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Abstract

In the preceding paper, Bolley and Helffer [4] add to their extensive
set of results on bifurcation in the one-dimensional Ginzburg-Landau
model of superconductivity. One of their new results concerns the
direction of bifurcation of symmetric solutions. We give another
approach to this problem.

0.1 Introduction

We consider the Euler-Lagrange equations for the one-dimensional Ginzburg-
Landau model for superconductivity. The equations are

f ′′ = κ2(f 2 + A2 − 1)f (1)

A′′ = f 2A

where f represents the density of superconducting electrons, A is the mag-
netic field potential, and κ is a material constant. We look for solutions on
a bounded interval [−d, d] satisfying the boundary conditions

f ′(±d) = 0 (2)

A′(±d) = h
where h is a parameter giving the strength of the magnetic field. For a
recent discussion of the physical background see [1].
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In a series of papers over the last 10 years Bolley, and Bolley and Helffer,
have considered the problem of bifurcation of solutions of (1)− (2) from the
trivial solution f = 0, A(x) = h(x+ c) where c is constant. This is referred
to as the “normal state”, because the material is not then superconducting.
The most recent of these papers [4] (henceforth referred to as [BH]) appears
just before this paper, and discusses the direction and stability of bifurcating
symmetric solutions. (Symmetric solutions are those where f is an even
function, and A is odd.) The work of Bolley and Helffer has given a detailed
picture of the local bifurcations which occur in this problem. Many of their
results are summarized in [1], which also contains a numerical study of the
global behavior of the solutions as h, κ, and d are varied.
The purpose of the present note is to show how elementary techniques

can be used to prove one of the main results in [BH], about the direction
of bifurcation. This continues work begun in [6] where similar techniques
were used to give alternative proofs of other results of Bolley and Helffer,
and where progress was made on obtaining the global bifurcation diagram
for (1)− (2) in the parameter range κd large. These proofs do not require
detailed asymptotics for the parabolic cylinder functions which solve the
relevant linear equations. The methods are classical techniques in ode’s,
such as Sturmian type comparisons and Ricatti equations. These were used
by the author and W. C. Troy earlier, in [7], to study global stability of
asymmetric solutions near the bifurcation point.
The proof in [BH] is only for symmetric solutions, but it is remarked that

the result can probably be extended to the asymmetric case, as was done for
the less precise results in [3]. Similarly, the method in this paper should
extend to the asymmetric case. In [6] these techniques were used to get
results about asymmetric solutions such as the uniqueness of the asymmetric
bifurcation point, which was also proved earlier by Bolley and Helffer using
detailed asymptotics.

0.2 Alternative proof of the direction of bifurcation in

the symmetric case

We consider the linearization of (1)− (2) around a symmetric normal state
f = 0, A = hx. Using slightly different notation from [BH], we let f0 (·, κ, h)
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be the solution to the initial value problem

f ′′0 = κ
2(h2x2 − 1)f0 (3)

f0(0) = 1, f
′
0(0) = 0.

It follows from standard theory (e.g. [5] Chapter 8, section 2 ) that for
each κ > 0 and each d > 0 there is a unique h = h0 = h0(κ) > 0 such that
f0 > 0 on [−d, d] and f ′0(d) = 0. It is easy to show that symmetric solutions
to the full nonlinear problem bifurcate from the normal state at h = h0 (κ) .
We will have occasion to refer to the derivative of the function f0(x, κ, h0 (κ))
with respect to κ, writing this as ∂

∂κ
f0 (x, κ, h0(κ)) . We will also need to use

the derivative of the function f0(x, κ, h) with respect to κ, for fixed x and h,
evaluated at h = h0(κ). We will denote this by

∂f0

∂κ
(x, κ, h0(κ)) .

It was shown in [9], [3] that the direction of bifurcation is determined by
the sign of

I(κ, d) =

∫ d

0

(f0(x, κ, h0(κ))
4 − 2A′

1(x, κ, h0(κ))
2)dx (4)

where A1(·, κ, h0 (κ)) is the unique solution of

A′′
1(x) = h0(κ) x f0(x, κ, h0(κ))

2

A′
1(d) = 0, A1(0) = 0.

Here we use the fact that f0 is even. Our goal is to prove

Theorem 1 (Equivalent to Theorem 2.2 of [BH]) There is a C1 function
κ0 : d → κ0(d) defined for sufficiently large d and satisfying

lim
d→∞

κ0(d) = 2
−1/2

such that for κ = κ0(d), I(κ, d) = 0. Moreover, there exists a d0 > 0 such
that if d ≥ d0 and κd ≥ d0

2
then

(κ0(d)− κ)I(κ, d) < 0

for κ �= κ0(d).
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From the definition of A1 we see that (suppressing the dependence on κ) :

A′
1(x) = −

∫ d

x

h0sf0(s)
2ds (5)

Multiply (3) by f ′0 and integrate from x to d and we find that

A′
1(x) = − 1

2h0

(
f ′0(x)

2

κ2
+ (h2

0d
2 − 1)f0(d)

2 − (h2
0x

2 − 1)f0(x)
2). (6)

Let ρ = ρ(x, κ, h) =
f ′
0(x,κ,h)

f0(x,κ,h)
. Choose λ ∈ (

1
2
, 1

)
. and let Ω = [0, λd]×[1

2
, 1].

(λ will be further restricted below.) We need three lemmas, which we prove
later:

Lemma 2 Let h = h0(κ). Then for sufficiently large d, −κ2 ≤ ρ′ < 0
for (x, κ) ∈ Ω, and limd→∞ ρ′ = −κ2 uniformly in Ω, in the sense that
limd→∞(max(x,κ)∈Ω |ρ′+κ2|) = 0. Also, for sufficiently large d, ρ′ ≤ −κ2+ 1

d4

on [0, d
2
]. Further, h0(κ) > κ. Also as d→ ∞, h0(κ)→ κ and dh0

dκ
→ 1 uni-

formly for 1
2
≤ κ ≤ 1. Finally, for sufficiently large d, ∂

∂κ
ρ′(x, κ, h0(κ)) > −5κ

2

for 0 ≤ x ≤ d
2
, 1

2
≤ κ ≤ 1.

Lemma 3 For large d, f0(x) ≤ e−κ2d2/16 for d
2
≤ x ≤ d .

Lemma 4 There is an M > 0 independent of d ≥ 1 such that if 1
2
≤ κ ≤ 1,

then

| ∂
∂κ
f0(x, κ, h0(κ))|+ | ∂

∂κ
f ′0(x, κ, h0(κ))| ≤ Md3(x+ x2)f0(x)

on [0, d].

From Lemmas 3 and 4 and (4) , (5) we see the following:

Corollary 5 There are numbers m and µ > 0, independent of d and κ,
such that as d→ ∞,∫ d

d
2

(f0(x)
4 − 2A′

1(x)
2)dx = O(dme−µd2

)

and
d

dκ

∫ d

d
2

(f0(x)
4 − 2A′

1(x)
2)dx = O(dme−µd2

),

uniformly for 1
2
≤ κ ≤ 1, where f0(x) = f0(x, κ, h0(κ)) and A1(x) = A1(x, κ, h0 (κ)).
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Hence the following result proves Theorem 1 for 1
2
≤ κ ≤ 1 :

Lemma 6 Suppose that 1
2
≤ κ1 <

1√
2
< κ2 ≤ 1. Then there is an ε > 0 such

that for sufficiently large d,

I1 :=

∫ d
2

0

(f0(x)
4 − 2A′

1(x)
2)dx < −ε when κ = κ1,

I1 :=

∫ d
2

0

(f0(x)
4 − 2A′

1(x)
2)dx > ε when κ = κ2,

and at any κ in [κ1, κ2] where I(κ, d) = 0,

d

dκ

∫ d
2

0

(f0(x)
4 − 2A′

1(x)
2)dx > ε.

Proof: Since ρ =
f ′
0

f0
, and f0 > 0, f

′
0 < 0, we find that

ρ′ = κ2(h2
0x

2 − 1)− ρ2, ρ(0) = 0, ρ(d) = 0, ρ < 0 on (0, d). (7)

(We are still taking h = h0 = h0(κ).) From this and (6) it follows that

A′
1(x) =

ρ′(x)f0(x)
2

2h0κ2
− (h2

0d
2 − 1)f0(d)

2

2h0

.

Therefore, using Lemma 3,

I1 =

∫ d
2

0

f0(x)
4(1− ρ′2

2h2
0κ

4
)dx+ o(1)

as d→ ∞, and by Lemmas 3 and 4,
d

dκ
I1 =

d

dκ

∫ d
2

0

f0(x)
4(1− ρ′2

2h2
0κ

4
)dx+ o(1).

Lemma 2 implies that f0 → e−κ2x2
uniformly on any compact interval

in x and for κ ∈ [
1
2
, 1

]
. The first two parts of Lemma 6 then follow from

Lemma 2 since (1 − ρ′2
2h2

0κ4 ) → 1 − 1
2κ2 on [0,

d
2
] and

∫ d
2

0
f0(x)

4dx is bounded

below by a positive number as d→ ∞. For the third part we have
d

dκ
I1 =

∫ d
2

0

{4f0(x)
3 ∂

∂κ
f0(x, κ, h0(κ))(1− ρ′2

2h2
0κ

4
)+ (8)

+ f0(x)
4 ρ

′2

h3
0κ

4

dh0

dκ
− f0(x)

4ρ
′ ∂
∂κ
ρ′(x, κ, h0(κ))

h2
0κ

4
+ f0(x)

4 2ρ
′2

h2
0κ

5
}dx
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Using Lemmas 2, 3 and 4 and Corollary 5 we see that when I = 0, as d→ ∞,
∫ d

2

0

f0(x)
4(1− ρ′2

2h2
0κ

4
)dx = O(dme−µd2

) (9)

for an appropriate m and µ.

Lemma 7 If I = 0, then
∣∣∣1− ρ′2

2h2
0κ4

∣∣∣ < 32
d4 on [0,

d
2
], for large d .

Proof: Lemma 2 implies that the variation of 1 − ρ′2
2h2

0κ4 over [0,
d
2
] is

less than 16
d4 , where we use h0 > κ ≥ 1

2
. If

∣∣∣1− ρ′2
2h2

0κ4

∣∣∣ ≥ 32
d4 anywhere in

this interval, then it must remain above 16
d4 over the entire interval. But,

since f0 � 0 in any bounded interval, the order relation (9) would then be
violated. This proves Lemma 7.
Therefore, using Lemmas 3 and 4, the integral of the first term in (8) is

o(1) as d→ ∞, always assuming I = 0.
From the bound on ∂

∂κ
ρ′(x, κ, h0(κ)) and Lemma 2 we see that as d→ ∞

the sum of the last three terms of (8) is bounded below by
∫ d

2

0
1
4
f0(x)

4 1
κ3dx.

Lemma 6 follows, and we have left to prove Lemmas 2, 3 and 4.
Proof of Lemma 2. In addition to ρ, which satisfies (7) , consider

ρ1 = −κ2x. Then

(ρ− ρ1)
′ = κ2(h2

0 − κ2)x2 − (ρ+ ρ1)(ρ− ρ1) (10)

and (ρ− ρ1) = (ρ− ρ1)
′ = (ρ− ρ1)

′′ = 0 at x = 0.
If h0 = κ then ρ ≡ ρ1 and ρ does not satisfiy the boundary conditions in

(7) . If h0 < κ, then (ρ− ρ1)
′′′ (0) < 0, so ρ < ρ1 on some interval (0, ε) . If

ρ < ρ1 on (0, a) but ρ(a) = ρ1(a), then ρ
′(a) ≥ ρ′1(a), but (10) with ρ = ρ1

and h0 < κ contradict this. Therefore ρ < ρ1 as long as ρ exists and ρ again
could not satisfy the boundary conditions in (7) . Hence h0 > κ. Note that
ρ′(0) = −κ2. From (7) we also see that

ρ′′ = 2κ2h2
0x− 2ρρ′ (11)

ρ′′′ = 2κ2h2
0 − 2ρ′2 − 2ρρ′′.

Hence, if ρ′′ = 0 and |ρ′| ≤ κ2, then ρ′′′ > 0. Therefore ρ′′ > 0 for x > 0 as
long as ρ′ ≤ κ2,and so ρ′(0) = −κ2 implies that ρ′ ≥ −κ2 on [0, d] .
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Also, if ρ′(x0) = 0 for some x0 ∈ (0, d), then ρ′ > 0 on (x0, d) . If ρ
′ does

not tend to −κ2 uniformly on [0, λd] , as d→ ∞, then because ρ′′ > 0, there
is a δ > 0, independent of d, such that ρ′(λd) ≥ −κ2 + δ for arbitrarily large
values of d. Also, since ρ′ ≥ −κ2, we have ρ(λd) ≥ −λdκ2. Hence, from (17)
we find that for large d,

ρ′′(λd) ≥ 2κ2h2
0λd+ 2κ

2λd
(−κ2 + δ

) ≥ κ2dδ,

since 2λ > 1. Further, ρ′′′ > 0 if ρ < 0, ρ′′ > 0 and 0 > ρ′ > −κ2. On
the other hand, if ρ′ > 0 and ρ < 0, then ρ′′ ≥ 2κ2h2

0x, so whether or not
ρ′ changes sign on [0, λd], ρ′′(x) ≥ κ2dδ on [λd, d]. Two integrations show

that ρ(d) ≥ −κ2d + κ2δ (1−λ)2

2
d3, which implies that for κ ≥ 1

2
and large d,

ρ = 0 before x = d. This contradiction proves that ρ′ → −κ2 uniformly on
Ω. Also, ρ′′′ ≥ 2(κ2h2

0 − ρ′2) and ρ′2 ≤ κ4 on [0, λd]. If limd→∞ sup h0 > κ,
then there is an ε > 0 such that for a sequence of d’s tending to infinity,
ρ′′′ ≥ ε on [0, λd] . But then, ρ′ cannot tend to −κ2 uniformly in this interval.
Hence, h0 → κ as d→ ∞.
Now repeat the same argument with the assumption that −κ2 + 1

d4 ≤ ρ′

somewhere on [0, d
2
]. We obtain the inequalities

ρ′′(
d

2
) ≥ κ2

d3

and
ρ′′′ ≥ −2ρρ′′

on [d
2
, λd], leading to ρ′′ ≥ κ2

d3 e
− ∫ x

d
2

2ρ(s)ds ≥ κ2

d3 e
∫ x

d
2

κ2sds
since for large d,

ρ(s) ≤ −κ2s
2
on this interval. This implies that ρ′(λd) > −κ2 + µ for

some µ independent of d, contradicting our previous result.
Note that ρ(x, κ, h) can be defined to be the solution of ρ′ = κ2(h2x2−1)−ρ2,

ρ(0) = 0, and let σ = ∂ρ
∂κ
|h=h0(κ), µ =

∂ρ
∂h
|h=h0(κ). From (7) we have

σ′ = 2κ(h2
0x

2 − 1)− 2ρσ, σ(0) = 0
µ′ = 2h0κ

2x2 − 2ρµ, µ(0) = 0.

From the equation ρ(d, κ, h0(κ)) = 0 we find that
dh0

dκ
= −σ(d)

µ(d)
. Solving the

equations for σ and µ gives

dh0

dκ
=

∫ d

0
κe

∫ s
0 2ρ(t)dtds− ∫ d

0
κh2

0s
2e

∫ s
0 2ρ(t)dtds∫ d

0
h0κ2s2e

∫ s
0

2ρ(t)dtds
.
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Since ρ′ → −κ2 uniformly in Ω, it follows that the limits of all of these
integrals do exist as d→ ∞, uniformly for κ ∈ [1

2
, 1]. To see this, note that

by Lemma 2, e
∫ s
0

2ρ(t)dt decreases exponentially out to s = λd and remains
exponentially small on [λd, d]. Since h0

κ
→ 1, this implies that dh0

dκ
→ 1.

Finally we need to prove the lower bound stated in Lemma 2 for
s′(x) := ∂

∂κ
ρ′(x, κ, h0(κ)). The differential equation satisfied by s =

∂
∂κ
ρ(x, κ, h0(κ))

is

s′ = −2κ+ 2(κh2
0 + h0κ

2dh0

dκ
)x2 − 2ρs, with s (0) = 0, s(d) = 0. (12)

The quantity in parentheses tends to 2κ3 as d→ ∞. Note that s′(0) = −2κ.
Suppose that for some x ∈ [0, d

2
], s′ ≤ −5

2
κ. At any such point, from (12) we

see that s(x) ≤ −(2 + o(1))κx. Also, ρ′ ≤ (−κ2 + o(1)) on [0, λd]. It follows
that at a point in [0, λd] where s′ ≤ −5

2
κ, we have

s′′ = 4(κh2
0 + h0κ

2dh0

dκ
)x− 2ρ′s− 2ρs′ ≤ (−1 + o(1))κ3x < 0

for large d. This proves that s′ ≤ −5
2
κ on

[
d
2
, λd

]
, and also that for large d,

s′′ < −1
2
κ3x on this interval. Integrating this twice shows that

s(λd) < −κ3d34λ
3 − 3λ+ 1
48

. (13)

From λd to d, (12) implies that s′ ≤ 5κ3x2 for large d, since for large
d, 2(κh2

0 + h0κ
2 dh0

dκ
) < 5κ3. Integrating this from λd to d shows that

s(d) ≤ s(λd) + 5
3
κ3d3 (1− λ3) , and for λ sufficiently close to 1, (indepen-

dent of d or κ) we use (13) to get s(d) < 0, contradicting (12) . This proves
Lemma 2.
Lemma 3 follows easily from Lemma 2, again by dividing [0, d] into

[
0, d

2

]
and

[
d
2
, d

]
, and noting that f ′0 ≤ 0.

Proof of Lemma 4. Let f0(x, κ, h) solve (3) with f0(0) = 1, f
′
0(0) = 0.

Let p = ∂f0

∂κ
(x, κ, h0 (κ)), q =

∂f0

∂h
(x, κ, h0 (κ)). Then

p′′ = κ2(h2
0x

2 − 1)p+ 2κ(h2
0x

2 − 1)f0, p(0) = p′(0) = 0 (14)

q′′ = κ2(h2
0x

2 − 1)q + 2h0κ
2x2f0, q(0) = q

′(0) = 0 (15)

From the equation f ′0(d, κ, h0) = 0 we find that dh0

dκ
= −p′(d)

q′(d)
. Multiply

(14) by f0 and (3) by p, subtract and integrate by parts from 0 to d, and
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use the boundary conditions on p and f0 to get

f0(d)p
′(d) =

∫ d

0

2κ(h2
0x

2 − 1)f0(x)
2dx.

Also, integrating only from 0 to x, we show that

(
p

f0

)′
=

1

f0(x)2

∫ x

0

2κ(h2
0s

2 − 1)f0(s)
2ds.

Similarly, we obtain from (15) that

f0(d)q
′(d) =

∫ d

0

2h0κ
2x2f0(x)

2dx

and (
q

f0

)′
=

1

f0(x)2

∫ x

0

2h0κ
2s2f0(s)

2ds.

Integrate the equations for
(

p
f0

)′
and

(
q
f0

)′
to obtain p

f0
and q

f0
as

integrals involving f0 . We then have

∂

∂κ
f0(x, κ, h0(κ)) = p(x)− p′(d)

q′(d)
q′(x)

= f0(x)

∫ x

0

2κ

f0(s)2

∫ s

0

{(h2
0t

2 − 1)− h0κt
2

∫ d

0
2κ(h2

0r
2 − 1)f0(r)

2dr∫ d

0
2h0κ2r2f0(r)2dr

}f0(t)
2dtds

= f0(x)

∫ x

0

2κ

f0(s)2
R(s)ds

where

R(s) =

∫ s

0

(−f0(t)
2 + t2f0(t)

2

∫ d

0
f0(r)

2dr∫ d

0
r2f0(r)2dr

)dt.

Note that R(d) = 0. Therefore,

∂

∂κ
f0(x, κ, h0(κ)) = f0(x)

∫ x

0

2κ

f0(s)2

∫ d

s

( f0(t)
2 − t2f0(t)

2

∫ d

0
f0(r)

2dr∫ d

0
r2f0(r)2dr

)dtds

(16)
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But now, we bring the denominator f0(s)
2 inside the integral and note that

f0(t)
f0(s)

≤ 1. This gives a crude bound ofMd3 for the absolute value of the inner
integral and results in a bound of the form∣∣∣∣ ∂∂κf0(x, κ, h0(κ))

∣∣∣∣ ≤Md3xf0(x).

Differentiating (16) with respect to x then gives a bound∣∣ ∂
∂κ
f ′0(x, κ, h0(κ))

∣∣ ≤ Md3x(|f ′0(x)| + |f0(x)|), and from the inequality

|ρ| = | f ′
0

f0
| ≤ κ2x we obtain the final bound in the Lemma.

There remains to extend the result to a region of the form κ ≥ a0

d
. For

this purpose we make the change of variables x → y = κx, f0(x) = g(y),
κ2A1(x) = B(y). We then have

I =
1

κ

∫ κd

0

(g(y)4 − 2

κ2
B′(y)2)dy. (17)

Further,

g′′ = (v2y2 − 1)g, g(0) = 1, g′(0) = 0, g′(κd) = 0
where v = h0

κ
. There is a unique ν such that this problem has a positive

solution, so g depends only on κd. Similarly it is found that B depends only
on κd. We know that there is a d0 such that I(

1
2
, d) ≤ −ε for d ≥ d0. Then

(17) shows that I ≤ −ε in the entire region d0

2d
≤ κ ≤ 1

2
. Similarly, I > 0 for

d ≥ d0, κ ≥ 1. This proves Theorem 1.

0.3 Conclusion

We have given a different approach from that of Bolley and Helffer for
the proof of results about bifurcations from the normal state in the one
dimensional Ginzburg Landau equations. Together with a previous paper
[6], we have seen how standard ode methods can give shorter proofs in many
cases. In our opinion most of the problems about bifurcation from the
normal state in one dimension for large or small κ and d are now settled,
though interesting global questions remain.
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