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Abstract

In the preceding paper, Bolley and Helffer [4] add to their extensive
set of results on bifurcation in the one-dimensional Ginzburg-Landau
model of superconductivity. One of their new results concerns the
direction of bifurcation of symmetric solutions. =~ We give another
approach to this problem.

0.1 Introduction

We consider the Euler-Lagrange equations for the one-dimensional Ginzburg-
Landau model for superconductivity. The equations are
=R A S (1)
A// — fQA

where f represents the density of superconducting electrons, A is the mag-
netic field potential, and « is a material constant. We look for solutions on
a bounded interval [—d, d] satisfying the boundary conditions

f'(£d) =0 (2)

A'(xd)=h

where h is a parameter giving the strength of the magnetic field. For a
recent discussion of the physical background see [1].
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In a series of papers over the last 10 years Bolley, and Bolley and Helffer,
have considered the problem of bifurcation of solutions of (1) — (2) from the
trivial solution f =0, A(x) = h(z + ¢) where ¢ is constant. This is referred
to as the “normal state”, because the material is not then superconducting.
The most recent of these papers [4] (henceforth referred to as [BH]) appears
just before this paper, and discusses the direction and stability of bifurcating
symmetric solutions. (Symmetric solutions are those where f is an even
function, and A is odd.) The work of Bolley and Helffer has given a detailed
picture of the local bifurcations which occur in this problem. Many of their
results are summarized in [1], which also contains a numerical study of the
global behavior of the solutions as h, x, and d are varied.

The purpose of the present note is to show how elementary techniques
can be used to prove one of the main results in [BH], about the direction
of bifurcation. This continues work begun in [6] where similar techniques
were used to give alternative proofs of other results of Bolley and Helffer,
and where progress was made on obtaining the global bifurcation diagram
for (1) — (2) in the parameter range rd large. These proofs do not require
detailed asymptotics for the parabolic cylinder functions which solve the
relevant linear equations. The methods are classical techniques in ode’s,
such as Sturmian type comparisons and Ricatti equations. These were used
by the author and W. C. Troy earlier, in [7], to study global stability of
asymmetric solutions near the bifurcation point.

The proof in [BH] is only for symmetric solutions, but it is remarked that
the result can probably be extended to the asymmetric case, as was done for
the less precise results in [3]. Similarly, the method in this paper should
extend to the asymmetric case. In [6] these techniques were used to get
results about asymmetric solutions such as the uniqueness of the asymmetric
bifurcation point, which was also proved earlier by Bolley and Helffer using
detailed asymptotics.

0.2 Alternative proof of the direction of bifurcation in
the symmetric case

We consider the linearization of (1) — (2) around a symmetric normal state
f=0,A = hz. Using slightly different notation from [BH], we let f, (-, &, h)



be the solution to the initial value problem

o = (h*z* = 1)fo (3)
fo(0) =1, f5(0) =0.

It follows from standard theory (e.g. [5] Chapter 8, section 2 ) that for
each k > 0 and each d > 0 there is a unique h = hy = ho(x) > 0 such that
fo > 0on [—d,d] and f{(d) = 0. It is easy to show that symmetric solutions
to the full nonlinear problem bifurcate from the normal state at h = hg (k) .
We will have occasion to refer to the derivative of the function fy(z, &, ho (k))
with respect to , writing this as %fo (x, K, ho(k)) . We will also need to use
the derivative of the function fy(x, x, h) with respect to &, for fixed x and h,
evaluated at h = ho(k). We will denote this by % (x, Kk, ho(R)) -

It was shown in [9], [3] that the direction of bifurcation is determined by
the sign of

d
I(k,d) =/ (folw, &, ho(r))" — 241 (2, K, ho(k))*)dx (4)
0
where A;(+, K, ho (k)) is the unique solution of

Al(z) = ho(r) z fo(z, K, ho(k))?
A(d) = 0, A,(0) = 0.

Here we use the fact that fy is even. Our goal is to prove

Theorem 1 (Equivalent to Theorem 2.2 of [BH]) There is a C' function
Ko : d — ko(d) defined for sufficiently large d and satisfying

lim ro(d) = 2712

d—oo

such that for k = ko(d), I(k,d) = 0. Moreover, there ezists a dy > 0 such
that if d > dy and kd > %0 then

(ko(d) — K)I(k,d) <O

for k # kKo(d).



From the definition of A; we see that (suppressing the dependence on k) :

d
Al(x) = —/ hos fo(s)?ds (5)

Multiply (3) by f§ and integrate from x to d and we find that

L SNy gap 1)@ — (322 - D). (6)

Al(z) = _2—h0 2

Let p = p(x, K, h) = ﬁg(izz Choose A € (3,1) . andlet Q = [0, Ad]x[3, 1].

(A will be further restricted below.) We need three lemmas, which we prove
later:

Lemma 2 Let h = hy(rk). Then for sufficiently large d, —x* < p/ < 0
for (z,k) € Q, and limg_.oo p) = —~&* uniformly in Q, in the sense that
limg oo (Max(y gyeq |0/ + k%) = 0. Also, for sufficiently large d, p' < —r*+ d4
on [0,4]. Further, ho(k) > k. Also asd — oo, ho(k) — £ and 92 — 1 um-
formly for 3 < k < 1. Finally, for sufficiently large d, 2 50 (T, K, ho(K)) > =5
f0r0<x<2, 2§/£<1

Lemma 3 For large d, fo(z) < e #4°/16 for 4 <z <d.

Lemma 4 There is an M > 0 independent of d > 1 such that if% <k<l1,
then

0 J .
-2 ol o))+ | fy s ()] < M+ ) o)
on [0,d].
From Lemmas 3 and 4 and (4), (5) we see the following:

Corollary 5 There are numbers m and p > 0, independent of d and k,
such that as d — o0,

d
/ (fole)! — 244(2)?)di = O(d™e )

[NJfsH

and

d
dk

uniformly for 5 < k < 1, where fo(x) = fo(x, Kk, ho(r)) and Ay (z) = Ay(z, K, ho (K)).

(fo( ) = 24} (2)*)dx = O(d"e "),



Hence the following result proves Theorem 1 for 1 <k<l1l:

Lemma 6 Suppose that <k < \[ < ko < 1. Then there is an € > 0 such
that for sufficiently large d,

da
I = /Q(fo(:z:)4 — 24} (z)*)dx < — when k = Ky,
0

a
I = /Q(fo(:z:)4 —2A4(2)?)dx > & when Kk = Ky,
0
and at any K in [k1, ko] where I(k,d) =0,

dci (fo( ) — 240 (x)?)dx > €.
Proof: Since p = 22, and fy > 0, f} <0, we find that
p=r (hﬁf—l)—p, p(0) =0,p(d) =0, p<0Oon (0,d).  (7)
(We are still taking h = hg = ho(k).) From this and (6) it follows that

@) folw)?  (hgd” —1)fo(d)*

Al =
L (-T) 2h0/ﬁ)2 2h0
Therefore, using Lemma 3,
-[1 / fO 2h2 4)d$+0(1)

as d — oo, and by Lemmas 3 and 4,

——1I = —/ fo(z h2 4)dx+o(1).

Lemma 2 implies that f; — e ** uniformly on any compact interval
in x and for Kk € [%, 1]. The first two parts of Lemma 6 then follow from

’ d .
Lemma 2 since (1 — 2]%—14) — 1— 55 on [0,4] and [ fo(x)*dz is bounded
below by a positive number as d — oo. For the third part we have

p/2
4= / (Aol ol . o)) (1~ sz (8)
4 pl2 dhO 4p,da,€pl(x7 K, hO(“)) 4 2pl2
+ fol2) h%/@‘*%_ (z) h3rk* + folz) h%/ﬁ5}d$



Using Lemmas 2, 3 and 4 and Corollary 5 we see that when [ =0, asd — oo,

/ Jo(z 2h2 4)d3: = O(d™e ") (9)
for an appropriate m and pu.
Lemma 7 If I =0, then ’1 - #/14 <32 on [0,4], for large d .
Proof: Lemma 2 implies that the variation of 1 — % over [0,4] is
0

l2
12, where we use hg > k > . If 1—2h24 > 2
16

this interval, then it must remain above 51 over the entire interval. But,
since fy - 0 in any bounded interval, the order relation (9) would then be
violated. This proves Lemma 7.

Therefore, using Lemmas 3 and 4, the integral of the first term in (8) is
o(1) as d — oo, always assuming I = 0.

From the bound on & ¢/(z, K, ho(k)) and Lemma 2 we see that as d — oo
the sum of the last three terms of (8) is bounded below by fo% Tfo(x)! Sdu.
Lemma 6 follows, and we have left to prove Lemmas 2, 3 and 4.

Proof of Lemma 2. In addition to p, which satisfies (7), consider
p1 = —k2x. Then

less than anywhere in

(0= p1) = w&*(hg — k)2 = (p+ p1)(p — p1) (10)

and (p—p1) =(p—p1) =(p—p1)' =0 at z=0.

If hg = Kk then p = p; and p does not satisfiy the boundary conditions in
(7). If ho < &, then (p— p1)"” (0) < 0, so p < p; on some interval (0,¢). If
p < py on (0,a) but p(a) = pr(a), then g(a) = pi(a), but (10) with p = py
and hy < k contradict this. Therefore p < p; as long as p exists and p again
could not satisfy the boundary conditions in (7). Hence hy > x. Note that
0'(0) = —k2. From (7) we also see that

P =2K*h3x — 2pp (11)
p/// — 2/{/2h(2) _ 2p12 _ 2pp//'

Hence, if p” = 0 and |p| < &2, then p” > 0. Therefore p” > 0 for z > 0 as
long as p' < k*,and so p'(0) = —«? implies that p’ > —k? on [0, d].



Also, if p'(zg) = 0 for some g € (0,d), then p’ > 0 on (xg,d). If p’ does
not tend to —x? uniformly on [0, A\d], as d — oo, then because p” > 0, there
is a 0 > 0, independent of d, such that p/(Ad) > —k? + ¢ for arbitrarily large
values of d. Also, since p' > —k?, we have p(\d) > —Adrx?. Hence, from (17)
we find that for large d,

p"(Ad) > 26> RGAd + 26°Ad (—K* + 6) > K2dS,

since 2\ > 1. Further, p” > 0if p < 0,p” > 0 and 0 > p' > —k%. On

the other hand, if p' > 0 and p < 0, then p” > 2x?h%z, so whether or not
o' changes sign on [0, \d], p”’(z) > k*dd on [Ad,d]. Two integrations show

that p(d) > —k?d + /€26%d3, which implies that for x > % and large d,
p =0 before z = d. This contradiction proves that p’ — —x? uniformly on
Q. Also, p" > 2(k*h3 — p) and p < k* on [0, Ad]. If limg_. sup hy > k,
then there is an € > 0 such that for a sequence of d’s tending to infinity,
p" > e on [0, \d]. But then, p’ cannot tend to —x? uniformly in this interval.
Hence, hg — k as d — oo.

Now repeat the same argument with the assumption that —x? + d% </

somewhere on [0, 4]. We obtain the inequalities

d K2
/!
2y >
and
p/// 2 —Qpp”
—[Z s)ds ¥ Kk2sds
on [4,\d], leading to p” > ’;—26 Ig 2o > Z—ief% * since for large d,

p(s) < —“725 on this interval.  This implies that p/(Ad) > —x* + p for

some p independent of d, contradicting our previous result.
Note that p(x, k, h) can be defined to be the solution of p = k?(h%x?—1)—p?,
p(0) =0, and let 0 = %\h:ho(,{), = %]h:ho(ﬁ). From (7) we have

o' =2r(hix* — 1) — 2po, o(0) =0
1= 2hok’x® — 2pp, p(0) = 0.

From the equation p(d, &, ho(k)) = 0 we find that 2 = —%. Solving the
equations for ¢ and p gives

dho _ fod relo 27O ds — fod Kh2s2elo 200t g5

dk fod h0ﬁ232€fos 2p(t)dt ] ¢
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Since p/ — —x? uniformly in Q, it follows that the limits of all of these
integrals do exist as d — oo, uniformly for x € [%, 1]. To see this, note that
by Lemma 2, elo 220 decreases exponentially out to s = Ad and remains
exponentially small on [Ad, d]. Since % — 1, this implies that % — 1.

Finally we need to prove the lower bound stated in Lemma 2 for
s'(z) == Zp' (2, k, ho(k)). The differential equation satisfied by s = - p(z, K, ho(k))
is

s’ = =2k + 2(khj + hoﬁ2%)l‘2 —2ps, with s(0) =0, s(d)=0. (12)
K

The quantity in parentheses tends to 2x? as d — oo. Note that s'(0) = —2k.
Suppose that for some z € [0, %], s < —%/'i. At any such point, from (12) we
see that s(z) < —(2 + o(1))kz. Also, p < (=K% + 0(1)) on [0, Ad]. It follows
that at a point in [0, Ad] where s < —gm, we have

dh
s" = 4(khl + holi2d—0)l‘ — 205 —2ps’ < (=1 +o(1))k*z <0
K

for large d. This proves that s’ < —%/i on [%, )\d] , and also that for large d,
'< —l k32 on this interval. Integrating this twice shows that

AN — 3N+ 1

s(\d) < —K*d® 18

(13)
From Ad to d, (12) implies that s < 5k32? for large d, since for large
d, 2(khy + hor*%2) < 5x* Integrating this from Ad to d shows that
s(d) < s(Ad) + 2k3d* (1 — X%), and for A sufficiently close to 1, (indepen-
dent of d or k) we use (13) to get s(d) < 0, contradicting (12). This proves
Lemma 2.

Lemma 3 follows easily from Lemma 2, again by dividing [0, d] into [O, %l]
and [g, d], and noting that f < 0.

Proof of Lemma 4. Let fy(z, k, h) solve (3) with fy(0) = 1, f3(0) =0

Let p = %(x, Ky ho (R)), ¢ = %J;f (x,K,ho (k). Then
p" =R (hga® = Dp + 26(hga® = 1) fo, p0) =p'(0)=0  (14)
¢" = Kk*(hiz* — 1)q + 2h0/£2x2f0, q(0) =¢'(0) =0 (15)
From the equation fi(d, x,ho) = 0 we find that % = ,E d; Multiply

(14) by fo and (3) by p, subtract and integrate by parts from 0 to d, and
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use the boundary conditions on p and fj to get

fold)p(d) = /‘zamw 1) fo(x)dn

0

Also, integrating only from 0 to z, we show that

(2) = b5 [ 2ttt ~ e

Similarly, we obtain from (15) that

d
hwwwkj£2%ﬁﬁh@ﬂm

(%) = 7f0(1x)2 /Ox 2ho/§252fo(s)2d8

/ /
Integrate the equations for <£) and <%) to obtain £ and L as

and

fo fo fo
integrals involving f; . We then have
S fole. o)) = o) = 228 2)
e 2k(h3r? —1 2d
= fole / (ot = 1) = hont L Iy K2h0;2 2fo)(f0)(2d)r ~Hultaeds
2K
Zfo(f)/o WR(S)OZS
where

_ ’ . 2 | 42 2 fodfO(T)QdT
R(s) = /0 (Aot + Rt

Note that R(d) = 0. Therefore,

0 ot T2k d 2 2 ) fodfo(r)QdT )
%fo(x, Ky ho(k)) = fo(z) ; —fO(S)Q/S ( fo(t)* =2 fo(t) —deTQfO(T)QdTMtd

(16)



But now, we bring the denominator fy(s)? inside the integral and note that

JJ;O—((?) < 1. This gives a crude bound of Md? for the absolute value of the inner

integral and results in a bound of the form
((%fo(x, K, ho(k))| < MdPz fo(x).

Differentiating (16)  with respect to x then gives a bound
}%f(’)(x, K, ho(/i))’ < Md3x(|fi(z)] + |fo(x)|), and from the inequality
lp| = \;—é\ < k%x we obtain the final bound in the Lemma.

There remains to extend the result to a region of the form x > . For
this purpose we make the change of variables + — y = kz, fo(z) = g(y),
k*A;(z) = B(y). We then have

1 nd 4 2 / 2
I=— [ (9(y)" — =B(y))dy. (17)
Kk Jo K
Further,
g = @*y* —1)g, g(0)=1, ¢'(0)=0, ¢(kd)=0
where v = % There is a unique v such that this problem has a positive

solution, so g depends only on kd. Similarly it is found that B depends only
on kd. We know that there is a dy such that [(%, d) < —e for d > dy. Then
(17) shows that I < —e in the entire region g—g < k < 1. Similarly, I > 0 for
d > dy, k > 1. This proves Theorem 1.

0.3 Conclusion

We have given a different approach from that of Bolley and Helffer for
the proof of results about bifurcations from the normal state in the one
dimensional Ginzburg Landau equations. Together with a previous paper
6], we have seen how standard ode methods can give shorter proofs in many
cases. In our opinion most of the problems about bifurcation from the
normal state in one dimension for large or small x and d are now settled,
though interesting global questions remain.
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