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Abstract

This paper concerns analyticity of a classical steadily translating finger in a Hele-
Shaw cell and nonexistence of solutions when relative finger width X is smaller than %
It is proved that any classical solution to the finger problem, if it exists for sufficiently
small but nonzero surface tension and is close to some Saffman-Taylor zero-surface-
tension solution and satisfies some algebraic decay conditions at co, must belong to
the analytic function space Ao, as defined in §1, and chosen in a previous study [34] of
existence of finger solutions. Further, it is proved that for any fixed A € (0, 1), there
can be no classical steady finger solution when surface tension is sufficiently small, in
disagreement with a previous conclusion based on numerical simulation.

1 Introduction

The problem of a less viscous fluid displacing a more viscous fluid in
a Hele-Shaw cell has been the subject of numerous investigations since
1950’s. Reviews of the subject from a number of perspectives can be
found in [23], [10], [1], [14], [19] and [31]. In a seminal paper, Saffman &
Taylor [22] found experimentally that an unstable planar interface evolves
through finger competition to a steady translating finger, with relative
finger width A close to a half at large displacement rates. Theoretical
calculations [35], [22] ignoring surface tension revealed a one-parameter
family of exact steady solutions, parametrized by width A. When the ex-
perimentally determined X is used, the theoretical shape (usually referred
to in the literature as the Saffman-Taylor finger) agreed well with ex-
periment for relatively large displacement rates, or equivalently for small
surface tension. However, in the zero-surface-tension steady-state theory,
A remained undetermined in (0, 1) interval. The selection of A remained
unresolved until the mid 1980’s. Numerical calculations [17], [32], [12],
supported by formal asymptotic calculations in the the steady finger [4],
[25], [11], [28], [9], [5], [3] and closely-related steady Hele-Shaw bubble
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problem [28], [6], suggests that a discrete family of solutions exist for
which the the limiting shape, as surface tension tends to zero, approached
the Saffman-Taylor with A = 1. Subsequent numerical [13] and formal
asymptotic calculations [29] suggest that only branch is stable. How-
ever, the conclusion about existence of steady states is not universally
accepted. Based on numerical simulation of a time-evolving interface for
small but nonzero surface tension, and with the same model equations
used in [17]-[5], it was suggested [8] that the limiting steady shape was
1

a Saffman-Taylor solution with A < 3. In this paper, we conclude oth-

erwise through rigorous mathematical analysis. It is to be noted that
selection of Saffman-Taylor finger with A < % is possible for a more
mathematically complicated model, which incorporates thin-film effects
[18]-[20], as shown in [21]-[30]. The same is true when anisotropy [9] in

surface tension or other perturbations near the tip are introduced.

There has been a rigorous study [26] for a problem mathematically
similar, though not identical, to the steady viscous fingering problem
considered here. In that case, it has been proved that at least one finger
solution exists for fixed surface tension, though the relative finger width
and shape remains unknown. On the other hand, our primary focus is the
selection of finger width as surface tension tends to zero. A mathemati-
cally rigorous study of selection is difficult in this limit since exponentially
small terms in surface tension play a critical role. While a rigorous theory
of exponential asymptotics for nonlinear ordinary differential equations is
by now well developed ([7], for instance), this is not the case for integro-
differential equations, even though such problems have arisen in a number
of other physical contexts like dendritic crystal growth and water waves
(See, for instance, [24]). Formal calculations rely on the assumption that
integral terms do not contribute to exponentially small terms, at least
to the leading order. With this assumption, integro-differential equations
are simplified to essentially nonlinear ordinary differential equation, where
variants of the procedure due to Kruskal & Segur [15]-[16] have been used.
Recently ([33], [34]), we have shown how integral terms can be controlled
and a rigorous theory was developed for the integro-differential equation
presented here.

Following [31], a steady symmetric finger is equivalent to finding func-
tion F analytic in the upper-half ¢ plane (C") and twice differentiable in
its closure, i.e. in C2(C1), such that the following conditions are satisfied:
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Condition (i): On the real £ axis, F' satisfies

62 F”—i—H'
1.1 F = I :
() Rl =15 m{F+H}
where
§+ay 9 w2 \B

A
,With’yz— € =

(1.2) H(¢) T— N A1 - N2

where X is the relative finger width and B is a non-dimensional surface
tension parameter.
Condition (ii):

(1.3) F(&) , EF'(€) > 0 as € — +oo;
Condition (iii)(symmetry condition):
(1.4) Re F(=¢) =Re F(§) , Im F(=¢) = —Im F(¢) for real £.

DEFINITION 1.1 Let R be the open connected set between Im & = 0 and
0T Ul where

(r={: &= —ib+re ™0 0 <r < o0,b> O,g > o >0 fized}
0 ={6:E=—ib—re¥0< 7 < 0, }
Also, we define R~ =RN{{: Reé < 0} and RT =RN{E: Re & > 0}
DEFINITION 1.2 For fized T € (0,1),

A; ={F: F(§) is analytic in {Im £ >0} UR

with ||F||; = sup|(¢ — 2i)T"F(€)| < 00},5 =0, 1,2,
EER

Ay ={F:FeAg|Fllo<d},A ;5 ={F:FeA|F|| <},

Our previous result on the existence of solution [34] satisfying conditions
(i)-(iii) involved F € A0,3’FI € A, ;, where 5,6, are assumed a priori
to be small but independent of €. In this function space, for A € [%, Am),
with Ay, — 3 small enough (though independent of €), it was shown that
solution existed if and only if 2251 = €%/3 8, (€2/3), where {8,}32, is a
sequence of functions, analytic at the origin.
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However, there are two limitations of this result. The first is the choice
of the function space. Non-existence in this function space need not mean
non-existence of a classical solution F, analytic in C* and C? in its closure
C*. The second limitation is the restriction on A. In this paper, we prove
two theorems (Theorems 1.3 & 1.8) to relax these restrictions to a great
degree.

THEOREM 1.3 For small enough €, any analytic function F in the upper
half &-plane C, which is C? on its closure and satisfies conditions (i)-
(iii) belongs to function space A s, with F' € A 5,» where & = O(€?)
and 6, = O(e), provided Assumptions (i) and (ii) as stated below are also
satisfied:

Assumption (i): There exists 7 independent of €, 0 < 7 < 1 so that

(1.5) sup € —2i|"|F(§)] =0 < o0
56(700700)

Assumption (i1): We assume that each of ¢; and eln% 02 are sufficiently
small, where

(1.6)  sup [€—20"T|F'(¢)| =01, sup [€ = 20T |F ()| = b,

£€(—00,00) §€(—00,00)

REMARK 1.4 Assumption (i) is consistent with the results from Mclean-
Saffman’s formal procedure [17] near the tail of a finger that in our formu-
lation implies F ~ ag €'™7/2 €7 as¢& — 400, where 7 is a positive root
of the transcendental equation cot(57) = €272 and ag is real. The symme-
try condition (iii) implies similar behavior as ¢ — —oo. This asymptotic
relation was also found to be consistent with numerical calculations [17].
While 7 depends on e, we can clearly choose 7 < T independent of
€ for small € (T = % would suffice for instance). The following lemma
shows that we need not assume a priori that 61 and do in assumption (ii)
exists and are finite; only that 01 and eln% 09 are small. Note that As-
sumptions (i) and (ii) are stronger than condition (ii). However, these
assumptions are mild since the slope deviation from some Saffman-Taylor
solution (which scales as 01 in the above theory) is observed to be small in
experiment for large displacement rates and in all numerical calculations
for small €; we are not making any a priori assumption on how this de-
viation scales with €. Also, the curvature deviation (which scales as F",

and hence d3) a priori is allowed to be large, though not as large as drlll.
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LEMMA 1.5 If F satisfies assumption (i) in addition to being analytic in
C*, C? in CT and satisfying condition (i)-(iii), then

(L.7) (a) sup | +2i"|F(&)] = 6 < oo,
feCt

(L8) (b) sup [¢ + 20T [F'() = 81 < oo,
£eCt

(L.9) () sup |¢ + 207 [F"| = 5 < oo,
feCt

Proof of Lemma 1.5 relies on some straight forward properties of Hilbert
transform and use of Phragmen-Lindelof methods and is relegated to ap-
pendix Al.

REMARK 1.6 From ezamining (1.1), sup |£—2i|7|Re F(£)| = O(€26s).
£e(—00,00

From Hilbert transform of Re F, (which gives Im F on the real azxis), and

using Lemma A.1 with g = Re F and k = €, it follows from assumption

(11) and lemma 1.5 that § = o(e).

DEFINITION 1.7 F will be called a classical solution if F is analytic in
the upper-half ¢-plane (C1), C? in its closure C*, satisfies Conditions
(i)-(iii) and assumptions (i) and (ii).

In section 4, we are going to prove

THEOREM 1.8 For any fized A € (0, 3), there exists eg > 0 small so that
there can be no classical solution F for any € in the interval (0, €p].

The outline of the strategy followed in this paper is as follows: We
first derive the integro-differential equation for F' in the lower half plane,
if indeed F' can be analytically continued, as done before. Besides F
and its derivatives, this integro-differential equation involves functions
I(¢) and F(€), each of which are analytic in the lower-half plane for any
classical solution F'. I(£) can be calculated from F' on the real axis alone,
while F(¢) is defined as the analytic function that equals F*(¢) on the
the real axis. F in the lower-half plane is completely determined by the
classical solution F' in the upper-half plane. We replace F' in this integro-
differential equation by f, which we now think of as an unknown, unlike
I and F are considered known in terms of a classical solution F (if one
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exists). Thus, we obtain a second-order nonlinear differential equation
for f in the lower-half plane. We prove that a unique solution f in the
an appropriate analytic function space in part of the lower-half plane.
The uniqueness argument is repeated for £ on a real-line segment. Since
f = Fis a solution on the real-line segment, it follows that any classical
solution F', if it exists, must be analytic in some region of the lower-half
plane. All the above arguments are detailed in §2. In §3, we use additional
arguments to prove that analyticity of F' extends to other regions in the
lower half &-plane region, including part of negative imaginary &-axis.
Thus, we complete the proof that a classical solution, if one exists, must
be in the the function space A for any fixed A € (0,1).

In §4, we consider the special case A € (0, %) By considering a neigh-
borhood of a turning point £ = —iy in the lower-half plane, and consid-
ering the leading order inner-equation, and using continuity arguments,
we prove that on an imaginary &, just above —iy, Im F # 0 for suf-
ficiently small e, provided the Stokes constant for a particular nonlinear
parameter-free ODE is nonzero. This Stokes constant was computed by
other researchers and found to be nonzero. We then invoke analyticity
arguments of previous sections to prove that a nonvanishing I'm F on a
part of the imaginary ¢ axis above & = —iy is inconsistent with symmetry
condition (iii). Hence, we conclude that no classical solution can exist for
any fixed A in (0, 1) interval for sufficiently small e.

2 Analytic continuation to the lower half plane

DEFINITION 2.1 Let F be analytic in the upper half &-plane, F is an
analytic function in the lower haolf £-plane defined by

(2.1) F(§) =[F(E)]"
N
(2.2) H= a1

We define operator G so that

1
(F/(t) + H(E)2(g'(t) + H() 2
F'@) +H'(#)  ¢"(t) + H'(t)

fl)+H(E)  g'(t)+H()

(2.3) G(f, 9t :=
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LEMMA 2.2 If F is a classical solution as in definition 1.7, then
(2.4) G(FF)E]=0(¢T), as £ — +oo;

PROOF: Since the right hand side of (1.1) can be written as
%Q(F, F)(¢), the lemma follows from (1.5). |

DEFINITION 2.3 we define operator L so that

1 [ G(F,F)t]d
@3 HO=TPkE =5 [ ﬂtfgﬂt
LEMMA 2.4 For I(&) in the lower half plane C~ = {& : Im & < 0}, we
have

for Im & < 0.

(26)  swple— 2SO =  sup |E—2ATF(E)| =0
£eC- £€(—00,00)

PROOF: From (1.1), (2.3) and (2.5) ; ?m 07621(5) = —F(¢) for ¢

real. Since I(£) is analytic in the lower half plane, the above lemma
follows from Lemma A.5 in Appendix 1. ]

LEMMA 2.5 Let F' be a classical solution to the finger problem. If F(£)
can be analytically continued at least to a part of C~, then F satisfies :

(2.7) EF"(€) + LE)F (&) = N(F,1,F)[E], for {£€C )

where
(2.8)
L(e) = —iHY2() B () = - VT ECHN) 5oy ey,

(&2 +1)°
and the operator N is defined as

7/
N(F.I,F) =é* (HHH B H/> iR 4 PR )

(2.9) +iF [(F'+ H)Y(F' + H)'/? - B2 0]
F'+H H Hl

+62 (FII_,_EI) _ :

FrFyH H
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PROOF: Since F' is analytic in upper half £&-plane and satisfies equa-

tion (1.1), using Poission formula, we have in the upper half plane:
2 00 " !

F(g):e / dt 1 Im {F (t)—i—H(t)}
i )|F’()+H()| F'(t) + H(t)

_ 27T/ GERMA 1 e s,

Using Plemelj Formula [2], analytic continuation to the lower half ¢-plane
leads to

(2.11) F(&) =€X1(¢) + %g(F, F)(¢), for Im ¢ < 0;

Multiplying the above by i(F' + H)3/?(F' + H)/? results in (2.7) |

DEFINITION 2.6

(2.12) 7€) = L (e exp (7)),
(213 (&) = 1) expf T,
where
[t 6 (y —it)3 (y + i)
_ / _ .
(2.14)  P(¢) = /_i7 LM2(8)dt /_i7 — dt;

A branch of LY/ in the definition of P is chosen so that as ¢ — — oo,
P'(¢) ~ e "m/*/¢. The choice of branch for L~/4 in (2.12) is not as
important, as long as the same branch is consistently chosen.

We will use in this paper the following properties of P(£) that are
shown in Appendix 2. Some of these properties were shown in the ap-
pendix of Xie & Tanveer [34] for the restricted case A € [3, A).

Property 1 Re P(&) decreases along negative Re ¢ axis (—o0,0) with
Re P(—o0) = oo. Re P(£) decreases monotonically on imaginary &
axis from —ib to 0 where 0 < b < min{1,v}.

Property 2 There exists a constant R independent of € so that for |¢] >
R, Re P(t) increases with increasing s along any ray r = {t : t =
§—5e%,0<5<00,0< 9 <y <F}inR from € to £+ ooe’” and
Cilt — 20|t < |L Re P(t(s)| < Calt — 2i|~L, where C; and C» are
constants, independent of e, with C7; > 0.
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Property 3 There exists sufficiently small v > 0 independent of € so that
% [ReP(t(s))] > C > 0 on the parametrized straight line {¢(s) =

—v4se7iT,0< s < v2v}, C is some constant independent of € and
v.

Property 4 There exists b, g, with v < b < min{l,7},0 < @9 < 7,
each independent of €, so that %Re P(t(s)) > m on t(s) =
—bi 4 s€(™t%0) where C' > 0 is independent of e.

g1(£),g92(&) are the two WKB solutions of the homogenueous equation
corresponding to (2.7); they satisfy the following equation exactly:

(2.15) €’g" (&) + (L() + €L1(£))g(¢) = 0;
where

L") 5L

(2.16) Li(€) = AL(€) — 16L2(€)

REMARK 2.7 By (2.8) and (2.16),L1(£) ~ O(£72), as |¢] — oo.
The Wronskian of g; and g is

(2.17) W(E) = 91()dh(€) — 92(6)g) (€) = 2.

€

DEFINITION 2.8 We define operator V so that

(2.18) VE(€) = €F"(€) + (L(€) + €L1(€)) F (€)
REMARK 2.9 Equation (2.7) implies

(2.19) VF(€) = Ni(§) = N(F, I, F)[€] + L1 (€) F(€),

DEFINITION 2.10  Let D be an open connected (see Figure 1) domain in
the lower left complex £ plane bounded by lines

Ri={(:Im{=0,—00< Re & < —v},

Ry={¢:6=—v+se™*,0< s <V}
Ry={¢:Re £ =0,-b<Imé<—V2w}
Ry={¢:6=—bi+s™%0) 0<s5 < oo}



10 S. TANVEER & X. XIE

Im &

Re ¢

Figure 2.1. Region D in complex & plane.

where v, ¢ and b are chosen so that Properties 3 and 4 are satisfied.

In addition to Properties 1-4 above, we show in Appendix 2 two other
properties.:

Property 5 For any ¢ € D, there is a path P(—v,&) = {t : t = t(s)},
parametrized by arclength s, going from —v to &, entirely contained
in D, so that & ReP(t(s)) > C > 0 for a constant C independent of
€.

Property 6 For any ¢ € D, there is a path P(£,—o00) = {t : t = t(s)}
parametrized by arclength s going from £ to —oo contained entirely
in D so that % [ReP(t(s))] > FC;M > 0, where C > 0 is indepen-
dent of e.

We introduce spaces of functions:
DEFINITION 2.11
B; = {F(¢) : F(¢) is analytic in D and continuous in D,

with sup|(¢ — 2i)*TF(€)] < oo}, j =0,1,2,
€D
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|F||; := sup|(¢ — 20) T F(¢)]
£eED

REMARK 2.12 B are Banach spaces and By D B1 D Bs.

DEFINITION 2.13 Let Q be any connected set in complex &-plane,we in-
troduce norms: ||F(£)]];,0 := sup|(& — 20}/ T F(£)],5 =0, 1,2.
£eQ

DEFINITION 2.14  Let & > 0,51 > 0 be two constants, define balls:

BO,S ={f:f€Bo|fllo< S}, B1,51 ={g:9€By, gl < 81}

REMARK 2.15 A remark is in order about use of symbol C for constants
that occur through out the paper. In order to avoid proliferation of con-
stants, we have used C (and sometimes Cy and Cs) as generic constant,
whose value is allowed to differ from Lemma to Lemma, and sometimes
even from step to step within a Lemma. However, C' does not depend on
€. For more specific constants, we have reserved constant K, Ky, Ks, etc.

LEMMA 2.16 Let N € Bg,then

1 —% N(t)

g1(t)dt € By, and || fillo < K1 || N||2;

where K1 s a constant independent of e.

PrOOF: Case 1: |[£| > R,where R is large enough for Property 2 to
hold, but independent of e. On path P(§, —o0) ={t:t =€ —5,0< s <
oo}, Re (P(t) — P(£)) increases monotonically from 0 to co as s increases.

(2.20)
GE FLI/‘*@) /

: P(,~0)
< N2l 74 (€)|
L(t(s) = 20) 72T LT YA (#(s)]

. /0 4 ReP(1(s))

N(L () exp{ - (P(€) — (1))}

d [exp{ (ReP(©) — ReP(()}]

Since |¢ — 2i| < |t(s) — 23| for any s, we have |L~'/4(¢)| < C¢ — 2i|'/?
and

d% Re P(t(s)) = Re (P'(t)t'(s)) > C|L'?(t)| > C|t(s) — 2|~
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(t(s) — 20) > T||L 4 (t(s))]
d%ReP(t(s))

So || fillo < K1||N||2 and the lemma follows.

Case 2: For £ € DN {|¢| < R}, by Property 6, there exists a path
P (&, —00), so that Re (P'(t(s)t'(s)) > W, then in (2.20)

LA (g < Ole — 21

(t(s) = 20) "> T||L~ M (¢(s)]

<c
| £ ReP(1(s))|

(2.21) LA (g

and therefore lemma follows since ¢ is bounded in this region. |

LEMMA 2.17 Let N € Bs, then for sufficiently small €y > 0, we have for
all € € (0, €],

3
726 = 500(©) [ (0t € Ao,and Ifolo < Ko [N

€

where Ko is independent of e.

PRrROOF: Case 1:For the case |¢| < 4R?, by Property 5, there is path
P(-v,€) entirely in D so that 2 ReP(t(s)) > C > 0 for t(s) going from
—v to &. So

[£2(6)] < CIN 2L~ H4(©)]
|dfexp{~L(ReP(&) = ReP(1))}]
%Re P(t(s))

<[22 )

Since (2.21) holds here too, the result follows since |£ — 27|” is bounded
in this case as well.

Case 2: For the case where ¢ € D, |¢]| > 4R2.

we choose path P(—v, &) = Py + P2 + Ps, where

Pr={t:t=pe™E €| > p > \JIE]},
PQZ{tIt:peia'rgf’ |§|ZP22R},
P3 = P(_Va fo),Where fo =2R ei arg f,

We break up integral [, = [p, + [p, + [p, and accordingly write fo =
faq+ fo2 + fas-
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Now from (2.14), from the asymptotics for large |£| and |¢], it follows
that
(2.22)

1
Re(P(t) — P(¢)) < Cy / —dr < C4 ln(%),where C is independent of €
gl T

(2.23)
2

F21()] = \;L-l/“(s) [ N@OLTVA O exp{—£(P(E) - Ple)at
2 ~1/ S N e
< CEINILIL )l [ T e G e

< ClINl21E1
Also, (2.22),(2.23) are still valid on Py, hence

F226) = [22V4€) [ NOL V1 t) exp{—(P(€) - Ple))a

2 _ VIE s C
< CZINILIET 17 o7 exp{ in( )}
¢ €°] ¢ [
(51 1_ T

< C|IN || Y4 E)|lgl = 3
< C|N |2 for e < Cy

On 733:
(2:24) [f23(6)] < IN[I2IL7'/4(€)]

/e"p[‘%(Re P(&)=Re P |(t(s) — 2i) =277 ||L=14(¢(s))|
X
0 d%ReP(t(s))

x d exp{%(ReP(f) — ReP(t(s)))}

_ 1
< C|IN o] L4 (8)] exp[——(Re P({) — Re P(&))]
141 _r C
< OINJlél™ = *2 < OlINI2[é] ™", when e <
Combining bounds for fo 1, fo2 and fo 3, the proof of the Lemma follows.
|
DEFINITION 2.18 Define operator U: By — Bgy; Uy: Bo — B1 so that

£ 3
229) UN(©) =~ 500 [ i+ 5@ [ 50

g1(t)dt;
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(2.26)

N (E) = -5 ©00) [ T Dt Sha©aate) [ T g0y
where

22 () =~k — TP, hale) =~k + TP

LEMMA 2.19

(228) supl(¢ — 20)h;(€)] < 17 = 1.2

where K3 is a constant independent of e.

PROOF: The lemma follows from that P'(¢) = iL'/?(¢) and equations
(2.8),(2.14) and (2.27). ]

DEFINITION 2.20 Let R~ ={{:Im £ =0,Re £ < —v}.
LEMMA 2.21  ||Ny[ly - < oo.

Proor: From (1.2), (2.2), (2.16), Lemmas 1.5 and 2.4, it follows that
as £ - —oo,

H'H _
L H =0, (F 4 HYP(F ) T =06 T),
F[(Fl —|—H)3/2(FI + HI)I/Q _ H3/2H1/2] — 0(5—2—27)’
and
——— (F+H) - ——=0¢?*7), LLiF=0¢?*T"
Using these relations in (2.9) and (2.19) in expression for Ny, the lemma
follows. |

LEMMA 2.22 Let F(§) is a classical solution as in definition 1.7. If F
can be analytically extended to D, then F satisfies the following equation
for £ € D:

(2.29) F(&) = Bgi(§) +UN(£);

where B is given by

230 p=a' () (Pl - Gt [ n0)
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PrOOF: First we consider & € R~ on the boundary of D. From
continuity, (2.29) holds, where I(£) occurring in Nj(¢) is understood as

; ligm I(¢). Using the method of variation of parameter for £ € R,
m §—0~

we have

(2.31) F(£) = Cig1 + Coga + UN,(€)

Since || N1[[s g~ < o0, it follows on using Lemmas 2.16 and 2.17, restricted
to R~ instead of D, that [[{Ny]pr- < oo. Since gi(—o0) = 0 and
g2(—00) = +o0, it follows from sup |£ — 2i|7|F| < oo that Cy = 0.
€R-
Using Cy = 0 in (2.31) and evaluajing it at £ = —v, we obtain F(—v) =
Ci191(—v) +UN(—v). Hence C; = 3 as given by (2.30). So (2.29) holds
for ¢ € R™. By analytic continuation of each side of the equation, it
follows that it must be valid in D as well. |

DEFINITION 2.23
n1(§) = N(f, L)) + € Li(&)f(€);
We consider the following integral equation:
(2.32) f(&) = Bg1(&) +Uny(&);
where [ is still given as before by (2.30).
LEMMA 2.24 F' € By, F" € By, with ||F'||; < 6, and ||[F"|)2 < 62
PrOOF: The lemma follows from Definition 2.1 and Lemma 1.5. 1

DEFINITION 2.25
H,, = gg{){lf — 2i||H (&), 1€ — 2i||H (E)[}
LEMMA 2.26 Define operator Gy so that
Gi(f)[t] = (f'(t) + H(t)*/2(F'(t) + H(t)"/*;

Let f' € B ;5 and 0,01 < o where 01 is as defined in (1.8). Then,
for £ €D,

(2.33) G (€]l < Cl¢ —2i] 2

where C' is independent of € .
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ProOOF: From (1.2) and (2.2),

(2.34) Hyp|¢ = 2i] 71 < |H| < Col€ —2i| 7Y
(2.35) Hp ¢ — 2|7 < |H| < Cyl¢ — 20|71
where C1, H,,, are independent of independent of e.
3/2 771/2 f! 2\ 12
N =|H?*H"? = +1 — +1
Gi(f)] = | 1Z+1 |5+
< Cl¢—2i] 7%
LEMMA 2.27 Let Go be an operator so that
_ . f'+H HH
2. ! = |(F"+ H ‘i S — :
236) G = (P H e - ] (©)
If f'€By;, ,and 61,01 < o then for ¢ € D,
(2.37) 1G2(f)[E]l < CJ€ = 26 >7T[51 + 01 + 6]

where C' is independent of € and &1, 2 are as defined in (1.6).
Proor: Note from (2.2),

(E—iv)?+ (2 —1)

(2.38) H = - CESIE = O(& - 2i)72, for large |¢[;
(2.39)
H'H — i7)? 21 '
I7 :_[(5 122:1(;2(5—)2’)(/§+W) = O((¢ — 2i)7?), for large [¢|
| H H'H F' _ [+ H
= Fm - FrE " Fra

< Cl¢ = 2i|7%7T[01 + 61 + 89

LEMMA 2.28 We define operator Gs so that

(2.40) Gs(f') = (f' + H**(F' + H)'? - H3? G/,
Assume that f' € B, 5, with 61,01 < Hy, /2. Then for € € D
(2.41) 1G3(fE]l < C |€ = 26|77 (61 + 1)

where C' is independent of e.
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_ 1/2
! )3/2 P -
<H+1 fl+1 1

<ClE - 2i|_2{ (% + 1)3/2 (% + 1> " — 1}

< ClE=2i727(0, + b))

ProOOF: Using(2.40):

1G5 (f)| < |[HP*H'?

LEMMA 2.29 Let f € ngaf, € B1 Sl,then ni € By for 51,(51 < Hm/2,
and ) )
nills < Ka(e(1+ 82) + 6 + 6(e> + 61 + 61))

where Ky is independent of e.

PrROOF: Note that

(2.42) ny =N(f,Z(F),F)

=¢ ( T H') —ie’Gi(f)I(F) +ifGs(f) + €Ga(f') + € Lu f;

(2.43) E1 1€ i)

7/
€ H_H ~H'||=¢ 2 < Ce?|¢ — 20|73,
H I(

from Lemmas 2.4 and 2.26,
(2.44) G () (EOZ(F)E]] < Col¢ - 2i[ 7.
Applying Lemma 2.26-Lemma 2.28 to get
FIIG(F)] < Clé = 207776 (61 + 1)
€1G2(f")] < CE[€ = 20| 777 (b1 + 61 + 62)
From the expression of Li(£),we have:
(2.45) | FIIL1(€)] < O — 20 7*776;

On using the expression for n; in (2.42), we have the proof by combining
the above inequalities. It is to be noted that terms like €28 , €261, etc. do
not appear because they are smaller than terms explicitly appearing on
the right hand side of the Lemma statement. Clearly, for suitable choice
of K, such terms can be estimated away. |
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LEMMA 2.30 Let Gy be as defined in Lemma 2.26. Let f]’ €B 5.7 =
1,2, then for 81,01 < Hy,/2,

(2.46) G (D) = GO < ClE =21 7>TTIf = f3lh;
Where C is independent of € .

Proor: By straightforward algebra:

G1(f1) — G1(f3)

(fi = f)F

"+ )Pl + H)? + (f] + H)(f3 + H) + (f5 + H)?]
(fi + H)3/2 + (f3 + H)3/2

Lemma follows from above equation, on using upper and lower estimates
for |f] + H| and |F' + H| as in preceding lemmas. [ |

LEMMA 2.31  Let f; € B 5,5 =1,2. Let Go(f') be defined as in Lemma
2.27, then for 61 < Hp,/2,

(2.47) 1G2(f1) = Ga(f2)ll2 < C(d2 + )| f1 — fallu;

ProoOF: We note

¢ 02 < ClE—2i72(1+6)

Py )| <
OIS e e =

Also,
_ _ 4
H+F) Y < —|¢6—-2
(F+F)7) < gle—2i

By straightforward algebra,

o N o_ (FZH + ﬂl) Il
g2(f1) gQ(fZ) - (F{—i—H) (fl f2)a
Using inequalities as above, we obtain the proof of the lemma. |

LEMMA 2.32 Let f; € B s, ff € By 5.5 = 1,2, then for 61,61 < Hp /2,

IN(f1, I, F) = N(fo, I, F + €L1(f2 — f1)ll2
< Ks ((+ 00+ 80l = Fallo + (240 + 5+ E80)IIf - flln)

where K5 s independent of e.
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PrOOF: From (2.42),

(2.49) N(fi,I,F) = N(fo,I,F) = —ie’Z(F) (Gi(f]) = Gi(f3))
+i(f1 = f2)G3(f1) +if2 (Gi(f1) — Gi(f3)) + € (Ga(f1) — Ga(f3)) ;
On using Lemmas 2.4, 2.28, 2.30, 2.31 and expression for L (£), we obtain

1T (Go(f1) = Gu(f))ll2 < Cllfi = fllu
I(fr = f2)Gs(F)ll2 < C(01 + 01|l fr = fallo
1f2 (G1(f]) = Gi(f))ll2 < CSIIf1 = f3lla
1€ (G2(£1) = Go(f5) |2 < C(L+ )l ff = folla
I Li(f1 = fa)ll2 < CE)1f1 = fallo

Combining all the above inequalities, we get the proof. |

LEMMA 2.33  For sufficiently small €, we have

(2.50) 1Bgillo < Ko(€* + 6 + €%02);

where Kg is independent of €

ProOF: For [{]| < R, from (2.30),
1B91(&)] < [Bgr ()| < [F(=v)| + [UN1(=v)| <0+ [UN: |2 r-;

but from(2.9) and (2.19) and using Lemma 2.29 with domain D replaced

by R, and f replaced by F' (and hence § by ¢ and d; by d1), we get
INi|[2m- < C(€? + 6 + €0a),

So ||[UNq|lo < C(K;y + Kz)(e2~—|— § + €263) from Lemma 2.16 and Lemma
2.17. Therefore |Bg;(—v)| < Kg(€? + & + €203) for some Kg independent
of e. For [¢] > R, on using equations (2.12) and (2.22), which holds,

l91(&) g7 (—v)] < C <|§|%%>, where C,C are independent of €. For

e < Y above < CJ¢ —2i|7" and the lemma follows.
|

REMARK 2.34 The estimates in each of the Lemmas 2.16-2.38 generally
depend on v and therefore A, as quantities such as Hy, and upper bounds
for (6 —2i)H or (¢ —2i)H have dependences on . If we consider \ in any
fized compact subset of the interval (0, 1), i.e. for v = ﬁ in a compact
subset of (0,00), such dependences can be removed since H and H are
continuous functions of vy in this interval.
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We define spaces:

DEFINITION 2.35
E:=B ) B1

For e(£) = (u(£),v(¢)) € E,

lelle == l[u(€)llo + ellv(€)

It is easy to see that E is Banach space.We replace (f, f') by (u,v). Also
we denote operator n so that n(u,v)(&) = ny(§).

DEFINITION 2.36 Let

O:E— E

e(§) = (u(£),v(£)) — O(e) = (O1(e), Oz(e))
where
(2.51) Oi(e) = Bg1 +Un(u,v);
(2.52) Oz(e) = Bhigi +Uin(u,v);
DEFINITION 2.37 Let
(2.53) A =8K(0+ (1 +82))
where
(2.54) K = max{Kg, (K| + K3) Ky, K3Kg, K3 K4(K) + K»)};

We define space En = {e € E: |le[g < A}.

LEMMA 2.38 If e = (u(€),v(€)) € En, then for e, 6 and elnl & each
sufficiently small (the latter two are part of Assumption (ii)), O(e) € Ea.

PrOOF: If e € Ep, it follows from the expression for A, that
A )
(2.55) — < 8Kl[e+ — + €d2],
€ €

and this is small by assumption and remark 1.6. Thus, both ||v[|; (and

therefore 51) and ¢; can be taken smaller than % so as to apply Lemmas

2.29 and Lemma 2.33 which, together with Lemmas 2.16 and 2.17, gives:
101(e)llo < 1Bg1llo + lUn(u,v)llo
< Kg(€2 + 6 + €26y)
+ (K1 + Ko) K4 [e2(1 4 62) + 6 + ||ullo(e2 + 61 + [Jv]]1)]
< 2K[€2(1 + 02) 4 6] + K |ullo(¢® + 01 + ||v]|1))
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Using ||ullo < A, el|v|l1 < A and (2.55), we get
2 2 A
Kllullo(e” + 01 + [|vll1)) < A[K(e” + 1) + K—]
So
[01(e)llo < A[Z + K (e + 01) +K?]
From Lemma 2.19
e[[O2(e)[l1 < Ks[l|Bg1llo + Un(u,v)|o]

< A[i + K(e2+61) + K%]

then, for sufficiently small €, 6; and eln% s,
10(e)[| = [[O1(e)llo + €l[O2(e)lx
1 A
<A[; +2K (2 4+ 61) +2K—] < A
€
|

LEMMA 2.39 If e; = (u(§),v(§)) € Ea,j = 1,2, then for €, 6 and
eln% 02 small enough,

[O(e1) — O(e2)|| < Arlle; — eq|.

where

(2.56) A=K [26 + 61 + €09 + A/E]
where K = 2maX{K5(K1 + KQ),K3K5(K1 + KQ)}

PROOF: Since (u1,v1), (u2,v2) € Ea, it follows that each of ||u1]o,
lusllo, €]|vi]|1 and €|lve||1 are bounded by A and that we can assume each

of ||v1|l1 and ||vell1 < % so as to apply Lemmas 2.32, 2.16 and 2.17,

which, on using 5 < A and 51 < %, gives:
2 A
|O1(e1) — O1(e2)|lo < (K1 + K2) K54 (€7 + 01 + :)Hul — uzllo

5§ A
+ (e + € + o :)EHUI —Uz||1}

A1
=72

AN

ler — ez
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€[Oz(e1 — O1(e2)(lx

A
< Ks(Ky + KQ)K5{(62 81+ 2l —wall
60 A
et + 2+ Dyelon - v2||1}

Ay
< == —
< 5 ller — e
So, proof of Lemma follows by combining the above. |

THEOREM 2.40 For sufficiently small 61, eln% 02 and €, the operator O
15 a contraction mapping from Ea to Ea. Therefore, there exists unique
solution (u(§),v(€)) € Ea toe = O(e) and hence to the integral equation
(2.32), where f =u and ' =v.

PROOF: From assumptions and remark 1.6, we know that Ay < 1.
The theorem follows from Lemmas 2.38 and 2.39. |

LEMMA 241 If f is the solution in Theorem 2.40 and F is o classical
solution as defined earlier. Then f(&) = F(§) for & € (—oo, —v] for small
enough €, 01 and e€ln % 3.

ProoF: Let u = f — F,v = f' — F'. From (2.29), (2.32), u and v
satisfy the following equations :

u=U(ny — Ny),v =Ui(ny — Ny);

By Lemma, 2.32 restricted to domain R™, with f; = f and fs = F and
using [l Liullor- < Ce?|luflor-

A
1= Nillg < C (4814 D)l + (& + 6 +5+ ) ol |
So, from using Lemmas 2.16 and 2.17, restricted to domain R,
A 0 A
fulom- < C (¢ + 81+ Dllullor- + e+ eba + 2+ Dol n- |
A VAN
olim <C[@+8+ Dlulog +(e+ehrt =+ D)eloln |
where C' is a constant independent of €. So, combining the above,

A 0
lullo,g- +€llvll r- < Cle+ a1+ — 4 edz + ) ([luflo,r- + ellvll,r-)
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Since the constant C'is independent of € in the estimate on the right side
of the above equation, it follows that for small e, eln% dy and 07 (and
hence small % because of Remark 1.6), (u,v) = 0. Hence, the Lemma
follows. |

THEOREM 2.42 If F is a classical solution satisfying assumptions (i) and
(i), then for small enough €, then F € By a and F' € B, a

PrROOF: The theorem follows from Theorem 2.40 and Lemma 2.41.
|

3 Analyticity in the triangular region

Let S = {¢: Re& = —a,—v+a < Im¢& < 0} where 0 < a < v
be a vertical straight line segment in the triangular region 7 bounded
by negative real axis,negative imaginary axis and line segment {£ : £ =
—v +se”™/* 0 < s < +/2v}. This is the triangular region (See Fig. 1),
which is the complement of the region D in the third-quadrant. It is to
be noted that in the triangular region 7, P(¢) = P(0) + iv¢ + O(v?) and
so on § when ¢ = —a — is, Re P increases monotonically with s such
that 4+ Re P(¢(s)) > C > 0, where C is independent of € and v for
sufficiently small v.

We consider the following boundary value problem on the line segment

S

"+ (L&) + €L1(6)) f = N(f, I(F), F)[€] + € L1 (€) = n1();
f(=a) = F(-a), f(—a1) = F(—a1)

where a1 = a +i(v — a).

(3.1)

LEMMA 3.1 f € C?(S) is a solution of boundary value problem (3.1) if
only if f is a solution of the following integral equation:

(3.2) f=a191 + asgs + Usny
where

1 € ny(t) 1 & ny(t)
3.3 = —— —=qgo(t)dt + = —=qg1(t)dt
( ) Z/{3’I’L1 6291 W (t)92( ) + 6292 o W(t)gl( )
(3 4) oy = 7192(—611) - ’)’292(—a)

g1(—a)ga(—a1) — g1(—a1)g2(—a)
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_ Y191(=a1) — 291 (—a)
(3:5) “ T G Ca)g(—ar) — g1(—a)gs(—a)
where
(3.6) v = F(—a) — égz(—a) _:: ;Eg g1(t)dt
(3.7) o = Fl—a1) + égl(_al) _— ;Eg ga(t)dt

ProoFr: If f € C?%(S) is a solution of boundary value problem (3.1),
then by variation of parameters, we have

(3.8) [ = o191 + azgs +Usny

for some o7 and as. Plugging the boundary conditions in (3.1), and
solving for a; and ag, we have (3.4) and (3.5). By straight forward
computation, we get that a solution of (3.2) is a solution of the boundary
problem (3.1). We note that the denominator D in the expressions for a;
and «y is given by

(3.9) D = gi(—a)g2(—a1) — g2(—a)g1(—a1),

and using (2.12), we have:

(310) D=LV )L () exp( - (P(~ar) — P(~a)))
< 1= el (P-a) - Pl-ar))}
which is nonzero because Re P(—ai) > Re P(—a). |

REMARK 3.2 ~y and 2 depend on f, f’ through ni, v1 and vy are func-
tionals of f, f', so are ay and ag. We use notation a;(f, f') to indicate the
dependence on f,f'. The norm ||-|| mean mazimum norm ||-||s in this
section.

LemMA 3.3 If 7 € C(S), let fi(&) = 592(€) [%,, friher (Dt then fi €
C(S) and ||f1]| < K1||n|| for constant K, independent of e.
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PrOOF: Using monotonicity of Re P on § with s, as noted before,

b ¢ LYY LY )a(t) exp{—%(P(t) — P(§))}dt

2i€ J a;

f1(6)] =

! [L AL (b))
ep{~L(P(-a)-PE))  aRe P(t(s))
< dexp( =2 (P(0) ~ P(2))}
< Kqlnl

<C

LEMMA 3.4 If i € C(S), let fo = 5g1(€) [°, fithg2(t)dt then fr € C(S)
and || f2|| < K| f]|.

PROOF: The proof is very similar to Lemma 3.3. |
LEMMA 3.5 Let f; € C(S), fj € C(S),j = 1,2,then
(3.11)

IN(f1, 1, F) = N(fo, I, F) + €L1(f1 - fo)l|

< Ks ((+ 00+ 1IN = Foll + (240 + 1 foll + 202111 = f51))

PrOOF: The proof parallels that of lemma 2.32, except that the do-
main is § instead of D and the norm is the max norm. |

LEMMA 3.6 If f' € C(S) then ajg; € C(S) for j =1,2 and
(3.12)
lajgill < ki (|[F(—a)| + |F(—a1)| + ||n1]|) , where ki is independent of €

PrOOF: If we define D, as in (3.9), it follows from (3.10) that since
Since Re P(—ay) > Re P(—a), D! is exponentially small in €, Re P(£) >
Re P(—a) for £ € S, we also have

(3.13)
92(=0)91 (&) ‘ _ ‘ L&) ||exp{z 2P(~a) - P(€) - P(—ali))}‘ c
D L=Y4(—ay) 1— exp{% (P(—a) — P(—a1))} -
with C' independent of €. Also,
(3.14)
92(—01)91(5)‘ _ ‘ L= exp{—¢ (P(§) = P(=a))} <C
D L Y%(—a)||1 - exp{% (P(—a) — P(—a1))}| —
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Similarly, we get constant upper bounds for gl(fall))gz(g) and 91(7‘392(6).

Using lemmas 3.3 and 3.4 in (3.6) and (3.7), we have

(3.15) Ml < (IF(=a)| + Killna]])
(3.16) 2l < (|F(=a1)| + Kzl [)
Using (3.13), (3.14) and similar bounds, in (3.4) and (3.5), we get the
lemma. |

LEMMA 3.7 If fjl S C(S),j = 1,2, then (aj(fl,f{)—aj(fg,fé))gj S
C(S) and

(3.17) (i (f1, f1) — aj(f2, 13)) gl
< C(€ 461+ IF1IDIfL = fall 4 (€ + I f2ll + 6 + €82) 11 — fll.
PROOF:

(a1 (f1, f1) — a1(f2, f3)) 91|
(3.18) < Im(fi 1) = n(f2 f5)]

M‘
D
+ [ya(f1, 1) = (o, £3)] M‘

Using (3.6),(3.7), Lemmas 3.3 and 3.4:
(3.19)

|71(f17f{) _71(f27fé)| < CHN(flaIaF) _N(f27lap) +62L1(f1 _fZ)Ha

(3.20)
|’Y2(f17f{) _72(f27fé)| < CHN(flaIaF) _N(f27lap) +62L1(f1 - fZ)Ha

The lemma follows from (3.13), (3.14),(3.18) and Lemma 3.5. Similar
proof for j = 2. |

We consider the following integral equations:

(3.21) F(€) = 03(f, f') == a1g1(€) + azga2(&) + Usni(€);
(3.22)  f'(&) = 0u(f, ') == crh1(€)g1(€) + azha(€)ga(€) + Usni(€);

where
(3.23)
fn 3 n
i =~ (@ [ TnOd+ Sha@n [ G @

We define spaces:
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DEFINITION 3.8
E(S):=C(S)a C(S)

For e(§) = (u(£),v(§)) € E(S),
lelles) == [[u(€)lloo + €llv(€)lloo
It is easy to see that E(S) is Banach space.

DEFINITION 3.9 We define ks independent of € so that

k3 = sup {e|h1(£)], e[h2 (E)[}
€T

where hy and ho are as defined by (2.27).

DEFINITION 3.10
(3.24)

Easi={e=(u(f),0(¢)) € E(S) : [ul@)ll < 8k A, lv(§)]] < 8k1k3%}-

where k1 and ks are O(1) constants, as defined in Lemma 3.6 and defini-
tion 3.9 and A is as defined in (2.53).

DEFINITION 3.11 Let
O(S) : E(S) — E(S)

e(§) = (u(§),v(£)) — O(S)(e) = (O3(e), O4(e))

THEOREM 3.12  For sufficiently small 61, eln% 0o and €, the operator

O(S) is a contraction mapping from Ex s to Ea s. Therefore there exists
unique solution (u(€),v(€)) € Eas to the equations (3.21), (3.22).

PrOOF: Replacing space B; with C(S), the proof is parallel to that
of Theorem 2.40. |

THEOREM 3.13  Let F be the classical solution in Theorem 2.40, then F
is analytic inside the triangular region T .

PrOOF: Let f be the solution in Theorem 3.12, then f satisfies the
boundary value problem (3.1). Since all the coefficients in equation (3.1)
are analytic in a neighborhood of S, it follows from the classical local
theory of ordinary differential equations that f must be analytic in a
neighborhood of S. Since a is arbitrary in interval (0,v), f is analytic
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in 7 and continuous on the closure of 7. From boundary conditons in
(3.1), f equals analytic function F on (—v,0) U{¢ : £ = —v+se"™/* 0 <
s < ﬂu} From properties of analytic continuation, f must be analytic
continuation of F across (—v,0)U{¢ : £ = —v + se~™/*} in the region 7.
Therefore, the theorem follows. |

LEMMA 3.14 Let F be the classical solution in Theorem 2.40, then F
is analytic on the line segment on imaginary azis Sy = {{ : Re £ =

0,-b< Im ¢ <0}
ProOOF: Considering the boundary problem for £ € Sp:

(3.25)
e[+ (L(€) + €L1(€)) f = N(f, I(F), F)(€) + € L1 f (£) = m(£);
f(=a) = F(=a), f(=bi) = F(=bi)
It follows from a variation of the proof of Theorem 3.12 that there exists
an unique solution f in EA s, to the above boundary problem. Since the
coefficients of (3.25) are all analytic in a neighborhood of Sy, the solution
must be analytic on Sy from classical theory of differential equations. On
the other hand, from Theorem 3.13, F' satisfies equation (3.25) in DUT,
since F' and F' are continuous upto the closure of DUT. From continuity,
F restricted on Sy satisfies the boundary problem (3.25) and F' € Ep s,.
By uniqueness, F' = f, therefore theorem follows. |

DEFINITION 3.15

(3.26) ks = sup {|§ — 2|7, |€ — 2i|7+1}
EeT

REMARK 3.16 It is to be noted that

sup|¢ — 2i|"[F(§)] < ko sup|F(E)]
ecT ecT

sup|¢ — 2i| " F'(€)] < ky sup|F'(§)]
ceT ceT
DEFINITION 3.17
(3.27) A =maz {A,8kikyA, 8k koks A}

THEOREM 3.18 If F' is a classical solution as in definition 1.7, then F
is analytic in RUCY and F € Ajz, F' € A, AJe
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PrROOF: Combining Theorems 2.42, 3.12 and 3.13 F' is analytic in
the domain R~, as defined in definition 1.1, with

sup € — 2i7|F(¢)] < A
EER—
and

sup [¢ — 2i[7HF'(€)] <
geR~

o | >

Since F is analytic in CT and from Lemma 3.14, analytic on the line
segment Sy on the imaginary axis, from condition (iii) and successive
Taylor expansions of F' on the imaginary £-axis, starting at £ = 0, im-
plies Im F = 0 on Sy. From Schwartz reflection principle for ¢ € RT,
F(&) = [F(=¢%)]* provides the analytic extension to Re & > 0. Thus F
is analytic in R and continuous upto its boundary, including the real
axis. Thus, F must be analytic in R U C*. Since from reflection,
1Fllor = IFllo,g— IF'l,r = |F'[l1,z, the proof of theorem is com-
plete. |

LEMMA 3.19 If F is a classical solution as in definition 1.7, then §, 01, da,
as defined in (1.5),(1.6), equals O(e?). Therefore, in the domain R,
IFllo = O(), [IF']li = Ofe).

PROOF: Since F is analytic in RUC™ and decays algebraically at oo
in this region, it follows from Cauchy’s formula that for real £ € (—o0, ),

: J! F(t)
FO(¢) = ﬁ/w? et

Using Lemma 2.11 in [34], it follows that
6j= sup ¢ =2iTTIFV)] < G |Fllo = O(A)

66(700,00)
Therefore, using (1.1), on the real axis,

sup [¢€ — 2i[7 [Re F(§)| = O(¢”)
§ € (700’00)

. Further, on taking derviative of (1.1) with respect to £, and using O(A)
a priori bounds on F’', F" and F" on the real axis as above, it follows

that  sup  |€—2i|""! |Re F'(¢)] = O(€?). Using Hilbert Transform
6 € (700’00)
property (See Lemma (A.1) in the appendix for k& = %)
(

16 =20)" H(9)Ellso < Crll(€ = 20)glloo + Call(€ = 20) g llo
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it follows that for g(¢) = Re F(¢) and using Im F({) = H(Re F)[¢],

it follows that sup |€ = 2i]" |Im F(¢)] = O(e?). Therefore,
¢ € (—00,00)

sup |6 —2i|" |F(¢)] = O(€?). Hence § = O(e?). By taking upto
€ € (—00,00)
third derivative of (1.1) and using a priori bounds on all derivatives of F'
for real ¢ occurring on the right of (1.1), we get O(€2) upper bounds for |¢—
217 g (€)1, 1€ 272" (¢)| and |§—2i|7?|g" ()] where g(§) = Re F'(¢),
as before. Using properties of Hilbert transform (Lemmas A.2 and A.3 in
the appendix), it follows that |¢ — 2i|""|Im F'(£)|, |€ — 2i|""2|Im F"(¢)|
also have O(e®) upper bounds. Hence 01,0, = O(e?). Therefore, A =
O(€?), where A is as defined in definition 3.17. From previous theorem,

in the domain R, ||[F|lo = O(€?) and ||F'||; = O(e). |

Proof of Theorem 1.3 follows from Theorem 3.18, after using the
Lemma 3.19.

4 Nonexistence of solution for )\ < %
Rewriting (2.11), we have
(4.1) F(&) =€(¢)

62 F"(f)—i—H’ B F”(f)—i—ﬂl -
(F'() + H)YV2(F'(&) + H)'? | F/(§)+H  F'(§)+H |’

+ -
1

On multiplying (4.1) by (F' + H)*/?(F' + H)'/? and introducing change
of variable:

(4.2) €4iy = iki ey, where ky = (1=~ [iF (i) +iH (—iv)]~"/"

(4.3) F(E(x) =
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(4.1) becomes:
(4.4)
G/

3 Vel 3
G"—1— (1 - ;)3/26‘ = Ty A (e[ - = e/ Tx Ag (" Ty)]

1 5 3/2 I\ 3/2
[ b)) o

'
+64/7XA3(64/7X)[1_%+64/7XA2(64/7X)]3/2 |:GX3/2+(64/7X)3/2;14(64/7X):|

_ Vel _ 3/2 _
(T2 Ag(M ) [1 -+ e4/7xAz(e4/7x)] + My Ay(HTy)

4/7

where 121]-(64/ "x) are analytic functions in e*/7y.
A further change of variable
7
(4.5) x= ("7 XG0 = —ne(n)
leads to
d>¢ 5 d¢ 45 1 33

4. =29, 2% ==
S dn? + n dn (1+ 196772)<ZS n 196732

(en)*/7

[+ g0+ 70T = 1+ D Bl ),
REMARK 4.1 [t is to be noted that E has a convergent series in ¢, ¢':
(@7 B = 55 0By ()7, )7 ()
where we can choose p, C independent of € and n so that

Bjipl < Cp™ 877
in the domain - > |n| > R, for R sufficiently large and € small for some

q1 independent of €.

THEOREM 4.2  Let F(£) be the solution in Theorem 1.53. After change of

variable (4.2),(4.3) and (4.5), ¢(n,€,a) satisfies (4.6) for qoe=' < |n| <
qie ', at least for 0 < argn < %” (where qo, ¢ = O(y — b)7/* but
independent of € ). In that domain, $(n,€),d'(n,e) = O(e) as e — 0F.

Further, in this domain |n¢| = O((’y—b)3/2), Ing'| = O((’y—b)3/4, W)
Also, on the positive real n axis in the interval goe * < n < qre !, Im ¢ =
0.
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Figure 4.1. Region Rz r.

PROOF: From (2.11) and definiton of G, the solution F'(¢) in Theorem
1.3 clearly satisfies (4.1). Notice from transformation (4.2),(4.5), if n =
O(e 1), +iy=0(1) and if 0 < argn < %”, then 0 < arg(y + i) < ?—Z
and for suitable qp,q1 = O(y— b)7/4, this corresponds to £ € R~ close to
¢ = —ib, where F is known to satisfy (4.1) with ||[F|lo = O(€?), ||F'[|; =
O(e). Hence ¢(n,e) must satisfy transformed equation (4.6).Also from
(4.2),(4.3), (4.5), it is clear that as e — 0%, ¢(n,€),d'(n,€) = O(e) and
that ¢ = O(y —b)*? and n¢' = O((y — b)*/*,e(y — b)~/4). Since
F(€) is real at least on the imaginary £ axis segment [—ib, 0], it follows
from (4.2) that for suitable gg,q1, Im ¢ = 0 for n real and positive, at
least when q?o <n< q?l. |

DEFINITION 43 Rop = {n : R < Im n+ Re n < koe L,argn €
[0, %”2; —Im n+ R < Ren < Im n+ kee ', argn € (—%,0]}, where
q < ko <q-

DEFINITION 4.4  We define gg(n) (suppressing the € dependence) as the
solution ¢(n,€) in Theorem 4.1

DEFINITION 4.5

(4.8) d1(n) = n~>Me™, go(n) = >/ Men;
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#1(n), P2 (n) satisfy the following equation exactly:

2¢ 5 d 45
Lo=202 09
¢ dn? + 7n dn (1+ 19672

The Wronskian of ¢; and ¢9
(4.9) W(g1,¢2)(n) = 277

Equation (4.6) can be rewritten as
(410) EQS :Nl(gba ¢17€)

where the operator N is defined by

1 33

Nl(qsa QS,,G)[n] = - E - 1967’]2

4/7
+ %E((en)2/7v QS? ¢17 7771)7

)p =0

44 s
¢+¢{[1+49n¢+7¢]32 1}
(4.11)

DEFINITION 4.6

(4.12) o = koe™, m = koe , Mo = ikoe !

LEMMA 4.7 The solution gz~5(77) as defined earlier satisfies the following
integral equation:

(4.13)
N n ¢ _— n ¢ _—
b= o) [ LGNl + o) [ SN G

(62 (m) @' (m) = S (m)b(m) )

—5/7
2my /

(9251(770)55'(770) — ¢ (770)¢~5(770))

— ;
21, /

— ¢1(n)

+ ¢2(n)

PROOF: By using variation of parameters on (4.6)(with ¢(n,€) re-
placed by ¢(n), we get

(414) 30 =~0n0) [ PN Bl
b gi(s)

n2 25—/7

+ ¢2(1) Ni(g, ¢ €)[slds + A1 (t) + Asgho(t);
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Evaluating (4.14) and its derivative at ¢ = 1o and solve for Aj, Ay, we
have

$(n2)$h(n2) — &' (112) 2(n2)
2,77 ’

Ao — $(n2)d} (n2) — ¢ (12) 1 (m2)
2 — 27]_5/7 )

A =
(4.15)

However,on using integration by parts twice:

~ i) [ 2 catwar e outo) [ 2 oy
(@52(771)55'(771) - 925'2(771)55(771))
(4.16) = { - $1(?) 27]1—5/7
+¢ﬂﬂ@umwo?:ﬁamwmm)_Amﬂﬂ_Awﬂﬂ}

Using Lé = Ni(¢, ¢, €) in (4.16) and using this expression in (4.14), we
get (4.13) and hence the lemma follows. [ |

DEFINITION 4.8

(4.17)
W = {¢: ¢(n) is analytic in Ro g and continuous in its closure, with

¢l :== sup [nd(n)| < oos}
R2,r
LEMMA 4.9 Let N € W, define

n t N t
1) = 100) [ N Ot balo) = bt [ N

st = o) [ LG Nyt s= o) [ 2w tya

Then |l < KIN@I ll2ll < KIN@I; 145l < KIN@, [[9all <
K||N(t)|| where K is some constant independent of R, e.

ProorF: It is clear from the nature of the domain Ro r that any point
n € Ra,r can be connected to 79 by a straight line entirely within R g
so on line t(s), parametrized by arclength s, Re (¢(s) — 1) increases from
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7 to 1o so that on the segment %Re (t(s) —n) > Cy > 0, where C is a
constant independent of €. Further, on this straight line 0 < Cy < |t/7)]
where Cs is independent of €. Then

[pa(n)] =

/" §=9/14,=5/14 o =(=1) (4N (1)) dt
n

0

Ld
—-9/14, | —
<M [ 4

_ —9/14 _
<or'ey ™Ml

e~ Re ()=}
%Re t(s)

So [|2]] < K||N||. Similarly for 14 since Iig} <C.

Also, it is clear that any point 1 can be connected to 1; by a straight
line entirely within Ro g and on such a particular path #(s), %Re(n —
t(s)) > C1 > 0,where C} is independent of €. Further on this straight line
|t/n| > Cy > 0, Cy independent of €. So

n
il = | [ e 0N )t
m
—-9/14 ~— _ _
< ¢ MO TN < Kol V|
Similarly for ||43]| since |%| <C. |

DEFINITION 4.10 We define ¢3 and ¢4 so that

(¢2(771)¢~5'(771) - ¢'2(771)¢~5(771))

—5/7
2m /

(4.18) $3(n) = —¢1(n)

b1 (n0)d (no) — ¢ (m0) b
619 ntn) = a2 (17;):]_5/71(170) ()
0

LEMMA 4.11

51, sl < C [ImdGn)| + 18 (n)ml]

18401 l6sll < C1 [Inod(no)| + 16 (mo)mol]

where C 1s independent of €.
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PROOF: Since |n1| > |n|, it follows that

M’siﬁ?l) = exp[Re 1 — Re n]ln: |~/ |n| =" < Cyjn| ™!
mm ")

Also, since || < C |nol|, for constant C' independent of ¢,

P2(drlm)| _ . oie 1 — Re nollnol ™/ =51 < Coln| ™

M)
Since (1) = da(n)[1 — 23] and ¢} () = ¢1(m)[—1 — 1], the same ar-
guments as above show that % < Coln|~! and % <
C1|n|~!. Hence, the lemma, follows from definition of ¢3 and ¢4 in defini-
tion 4.10. |

DEFINITION 4.12
W, ={peW,|s]| <o}

DEFINITION 4.13

D(qs,qs',j,) H+ 4?

+5 ¢)3/2 }: Z AJl,Jz ¢Jl(¢)

Ji+j2 >2

We define constant p, independent of n and € in the domain Rz g so that
Aj ()] < C o2
LEMMA 4.14 If ¢, ¢’ € W, then Ni(¢,¢',€) € W, and

2
o
N30l < 1+ Clgor+ BT+ ),

1

pR’ pR < 35, where p and p are as in remark

for R large enough so that

4.1 and definition 4.13.
PROOF:  In (4.11),[l5ge» 8l < gll9ll, [11/n] < 1.

The norm of the first nonlinear term in (4.11) can be estimated by noting

A; »J2 (n) ¢j1 ¢,j277

1 +] >2 Ji
> 1
31+]2>2|77|J1+Jz lpjl-i-Jz

0_2

Rp?

InD($, ¢/, )| =

[l Ing' |72

<cC
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The norm of the second nonlinear term in (4.11) can be estimated by
using (4.7) and noting

[(en)*/ B[ < (eno)*/T

1. . .
E]1,32>OEJ1,J2 ((677)2/77 E)QSJI (QZS,)]2

1 1 —
< C(6770)4/7 (EOO7]2>0 Riv+iz piitiz UJ1+]2>

< Chy/" = O(y-b)

where p is as defined in remark 4.1. The lemma follows on combining
above results. |

LEMMA 4.15 If ¢ € W,,9p € W,,¢' € W, o)) € W, then for R >
20 20

p’p

1

V(9. ) = N, 9", )| < Clgs + 55 + R T (I8 = 1l + 1 = /1)

where p, p are as in remark 4.1 and definition 4.13 and C' is independent
of ¢, ¥ and e.

PROOF: ||55557 (¢ — ¥)I| < 7zlI(¢ — ¥)ll, Note that

(@172 — 7 ¢72)| = gt (§72 — '72) + P2 (¢t — 97|
j ]‘ / / jo — / /
< ||¢!|“sz(“¢ (R A Tl

(4.20) 1] i
+ i (el + 1617l = 4]

< (TP lly! — 1+ illg — ol
So in (4.11),
D64, 2) =D D < | B LA )l 7 = )
SCM%»&LJEW“Q%MW“¢W+ﬁW—¢M
< SRl = 1+ 1 = ol for B> 2
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From (4.7) and (4.20)

(en) ™ 2 ()" L) B (e O x|

1 .
< Clem|" 4,20 e () l{nnw — @'+l — I}

< CRYT' = ¢ + 1 — Il for R > 27“

|
Consider the integral equation in the domain R g:
$2(m) ¢’ (m) — P (m)p(m)
o) = L1601 — n) 2 — )
2ny
(4.21) 3
(#1(10) @' (m0) = #1(0) #(m0) )
+ ¢2(7I) =5/7 ;
2
Where
(4.22)
L1682 =) [ NG 4l intn) [ NG . )l
19 = 1N 2t 5/7 1 21 2t 5/7 1
DEFINITION 4.16
(4.23) E' :=WaoW,|(¢)le = ¢l +1¢l;

This is clearly a Banach space. Similarly, EL = {(¢, ¢’) € B! with ||(¢,¢')|| <

o}.
Define

M :E' - EL M(p,¢') = (My(¢,¢'), Ma(, ¢))

where
(4.24) Mi(¢, ¢') = L1g(n) + ¢a(n) + pa(n)
(4.25) Ma(p, ¢') = Lag(n) + d3(n) + ¢4 (n)
where
(4.26)

! QS / 7 QS L /
eav =00 [ 22O i 6.0 e+ s [ EE NG 6.0 0
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THEOREM 4.17 For fixred o > 4K, where K is as defined in Lemma 4.9,
there exists ko small enough but independent of € (i.e. b chosen so that
v — b is small but independent of €), and R large enough so that for any
¢ small enough, M is a contraction mapping from EL to EL.

PrOOF: Using Lemmas 4.9,4.11,4.14 in (4.24) and (4.25), it follows
that

IM(8, )l = IM1(d, §)II + [M2(e, &)l

2
o =4/7 o

+ Cillmod(no)| + |6 (no)mol + [md(m)| + [md' (m)]]

(4.27) <2K

From Theorem 4.2, n¢(n), n¢' (1) = O((y = )**, —fs557) for n = o or
n1. But since (y — b)7/* = O(ky) it follows that ko can be chosen small
enough (but independent of €) and R can be chosen large enough so that
the the right hand side of (4.27) is less than 4K for small enough e.
Further from Lemma 4.9 and Lemma 4.15

[Mi2(d1, d2) — Mia(d2, d5)|| < KN (g1, 41, €) — N(d2, da, €)||

1 o ~4/7
< KCllign = dall + 116 = 64 lliz5 + 5 + R

So

[ M($1,60) = M2, )| < 2KCls + =2+ R N1 — 2,6, — )

PR
which is a contraction for ky small and R large. |

REMARK 4.18 Note that R can be chosen large enough and ko small
enough once for all and Theorem holds for all small €. In otherwords,
choice of R, ko can be made independent of €, though the Theorem also
holds if R = O(%) for sufficiently small € and k.

COROLLARY 4.19  The integral equation(4.21) has the unique analytic so-

lution ¢(n) and ¢(n) = ¢(n) in the domain Ro g.

PrOOF: Unique solution ¢ follows from Thm 4.17 using contraction
mapping theorem. If we choose R = O(1) suitably, then Theorem 4.2
applies to domain Ry r and from Lemma 4.7, ¢ = gz~5 From analytic
continuation, ¢ — é = 0 everywhere on Ry i even when R is independent
of e but large. |
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LEMMA 4.20 The solution $(n) satisfies Im ¢(n) = 0 for R < n < 4
for sufficiently large R and small enough €, for R independent of €.

PrOOF: From Corollary 4.19, it follows that $(n) is analytic in par-
ticular on the real axis for R < n < ’%0 However, from Theorem 4.2,
Im ¢ =0 for & <y < 2. Since kg > qo, the lemma follows. |

LEMMA 4.21  For any fized n in the domain {n: Re n+Im n > R, %” >
argn > —g}, limeo ¢(n, €) = ¢o(n), where do(n) satisfies

(4.28)
o) = ~anto) [ A0 B My g [ N 60

c0ebiT/8 2¢4—5/7 dt

PRrROOF: Follows from (4.13) by taking limit € — 0 and using Theorem
4.2,

é(m),q;’(m),&(ng) and ¢'(np) all tend to 0 while % — 0 and
L
%AOaSEAOSincem,ng — 0. |

COROLLARY 4.22  ¢o(n) satisfies differential equation
(4.29)

Li¢o = Ni(¢o, $0,0) 33

~ 19612

_1 Ao 4 s
7I+¢0{(1+49 0 +7¢0) 1}

with neo(n) finite as n — oo, at least for argn € (-3, %)

PROOF: Lidy = Ni(¢o, ¢f),0) follows simply from applying L4 to
(4.28). Since |n¢(n)| was bounded independent of € in the domain Rs g,

it follows that as € — 0,|n¢o| is also bounded at least for argn € (=%, 3T).
|

REMARK 4.23 It is known from general theory worked out by Costin [7]
that (4.29) has unique solution with asymptotic expansion

o ~ E‘;’;l%, valid for — g <argn <m
and that on the positive real azis
(4.30) Im o ~ Sy~ 1en

for some Stokes constant S (which is a numerical constant independent
of any parameter) that can be computed.
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However, applying transformation (4.2),(4.3),(4.5) and going back to vari-
able x and G it is clear that hmG’( (n)) = Go(x(n)) and that Go(x)

satisfies

(4.31) G =1+ (x — Gy)*?G,

If we use transformation

(4.32) Vo(x) = (x - Go)™/?

then it follows from (4.31) that V() satisfies

(4.33) 2V5'(x) =x — V,

with Vp(x) — x /2 as xy — o0, at least for ?—Z > argyx > 0.

Combescot et al [5] considered (4.33) and by computing many terms in

the asymptotic expansion for large x, was able to use a Borel summation
procedure to compute the constant S in the asymptotic expression

(4.34) Im Vi(x) ~ Sy 3/8e7x""*

for large positive y. The number S was found to be nonzero. Using
the transformation from x to 7, it follows that S in (4.31) must also be
nonzero.

LEMMA 4.24  For all sufficiently small €
(4.35) Im §(n,€) # 0 for any n € (B, L)

PROOF: Since li_r)r(l)(;;(n) = ¢o(n), li_r)r(l) Im ¢(n,€) = Im ¢o(n) # 0 from

(4.30), since S is nonzero. |

COROLLARY 4.25 Im F # 0 on some imaginary & azxis segment [—ib, —ib']
for some b < b.

PROOF: On using transformation (4.2), (4.3) and (4.5), the interval
(R,%) in 7 corresponds to an I'm { axis interval that includes [—ib, —ib']
for some suitably chosen b’ < b. So, at least on this segment,

Im F(&) = Im ¢(n(£)) # 0. i
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Proof of Theorem 1.8 : We have shown any classical solution F'(£),
if it exists, is analytic in R U Ct and belongs to Ag. It is also analytic
in the Im ¢ axis segment [—ib,i00). From successive Taylor expansions
on the imaginary ¢ axis, starting at & = 0, if follows that the symmetry
condition (iii) implies I'm F =0 for £ € [—ib,i00). But this contradicts
the previous corollary for all sufficiently small e. Hence proof of Theorem
1.8 follows.

Appendix A: Proof of some lemmas

LEMMA A.1 Let g € C'(—00,00) such that ||(& —2i)7g|| < 00 for some
0<7<1andlet||¢—2i]"¢'|| < 0o as well. Then, for any k € (0, 1],

(A1) [[(€=2i)"H(9)lloo < C1 ln% 1€ = 20)7 gl oo + Cok[|(€ = 20) 7+ ¢ l|oo

where C1 and Cs are independent of k and H is the Hilbert transform
operater defined as

(2.2 Ho =) [ 2 g

PROOF: We first take £ > 1. Denote k' = 2 — k, clearly % <k <2
We break up the integral in (A.2) into four parts,

(A.3) /Z:/k;+/; /k /:”9“5 '

Consider the first term:

Lp) /k€ o +8) = ol8)

kg _
<€ =20y oo [ JE+ €20 ae
™ —ke

1 (ke I(¢ /
<2 [ oo

where € € (—k¢&, k).
But

[ 66— 2T Mg < (1 k)~ 22k < Coble - 20

where Cy can be made independent of k € (0, 3]. Hence

l/kg g(f"’"fl),_g(f)dgl < k02|f—27;|_7||f )1+7— ,“oo
T J ke 3
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Consider the second term: on change of variable ¢ + & = ¢” and let

L= (1-k)¢, we get
1 /L ) "
d d¢

mJ-r (§" =€)
We write this integral as
(?4)11 (gll) 1 L (gll) (51,) 1 L
g "= - g 9 n__ - " "
B L M e ey L

and estimate each term separately. The second term on the right hand
side above can be estimated as

L
— [ lo(€) —2iy7l¢' 20l ae

(a5 ||

LIT

1€ = 2i)7glloc <CET (€ — 2i)glls0

where C' can be made independent of k. Now consider the first term in
(A.4):

A.6)
L e

l L 9(6”)6” "
/ (f—f”)édﬁ

5// 1-71
<cle-2ral |
1-k |£|1 T

< O = 20) glloo ™ Vm @dé]

1 - o
<Cilag 16217 € =2 gl

where (] is independent of k, and ln% term accounts for the behavior of
the estimate on the right hand side as k — 0". We now estimate the
third term in (A.3):

LA ]

1 oog(_£,+€) !
7(1
¢

ke &

1 [0 (& _g) T
<€ =20 gl [ E e
< (€ — 20) glloot ™
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where C above can be chosen independent of k. Consider the 4th term in

(A.3):
1 gl +¢)

k¢ ¢

| < —2iralor [~ EED Zae
<l —20y gl [ g
<O Iy €glet "

where C is chosen independent of & and ln% accounts for the asymptotic
behavior of the integral on the right hand side, as k¥ — 0*. Combinining
all the terms above, we obtain the proof of the Lemma for ¢ > 1. Now
for 0 < ¢ < 1, we split the integral in (A.2) into :

L[ €4 =000 L =o€ 4D 1 (A€ 1)

First term:

1 kg +¢€) —g(é)
;/—k 3

where (5 is independent of €. Second term:
'+ 07} g+ & — 2|77
D[P g < e —zirgl [T ETE T2 g
7 Jk ¢ k £
o 0o (12 +4 —7/2
<cl¢-2irgl [ a

1 o
< O g 6= 20)7gl

! 1 k s ! N14+7 1
4| < — [ 1gOd' < Cakl€ ~ 20)g o
—k

where C is independent of £ and In % accounts for the asymptotic be-
havior of the righthand side estimate as k — 07. Consider the third

term:
> g(=¢ +§)
71'//.C ¢

! _ 2 T
<=2 gl [ 5—?fﬂ—f

. /_oo (6’; f)d5

<G lnE 1€ = 2i)7glloo
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where C; is made independent of k by using the asymptotic behavior of
the right hand side estimate, as k — 07.
For ¢ < 0, we note that

ol =1 [~ o@)g%, = -1 [T 9=

which is negative of the Hilbert transform of the function g(—¢), evaluated
at the point —¢ > 0. Since g(—¢) satisfies the same conditions as those
given for g(£) in this Lemma, it follows all bounds also hold for § < 0. 1

LEMMA A.2 Let g € C?(—o00,00) such that ||(§ — 2i)7gllso, and ||(& —
2i)"12g" || ezist for some T € (0,1). Then,

(A7) I€=20)"H(g o < Coll(€=20)9"lloo + Co lI(€ —20)glloo

ProoF: First, we consider the case ¢ > 1. Then, we decompose

Y N e e P A (E SR )
£

(/6/2 /—> f;f g+ L /_—;g£+§)£

Using arguments similar to Lemma A.1 for k = %, it is clear that the first
term on the right of (A.8) is bounded by

- 5/2 gl(§+§,)_gl(§) ! 9171 _ T+2 1
2 [EEE T e < vt e -2

The second term of (A.8) is easily seen to be bounded by

(A.8)

= (9GO +9G))1 < 0l =217 g - 20) gl

Using arguments similar to Lemma A.1, with k = %, the third term in
(A.8) is also bounded:

|_</§/z /> i

—1-7 9T 00(1+£)_T £ 00(5_1)_7— 5
< CETIE -2 gl [/I/Q—EQ i+ [T di]
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Now, on change of variable ¢’ + ¢ = £”| the last term on the right of (A.8)
can be bounded by

a0 11 S e o -l [ e
g2 (8" = €)? °°

Therefore, combining bounds on each term, we get

(A.10)

H@EN < 16 =277 (Call € = 202" o + Coll(€ —20)7glloo)

We now consider 0 < ¢ < 1. In this case, it is convenient to write

(A.11) WH(QI)[Q:/_II 9'(5’+§),—g’(€)d£,

Lo+ Do -+ ([ +/) 9E+E) 4o

Consider first term in (A.11):

ay | HEEE=TE g < oy

Consider second term in (A.ll):

(A.13) g€ +1) +9(—1)| < C (€ —21)gllo
Consider the third term in (A.11):

(A.14) (/ +/> 9 +£)

< ClI(¢ - 20) gl [/ g2 Tag! +/ E-D e

Combining the above inequalities it follows that (A.10) holds for 0 < ¢ <1
as well. Also, it is to be noted that as in Lemma A.1, for & < 0, H(g)[¢]
can be related to the Hilbert transform of g(—¢) evaluated at —¢. Thus,
the same inequalities as above hold for ¢ < 0. Therefore, (A.10) holds
for all £ € (—o0,00) and the lemma follows. |

LEMMA A.3 Let g € C3(—o00,00) such that ||(£—24)7g|loo, || (6—29)"1¢'|| 00,
(€ — 2i)™"3¢" |0 are each bounded for some T € (0,1). Then,

(A15) [I(€ = 20)*H(9") o
< Gsll(€ = 20)g" loo + O (€ = 20" lloc + Co [I(€ = 20) g0
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ProOF: For & > 1, we decompose

(A.16)
£/2 (et N/
mH(g")[¢] = /_;29 € +?, g"(¢) d£’+§2 {—g(gi) +g(§)}
27,3 1§
- E [9 (55) +g (5)}

0o —3£\ 924(¢' + €2 9q(£M
n / +/ 2 9(5,3 g)dé-l + / //g(g )3d§”
&2 Joo 3 —¢/2 (§" =€)
For ¢ > 1, we then get using estimates for each term in the above using
the same procedure as in previous lemma A.2, to get

(A11) UGN < 16 - 211> T{Calle - 200

+ Ol =20 oo + Coll(€ —2¢)Tg||oo}

For 0 < ¢ <1, we decompose

(A.18)
WH(g”)[f]:/_llg(§+?,_g(§) df’—l— (/ +/ )2922‘5 df
+g€ -1 —g(E+1) —g'(E+1) -

As before in previous Lemma A.2, each term can be estimated and one
gets (A.17) valid again. Again, for £ < 0, H(g)[¢] can be related to the
Hilbert transform of g(—¢') evaluated at —¢; hence the inequality (A.17)
is valid in that case as well. Therefore, the Lemma follows. |

LEMMA A4 If F satisfies conditions (i)-(iii) and assumption (i), then

sup |€ 4+ 2i|'T|F'] < o
66(700,00)

PROOF: Define g(¢) = €2 Im In [1 + %] on the real £ axis. From
condition (i),

!

g &) = —€e’Im %(5) +|F'+HRe F=0("""") as £ = +o0

Hence, on integration, g(¢§) = O({7) as &€ — =+ oo. We note that
In (14 F'/H) is analytic in C* and so on the real ¢ axis, €2Re In (1 +
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F'/H) = H(g)[¢]. Since conditions of previous Lemma A.1 are met by
g(), it follows that

H(g)[€] =O0(™7) as & = oo

and therefore €2 In(1 + %') = O(¢™7) as £ — oo, which implies F' =
O(¢7177). The lemma follows since F is continuously differentiable in
(—OO, OO) . |

LEMMA A.5 If f is analytic in the upper half plane CT and continuous
on C*, the closure of Ct, and  sup | —2i|™|f(€)| =6 < oo for some
)

£e(—o00,00

1 > 0, then

(A.19) sup [§ + 2i|™ | f(§)] =0
geCH

On the otherhand, if f were analytic in the lower half-plane C~ and
continuous on C~ with ~ sup | — 2i|™|f(§)] =0 < oo, then
)

£e(—o0,00

(A.20) sup [¢ — 2i|™[f(§)| <0
geC-

PROOF: Since f is analytic in the upper half plane, sup |f(£)| < M.
¢eCt

Let us define integer n = Int [5] + 2. Choosing h,, (§) = W,
note

we
1
[he ()] = (14 €e1Im )2 + €2(Re £)2)" st
Consider (&) = f(€)(& +20) he,(€), and domain D := {Im & > 0, [¢] <

om/ 2Moy We will assume that € is small enough so that ori/2 Mo 1
€0 €70

On circular part of D,
My[(Re €)* + (Im € +2)*]"/?
(1+ e1Im €)? + (Re £)2ef
2% Mo[(Re §)° + (Im O]/ _ ¢
ei((Re )+ (Im &)H)»  ~

l9(&)] <

On straight part of dD,|g| < d. So |g| < ¢ inside D, from maximum
principle. Also outside D, but for I'm £ > 0, it is clear that |g| < 4. So
for I'm £ > 0,|g|] < 4. So for any fixed &, as e — 0, g(&) — f(&)(£+ 2i)™.
So |f(&)||€ +2i|™ < § for all £ € C*. The proof of the second part is very
similar. |
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Proof of Lemma 1.5
(a) and (b) follow from Lemma A.5 on using Lemma A.4.
Since g(¢) = €2Im In(1 + F'/H) satisfies

HI
g = —*Im =+ |F' + H|Re F,

It is clear that ¢ = O(£7177) as & — Foo.
Also

Hl |:FII + HI

g”:—EQIm (ﬁ)l+|F,+H|R€ F,+|FI+H|R€ W}Re F,

Since H(g")[€] is a priori O(€ 1) as € — 400, it follows that

d H'
Re [62— In (F'4+H)-&=| = H(g[E] = O(™") at best
d¢ H
Therefore, Re I;iig’ = O(¢&71Y) for large |¢|. Also, using large |¢| behav-

ior: I'm (%)I = 0(3), |H+F'|=0(¢ Y, and using Re F = O(£77)
and part (b) result: Re F' = O(¢7177), it follows that ¢” = O(£7277).
From using Lemma A.2, it follows that H(g')[¢] = O(¢ 1 7). So,

FII +H, HI

T g = 9t = o)

Therefore, F" = O(£72°7) as £ — +o0o and hence

sup )IS—QiIT”IF"(f)I =03 < 00

£€(—00,00

Using previous Lemma A.5, with f replaced F", the proof of Lemma 1.5
is complete.

Appendix B: Properties of function P(¢)

In this section,we discuss properties of the following function:

(B.1) - ./5 (y — it)3¥ 4 (y + it) /4

dt
—iy (1+12)
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we choose branch cut {£ : & = pi,p > v}, —7 < arg(y + ) < « for
the function (y + i€)'/* and branch cut {& : &€ = —pi,p > 7}, -7 <
arg(y — i¢) < 7 for the function (y — i&)3/4.

Proof of Property 1:

(1.) First consider, & € (—o0,0),

0 (42 4 12)1/2

(14 2) Sin{% arg(y — it) }dt + Re P(0);

Re P(¢) = [
3
Clearly, Re P(—o00) = oo since arg(y —it) — 5 as t — —o0, and Re P(¢)
decreases as ¢ increases since arg (y —it) € (0,7%).
(2.) For —b < p <0,

3/4( _ p\1/4
P(pi) = —/Op (7+t21 _(:2) D" 0+ P0),

50 3/4(n _ \1/4
ReP(pi) = —/Op (7”21 _(ZZ) D 4t + Rep(0),

On inspection as p increases in the interval (—b,0), Re P(ip) decreases.
Proof of Property 2:

et (t + iy)3/ 4t — iy)l/4

(t+14)(t—1)
It is to be noted that |t — 2i||P'(¢)| has non zero upper and lower bounds
in the domain R. Further, on a ray #(s) = ¢ — s¢¥,0 < s < oo where
0 < <72, a8 s = 00, it is clear from the behavior of P'(t) for large ¢
that since arg P'(t(s)) ~ =2 — ¢,

P'(t) =

%Re P(t(s)) = Re [P/(t(s)e 7]

C

= |P'(t(s))] cos [arg P'(t(s)+ 7+ ¢)] > [6(s) — 23]

satisfies property 2.

Proof of Property 3:

P’ ~iyas & — 0. So P(&) = P(0) +ivé + O(v?).
So, on £ = —v + se /40 < s < 2w,

P(£) ~ P(0) +iy(—v + se %) + O(2) ~ P(0) — iy +vse'™* + O(1?),

%Re P(&(s)) ~ycosm/d+O(v) >C >0
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with C' independent of v and € for sufficiently small v.
Proof of Property 4:
(1) For0 < v < 1

1

P =ity +i) 0 - i

Onl = {£ (&= —1ib— ei”/‘ls}, it suffices to consider arg(—e™/*P’) and
ensure it is in (=%, §), modulo an additive multiple of 27. This will en-
sure property 4, since |P'||{ — 2i| has a lower bound in the region D

Consider

2 +1=1-0>+is> 423 *bs = (1 — b? — V/2bs) + i(v/2bs + s?),

2bs + 52
arg(f2 +1)=m— arctan(\/5;)2__8(1 i b2))'
put s = v/2bp to get
2b2 2 2
arg(é? 4+ 1) = © — arctan [(’O—T’Obz — 1 — arctan [p + ,0]
202 (p — ) p—q

2
127)’;2. In the range p > ¢, the minimum of function pp—j'qp

. . _h2 A2
is (VI+gq+ \/6)2 Since q = 12b’; > 12—7} ‘= Qmin, define 0,,;, =
taJnil(\/ L+ Gmin + v/ Qmin)2 > %a then

(B.2) — 7+ Oppin < —arg(€2 +1) <0

where ¢ =

Since arg (¢ —ivy) € (=3, —Z],

B3)  argily +i6)/ = arg [0 —im) 1] € (12,7,
Let eg = %(Hmm — 7). Near { = —iry:

: 1/4
(B.4) P'(¢) = 2521)72) (v — i€)¥4{1 + O(y — ié)}

Clearly, there exists Ry large enough (depending on b) so that for £ € [,

9 9
— €9, —m) for [E+iy| > Ry

B5)  Sag (y-if) € [mer
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and

3 . 9 .
1318 (y—1i&) € [O,Ew—ez) for € +iy] < Ry

From geometric consideration, it is clear that Ry(b) — Oasb — vy . We
choose b so close to v so that the approximation in (B.4) is good enough
to ensure that on [ 7,
1( ¢\ ,—3mi/4 om Tm ;
arg(P/(€)e /") € (~ %, 15), for € +in] < Ro(b)
On the otherhand, on I~ for [ +4y[ > Ry(b), using (B.5), along with
(B.2) and (B.3), it follows that

; =3m 3r w T %8 T T
(B6) arge T P(O) € (-2 4+ (Oin — ) 2, 25) C (-5, 7

)
(2) Now consider y > 1 (i.e. A > £ but restrict to v — 1 small enough so
that we can choose b so that 10(y — 1) < |b — 1|. We want to show that
onray I~ = {£ = —bi — 5e™/3,0 < s < o0}

C

O R

(B7) S ReP(E(s) = Re{P'()e /%) >

We note that since |¢ — 24||P’" is bounded above and below by nonzero
constants, it suffices to show that

arg (P'(f(S))e_i2”/3) € (—g,g) modulo 27
Note:
ey E—iy) (N1
(B:5) PO-e () T

Let B(s) be the positive angle between £(s) + yi and &(s) + ¢,then by

geometry:
o

arg (¢7*7AP'(€)) € (=B — 13,0);

we can see that B < {5 implies (B.7).
Let dy = |b— 1] + |y — 1|, by geometry:

(s* = 2s|b—1|sinZ + |b—1]?) + (s? — 2sdy sin § + dF) — |y — 1|2
2\/(32 —2slb—1|sin % + |b— 1|2)\/(s2 — 2sdy sin § + d7)

cos B =




ANALYTICITY & NONEXISTENCE OF FINGERS 53

_ 12 _ =1
Let t = gz, = 1y

(t—1-92+ (1+d)cot’ T — +d?
\/(t—1)2+cot2§\/(t—1—d)2+(1+d)2c0t2%

cos B =

The min of the above function over 0 <t < co,d < 0.1 is .9688749307,but
cos 75 = 0.9330127,50 B < 5.

Proof of Property 5 and 6:
Recall that in showing Property 4. we showed that there exists ¢y and b
with § < ¢o < 5,0 < b < min{l,~} so that on { = —ib — elPos

arg P'e*i(”*‘z’o)} € (—=61,02) C (—7/2,m/2), where 0 < 01,02 < /2,

without loss of generality, it will be assumed that 7/4 < 01,6, < 7/2.
Then it is clear that on € = —ib — e®0s,

arg P' € (m — ¢ — 01, (1 — ¢g) + 02)

Note [Z,3%) C (1 — ¢g — 01, (7 — $o) + 02). On the real axis, arg P’ =

274
argi + sarg(y — i€) € Z 4 (0,7/4) = (%,25). On the imaginary axis
between O and ib, arg P’ = . In all cases, on the boundary of the

domain R~, bounded by negative real axis, imaginary axis between 0
and ib and line £ = —bi — e’ s, we have arg P’ € (7 — ¢o — 01,7 — o+ 62).
On & = —bi — se' for ¢ < ¢p, as s — oo, we have

arg(§ +iy) = (m+¢) , arg(§ —iy) = (-7 +¢),
arg(§ +1) = (r+¢) , arg(§ —4) = (-7 + ¢).

So, as s — oo, arg P’ — 3 — ¢ € (3L — ¢, 3X). So as £ — oo and

¢ eR,argP € (3 — ¢, 3L) C (,3F). Using Maximum Principle ,
arg P' € (m — ¢g — 61, ™ — ¢o + 63) everywhere inside the domain R~.
Now if we choose P (£, —o00) = {t : t = £ — €'%5,0 < s < 00}, it is clear

on P, we have

o
€ — 2
where C' can be made independent of v for v in a compact subset of

(0, o0). Hence property 6 follows.
Now to find P(£, —v) so that Re P decreases monotonically from £ to —v,

i(Re P) = |P'| cos [arg(P'e*i(”f‘ﬁo))] >

ds >0,
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we use line Py = {t = {+€'%°s,s > 0} where £ Re P = |P'| cos [arg P’ + ¢o] <
—FC;“ < 0. This line intersects 9D at some point & € 0D. Now,
clearly &; can be connected to & = —v by P1(&1, —v) on a path coincid-
ing with 9D so that Re P decreases monotonically from £ to —v such
that —f(Re P) > 5 > 0. Then P(§, —v) = Po(¢,&1) + Pi(&r, —v).
Reversing this path, leads to the desired path P(—v, &) having property

5.
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