ +0(e) Vi,
il + fil = O(e71/VE).

We now solve, asymptotically for small positive ¢, this “algebraic” system for E; and z;;/5. For
definiteness, we assume that 1(2;4/2) > 0.

Note that ¢ small implies J = o(1) in [z* — 24, 2* + 2], so that E; = o(1) and 7; — 241 /9 > ¢ for
alli=1,- k.

3.1. Interior Single Layer. Suppose k—1 = 1. Then |fi|+|fi+1] = O(eil/\/g) so that J(2141/2) =
O(e). Since J(z*) # 0, we must have zi41/2 = 2° 4+ O(e). In this case we must have z* € (a, b) since
otherwise we would have k — [ > 2.

3.2. Interior Multiple Layers. Suppose 0 < I, k < n and k —[ > 1. Then, z* € (a,b). As
Z14+3/2 = Al41/2 > €,
Eiys — B = J(z14372) — J(214172) + O(€) = {J(z") + o(1) 14372 — Z141/2)-
From E; = O(e~'/V%), we conclude that J(z*) > 0. As J(z*) = 0, we see that ¢g(z*—) = 0 and
¢o(2"+) = 1. Since 14/ > 0, we conclude that u(r;) = do(z*=)+O(e~1/V?). In a similar manner,
we have u(1y,) = ¢o(2*+) + O(e~/VE). Thus, k — [ is odd.
A mathematical induction gives, for all positive integers m < (k —1)/2,
Epyom = {J(z*) + o()}S70 1 (2i425-1/2 — Zi425-3/2)5
Ep—om = {J(z*) + o(1) 2L (2k—2s13/2 — Zh—2541/2)-
Notice that f? = 2a2E;(1 + O(VE;)). Hence,
Ei = 0(1) - ZZ'+1/2 — z’i*l/Q > e — EZ >¢€
5
= Zip1/2 — Zi-1/2 = ;|1Ufi2| +0(g) < O(1)e|Ineg|
= E; <O(l)e|lnel = e < E; <O(1)e|ln¢|

[ Ei[ _, , o@nine)
|1HE| [Ine]

— |Inf?|=[14o0(1)]|In¢|

—

=1+o0(1)

foralli=1+1,--- ,k — 1. Therefore, z;;1/5 — 2;_1/2 = ¢|In z-:]{a% +o0(1)}, and

2
2 = 2me|lnel{2E2 j(2*) + o(1)},
"o Foan = amelinel G2 o),
f2 5, =2me|ln 5|{ﬁt}(z*) +o(1)}

Finally, using By 1 = [J(2") + o(1)](2* — 2141/2) + O(e) we derive that

(11) sy — 2 = elnel{o(l) + (S5 + Bl b i=l+ 1k

Qp42 Qp41

where [z] represent the largest integer no bigger than z.
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3.3. Boundary Layers. Finally, we consider the case k = —I. Then necessarily, we must have

z* = a. Restricting to the interval [a,b], we have the “boundary conditions”

Ep=0(eY?), 2y =a+ {5k +o() e/ s3]

20

Following a similar argument as for interior layers, we conclude that J(a)iy_q /2 > 0 or u(rg) =

¢o(a+) + O(e V/VE). Also for i =1,--- ,k and m = 0,--- , [£51],
ziijp —a={o(1) + ([%51] = 5) 55 + [5]57 )} €l Inel,
(12) ficom = 203_oJ(@){5" +0(1)} €l Ine],

7 k k—2m—
Ficomor =205 1| (@) {55 + 55225+ + o(1)}e|Inel.
In summary, we have the following:

Theorem 2. Let N be a given positive integer. There exist positive constants §* and €* such that
for each z* € Zj, the following hold:
Let € € (0,e*] and u € Sy be arbitrary. Suppose that (1;,7y) is an interval with a cluster for u
such that [2141 /2, 2—1/2] N [2* — 6%, 2" + 6*] is non-empty. Then the following hold :
(i) If 2" € (a,b) and k — 1 =1, then 21415 = 2" + O(¢);
(ii) If z* € (a,b) and k — 1 > 1, then k — 1 must be odd, J(2*)iy 15 >0, and (10)-(11) holds.
(iii) If z* = a, then | = —k, J(a*)iy_1/2 > 0, and (12) holds.
(iv) If 2* = b, then k = 2n — 1, J(b*)ty41/2 > 0, and relations analogous to (12) hold.
Remark 3.1. The estimates (10) or (12) imply that the minima and maxima of w in [, 7] N [a, b]

are monotonic, which is a key observation used in [AH].

4. SPIKES

Theorem 2 implies that if (7,7) is an interval with a cluster, then either [z1;/9,2,_1/2] C
[z — O(elIne|),z + O(e|Inel)] for some z € Zj or [2j41/2, 2k—1/2] N (Uzez,[z — 0,2 +6*]) = 0. In
this section, we consider the latter case, i.e., an interval (7, 7;) of a cluster such that
(13) [zl+1/27 Zk:—l/Q] N (UZEZJ [Z — (5*, z+ (5*]) = 0.

Note that there exists a positive constant 1 which is independent of ¢ € (0,£*] such that either
J >nin (2419, 26-1/2) or J < —n in [z41/2, 25172 It follows from Lemma 2.1 that e?a?(z) =
F(u(x),z) + o(1) for all x € [, 7;]. Hence, k — [ must be even, ujyom—1 = ¢*1 9,1 +0(1) and
Zi4om—1/2 — Zi4am—-3/2 = O(g) for all m = 1,--- (k —1)/2, and for all m = 0,---,(k —1)/2,
Uprom = o(1) if J <0 or ujyo, =1—0(1) if J > 0.

For definiteness, we shall assume that J < —nin (2419, 25_1/2] and define F(v,z) = [ f(s,z)ds
for all z € [, 7x).

Lemma 4.1. For each integer i =1+ 1,1+ 3,--- ,k — 1 (i.e. 7; is the peak of a spike),
(14) QOéi:tl‘Ti — Ti:l:l‘ —+ O(’TZ‘ — Tiil‘Q) = 6’ In Fz‘:l:l‘ -+ 0(6),
(15) F; — Fip = 2eH(J (1)) S(73) + O(? + eFy1 | In Fip1]).

Proof. Since J < —n in [2141/2, 2x—1/2) and u; = ¢F + o(1), f; < —1 and 7; is a local maximum.
By (8), ziy1/2 — zi—1/2 = O(e). As In f2, = InFi11 + O(1), (14) follows from (8). It remains to
prove (15).
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Integrating %(F(u(t),t) — 20%(t)) = Fy(u(t),t) over (r,— 1,7’Z) we obtain

Zi—1/2
F-F, = / / £),1) dt.
Zi—1/2

In the interval ¢ € [ri_1,2_1/2), we use Fy(u,t) = Fy(u,7) + O@w?)(r; —t) = O(u?), do =

5—2;{0(6) _t)du(t), G(u,ui—1,t) = Glu,ui—1, 7)1+ O(r; — )], 73 —t = O(e) + z_1y9 — t, and
U, Uj—1,

Zi—1/2 —t = 0O(e) fd) —L __ds = O(¢)Inu to conclude that

uo/s2—u? |
%12 bi-1/2 F.(s,m) O(e)s’Ins
/T Falu(t). ) di = g/ {(QG(SaUz‘—lei))lﬂ " (82 —up_ )1/2 }ds

i—1 Ui—1

$i—1/2 Ui—1 Fo(s,7;) $i—1/2
= - - ds Fx s T4 L - L ds+ O 2
E{ /0 A }1 /2F 8 TZ +€ (S T){\/QG(S,uifl,Ti) \/QF(S,TZ')} o (E )

bi—1/2 F, (8 Tz)

= £ ds + O( Inwu;_1 + O(e?
) Jar(e 2t O o+ O
2
since ]j;}f(—x\ = 0O(s), ]FxH% \ |F””HF ol = O(l);T It then follows that

Zi—1/2 ¢i—1/2 Fac 7
/ Fy(u(t),t)dt =€ Mds—l—O(<€2) + O(eFi—1|In Fi_q).

- o V2F(s,m)

To estimate fz:;/z Fydt, we first notice that the integral is O(e) since |7; — z;_1/2| = O(e).
This implies that F; = F;_1 4+ O(e). An induction then gives us F; = O(e) for all j = 1[,--- ,k.
Consequently u; = ¢*(7;) + O(e). It is then easy to show that
i (s, 1)

Ti
Fu(u(t), )dt = = tatsm)
/Zi1/2 ’ i—1/2 V2FSTi)

Thus F;—F;_y = ¢ [ j%dﬁ@(e teF,_1|InFi_1|) = —eH(J(1:))S(1:)+O(e24+eF;_1 | In F_1)).

The cases for F; — F;41 and for J > n can be similarly derived. This completes the proof. O

ds + O(e?).

We now study a generic cluster away from 7.

4.1. Interior Single Spike. Suppose 0 < [ and k = [ +2 < n. Then Fj = Fj o = O(e~%/V?),
so that by (15), 2eH(J(1141))S(Ti41) = FI — Fiyo + O(* + eF|In Fi| + eFj42| In Fi40|) = O(e2).
Therefore, we must have

S(m41) = O(e), Fip1 = O(?).
This implies that there exists z* € [a,b] such that S(z*) = 0 and 741 = 2* + O(e). In addition,

since u is even about a and b, we must have z* € (a,b).

4.2. Interior Multiple Spikes. Next we consider the case 0 < [ and [ + 2 < k < n. One can
proceed step by step to derive the following.

1) F;=0(e) for alli =1,--- , k. Consequently, 7,41 — 7 >cforalli=1--- k—1.

2) There must hold |S(7j4om—1)| < 2y/eforallm =1,---, (k—1)/2. Indeed, if S(Tj12m—1) > 2v/¢,
then S(z) > /2 in [Mgom_1 -4, Ti4om—1+€**]. This implies, by an induction, that F(74om4i) >
3/ and Ty omaiv1 — Tivomes < Ce|lne| for i = 1,2, --- all the way up to Ty omris1 — Ti4om > /4.
Hence, u will have at least €3/%/(Ce|In¢l) oscillations, contradicting our assumption that u € Sy.c.
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Similarly, we can exclude the case S(7j19m—1) < —2v/. Hence, we must have S(719m_1)] < 2v/
forallm=1,---,(k—1)/2. Hence, there exists z* € [a, b] such that S(z*) = 0 and 7; = z* + O(\/¢)
foralli=1+1,--- ,k—1. As 0 <[ and k < n, we must have z* € (a,b).
For definiteness, we assume that J(z*) < —n, so that fi;o,m,-1 <0form=1,--- (k—1)/2.
3) From Step 2 and (15), we see that F; = O(%/2) for all i = [, --- , k. Consequently,
Fiyom — Fiyom—1 = eS(Ti12m-1) + O(€?),
Fiiom—1 — Fiyom—2 = eS(npom—1) + O(e?),  Vm=1,---,(k—1)/2.
Fiyom — Firyom—2 = 26S(Tipom-1) + O(e?)
From this, we conclude that S(z*) < 0, i.e., J(2*)S(z*) > 0, since 0 < Fj o + Fy_o = 2eS(141) —
2eS(h_1) + O(e%) = {o(1) — 25(2*)Ye(h_1 — T141) (recalling 7541 — 73 > €).
4) Forallm=1,--- ,(k—-1)/2 -1,

0< Fliomso + Fiyom—s = 2F1op +2e{S(Tiram+1) — S(Tisam—1}) + O(?)

= 2Fyom +2e[S(2") + o(D)](Ti42m+1 — Ti2m—1)

It then follows that Fj o, > €2 forallm =1,---,(k —1)/2 — 1, since S(z*) < 0.

Once we know &2 < Fj, 9, we can conclude from (14) that |7 2m+1 — Tirom| < Cellne| and
Fliomio 4+ Fiyom—o — 2Fi4om = O(¢?|Inel). The “boundary condition” F, F, = O(e~ V) then
give us Fjyo, = O(e?Ine) for all m = 0,--- , (k —1)/2.

5) From €2 < Fjyo, < O(1)e?|Ineg|, ie, | In Fjyom| = {1 +0(1)}2|Ing| for al m =1,---  k/2 -1,
we derive from (14) that 7,41 — 7 = {25 + o(1)}e|Ing| for all i = 1+ 1,--- ,k — 2, where a* =

fu(0,2%) (= V/ fuldo(2*), 2%)).

6) From Step 5), we see that Fiiomy2 + Fliom—2 — 2Fi1om = 26{S(Ti42m+1) — S(Ti42m-1)} +
O(e?) = {aiS(z*) +o(1)}e?|Ing| for m =1,--- ,(k — 1 — 2)/2. Using Fj, Fy, = O(e~%/V%) we then
conclude that

o F { E2UD18(2%)] + o(1) }e?| Ine, i=11+2k
1o Z { { S0 D8 (s%)] + 0(1) }e|ne|,  i=1+1,0+3,-- k-1

Consequently, using Fiio = 2eS(141) + O(e2?) = 2e{o(1) + S(z*)} (141 — 2*) + O(?) we then

conclude that

(17) Ti:z*—f—{w_ko(l)}eﬂnd, i=l+1,--,k—1.

(67

4.3. Boundary Spikes. Finally we consider the case [ = —k.

Suppose S(a) = 0. Then S(-) is C* in a neighborhood of a since S is an odd function. Hence,
the same conclusion as for the interior spikes holds.

Suppose S(a) # 0. From Lemma 4.1 and Fj, = O(e~'/V) we then derive that

{ Fy = =(k — ))H(J(a))S(a) + O] Ine]),

T = a+ {5 +o(1)}e|In¢|
where o = \/fu(do(a),a),a). One notices that if k& > 2, we must have J(a)S(a) > 0. (The
analogous relation at b is F; = e(I —4)H(J(b))S(b) + O(e?|In¢|) for i = 1,--- ,n and J(b)S(b) < 0
when | < n — 2).

In summary, we have the following theorem.

(18) Vi=0,---,k—1
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Theorem 3. Assume (2), (3), and (4). Let N be fized, 6* and * be as in Theorem 2. Then there
exist € € (0,e*] such that the following is true.

Let u € Sy with € € (0,€*], and (7, 7) be an interval with a cluster such that [2;41 /2, 2x—1/2] N
[z — 0%,z 4+ 0*] is empty for all z € Z;. Then k — 1 is even and there exists z* € Zg such that
u(m) = ¢o(2*) + O(e~VVe) and u(my,) = do(z*) + O(e~'/VZ). In addition,

(i) if k—1=2, then 141 = 2* + O(e), w1 = ¢*(1131) + O(e2), and Fi.1 = O(e?);

(ii) if 2* € (a,b) and k —1 > 2, then J(2*)S(z*) > 0 = S(z*), and (16) and (17) hold;

(iii) if 2 = a and k = —1 > 1, then either S(a) = 0 < J(a)S(a) and (16) and (17) hold or
J(a)S(a+) > 0 and (18) holds;

(vii) if z* =b and k =2n — 1 > n+ 1, then either J(b)S(b) > 0 = S(b) or J(b)S(b—) < 0 and
analogous to (16) and (17) or (18) holds.

Clearly, Theorem 1 follows from Theorems 2 and 3.

Part II: Existence

Existence of solutions with the properties above, specifically, solutions in Sy with arbitrarily
prescribed numbers of layers and spikes at the places allowed by Theorem 1, will be proved using a
shooting technique and induction. We will start with an interval [0, L] and then observe that the
technique can be extended to a function f (u,z) with appropriate properties defined on (—oo, 00).

This is possible because all of the estimates used in the proof of Theorem 1 are local.

For convenience, we assume that, for some positive constant M,

I fllc2(o,yxr) + [1@llc2@my < M,
fu0,3) > 47, fulz)> 57, 1—g7 >0(z) > 47 VzeR,
J?(x) + J%(x) > =, SQ(x)+52(x)>% Vo € R.

)

Welet Z = {¢ >0]| JE) =0 or S() = 0} = {&}2,, where & < &4 for all 4. Since
J(€) =0 < |J(€)| implies |S(€)| = oo, the roots of J = 0 and S = 0 are distinct. We choose § > 0
such that 11 — & > 6 for all # > 1. Note that  depends only on M.

For L € (0,00) U {o0}, we consider

(19) e2ii= f(u,z) for x € (0,L),  u(0)=0=u(L).

In the sequel, an oscillation refers to a critical point of @ (roots to u = ¢). There are two types of
oscillations: layers and spikes. A spike contains two oscillations. If boundary oscillations at &y := 0
is required, we shall assume that £ > 6. Similarly, if boundary oscillations at L are required, we

assume that either L € Z or dist(L, Z) > 66. We now state our existence theorem.

Theorem 4. Suppose that N > 0 is an integer and 6 > 0 is a small constant. Then there is
an g9 = €o(N,M,0) > 0 such that if 0 < & < g9, k is either a positive integer or k = oo,
{Ji}f;rol is an arbitrary sequence of the integers from {0,--- N}, L € (& + 25,00) U {o0} is an
arbitrary constant, then there is a solution of (19) with a cluster of exactly o; oscillations in
(& — Ve, & + Ve) fori = 1,--- k, provided that this combination of oscillations is allowed by
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Theorem 1. Further if & > 66, there will be o¢ boundary oscillations at 0 and, if L < oo and either
L € Z or dist(L,Z) > 66, there will be o1 boundary oscillations at L, depending on which of

these is allowed by Theorem 1. There can be no other oscillations in (0,L).

Remark 4.1. If J(&;) = 0 < 0y, then 0; is odd and the corresponding oscillations in (§;—+/g, & ++/€)
are layers. If S(&;) = 0 < o0y, then o; is even and the oscillations are spikes. Similarly, the boundary

oscillations can be layers or spikes. A half spike at 0 is a boundary spike with «(0) close to ¢*(0).

Remark 4.2. The theorem extends to solutions on R where {¢} and {o} are replaced by double
sided sequences {&;}° _ and {0} ___ respectively. The assertion follow by two steps: (i) For
each T' > 0, apply theorem 4 for solutions on interval [T, c0) to obtain a solution uT with desired
number of oscillations on (—7T,00). (ii) Along a sequence of T; — oo, (u’7(0),4%7(0)) will have a

limit. Taking this limit as the initial value, we then obtain the desired solution.

5. A SHOOTING ARGUMENT

5.1. The shooting argument. We use ideas from [A, AH, HM] by considering the initial value

problem
(20) e¥ii= f(u,z),  w(0)=a, w0)=0

where « is the shooting parameter. Since the desired solutions take values in (0,1), f for large |u]
can be modified to be uniformly bounded. Hence, (20) admits a unique solution for all x € R. If
necessary, we write the solution as u(-, «).

A critical point of u is a point at which @ = 0; it is called non-degenerate if i # 0 at the point.
Similarly, since @« = 0 < u = ¢, a critical point of @ is a point at which u = ¢ (i.e., @ = 0); it
is called non-degenerate if at the point @ # gi) Note that if 7 is a non-degenerate critical point of
u(+, &), then by the Implicit Function Theorem, (7, &) = 0 has a unique smooth solution 7 = 7(«)
with 7 = 7(&) for all « close to &. A similar property holds also for solutions to u(z,a) —¢(z) = 0.

We let

p = § inf min{o(@) ~ do(a)] [6(z) — 6" (@]}

Lemma 5.1. Suppose N > 0. Then there is an g > 0 such that if 0 < & < g9 and u is a solution
of (20) with o € (0,¢(0) — p) U (¢(0) + p, 1) and with at most N critical points in any subinterval
of [0, X] of length less than §, then all critical points of u and  in [0, X] are non-degenerate and
interlace. In addition, if T, is the last critical point of w in [0, X], then the first critical point

Zmt1/2 Of W in (T, 00) exists and is also non-degenerate.

Proof. From the formula
d
- (e%0® — 2F (u,2)) = —2F, (u, )
we see that the change in F'(u,z) between any two critical points of u in [0, X]| tends to zero as

X — 0. This means that we can choose d; > 0 (independent of ¢) so small that if X < ¢§; then
the conclusion of the lemma follows. If X > 41 then the result is implied by Lemma 2.1. O
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In the sequel, 79 = 0 and the ith critical point of u(-, @) in (0, c0), if it exists, is denoted by 7; (),
whereas the ith critical point of 7 is denoted by 2;_j/2(a).

A crucial result in proving existence is the following extension of Lemma 4.1.

Lemma 5.2. Assume that u solves £%ii = f(u,z) on R and z and T are points such that
u(r) =0, u<0 on (1,2], T+0<z ulz)=0¢(z), dist(z,2)>24.

Then the following hold:

(a) If J(2) > 0 and S(z) < 0, then there are at least N critical points of u in [z, z + \/€];

(b) If J(z) > 0 and S(z) > 0, then u has exactly one critical point (indeed the only minimum)
in (1,00), and it exceeds 1 after a finite x > z.

(c) If J(z) < 0, then @ < 0 in (7,00) and u becomes negative after a finite v > z.

Proof.  The condition dist(z,Z) > ¢ implies that J(z) and S(z) are bounded away from O,

uniformly in €. We set

. f(s, )
M oo, = f > O
I fulle g z€R, (1+¢1>?))/2<s<1 s—1
Following the proof of (7) in Lemma 2.3, we obtain e2u2(z) = [2 + O(¢)]G (u(x), u(7),z) for all
x € [1,2]. Since z — 7 > 6, a calculation similar to that for (8) then gives u() = 1 — O(e~%/¢).

Hence, £212(z) = 2G(¢(2), 1, 2) + O(g). Thus, by a continuous dependence argument,
(21) u(s+ey) = Uly) + 0@)ekM vy eRr

where U is the unique solution to

U'ly) = f(U(y),2) VyeR,  U0)=d¢(2), U(0)=-v2G(¢(2)1,2).
Note that U’? = 2G(U,1,2) = 2 [ f(s,z)ds on R, U' < 0 on (—o0,0], and U(— )—1
NowsupposeJ()<0 Then ¢o(z) = 0 < ¢(z) < ¢*(z) < 1 and G(v,1,2) = [| f(s,2)ds
#(2) _
)+ fy f(s,2)ds > |J(z)| for all v < ¢(z). Thus, for T = [; \/ﬁd& U(T) =0 and
U’ < 0 on (—o00,T]. It then follows from (21) that for some 71 = z 4+ ¢[T + O(g)], u(m1) = 0
@ < 0 in (7,71]. This proves the assertion (c).
Next, we consider the case J(z) > 0. In this case, we have 0 < ¢*(2) < ¢(2) < 1 = ¢0( ) and
F(v,z) = G(v,1,2) = [ f(s,2)ds for all v. In the rest of the proof, we use F(v,z) = [| f(s,z)ds.
Setting 177 = f¢>* \/—)ds we have U(Ty) = ¢*(z), U'(T1) =0, U’ < 0 in (—o0,T}), and U

is even about y = 77. From (21), there exists 71 = z 4+ ¢[17 + O(e)] such that
w<0in (r,71), a(m)=0, u(r)=0¢"(2)+0(), i(r)>0.

Now we define
o=sup{r>7 |u—1<0<a in (m,x)} € (11,00)U{oc0}.

Then either () = 0 or u(rz) = 1. Since U(y) = 1 — O(e %) and U'(y) > e~ &Y for y > 1, we
see from (21) that 75 > z + 2K1+15| Inel.
Now let T'= y/|loge|. Integrating dm(1€2u2 — F(u,z)) = —F, over (7,72) we obtain,

122 (1) — Flu(ra),m2) = —FY( /%” /”” w7 Vedato e
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Recall that F(u(7),7) = O(e~*%/%). Also, using (21) we have

/+TT”@" = 5/2 {FU(y),2) + O()(u— U) + Oley) }dy

T

_ g{/ Fo(U, 2)dy + O(e)eKT )
-T

= e{-25(2) + O(e™7") + O(ze"T)}

i iy z) Fg(s,z _
since [, [Fe (U, 2)|dy = O(e Ty and [ Fo(U(y),2)dy = Qfﬁo((z)) %ds = —25(z).

In the interval [z + €T, 72), we have —%(521'1,2) = —2uf(u,z) > 2v%(1 — u)u. Integrating over
[z, 2] we then obtain, for z € [z + T, 12),

u(T2)
e202(z) > e202(r) + 21/2/ (1= wdu > 2{(1 - u(@)? — (1 — u(m))2)}.
Thus, ei(z) > vy/(1 —u(x))? — (1 — u(r2))2. Consequently, since |F,(v,z)] = O(1)(1 — v)2, we
have the estimate

T u(T2) E|F |
F.lde = / L du
/ZJrsT | | u(z+eT) V £242

u(T2) (1 . 8)2
= 06 /u<z+em Va2 ()2

= 01 —u(z+eD))? = 0(e){e T +eelTY.

.. . z—eT
In a similar manner, we can estimate fT

(22) %52@2(72) — F(u(rp),m2) = 5{25(2) + O(e‘”‘s/e) + 0™ + seKT}.

|F;|dx. Hence,

Now suppose, in addition to J(z) > 0, that S(z) > 0. Then the right-hand side of (22) is positive.
As either u(7m2) = 0 or F(u(12),m72) = 0, we conclude that 7 < oo, @(12) > 0, and u(re) = 1. This
proves the assertion (b) of the Lemma.

Finally we consider the case J(z) > 0 > S(z). Then the right-hand side of (22) is negative.
From the definition of 75, we then conclude that 72 < oo, 4(72) = 0 and u(72) < 1. Once we know
the existence of 7, we then can use the estimates (15) and (14) to conclude that F(u(m), ) =
—2e8(2) + O(e?|In¢|) and 75 = z + O(e|In¢|). Following the same argument, we can show that
for each ¢ = 3,--- , N, there is a 7; = z + O(e|lng|) such that a(r;) = 0 and F(u(r),n) =
—ieS(2)+0(e2|In€|). This proves the assertion (a), and also completes the proof of the Lemma. [

6. AN INDUCTION ARGUMENT

Set & = 0. For each k£ > 0 such that o5 > 0, we shall prove by induction the following

Induction Hypothesis: There exists an open interval Iy, such that for each a € Iy, u(-, ) has
at least m := Zf:o o; critical points in (0,00), Tm(a) > &+ 20, and for each i =0,--- |k, there are
exactly o; critical points of u(-,«) in a /e neighborhood of &. In addition, T(Ij) := {Tm(a) | @ €
I} = (& + 25,00). Furthermore, using I to denote the closure of a set I, we have I, C I; for all
integer | € [0,k — 1] such that o; > 0.
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Here the /¢ neighborhood of & means the interval [0,+/¢]. Note that by Lemma 5.1, the
hypothesis implies that all 7;(«) and 2,41/, for i = 0,--- ,m are continuous functions of a € I;. In
addition, 7,,(c) approaches 0o as « approaches one of the boundary points of I}, and 7, = & + 26
at the other boundary point. Also, taking o € I such that L = 7,,(c) we obtain the assertion of
the Theorem, without the boundary oscillation at L.

To start the induction, we need to distinguish two different cases (i) o9 > 0, so the first cluster
of oscillations is at the left boundary; and (ii) op = 0 so that the first cluster of oscillations is either

interior or at the right boundary.

6.1. Left boundary oscillations. We start the proof of Theorem 4 by constructing the desired
number, o := gy > 0, of boundary oscillations at x = 0. Working on 1 — u if necessary, we assume
that 0 is a local maximum. Set oy = ¢(0) + p and define

a’ =inf{a > ag | There are fewer than o critical points of u(-, @) in (0,00)}.

Then at < 1 since @ > 0 on (0,00) for every a > 1. When a = ap, an easy phase plane argument
shows that for sufficiently small ¢ the solution u of (20) has at least IV oscillations in [0, d]. Hence,
at e (ap,1].

If a € [ag,a™), u(-, @) has at least o critical points in (0,00). Hence, by Lemma 5.1, 7(+) and

Zip1/2(:), for all i = 0,1,--- 0, are continuous functions on [ag,a™t). Note that 7,(ap) < 0 and
limg, s+ 7o (@) = o0
Set
a” = max{a € [ag,at) | 7,(a) = 25}, Ip=(a,at)

Then 7(Ip) := {7- ()| € Ip} = (2d,00) and 7, (™) = 24.

We claim that z,_q/5(a) < /g for all a € Iy so that the induction hypothesis for & = 0 holds (in
case op > 0). By Theorem 1, it suffices to show that z,_1 /() < 0 for all o € [ap, ™). Suppose
this is not true. Then by continuity there is an & € (ag,a™) such that z,_; /2(&) = 0. Applying
Theorem 1 on interval [a, b] = [0, 7,(&)] we then conclude that 7,(&) < § + /e < 2§. Hence, u(-, &)
admits boundary spikes at b.

From Theorem 1 (i), that the desired solution has o boundary oscillations implies that 7, is a
local maxima if ¢o(0+) = 1 and is a local minimum if ¢o(0+) = 0. As ¢o(0+) = ¢o(x) for all
x € (0,26], we see that the boundary spike at b cannot be a half spike. Thus o > 2. Consequently,
by Theorem 1 (iii) we have JS < 0 in [b — 4,b] and JS > 0 in (0, 9] (assumption needed for the
existence of a desired solution). As b < 24, we obtain a contradiction. This contradiction shows

that the claim is true.

6.2. The first interior oscillation without boundary oscillations. In this section we consider
the case og = 0. For convenience, we delete from the list {{;} those & for which o; = 0. Then
o; > 0 for all i > 1. Note that {£;}7°, becomes a subset of Z.

We now prove the induction for k = 1 with o9 = 0. We set ¢ := 01 > 0. Again, we assume 0 is a

local maximum for the desired solution. By Lemma 5.1, z; 5(-) exists and is continuous on [ag, 1).
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Note that lim, 1 21/2() = 00 and z;/5(ap) < T1(ap) = O(e). We define
p~ =max{a € (ap,1) | z1j9(@) =& — 46}, BT =min{a > 7 | 215(a) = & + 5}

Then 2 /5(a) € (&1 — 6,81 +0) for all a € (B, B2), zl/g(ﬂi) =& £4.
Since & € Z, there are only three possibilities:
(i) J(&) < 0;
(if) Either J(§1) = 0> J(&1) or {J(&1) > 0 and S(&1) =0 < S(&)};
(i) Either J(&) = 0 < J(&) or {J(€1) > 0 and S(&) = 0> S(&).

We claim that (i) is impossible. Indeed, suppose it were true. Then ¢y = 0 in [ — 24, &1 + 24],
so that there can only be upward spikes near £;. As the solution we are looking for has no other
boundary or interior oscillations before &1, 0 = 7y must be a local minimum, contradicting our

assumption that 0 is a local maximum.

Next we consider case (ii). Then in [{; —2§,&;1), J > 0 and ¢ = 1. Using (6) if necessary we see
that JS < 01in [§; — 20,&) and JS > 0 in (&1,&1 + 26]. Hence, Theorem 1 allows either any odd
number of layers near £; or an arbitrary integer number of spikes near &;.

Applying Lemma 5.2 part (a) for 7 =0, z = £ — 0, and u = u(-, 57), we see that u(-, 57) has at
least N oscillations in [§] — 0,&1).

Note that ¢ > 1if J(§) =0 and 0 > 2 if S(§) = 0. For u = u(-,8%), 7 =0, and 2z = & + 4,
we can apply Lemma 5.2 part (b) in the case S(£1) = 0 and part (c) in case J(&;) = 0 to conclude
that u(-, 51) has fewer than o critical points in (0, 00).

We define

at =inf{a > B~ | There are fewer than o critical points of u(-,) in (0,00)}.

Then o™ € (87, 3"). Also, for each a € [37,a™), u(-,a) has at least o critical points in (0, 00)

and 7,(-) is a continuous function over [3~,a™). Further, lim, o+ 7,(a) = co. Define
a” =max{a < o’ | 75(a) = & + 20}, I = (a™,a™).

Then 7,(a™) =& + 26 and {7,(a) | a € I} = (&1 + §,0).

Since Iy C (B7,8%), z1/2(e) > & — 6 for all a € I;. Since JS > 0 in (&1, + 26], following
a similar argument as for the case o > 0 we can show that z,_j/5(a) < & + 6 for all @ € I4.
An application of Theorem 1 for u(-, ) in (0,7, (c)) then gives us |z;_q2(a) — &1 < /2 for all
i=1,---,0. This validates the induction hypothesis for k = 1 for the case (ii).

Finally we consider the third case (iii). Since 0 = 7y is a local maximum and &; is the first desired
place for an oscillation cluster, Theorem 1 implies that only a single layer (¢ = 1 when J(&;) = 0)
or a single spike (¢ = 2 when S(&;) = 0) is possible.

We define

o~ = sup{a < 1 | There are fewer than o critical points of u(-, ) in (0, 00)}.

With 7 =0, z =& — 9§, and u = u(-, 57), we can apply Lemma 5.2 part (b) for the case S(&1) =0
and part (c) for the case J(£1) = 0 to conclude that u(-,37) has fewer than o critical points in
(0,00). Hence, a~ > 7.
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Next, we show that a~ < BT. For this, we set 7 = 0, z = & + ¢ and consider u(-, 7). If
J(&1) = 0 (so that ¢ = 1), we see from (iii) that J(z) > 0 and from (6) that S(z) > 0, so that
Lemma 5.2(b) implies that u(-, 37) has a critical point. If S(£1) = 0, we see from (iii) that J(z) > 0
and S(z) < 0, and Lemma 5.2(a) implies that u(-, 31) has at least N critical points in [z, 2 + §).
In conclusion a~ < #7.

Thus a~ € (87,0"), and 7,(a) exists and is a continuous function on (o=, 3%]. In addition

limo~ o~ 7o (@) = 00. Set
at =min{a > a” | 7,(a) = & + 20}, I = (a™,a™).

Then 7, (at) = & + 26 and 7, (11) = (& + 2§, 00).

Since Iy C (87,0%), |z1/2 — &1 < 6 for all @ € I1. If 0 = 2, then 71 is the peak of a spike, so
z3/9 — 2172 = O(e). After applying Theorem 1, we then conclude that z;_;/o(c) is within an /e
neighborhood of §; fori =1if o =1 and fort=1,2 if 0 = 2.

6.3. The induction from k = /¢ to k = ¢+ 1. Let £ > 0 be an arbitrary integer. Assume that
induction hypothesis holds for k = ¢. We now show that it also holds for k = £ 4 1. As mentioned
earlier, we delete from {¢;} those & for which o; = 0. Then o, > 0. We write m = Zf:o o, and
0 = op+1. By working on 1 — u if necessary, we assume that 7, is a local maximum of the desired
solution.

Let & € 01y be that end point of the interval I, satisfying 7,,,(&) =T := & +2J. Let @ = u(-, )
Since @ attains a local maximum at 7' = 7, (), 2, 41/2(&) is finite. We now estimate 2 +1/2( ). A
¢ > 0 and |2y, 1/2(&) =& < VE. by (8) with i = m, 2y 41/9(&) = & +46+0(8%). As 211 /2( )
Tm(a) — oo as a approaches the other boundary point of Iy, there exists an interval (3, 8%) C I,
such that 2,41 /2(a) € (§er1—0,&41+0) forall a € (67, 6%), and min{z,,41/2(67); Zpt1/2(8 *)}

§or1 — 6 and max{z,,1/2(87), Zm+1/2(/8+)} = &1+ 0.
From here, we can follow a similar argument as in the preceding subsection to show that the

hypothesis for k = ¢ + 1 is valid, thereby completing the induction.

6.4. Oscillations at the right boundary. Finally, we attach ¢ > 1 oscillations at the right
boundary L. For simplicity, we assume that either L € Z or dist(L, Z) > 64.

If the desired solution has no cluster of oscillations except at the right boundary, then by reversing
the z-axis, we can use the proof for the case og > 0 to finish the proof. Hence, we assume that
there are other clusters of oscillations.

We assume that & is the last point of cluster of oscillation before L. Then & < L — 6J. Set
m = Zf:o pr- By working on 1 — u if necessary, we can assume that 7, is a point of local maximum
of the solution we are looking for. In order to attach at least a boundary oscillation at L, it is
necessary, by Theorem 1, to have ¢o(z) = 1 for all z € [L —4,L), ie., J(x) > 0in [L —J,L).
Following a similar argument as in the preceding subsection, we can find (87, 3%) € I} such that
Zm+1/2(-) maps (67, 67) onto (L — 4§, L + ). For definiteness, we assume that z,41/2(67) = LF ¢
(the other situation z,,41/2(87) = L £ 6 can be similarly treated). There are two possibilities: (i)
S(L —6) <0 and (ii) S(L —6) > 0.
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Suppose (i) S(L —§) < 0. Since J > 01in [L —6,L) and 7 = 7,,(87) = & + O(y/¢) is a local
maximum of u(-,37), we apply Lemma 5.2 (a) with z = 2,,41/2(87) = L — 0 to conclude that
u(-, 87) has at least N critical points in [z, z + \/€]. Hence, Tp4+0(67) < L. Increasing o we then
conclude there exists o € (37, 3") such that 7,,1,(a*) = L. Asa* € (67, 07), zmy1/2(a*) > L=9
so that 2,4, 12 € (L—6,L) forall i =1,--- ,0. Applying Theorem 1 to u(-,a*), we see that it is
the solution we are looking for.

Next suppose (ii) S(L —3d) > 0. Then JS > 0 in [L — §, L) so that, by Theorem 1(iii), the
boundary oscillation attached is a half spike. Now consider u(-, 37). Since ¢*(L—9) € (0, (L —9)),
we can derive from Lemma 5.2(b) that 7,11(87) = 2p41/2(87) +0(e) exists and u(7m+1(8), 67) =
¢*(L — &) + O(e) is the peak of a spike. Gradually increasing o from 3~ to 3", we then see that
there is an o such that 7,,,11(a*) = L. As o* € (87,87) C I, we can apply theorem 1 to show
that u(-, ") is the solution we desired. This completes the proof of the Theorem 4 in case k < oo.

Finally, if k is oo in the theorem, then u(-,a) with o € N, I; is the desired solution. This

completes the proof of Theorem 4.

Part IIT : The Morse Index

7. THE MORSE INDEX AND METHOD OF STUDY

7.1. The Morse Index. We now study the eigenvalue problem, for (A, ),

(23) —e2) 4 fulu,x)p = M in 1, Y =00n Ol
Since all eigenvalues are real and simple, we denote them, in order from small to large, by A1, Ao, - - .

Definition 2. The Morse Index of a solution u to (1) is defined to be the number of non-positive

eigenvalues to (23).
Definition 3. A stable layer is an interval (77, 7141) with an interior cluster of a single transition
layer satisfying ?:Ll+1/2j(25[+1/2) < 0, or equivalently, 0 <1 <mn—1,

212+ VE < Zip12 < zipsje — Ve, g jad (zi41)0) < 0.

A semi-stable spike is an interval (1;—1, ;1) with an interior cluster of a single spike satisfying

J(1:)S(m:) <0, or equivalently, 1 <i<n—1,

Ri+1/2 = Ri—1/2 <Ve< min{zi—l/Q — Zi—3/2) Ri+3/2 — Z’i—l—l/?}a J(1;)S(m;) <O0.

Theorem 5. Assume (2), (3) and (4). Let u € Sy with € sufficiently small. Then the Morse

index associated with u s equal to
n—"ng — Nss

where n is the total number of oscillations, ng is the total number of stable layers and ngs is the

total numbers of semi-stable spikes.
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7.2. A Criterion. We will use the following lemma to study the Morse Index for our problem.

Lemma 7.1. Let w be the solution to
(24) &2 = fyw in 1, w(a) =1, w(a) = 0.

(1) If w(b) > 0 and there are no roots of w =0 in (a,b), then Ay > 0.

(2) If w(b) # 0 and for some k > 1, either {w = 0 has k — 1 roots in (a,b) and w(b)w(b) < 0},
or {w = 0 has k roots in (a,b) and w(b)w(b) > 0}, then A\ < 0 < Agy1.

(3) If w(b) = 0 and w = 0 has k — 1 roots in (a,b), then A\ = 0.

Proof. Let 9(-,\) be the solution to e2¢) = (f, — A)¢ with initial values ¥(a,\) = 1 and
&(a, A) = 0. Referring to the phase plane for (¢, z-:zb) we let 0(z, \) = arctan % Then

€ = (fu — \)cos?f —sin?@ in I, 6(0,A) =0.

Note that 6(z,0) = arctan £2. It is easy to check that 6}\9:%+gﬂ < 0 for all integers ¢ and that
0y = %0 < 0 for all € I and A € R. Hence, for each integer £ > 1, 6(b,\;) + (£ — 1)7 = 0,
(b, \) + (£ — D)w < 0if A < A, and (b, \) + (£ — D)1 > 0if A < Ay

Now in the case (1), we have 6(b,0) > 0 so that 0 < \;.

In the case (2), we can see that 6(b,0) + (kK — 1)m € (0,m), so that A, <0 < Ap.

In the case (3), there holds 6(b,0) + (k — 1)m = 0 so A, = 0. O

7.3. Fundamental Solution Matrices. To study the solution w to (24), we will often regard

(24) as a system of two first order odes. Hence, we introduce vector notation

ol el e

Definition 4. A 2 x 2 matriz function ¥(z,y) is called a fundamental solution matrix if

. 0 1
U(,y) =AWV, V¥|,—y=I where A := { 2 0 } .

Note that for all z, 7 € [a,b],
w(z) =V (z, 7)wW(T), w(z) = P\Il(x,T)P_lvV(T).

To find ¥(z,a), we will decompose (a,b) into sub-intervals and use the following properties for

fundamental solution matrices:
\Il(xay) = \I/_l(yvx) = \Il(va)\I/(Tay) vxvyaT S L

In our application, 7 will be a critical point of u. Hence, we define w1, w as the fundamental solution

set in each interval [z;_y /5 + 0, 2;41/2 — O]:

(25) 2w = fu‘wl, &2w = fuw in I;:=[z_1/2 +0,2;41/2 — 0], Vi
wi(r) =w(m) =1, wi(n) =w(n) =0
w1

One of the keys here is to study the jumps of % and =1 across z;_1 /o for all 4.
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Since w1w — Wiw =1 and ¥ (7, x) = U1 (2, ),

oo - 9l 1-56 3
oo =[5, 3] Y- [4] o)

As one will see below, w can be well-approximated by /i(r;). Also both £ and &4 can be

accurately estimated and are of order one at = z;4/,. Hence, we introduce

=58 =2 =] -]

) ol ol L)

\I/(IE,Ti)Pil = g{1’l®t — %eg ®e1},
£ w

Then we can write

P\I/(Ti,x) = w{%eg X eq —tt X nl}.
w

For transition layers, we use the matrix W(7;11,7;). Letting wi = w(2;41/2 +0), we have

W w_ g 15
(26) PU(ri1,m)P ! = 2 {ti®t [Plf+tf@ei—r —|—w—2eg®t_}
Jr

where [ g ]© = g, — g_ stands for the jump.
For spikes, we need W(7;41,7;—1) where 7; is the peak. Let wpt = w(241/20 £0) and wry =
w(zi—l/Q + 0) Then

PU(rii1, 7Pt = M, {tﬁ+ ® (a11tr— + aze1) + e @ (agitr— + cmel)} ;
WR+WR- WL 4+WT,—
Mi = as 52 as ’
R+
an = [plaf [ 155 [elt +w—[[,0]]
L+
(27) alp = %L_{ 25 +[[,O]]R+[[’Y]]L+}
R—
azl = w§+{w§+ ]]L—i—}?
2 R—
azz = mﬂVﬂLJr

As one will see, at the first spike of an interior cluster, a;y = O(e~/V?) so the sign of w at
Ti+1 is determined by aj1, the most difficult function to estimate. In the end, we will show that
ap1 o< H(J(13))S(7) ( g1 o g» means that & < g—; < C for some positive constant C' independent
of ).
At a generic critical point 7; of u, there are the following possibilities:
) f2 <1 and F; = O(¢) (or O(e?|1In¢g|)), i.e. 7; is the peak of a spike;
ii) f? < g|lnel, i.e., 7; is a valley within a cluster of transition layers;

(i
(
(iii) f? o e, i.e., 7; is the valley of neighboring boundary cluster of spikes near S # 0.
(iv) f2 x 52] Inel, i,e, 7; is the valley of neighboring spikes in a cluster near S = 0;

(

v) f? = O(e”V/V%), ie, 7; is away from transition layers and spikes.
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8. THE FUNDAMENTAL SOLUTION SET

In this section, we study the fundamental solution set (w;,w) defined in (25).

8.1. The function w.

Lemma 8.1. Let w be defined as in (25). Then for every i and all x € 1; := [2;_1 /2 + 0, 241 /2 — 0],

i) ) el
(28)  w) = g =), o) =gas{1+00@)1,
( ) ’ Gi(u(t)vuivt) .
(29) ()C(.’/U) = _Gx(u(x)auiax)"‘/n {G:m(u(t);ui,t)—Tm}dt+0(52)62u2

Proof.  For definiteness, we consider the case when 7; is a local minimum and z € [7;, 2;11/2)-
We divide the proof into several steps.

Step 1. Write w(z) = i) c(z). Then ¢(7;) = 1 and, since €% = f, 1 + fz,

()

e2u?(z)é(z) = —/x c(t) u(t) fo(u(t),t)dt.

Since |fz| = O(u), f:f a|feldt = O(1)(u? — u?) = O(1)e?u?. Thus, |¢(z)] < O(1) maxg(y, 4 [c(t)]. A

Gronwall’s inequality then gives us  max  {|c(t)| + |¢(t)] + 1/|e(t)|} = O(1).
te[Ti,2541/2]

Step 2. Write u(t) fo(u(t),t) = %Gm(u(t),ui,t) — Go(u(t), u;, t). Integration by parts gives

202 = —ch—i—/% {ch—Fc'Gx}dt
— Gﬁ/xc{cm— E§§2}dt+R1

T G2
= C{_G:t + /7— {Gxx - 5252 }dt} + R1 + Ro,

7

where G = G(u(t), u;,t) and

x G:v t )
R = /62,2/[0Gm+ch]d§dt,

T4

Ry = // Car — 55 }dfdt

Using the boundedness of ¢ and ¢, the fact that ‘WG(’U,, ug, )| = | qu g—:kf(s, x)ds| = O(1)(u? —
u?) = O(1)e%u?, and that |dz| = Oe)du_ e then see that

M
¢ Vu?—u?

R < O(&2 u(e) v? —uj d vt ds — O(2) (12 2) — O(e2)e2i?
’ l(x)‘ = (6 ) ” (’1)2 —u?)l/Q v ( u?)l/Q §= (6 )(U —U;) = (6 )5 u.
Similarly we have |Ry| = O(e?)e?u?. Hence, we have (29).

Step 3. By the same estimate as for Ry, the integral in (29) is bounded by O(e)e?u2. Also,

G, — / Fuls xds-/ (Fou(0,2)s + O(s2))ds = {1 fuu(0,2) + O()} (e — u2)
e’ = 0(e)]G = [fu(0,2) + O(e) + O(w)](v* — uf).
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It then follows that

¢ = c{ _Jel02) oy O(u)} +O(£?).

2f,(0, )
Solving this “linear” equation we then obtain (28) since a(z) = /fu(0,2), c(7;) = 1, Tfu =0(e)
and exp(— [* g“}zgg g dt) = /}“((0 T’)) This completes the proof.

8.2. The function w;.

Lemma 8.2. Let wy be the solution to (25). Then the following hold:
(i) If fi = fus, ) = o(1), then wy > 0 in [z_1 /2, 2i11/2] and
EW1

(30) -

= *+ao; + 0(8) =+ O(fz)

x=2;+1/2F0

(ii) If zit1/2 — zi—1/2 = O(€) and F; = O(¢), i.e, 7; is the peak of a spike, then

(31) =1 (97, 7:) ds} + O(e).

B i f(s TZ —f
w x:Zi:tl/Q:FO N :l:‘f’t {\/2F ¢27T’L / i))3/2

Proof. 1t is easy to verify that

o) = 1 —I—w(x)/

Ti

P a(t) —w(ri)

oo

For definiteness, we consider the case when 7; is a local minimum and = € (7;, z;11/2). Then
() — () = [L m)dn = &2 [T fuwdy. Using w = S2ke, on) = 1+ O(e +n — 1), and fulu, n) =
fu(u, 1) + O(n — 7;), we then have

o) — am) = fi/ (ifu(u, 75) + 0O (e + 1 — 75) by
- %{f(u,n)—fi+0(5+t—7-i)(u—ui)},
& —d(m) H(i) fi (") flu,m) = fi+ O+t —7)(u—u)
[ o 1T 0w npE
Case (i): fi = o(1). We use G(u,u;, t)™! = G(u,u;, 7)1+ O(|t — 7])] and

2G (i, 7)™ = {£u(0,7)(u® — uf)} 3/2{1—5;320”§<u+u1>+0< )},

Ti) = fio = Ju(0, 7 - W {1 fu“(O’TZ)u v z
flu,m) = f Fu(0, i) (u = wi) {1+ 9507 E

Also using |t — 7;| = O(e) In(u/u;) we obtain

+ O(uQ)}.

fuu (077-1) UUG

[asmy, g L e O OO
™ w? € u; v fu(0, Ti)(u+ui)(u2 —uf)t?
H(a)f; (/% 14+01) 5w+ 01 )s?u? 4+ O(e) In s

_ ds

eoiu; Jy (1+s)vs?2—1

u) fi u/ui s
= %{/1 # mds-l—O(E)-i—O(ui)}

du
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Since floo mds =1, we then obtain
1 i H(a) f;
W lz=z;11/2 Eu AUy

since f; = a?u; + O(u?). The assertion (30) thus follows.
Case (ii): F; = O(e) and z;41/9 — zj—1/2 = O(¢). Then since G(-, u;,t) vanishes linearly at u;,
ew1 14+ O(e)f; . u(@) u, 7)) — fi
- - L+ 0l z-:u( JJ —i—H(u)fz/u —[QfG((u,uz’t)]];ﬂdu(t) + O(e).
Using G(s, u;,t) = [1+0(e)|G(s, ui, 74), ui—¢; = O(e), the change of variables § = s+¢; —u; and the
fact that G(s, u;, 7;) = [14+0(e)|G(8, ¢F, 1), and f(s,7)—f(ui, 1) = f(8,71)—f(&F, 7)) +O(e)(§—¢7),
we then have

W ) fi g gy o (MO fGT) — 105 m)
/“ Wdu(t)_ér AR

Finally, noting that F(s,7;) = G(s, ¢}, ;) and eu = H(a)[1 + O(e)]\/2G(u,u;, ) = H(aw)[1 +
O(e)]\/2F (u, 1) if * = 2412, and also H(t;41/2) = H(f;), we then obtain the assertion (31).
The case when u(7;) is a local maximum can also be similarly treated. O

i

i

8.3. Basic Estimates on Number of Roots of w = 0.

Lemma 8.3. Let ¥ be a solution to 521L = fu.

(i) For each i, there exist at most two roots of ¥ =0 in [1;, Tiy1].

(i) If fi = o(1) and ¢¥(1;)(7;) > 0, then » = 0 has at most one root in (T;, Ti+1].

(iii) If f? oc 1, then v = 0 has at least one root in (Ti—1,Ti+1), and at most three roots in
[Ti1, Tig]-

Proof. (i) Note that w > 0 in (74, 2,412 — 0] and [z;41/2 + 0,7i11). Hence, by the Liouville
theorem, 1 = 0 can have at most two roots in [7;, 7;4+1] for all 4.

(ii) When f; = o(1), we have, for all z € (74, 241 /2], w(z) > 0, wi(x) > 0 and P(x) = P(7;)w1(x)+
Y(ri)w(r) > 0. As w > 0 in [z;41/2 — 0,7i11), we see that 1) = 0 can have at most one root in
(%i41/25 Ti+1). Thus, ¥ = 0 has at most one root in (7;, 7y11].

(i) First consider the case when ¢(r;_1) = 0 and ¥(r;_1) = eii(ri—1). Then L = ¢ = (1 +

el
O(s))% and e1) = O(e) at zi_1/2- As the length of the interval [2;_; /9, 2;,1/9] is of order ¢, one
can use a regular perturbation argument, for the stretched variable y = (x — 7;)/e, to show that
P(zi_1/2)
p = Loms)

EU;_1/2
has exactly one root, at £ = 7; + O(e?). As ¥ = 0 can have at most one root in [z 19, Tit1], we

[et + O(e)] in [2j_1/2, Zi41/2)- This then implies that in interval (7,1, zj11/2], ¥ = 0

see that ¢» = 0 has at most two roots in (7;_1, 7j+1].
Now suppose that 1 is a generic solution. Then, by the Liouville theorem, ¢y = 0 can have
at most three roots in [r;,_1,7;11] and there is exactly one root in (7;,—1,&]. This completes the

proof. O

9. THE MORSE INDEX FOR LAYERED SOLUTIONS

We first consider a cluster of layers. For convenience, if (7_g, 7x) (or (77, T2,—;) is an interval with

a boundary cluster, we say that (79, 7) (or (77, 7,)) is an interval with a boundary cluster.
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Theorem 6. Assume that (1;,7;) C (a,b) is an interval with a cluster of layers. Let w be the
solution to (24) and assume that w(m)w(m) > 0. Then, w(ty)w(ry) > 0 except for k = n. Also,
the following hold:

(1) If (7, ) is a boundary cluster at a, or an interior cluster with multiple layers, or an interior

cluster with a single layer with ul+1/2j(zl+1/2) > 0, then w = 0 has exactly k — | roots in (17, Tx)

and
eu(Tk)
2 = 1).
(32) 2 ot o)
(i) If (m,mx) with k = 1 + 1 is an interval with an interior cluster of a single layer with

J(2141/2)041/2 < 0, then w = 0 has no root in (7, 741) and (32) holds.
(iii) If (7, %) = (11,b) is a boundary cluster at b, then one of the following alternative holds:

either w =0 has n — 1 roots in (7,b) and w(b)w(b) > 0

(33) or w=0 has n —1 —1 roots in (7,b) and w(b)w(b) < 0, w(b) # 0.

9.1. The Matrix PU(7;,1,7)P~!. Assume that for j =i and i + 1, f]2 = pje|Ine|, where either
pj o< 1or pj = O(e~'/VE). We find an asymptotic expansion for PW(7;,1,7;)P~" given by (26).
First of all, by (30) and the definition of t and t*,
t1 = [al ] +O(V/¢|lnegl), t_ = [O{Z] + O(V/e|lnegl).
i+l

Next, at = 2,19, i = 0 so that p = W — g Thus by (29) where the integral is O(e),

52%2“/2[[ pIE = Galdivi2,uis 2ig1/2) — Galiprja, Uit1, Zig1/2) + O(E)
Uj41
_ / fo(s: 2i01/2)ds + O()

= H(tiy1/2)J (2i41/2) + O(e]Ing|),

341/ oy Sl 2
Q7 - pi| Inel + O(e|Inel7), Tzui+1|1n5|+0(5|1n5| )
- ¥

where we have used the fact that c(z;11/2) = 1+ O(7j — 2i41/2) (j = i or i + 1) and either
|7 — zi+1/2| = O(e|lnel) or f; = O(e_l/\/g).

Hence, since w_wy < 0, we have, for some positive scalar r,

. 1 0
PU(riy1, )Pt = —T{[QHJ (i 0] + [Mz‘+1] (i 1] +
3 Aottt | 1 ] fas 1] +o(vETI) |

9.2. Boundary layers at a. Suppose that (79, 7) is an interval with a cluster of boundary layers.
Then p; o<1 for i = 0,--- ,k — 1 and p = O(e~'/V?). Using w(a) = 1,w(a) = 0 and (34), we

inductively derive that w(7;) = (—1)'w(n)| [y- +10(1)] for i = 0,---,k where v; is inductively
calculated by

I/():O, Vi+1:ozi+1+ui+1(ai+ui)>0 Vi:0,~~~,k—1.

(2

In particular, vy = o + O(e_\/g). Therefore, we conclude that
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(i) (=1)'w(m) > 0,(=1)"i(r) > 0 forall i = 1,--- | k;
(ii) w = 0 has exactly one root in each (7;,7j4+1) for i =0,--- ,k — 1, and
(iii) w = 0 has k roots in (a, 7] and (32) holds.

9.3. Interior Single Layer. Next we consider the case when (7;,7;) with £ = [+ 1 is an interval
with an interior cluster of a single layer. Then py, py41 = O(e~Y/VE). Since w(m)uw () > 0,

1

W(ner) = PU(n, n)PTW(n) = (=1)|w(7iq)] |:04l+1 +0

(1)} H(w; + i)

where s = 0 if ’I:Ll+1/2j(2?l+1/2) < 0Oand s =1 if ulH/Qj(le/g) > 0. Hence, (32) holds, and
w = 0 has no root in (77, 7341] if ul+1/2j(zl+1/2) < 0, and w = 0 has exactly one root in (77, 741) if
1120 (2141/2) > 0

9.4. Interior Multiple Layers. Now we consider the case that (7;,7x) is an interval with an
interior cluster of multiple layers. Then k — [ is odd and > 1, ulH/Qj(le/g) >0, = O(e~1/Ve),
e = O(efl/\/g), and p; <1 fori =141, ---  k— 1. For simplicity, we assume that w(7;) > 0 and

w(m) > 0. Using (34) and a mathematical induction we derive that, for i =1+ 1,--- |k — 1,
8 . a;

(35) W(T’L) — (_1)1’5'[1)(7_1)’ |:1z:| ’

where, for m=1,2,---, k_é_I,

. . m
J J 2
(36) al4+2m—1 = | (Zl+1/2)| + O(|1n15‘2)7 A142m = _| (ZZH/Q)‘ Z ezl + O( ! )

pil Ine] [Inel? Hit2s—1 [Inel3
1

5=

Now using s = O(e~'/V#) and the oddness of k — I, and (34) for the last layer in the cluster we
see that w(7y) satisfies (32).

We now show that w = 0 has exactly k — [ roots in (7, 7%).

First, we see from the expression of a; and w(r;) that w(7;) < 0 and (—1)""li(7;) > 0 for all
i =1,---,k. Consequently, there is exactly one root of w =0 in (77, 7;11) and the number of roots
of w=01in (75, 7i+1) iseven forall i =1+ 1,--- |k — 1.

When i — 1 € [1,k — ] is odd, we have w(r;)w(7r;) > 0, so that w = 0 has at most one root in
[Ti, Ti+1], and consequently, there are no roots in [1;, 7;41].

When i — 1 € [2,k — [ — 1] is even, we can use

w(z) = ()| 275ew (@) + w(@) bz € [7is2i4170]

and the fact that 0 > E“’.(Ti? = a; = O(+=3) to conclude that w = 0 has exactly one root in
w(T;) [Ine]
(Tis Zi41/2)- Hence, w = 0 has two roots in (7, 7i4+1).

In conclusion, w = 0 has k — [ roots in (7, 7] and (32) holds.

9.5. Boundary Layers at b. Finally we consider the case when (7,7,) is an interval with a
boundary cluster of layers. Then p; = O(e~'/vV#) and p; < 1 for i = 1+ 1,--- ,n. Following the
same calculation as for multiple interior layers, we have (35) (if w(7;) > 0 and w(7m;) > 0) for all
i=1+1,---,k with a; given by (36). Hence, we have the following conclusion:
(1) Suppose that n — [ is odd. Then w = 0 has exactly n — [ roots in (77,b) and w(b)w(b) > 0;
(2) Suppose that n—1[ is even. Then w = 0 has exactly n—1—1 roots in (77, b) and w(b)w(b) < 0.
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10. THE MORSE INDEX FOR SPIKES

In this section, we prove the following:

Theorem 7. Let (11, 7) be an interval with a cluster of spikes. Let w be the solution to (24), and
assume that w(m)w(m) > 0. Then w(t)w () > 0 with the only possible exception k =n. Also the
following hold:

(i) If (1, 7) is a boundary cluster at a, or an interior cluster of multiple spikes, or an interior
cluster of single spike with J(1111)S(1141) > 0, then w = 0 has k —1 roots in (1, 71,) and (32) holds.

(i) If (7, 73,) with k = 1+ 2 is an interior cluster of a single spike with J(141)S(1141) < 0, then
w = 0 has ezactly one root in (1, Ti12] and (32) holds.

(i) If (11, 7) = (71,0) is a boundary cluster at b, then (33) holds.

Clearly, Theorem 5 follows from Lemma 7.1, Theorems 6 and 7.

To prove Theorem 7, we need some preparation.

10.1. First Approximation for P¥(7;,1,7;_1)P~!. For boundary spikes, we can use the follow-

ing approximation for fundamental solution matrices.

Lemma 10.1. Assume that f2 x 1 and z:l:l = O(g). Then for some positive r
(37) P\I/(Ti,Ti_l)Pfl = —-r { l:(1):| [041;1 1] + O(\/E)} ,
(38) P\I/(TZ'_H,TZ')P_I = -r { l:al ] [1 0] + O(\/E)} .

i+1

If in addition we have f'ﬁ = 0(1), then
fz 1+ i+1

1

(39) PU(rii1, 7 1)P !t = T{|:Oéi+1

} 1 0lp+4a {(1)] [ai—1 1] +O(|1ﬁ)}

. o S N f2y
where (p, f1) = (1, f2 -) f +1 =0(1) and (p,f1) = (f2 1) f 2 =0(1).
Proof. We use (26) and (27). The estimates for t 4 and tg are the same as for layers, since

f2, = O(e). For PU(ri41,7)P, we see from (28) that 5 = O(Y1) = O(1) and 5 o £ o L.
+ -

3

Hence, the term involving —5- is the dominate term, and we have (38). The assertion (37) is similarly
derived.

The assertion (39) follows from (27) and the fact that a2 and ag; are the dominate terms since
2 2 2 2
(i) — 2 x fi’éfi and —Ep f”éfi , (i) all the jumps [ p ], [ v ] are O(1), and (iii) by Lemma
Wi _Wh_ € Wi Wh 5

104 below, aj] = 0(1) O

10.2. Boundary Spikes at a. We first consider the case when (79, 7) is an interval with a bound-
ary, at a, cluster of spikes. We consider two cases. (i) k is odd, (ii) k is even.
Suppose that k is even. Then 79,41 for m = 0,--- ,k/2 — 1 are peaks of the spikes. Also,

2
Lpsz — 0(1) for m =0, k/2 = 1. Hence, using w(a) = 1, w(a) = 0 and (39) we obtain
2m

W (ram) = |w(ram)| [% h 0(1)} S om=0,1, k)2,
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where vy, are iteratively defined by

A
vo =10, vomy2 = aomya + sz” (com + vom).
m

In particular, since f, = O(e~'/V%), we have v = ay,. Thus, w(7a,,) > 0 for each m = 1,--- , k/2.
This implies that w = 0 has exactly two roots in each (72, Tom+2). Hence, w = 0 has k roots in
(a, 1) and (32) holds.

Next suppose that k is odd. Then 79 = a is a peak. Using w(a) = 1, w(a) = 0 and (38) we see

ot s = o[, Ly

71 to 7k, we follow the same argument as before to conclude that w = 0 has exactly k roots in
(a, 1) and (32) holds.

)} This implies that w = 0 has exactly one root in (a,71). From

10.3. Boundary Spikes at b. Next we consider the case when (7, 7,,) is an interval with a bound-
ary, at b, cluster of spikes. We have, by assumption, that w(m)w(r;) > 0. We want to show that
(33) holds. By working with —w if necessary, we can assume that w(7m) > 0 and w(m) > 0.
First we show that (—1)" i (r;) > 0 for all i =1 4 1,--- ,n. We note that f; = O(e~"/V?) and
% = O(1) for all m = 0,--- , [==4=2]. Hence, using (37) and (39), we inductively derive that
o(1)

1
In particular, w(b) # 0.

To find the number of zeros of w in (77, b), we will compare the roots of w = 0 with the roots of

w(r;) = |ew(m)| [ forall i =1+1, -+, k. Therefore, (—1)"li(7;) >0 for alls =1+ 1,--- ,n.

w = 0 where w solves
% = fuw in (a,b), w(b) =1, w(b)=0.

By reversing the x axes and using the argument for boundary spikes at a in the previous subsec-
tion, we see that w = 0 has exactly n — [ roots in (7,b). Hence, by Liouville Theorem, the number
of roots of w =0 in (7,b) is at least n — 1 — 1 and at most n — 1 + 1.

Now suppose that w(b)w(b) > 0. Then (—1)""lw(b) > 0. It then follows that the number of
roots in (73,b) is (n — {)mod(2). Thus, the number of roots is exactly n — [.

Next we consider the case w(b)w(b) < 0. Then, by a Liouville theorem, one derives that the
right-most root to @ = 0 in (77,b] is on the right-hand side of the right-most root of w = 0 in
(11,0). Hence, the number of roots of w = 0 in (7,b) is at most n — [. Noticing that either
(=1)"~=Lw(b) > 0 or w(b) = 0 and (—1)""hi(b) < 0, we conclude from the sign change of w that
the number roots of w = 0 in (73,b) is (n — [ — 1)mod(2). Hence, the number of roots of w = 0 in
(11,0) is n — I — 1. This completes the proof of (33).

10.4. The calculation of ay;. From the previous subsection, we see that for interior spikes, the
fact that f; = O(e~Y/V®) gives = =o(l)at 7; fori =1+1,--- ,k — 1. For boundary spikes at b,
we can use information on the function w to determine the number of roots of w = 0, up to within
1. For interior spikes, we cannot use this technique. Hence, we have to find the sign of w at 719,.
From the expression of PW(7;_1,7;11)P ™!, one realizes that the sign is determined by the quantity

a11, which will be shown to relate to S. Hence, we first calculate S.
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Lemma 10.2. If J(z 7&0 then

- [ ¢ Fsw) (7 Es) - 20N
0 \/m W 5T 4 (2F (s, x))3/2 ’
F2(¢*

) / (s f¢*,2)
sy
V2F( qﬁ’ 2F (5,2))3/2
Proof. Since F(s, x) vanishes quadratically around s = ¢ and linearly around s = ¢*, all the
integrals involved are convergent. Also, differentiating F'(¢*, z) = 0 gives us F,(¢*, z)+¢% f(¢*, x) =
0. For any fixed constant a between ¢g and qb* we can write

S(x)—/a \/];x_Fds—l— w\j__f¢xd + ¢pv/2F (a,x)

A direct differentiation then gives

© Fp oo [T (Fet fe)F
" m ¢0< ery® / erpr
/ d § 0u V2E (0 2) + V2F(a,z)

Note that fj’* wc@ = —¢%\/2F (a, ) — ¢% + [ e ds. Thus,

t_E iﬁWﬁw&WM@+@&wm
0 \/2F g0 (2F)32 (2F)3/2 V2F (a, )
The Lemma thus follows by replacing ¢f = —F,(¢*,z)/f(¢*,x) and setting a = ¢. O

Next we calculate aq;.

Lemma 10.3. Assume that f; < 1, F; = O(e?|In¢|), and fix1 = O(e?|In¢l). Then
(20210202 1 1p) an = 2H(JI (7)) (75) + O(e|Ine]).
Proof. Without loss of generality, we assume that 7; is a local maximum, so that f; < 0, J(7;) < 0,
ui+1/2 < 0 and ui,1/2 > 0.
First, we calculate [[,o]]ﬁir = ]]:j:jz—tg From (28), we see that p = £ at Zit1/2- Using
G(u,v,t) = F(u,t) — F(v,t), we have —G,(u, u;,x) + f Guz(u,uj, t)dt = —Fp(u,x) + Fyp(ui, 1) +
fo F,.dt and _G(u,ui+1,x)+f7§+l Goz(Uyuit1,t) = —Fy (u,:L’)—I—F (uz+1,n+1 +fn-+1 F,.dt. Hence,

from (29), we have

2.2 Ziy1/2+0
€ ui+1/2[[p]]zi+1/2—0 - Fm(uiJrl?TiJrl) uzaTz Fxx d
Ti+1

_/ziwz G? (UQUZQH, )dt_/ Gg(u,ui,t)dHO(EQ)
Tit+1 etu i+1/2 €
Note that Fy(uit1,741) = O(f4,) = O(¢?|Ine|). Also, denoting F} = F,(¢*(7;),7), then
Fy(ui, i) = Ef 4+ O(e?|In¢g|) since F vanishes linearly at ¢* and F; = O(¢?|In¢|) implies that
¢*(7;) — u; = O(?|In¢|). Thus using the change of variables dt = EH(u)duW and a
technique similar to that used in the proof of Lemma 4.1 we then obtain

E U2l P Lz )00 = z € ; V2F (2F)3/2 s — . oY CTREE ] e’|lnel).




LAYERS, SPIKES, AND MORSE INDICES 29

Note that w?% = 5211?“/2;—; ¢*(2i41/2 — 0) and we can integrate € to obtain

o F, — F}
(2412 —0) = 1 +ecy, cl——/ ————ds+ O(e|Ing|).

. RE)
Thus,
f3w2_ Zi—
€QR [pIRF = (1+2ec1 + &) el 121 P]Hzi_i;zto
¢/ F F?  /F F, — F})?
= —Fx*—z-:/ ( =7 3/2)d8 / ( e _ (P 3/’;) )ds
0 \WV2F (2F) o “V2F  (2F)
" F, - F}
* T 2
¢/ F F? ¢ (Fpy F2—F}?
= —F;+¢eH(u, / ( i )ds—i—/ ( = — )ds + O(e*|In¢l).
( +1/2) { 0 \/ﬁ ( )3/2 5 \/ﬁ (2F)3/2 ( ’ ‘)
Similarly, we can calculate w? [ p]]lj-:fF = —wi,[ p]ET, and obtain the same expression. As

H(tq1/2) = —H(i;_1/2) = H(f;), we then obtain
2
LAl + e [o1)

= 25H(fz){/¢j<5% aF F)23/2)d3+/¢¢* (\1/;%_ lz,gFT)?f:’/éQ)dS}—i—O(g?’lne\).

Note that

2
* € *
wi-[ellft = fz{F +0(e)}, wh-[pllEr = F{—Fgf +0(e)}-
Also, by Lemma 8.3, we have

S
e

[v157 =2/ ds} + O(e|ne])
It then follows that
W%+W1212—a11 = 5W%+[[ 4 Héi + EW%H[[ P Hgt + W%+[[ ]]L+[[ Y ]]L+ %2+[[ 4 Hgi
ATT( £, ¢ 2 o 2 _ 2
- %}(ﬁ) {/ (5% (215)3/2)d8+/¢ (5% - %F)?Sg )ds

F*2 {\/7 J;F 3f/2 }} + O(e|lnel)

54H fz (%
- %{S(z )+0(5\1n5)}
Finally, using
%71 U5
Wi Why = %[1 +O(e)]

we then obtain the assertion of the Lemma.

Lemma 10.4. Assume that fi o< 1 and f2, = O(g). Then a;; = O(1).
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The proof follows the same lines as in the proof of the previous lemma, with the simplification
that all the integrals for the coefficient of £ be replaced by O(1). In particular, Fy(ujt1,Tit1) =
O(f%,) = O(e). We omit the details.

10.5. Interior Spikes. Finally, we consider interior spikes. Hence, assume that (7,75) is an
interval with an interior cluster of spikes. Then k — [ is even, fi 9, = O(e?|In¢|) for m =
0,---,(k—=10)/2 and fiyomy1 x 1 form=0,--- [k —1]/2 1.

Without loss of generality, we assume that w(7;) > 0 and w(n;) > 0.

First suppose that we have a single spike. Then both f; and f;1o are of size O(e_l/ \/E), so that
. R O(eil/\/g). It then follows that, for some r > 0,

wi_ ) why

P\I/(TlJrg,Tl)P_l =r {CLH l:

1

Qs + 0(5)} (v +0(e) 1]+ 0(€—c/\/€)} )

Since a1; o< H(J(2%))S(2*), we then conclude that, for k =1+ 2,

w(n) = 0l |, |

(1)] H(w; + i)

where s = 1 if J(z*)S(2*) < 0 and s = 2 if J(z*)S(2*) > 0. In the former case, we conclude that

w = 0 has one root in (77, 7;1+2) and in the later case, two roots. Also, (32) holds.

Next we consider the case k — [ > 2. Then we must have J(z*)S(z*) > 0 so that a;; > 0 and

is of order 1. Since f2 = O(c?|In¢g|), we see that —5—, —5— = O(g|ln¢|). Also, ——, —5— o 1.
Wi Wy Wi Wi S

Therefore, all the entries in the 2 x 2 matrix PV (7 9m, Ti4om_2)P ™! are positive. This implies
that w(72,,) > 0 and w(7a,) > 0 for all m = 1,--- | k/2, and w = 0 has two roots in (7om—2, Tam )-
Consequently, w = 0 has k — [ roots in (77, 7%).

Note in particular that for the last matrix PW(ry, 7;_2)P~!, the quantities as; and agy are
exponentially small so that PW(1;_q, 7, )P~ = r{tﬁ ® (a11t+ajzer) + O(e—c/\/g)}, It then follows
that (32) holds. This completes the proof. O

11. AN EXTENSION
In this section, we extend our theory to
(40) flu,2) = A(u, 2)fu — ¢ ()] [u — o(@)] [u— ¢4 (2)], A>0,6- <P <y

By a calculus of variation, for all small positive ¢ > 0, (1) admit a unique minimal solution

u_(xz,e) and a unique maximal solution u, (x,e) which satisfy

(41) lus = dallco + ellus — dxllor + e usf e = OE?).
Introduce the change of variables (u,x) — (6,y) by

B (x)/:E dz g U u-
YT ) i) —us(z ) up—ul
Then problem (1) for u(x) is equivalent to the new problem, for 6(y),

(42) 20" (y) = f=(0,y) in (0,b), ¢'(0)=06'"(b:) =0
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where ' = d%, be = y:(b), and

fs(eay) = (u+ - u*)3{f(9u+ + (1 - H)U,,.’L‘) - (1 - H)f(u,,x) - Hf(UJrax)}
Since ux = ¢+ + O(e?), f(ut,z) = O(¢?). It then follows that for all small positive &, f-(-,3) =0
¢> ¢¢—
For f., denote the corresponding functions deﬁned in §1 by J., F. and S.. For f, we define

@ [ éile) i J(@) >0,
J(.’/U) - /d)(ac) f(svx)dsv ¢0(£1?) - { ¢_(.’/U) if J(.’/U) < 07

(43) Flu,z) = /¢ u( )f(s,x) ds,  ¢"(x) € [6o.és]\ (o} : F(¢"2) =0,

F(sx) .
\/ F(s,x)dx = ds if J(x 0.
dx b0 V2F(s,x) (@) #

Using (41), one can dlrectly verlfy, as € \, 0, the following limits, in the C'! topology:
f0,y) — (64— 0-)’f(004 + (1 —0)p-),x),
Jey) — Jo(y) = (b4 — ¢-)"J (2),
Se(y) — So(y) == (4 — ¢-)?S(z) when J(x)#0

where x and y are related by

has exactly three roots: 0, ¢, 1 where lim.\ o ¢ =

S(z) =

/” dz

y= -

o (94(2) —0-(2))?

Note that Jy(y) =0 < J(x) =0 and Sy(y) = 0 < S(x) = 0. In addition,
PP >0e 24 J32>0 = 3e0,n>0 > J24 J2>nVe e (0,e),
S2+82>02 82 +82>0 = Feg,n>0 3> S2+852>nVee (0,e).

These properties ensure that our results in the previous sections apply to (42). Since Z;. and Zg.

are in an O(e) neighborhood of Z;, and Zg, respectively, we see that the conclusion for solutions

to (42) can be stated with Z;. and Zg_ being substituted by Z;, and Zg,. Transferring back to the

x variable, we obtain the corresponding results; in particular, layers exist only near Z; and spikes
only near Zg with J and S defined by (43).

Finally, we provide an example where
flu,z) = u® — du+ p(x).

It is easy to see that f can be put into the form (40) provided that

x> 3(2 )"

In such case, one can calculate, by (43), that

J(@)ocp(a),  S(x) x pla) (when p(x) # 0).
Thus, layers exist near the zeros of p, interior multiple spikes exists near non-degenerate negative

maxima or positive minima of p, and there exists only interior single spikes near non-degenerate

positive maxima and negative minima of p.
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When p(z) = cos z, these results suggest what was, in fact, proved in [AH], namely that solutions
exist with layers near odd multiples of § and single spikes at multiples of w. There do not exist
interior multiple spikes. The methods of this paper also serve to determine the Morse index of

these solutions.
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