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Abstract

This paper is concerned with the effect of time delayed feedbacks in a nonlinear oscillator with external
forcing. The particular attention is focused on the case that the corresponding linear system has two pairs
of purely imaginary eigenvalues at a critical point, giving rise to double Hopf bifurcations. An analytical
approach is used to find the explicit expressions for the critical values of the system parameters at which
nonresonant or resonant Hopf bifurcations may occur. A fourth-order Ronge–Kutta numerical integration
scheme is employed to obtain the dynamical solutions in the vicinity of the critical point. Both the cases
with and without the external forcing are studied. It has been found that the system exhibits very rich
complex dynamics, including periodic, quasi-periodic and chaotic motions. Moreover, a sensitivity analysis
is carried out to show that chaotic motions are very sensitive to the time delay. This suggests that the time
delay can be used: (1) to control bifurcations and chaos; and (2) to anticontrol (or generate) bifurcations
and chaos. � 2002 Elsevier Science B.V. All rights reserved.

PACS: 05.45.Ac; 02.10.Vd; 02.30.Oz; 05.45.Pq
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1. Introduction

Self-sustained oscillation has been playing a very important role in the study of nonlinear vi-
brating systems which can be classified as autonomous or nonautonomous. Rich dynamics can be
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often observed from self-sustained oscillations which may be generated in mechanical, electrical,
physical, chemical, and ecological systems.

Early studies have shown that a self-sustained system is truly able to exhibit remarkable
complex dynamical behaviour. If such a system contains time delayed component, it can even
have more interesting results. The well-known example is that one-dimensional autonomous
differential equation with time delay can exhibit periodic solutions while a similar autonomous
system without time delay requires at least two dimension to have periodic motions. Further it has
been shown that applying a time delay to a dynamical system may be one of the efficient ap-
proaches to control or anticontrol complex dynamical motions such as chaos [1], since the time
delay is easy to be controlled and realized in real applications.

In this paper we consider a mathematical model including time delayed feedback control with a
closed-loop, described by the following equation:

€xxþ x2
0x� a1 _xxþ a3 _xx3 ¼ k cosðXtÞ þ Að _xxs � _xxÞ þ Bð _xxs � _xxÞ3; ð1Þ

where the parameters a1, a3 and k are assumed to be positive, xs ¼ xðt � sÞ, and s is a time delay.
The feedback is called negative if A, B < 0, and positive if A, B > 0.

When system (1) does not have time delay, i.e., s ¼ 0, then it is reduced to

€xxþ x2
0x� a1 _xxþ a3 _xx3 ¼ k cosðXtÞ;

which is a typical nonlinear vibrating mechanical system (e.g., see [2–6])––a self-sustained, non-
autonomous system with external periodic forcing.

Time delayed systems similar to system (1) but without external forcing (i.e., k ¼ 0) have been
considered by many researchers (e.g., see [7–9]). This shows that there exists certain interest in
studying the effect of time delay on the dynamical behaviour of natural systems. Recently, Reddy
et al. [9] studied the effects of time delayed linear and nonlinear feedbacks on a so called Stuart–
Landau system which may be obtained by avenging system (1) and setting k ¼ 0. The system
considered in [9] showed rich dynamical behaviour including several different types of bifurca-
tions and chaos with linear or nonlinear feedback gains. Other similar studies using different
feedbacks can be found in [7,8], which are though restricted to the study of limit cycles (periodic
solutions). However, if the system contains an external forcing, i.e., when k 6¼ 0 in Eq. (1), to our
knowledge, no results have been published regarding the dynamics of the system with time de-
layed feedbacks.

The main objective of the paper is, based on the model described by Eq. (1), to investigate the
effect of time delay on the dynamical solutions. The particular attention is focused on dynamics of
the system in the vicinity of the critical point at which double Hopf bifurcation may occur. The
critical parameter values are obtained explicitly using an analytical approach. A numerical time
integration scheme based on a fourth-order Ronge–Kutta method has been developed for sim-
ulating the original differential equation (1). Both the cases with and without the external forcing
are considered. Complex dynamical solutions such as periodic, quasi-periodic and chaotic mo-
tions have been found. It is shown that chaotic motions are very sensitive to the time delay s, but
not to other parameters like k, X and B.

The rest of this paper is organized as follows. In Section 2, stability conditions are established
for the corresponding linear system of Eq. (1). Section 3 presents the periodic and quasi-periodic
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solutions. A detailed sensitivity study on chaotic motions is presented in Section 4. Concluding
remarks are given in Section 5.

2. Linear analysis

As the first step we derive the stability conditions for the trivial solution of the corresponding
linear system of (1) without excitation, and obtain the explicit expressions of the critical boundary
at which the trivial solution loses stability. The results obtained in this section will help the nu-
merical simulations given in the following two sections.

The linear equation of system (1) corresponding to k ¼ 0 is given by

€xxþ x2
0x� a1 _xx� Að _xxs � _xxÞ ¼ 0 ð2Þ

from which the characteristic equation can be readily obtained as

k2 þ ðA� a1Þk þ x2
0 � Ak expð�ksÞ ¼ 0; ð3Þ

where x0 is a real positive constant.
Based on the characteristic Eq. (3), we can now investigate the critical stability boundaries

under the following hypothesis: The eigenvalues of Eq. (3) are analytical functions of parameters
A and s. Then the result given in [10] can be applied to our system to obtain: The number of
the eigenvalues of Eq. (3) with negative real parts, counting multiplicities, can change only when
the eigenvalues become pure imaginary pairs as the time delay s, the feedback gain A and the
dumping coefficient a1 are varied.

Thus, let k ¼ a þ ix be a root of the characteristic Eq. (3), where i is the imaginary unit. a and
x are real, and x can be assumed positive since the roots of Eq. (3) appear as complex conjugate
pairs. Then substituting the k into Eq. (3), and taking the real and imaginary parts of the resulting
equation to equal zero yields

Aa þ a2 � aa1 � x2 þ x2
0 � Ae�as a cosðxsÞ½ þ x sinðxsÞ� ¼ 0;

Ax þ 2ax � a1x � Ae�as x cosðxsÞ½ � a sinðxsÞ� ¼ 0:
ð4Þ

Equation (3) has a pair of purely imaginary eigenvalues when a ¼ 0 which is substituted into Eq.
(4) to obtain

x2
0 � x2 ¼ Ax sinðxsÞ;

Ax � a1x ¼ Ax cosðxsÞ:
ð5Þ

Eliminating s from Eq. (5) results in

x
x0

� �4

� 2 1

�
þ ð2A� a1Þa1

2x2
0

�
x
x0

� �2

þ 1 ¼ 0
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which, in turn, gives the two roots:

x2
	 ¼ 1

8<
: þ ð2A� a1Þa1

2x2
0

	

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ð2A� a1Þa1

2x2
0

� �2
� 1

s 9=
;x2

0: ð6Þ

Equation (6) indicates that condition a1ð2A� a1ÞP 0 must be satisfied since x	 are real and
positive. This condition actually implies that the critical values of a1 and A, expressed in x and s,
are located in the region in the a1–A plane, bounded by the two straight lines a1 ¼ 0 and a1 ¼ 2A
(see Fig. 1).

Note that Eq. (5) contains three independent parameters a1, A and s since x0 is a constant, and
x can be determined in terms of the three parameters via Eq. (5). When s ¼ 0, system (1) is re-
duced to an ordinary differential equation (without time delay), then it is obvious that a1 ¼ 0 is the
critical stability boundary. However, if s > 0, then the critical stability boundary is changed and
the new boundaries can be found as follows: First note that when s ¼ 0, Eq. (3) has the eigen-
values k ¼ ða1 	 ða2

1 � 4x2
0Þ

1=2Þ=2, which suggests that the trivial solution of Eq. (2) is stable when
a1 < 0. For any fixed s > 0, and x 2 ð0; p=sÞ, one can show that the stability of the trivial solution
remains unchanged until A reaches a critical value Ac at which k ¼ ix, namely, Eq. (3) has a root
with zero real part. Further, it follows from the second equation of Eq. (5) that a1c ¼ SðAcÞ ¼ 0
when s ¼ 0. Therefore, a1 < a1c ¼ SðAcÞ, defines the stable region for the trivial solution when
s > 0. It can be shown that for a fixed s > 0, when x 2 ð0; p=sÞ, the trivial solution of Eq. (1) is
asymptotically stable if and only if the point (a1;A) is located in a region of the parameter space
bounded by the critical curve, which is solved from Eq. (5) as a1c ¼ SðAcÞ.

The critical stability boundary and stable region for the trivial solution of Eq. (2) are shown in
Fig. 1, where the critical boundaries for s ¼ 0:1, 0.3, 0.4 and 0.6 are denoted by thin solid, dash,
dot-dash and thick sold lines, respectively. It is seen from Fig. 1 that each critical boundary di-
vides the (a1;A) parameter plane into two parts denoted by (I) and (II), corresponding to the
stable and unstable regions. It is be noted from Fig. 1 that the topological structure of the critical
boundary for a larger s is different from that for a smaller s. Therefore, it is important to study

Fig. 1. Critical stability boundaries about A and a1: (I)––stable region, (II)––unstable region.
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how the variation of the time delay s affects the dynamical behaviour of the system. This may be
achieved by solving s from Eq. (5) in terms of the other parameters. By noting x2

0 � x2
þ < 0 and

x2
0 � x2

� > 0, we may obtain

sþðjÞ ¼
1

xþ
2jp þ cos�1 1� a1

A


 �� �
; if A < 0;

1
xþ

ð2jþ 2Þp � cos�1 1� a1
A


 �� �
; if A > 0;

(
ð7Þ

and

s�ðjÞ ¼
1

x�
ð2jþ 2Þp � cos�1 1� a1

A


 �� �
; if A < 0;

1
x�

2jp þ cos�1 1� a1
A


 �� �
; if A > 0:

(
ð8Þ

The stability conditions with respect to the time delay s can be found as follows: The trivial
solution of Eq. (4) is asymptotically stable when a1, A and s satisfy one of the following condi-
tions:

(1) a1 < minf0; 2Ag and s > 0,
(2) A < a1=2 < 0 and either 0 < s < sþð0Þ or s�ðjÞ < s < sþðjþ 1Þ,
(3) A > a1=2 > 0 and s�ðjÞ < s < sþðjþ 1Þ.

Here j ¼ 0; 1; 2; . . ., and sþ and s� are given by Eqs. (7) and (8).
The above results are depicted in Fig. 2 with x0 ¼ 10. The two cases for a1 ¼ �1 and a1 ¼ 1 are

shown in (a) and (b), respectively. The stable region is indicated by (I) while the unstable region is
by (II). Solid and dash lines denote the critical boundaries for sþ and s�, respectively. It have been
observed that

(1) Hopf bifurcation may only occur on the critical stability boundaries.
(2) It is possible to have double Hopf bifurcation (associated with two pairs of purely imaginary

eigenvalues [11]) at the points P1, P2 and P3, as shown in Fig. 2(b).

Since Hopf bifurcation has been studied in a different paper, this paper focuses on the analysis
of double Hopf bifurcation demonstrating more complex dynamical behaviour due to mode in-
teractions. Mode interaction actually acts as a very important role in the analysis of multi-
parameter nonlinear autonomous systems. Double Hopf interaction is one of the typical class of
such mode interactions, which is characterized by the coexistence of two periodic modes of the
linearized differential equations at a critical point in the parameter space.

To obtain the critical point at which the double Hopf bifurcation takes place, consider the
following equation which is equivalent to Eq. (5):

cosðxþsþÞ ¼ 1� a1

A
;

cosðx�s�Þ ¼ 1� a1

A
;

ð9Þ

for arbitrary values of a1 and A, where x	 and s	 are given in Eqs. (6)–(8). The index j has been
dropped from the above equations for simplicity. Clearly, Eq. (9) yields cosðxþsþÞ ¼ cosðx�s�Þ,
or
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xþsþ ¼ 	x�s� þ 2jp;

where j is an integer. Since s	 > 0, and 0 < x� < x < xþ, it follows from Eq. (5) that sinðxþsþÞ
and sinðx�s�Þ have opposite signs. However, on the other hand, one can obtain from Eq. (9) that

cosðxþsþÞ � cosðx�s�Þ ¼ �2 sin
xþsþ þ x�s�

2

� �
sin

xþsþ � x�s�
2

� �
¼ 0

which implies that xþsþ 	 x�s� ¼ 2jp. We take xþsþ þ x�s� ¼ 2jp so that sinðx�s�Þ has an
opposite sign of sinðxþsþÞ.

The condition for the critical point to give double Hopf bifurcation requires sþ ¼ s� ¼ sc, and
thus

Fig. 2. Critical stability boundaries about A and s: (a) a1 ¼ �1; (b) a1 ¼ 1.
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ðxþ þ x�Þsc ¼ 2jp: ð10Þ

Further assume that

x�

xþ
¼ xr;

where xr (0 < xr 6 1) is a real number. In this paper we assume that 0 < xr < 1. The case xr ¼ 1
representing 1:1 resonance will be studied in another paper. Now from Eq. (6) we can find, by
noting xþ ¼ x2

0=x�, that

xr ¼
x�

xþ
¼ x2

�
x2

0

¼ 1þ ð2A� a1Þa1

2x2
0

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ð2A� a1Þa1

2x2
0

� �2
� 1

s

which can be rewritten as

1

�
þ ð2A� a1Þa1

2x2
0

�2
� 1 ¼ 1

�
þ ð2A� a1Þa1

2x2
0

� xr

�2
;

or

1þ ð2A� a1Þa1

2x2
0

¼ 1þ x2
r

2xr

from which one can obtain

Ac ¼
1

2
a1

"
þ x2

0ð1� xrÞ2

xra1

#
: ð11Þ

Then xþ and x� are given by

xþ ¼ x0ffiffiffiffiffi
xr

p and x� ¼ x0

ffiffiffiffiffi
xr

p
;

respectively. The critical value of sc can be now found from Eq. (10) as

sc ¼
2jp

ð1þ xrÞxþ
¼ 2jp

ffiffiffiffiffi
xr

p

ð1þ xrÞx0

: ð12Þ

It seems that a1 can be chosen arbitrarily. However this is not true due to Eq. (9). In fact, it
follows from Eq. (9) that

cosðxþscÞ ¼ cos
2jp

1þ xr

� �
¼ 1� a1

Ac

¼ �
a2
1 �

x2
0
ð1�xrÞ2

xr

a2
1 þ

x2
0
ð1�xrÞ2

xr

from which a1 is solved as

a1c ¼
x0ð1� xrÞffiffiffiffiffi

xr
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� cos

�
2jp
1þxr

�
1þ cos

�
2jp
1þxr

�
vuuut ¼ 	x0ð1� xrÞffiffiffiffiffi

xr
p tan

jp
1þ xr

� �
ð0 < xr < 1Þ:
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Then, Ac becomes

Ac ¼
x0ð1� xrÞ

2
ffiffiffiffiffi
xr

p tan
jp

1þ xr

� ��
þ cot

jp
1þ xr

� ��
¼ 	x0ð1� xrÞffiffiffiffiffi

xr
p csc

2jp
1þ xr

� �
: ð13Þ

It is seen from Eq. (9) that a1c and Ac must take the same sign. Therefore, at the critical point at
which double Hopf bifurcation occurs, all the critical values of the parameters a1c, Ac, sc, x1c � x�
and x2c � xþ are expressed in terms of xr, x0 and k. Suppose the x0 is given and the integer k is
fixed, then the critical values of all the parameters are uniquely determined by the ratio of the two
frequencies, xr. In other words, a case study, which is classified by the ratio of the two frequencies,
completely determines the critical point when x0 is given and k is fixed.

It should be noted that for double Hopf bifurcation, cosðx�scÞ ¼ cosðxþscÞ (see Eq. (9)). This
may also be verified as follows:

cosðx�scÞ ¼ cos
2jpxr

1þ xr

� �
¼ cos

2jpð1þ xr � 1Þ
1þ xr

� �
¼ cos 2jp

�
� 2jp
1þ xr

�

¼ cos
2jp

1þ xr

� �
¼ cosðxþscÞ:

Moreover,

sinðx�scÞ ¼
x2

0 � x2
�

Acx�
¼ x0ð1� xrÞ

Ac

ffiffiffiffiffi
xr

p ;

and thus

sinðxþscÞ ¼
x2

0 � x2
þ

Acxþ
¼ x0ðxr � 1Þ

Ac

ffiffiffiffiffi
xr

p ¼ � sinðx�scÞ;

as expected. These expressions will be used in the next section.

3. Periodic and quasi-periodic solutions

In this section, we shall present numerical results of periodic and quasi-periodic solutions for
various cases. Chaotic motions will be discussed in the next section. The critical points chosen to
show different characteristics of the system include nonresonant and resonant cases. In particular,
the results for three typical cases, i.e., 1:

ffiffiffi
2

p
nonresonance, and 1:2 and 1:3 resonant cases, are

given in this section. Moreover, k ¼ 0 (without external forcing) and k 6¼ 0 (with external forcing)
are considered for a comparison. The parameter values used for the three cases are shown in Table
1, where CP, PS and QPS represent critical point, periodic solution and quasi-periodic solution,
respectively. The two new parameters l1 and l2 are defined as

l1 ¼ a1 � a1c; l2 ¼ A� Ac;

for convenience.
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Table 1

Parameter values

Case 1:
ffiffiffi
2

p
1:2 1:3

CP a1c ¼ 12:60 a1c ¼ 12:35 a1c ¼ 11:65
Ac ¼ 6:79 Ac ¼ 8:26 Ac ¼ 11:65
sc ¼ 0:31 sc ¼ 0:30 sc ¼ 0:27

PS l1 ¼ 0:01 l1 ¼ 0:1 l1 ¼ 0:1
k ¼ 0 l2 ¼ 0:10 l2 ¼ 0:1 l2 ¼ 0:1

k ¼ 0:2 k ¼ 0:1 k ¼ 0:2
PS X ¼ 15:0 X ¼ 12:0 X ¼ 15:0
k 6¼ 0 l1 ¼ �0:3 l1 ¼ 1:0 l1 ¼ �0:1

l2 ¼ 0:4 l2 ¼ 1:0 l2 ¼ 0:2

k ¼ 12:0 k ¼ 1:3 k ¼ 6:2
QPS X ¼ 2:0 X ¼ 2:0 X ¼ 10:0
k 6¼ 0 l1 ¼ �0:1 l1 ¼ 1:0 l1 ¼ �0:1

l2 ¼ �0:1 l1 ¼ 1:0 l2 ¼ 0:4

Fig. 3. Periodic solutions for k ¼ 0: (a) 1:
ffiffiffi
2

p
nonresonance, a1 ¼ 12:61, A ¼ 6:89; (b) 1:2 resonance, a1 ¼ 12:45,

A ¼ 8:36; (c) 1:3 resonance, a1 ¼ 11:75, A ¼ 11:75.
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First it is noted that the differences in the time delay s for the three cases are not significant,
indicating that a small change in the time delay can result in different pattern of motions. This is
particularly useful when using the time delay to control or anticontrol bifurcations. For example,
a decrease in s from 0.31 to 0.30 results in the system jumping from 1:

ffiffiffi
2

p
nonresonance to

1:2 resonance. Of course, the values of a1 and A have to be changed too, according to formulas
(11)–(13).

In general, the system can exhibit very rich periodic and quasi-periodic motions in the vicinity
of the critical points. In particular, when k ¼ 0, the system mainly exhibit periodic solutions, while
k 6¼ 0 can yield both periodic and quasi-periodic motions. Moreover, it is found that when k 6¼ 0,
the periodic solutions occur only for small values of k while the quasi-periodic motions for large
values of k.

Figure 3 shows the phase portraits of the periodic solutions for the three cases when k ¼ 0,
while Fig. 4 depicts the periodic motions for k 6¼ 0. It can be seen that the periodic solutions
shown in the two figures are quite similar, with almost same amplitudes. This is not surprising
since the values of k used in Fig. 4 are small (positive), suggesting that a small k has very little
influence on the motions.

Figures 5–7 show the phase portraits and Poincar�ee maps for the three cases, respectively, when
k is not small. All the solutions are quasi-periodic motions, confirmed by the Poincar�ee mapping.
The Poincar�ee mapping is taken at t ¼ 2np=X since the system is nonautonomous, with the peri-
odic external forcing k cosðXtÞ. All the three Poincar�ee maps are simple closed orbits (close to an
ellipse) indicating that the trajectories are truly moving on two-dimensional tori.

4. Sensitivity study on chaotic motions

Now we turn to discuss of chaotic motions. We shall use the same numerical approach to
consider a set of parameter values near the 1:

ffiffiffi
2

p
nonresonance to show that the system can indeed

exhibit rich chaotic motions. In particular, we are interested in the sensitivity of the chaotic
motions with respect to the system parameters. We shall first investigate the effect of the time
delay s, and then discuss the effects of the parameters k and X due to the external force, and the
nonlinear feedback gain B. The parameters other than s, k, X and B are chosen as follows:

x0 ¼ 10; a3 ¼ 0:3; a1 ¼ 12:2; A ¼ 6:5:

4.1. Effect of s

We fix k ¼ 12, X ¼ 2 and B ¼ 1, and consider the variation of s on the interval [0.26, 0.28]. The
results are presented in Figs. 8–10. Figure 8 depicts the Poincar�ee maps of the trajectories as s is
varied. It clearly shows a route of bifurcations from quasi-periodic motions to chaos when the
time delay is increased from 0.26 to 0.268. At s ¼ 0:26, the Poincar�ee map is a simple closed orbit,
implying that the trajectory moves on a two-dimensional torus in the x� _xx� t space (see Fig.
8(a)). The simple closed orbit becomes intersecting itself with one node at s ¼ 0:2643 (Fig. 8(b))
and two nodes at s ¼ 0:266 (Fig. 8(c)). These self-intersecting, closed orbits indicate that the
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motions are still quasi-periodic. Finally, when s ¼ 0:268, the motion becomes chaotic since the
Poincar�ee map shows a set of bounded, scattered dense points.

Figure 9 shows that different patterns of motions exist when s is varied. The Poincar�ee maps
given in Fig. 9(a) (s ¼ 0:269) and (e) (s ¼ 0:276) indicate that the motions are chaotic, while those
shown in Figs. 9(b) (s ¼ 0:2694), (c) (s ¼ 0:27) and (d) (s ¼ 0:275) are quasi-periodic motions. It is
clear that chaotic motions appear ‘‘periodically’’, transferring from one chaotic motion to an-
other. It is interesting to observe that the motions given in Figs. 9(b) and (d) are almost ‘‘double’’
the motion shown in Fig. 9(c). This periodicity in the chaotic motions exists for other values of s.

Fig. 4. Periodic solutions for k 6¼ 0: (a) 1:
ffiffiffi
2

p
, k ¼ 0:2, X ¼ 15, a1 ¼ 12:30, A ¼ 7:19; (b) 1:2, k ¼ 0:1, X ¼ 12,

a1 ¼ 13:25, A ¼ 9:26; (c) 1:3, k ¼ 0:2, X ¼ 15, a1 ¼ 11:55, A ¼ 11:85.
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In fact, chaotic motions have also been found for s ¼ 0:2665, 0.288, 0.3004, etc., and there exist
quasi-periodic and other type of complex motions between these chaotic motions. For example,
for s 2 ½0:285; 0:28536�, all the Poincar�ee maps are simple closed orbits, suggesting that the motions
for these values of s are quasi-periodic. There also exist motions like that shown in Figs. 9(b)–(d).
It should be pointed out that the periodic appearing of the chaotic motions is not for single value,
but for a short interval of s. For instance, when s 2 ½0:26635; 0:2665�, all the motions are chaotic.
When s > 0:301, the Poincar�ee maps show that all the motions are quasi-periodic.

It is also interesting to note that for s chosen between 0.266 and 0.268 there is an interval
s 2 ½0:26626; 0:26631� in which intermittent chaos exists with the double nodded closed orbit as its
frame. This is shown in Fig. 10. The first intermittent chaos occurs at s ¼ 0:26626 with less
scattered points (see Fig. 10(a)), and the last intermittent chaos shown in Fig. 10(b) for
s ¼ 0:26631 has more scattered points.

4.2. Effect of k

Next consider the effect of k on the chaotic motions. For a consistent comparison, we choose
X ¼ 2, B ¼ 1 and s ¼ 0:268, for which the system exhibits a chaotic motion (see Fig. 8(d)). It has

Fig. 5. QPS for 1:
ffiffiffi
2

p
resonance: (a) phase portrait; (b) Poincar�ee map.
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been found that for most values of k, the system exhibits chaotic motion. When k < 12, most
motions are chaotic with some very narrow windows where the motions are quasi-periodic. Five
representative Poincar�ee maps for k < 12 are shown in Fig. 11. When k > 12, most motions are
chaotic. Only for very large values of k, does the motion becomes quasi-periodic. It has been
found that when 12 < k6 47, the motion is chaotic while for k P 57, the motion is quasi-periodic.
Four Poincar�ee maps chosen for k ¼ 47, 49, 50, and 57 are shown in Fig. 12. It is clear to see from
the figure that between the chaotic motion (Fig. 12(a), k ¼ 47) and the quasi-periodic motion (Fig.
12(d), k ¼ 57) there exist other type of complex quasi-periodic motion (Fig. 12(b), k ¼ 49) as well
as different pattern of chaotic motion (Fig. 12(c), k ¼ 50). It has been observed from Figs. 11 and
12 that the chaotic motion of the system is not sensitive to the amplitude of the external forcing.

4.3. Effect of X

To consider the effect of X, we again choose the values of B and s the same as before: B ¼ 1,
s ¼ 0:268 for a consistent comparison. It has been found that for most values of X, the motion is
chaotic. There are only very small windows for X > 2, where the motion is quasi-periodic. Fig. 13
shows four Poincar�ee maps corresponding to X ¼ 2:1, 2.35, 2.4 and 2.8. Except for X ¼ 2:35 which

Fig. 6. QPS for 1:2 resonance: (a) phase portrait; (b) Poincar�ee map.
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gives a complex quasi-periodic motion, the other three maps indicate chaotic motions. Hence, in
general a chaotic motion is not very sensitive to the external frequency X.

4.4. Effect of B

Finally, we investigate the effect of the parameter B. First it has been noted that the system is
not chaotic if the delayed (linear and nonlinear) feedbacks do not exist. Even when A 6¼ 0 (but
B ¼ 0, i.e., the system only has linear delayed feedback), it’s very hard (if not impossible) to find
chaotic motions. This implies that the nonlinear delayed feedback term plays a very important
role in obtaining chaotic motions.

Figures 14 and 15 show the Poincar�ee maps obtained when B is varied. Again we choose k ¼ 12
and s ¼ 0:268. One can see that the behaviour of the system for B 2 ½0; 1� is different from that for
B 2 ½1; 1:5�. For smaller values of B increasing from 0, the motions gradually become complex and
finally reaches chaos at about B ¼ 0:8. For larger values of B increasing from 1, there exist many
chaotic motions with large windows where Poincar�ee maps are in the forms of two nodded or even
three nodded closed orbits. Again, it is seen that the chaotic motion is not very sensitive to pa-
rameter B, the nonlinear feedback gain.

Fig. 7. QPS for 1:3 resonance: (a) phase portrait; (b) Poincar�ee map.
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Fig. 8. Route to chaos as (a) s ¼ 0:26; (b) s ¼ 0:2643; (c) s ¼ 0:266; (d) s ¼ 0:268.
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Fig. 9. Chaos with other solutions for (a) s ¼ 0:269; (b) s ¼ 0:2694; (c) s ¼ 0:27; (d) s ¼ 0:275; (e) s ¼ 0:276.
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5. Concluding remarks

Based on a nonautonomous model with time delayed feedbacks, we have studied dynamical
solutions of a self-sustained oscillator with time delayed feedbacks. The analytical results have
been used to predict the effect of the time delay on the bifurcations as well as on the critical
stability boundaries of periodic solutions. With the aid of numerical simulations, we have ob-
tained periodic, quasi-periodic and chaotic motions which bifurcate from double Hopf critical
point. Both the cases with and without external forcing are studied. It has been shown that the
system can exhibit rich dynamical solutions in the vicinity of the critical point. The system with
external forcing can have both periodic and quasi-periodic solutions. It is observed that chaotic
motions exist for a large variety of parameter values.

A sensitivity analysis has revealed that the chaotic motion generated from a time delayed system
is very sensitive to the time delay, but not to the external forcing and the nonlinear feedback term.
This indicates that the time delay is particularly useful for controlling or anticontrolling chaotic
motions. Moreover, it has been found that changing one or more parameters can always lead to
chaotic motions as well as other different kind of complex motions. The nonlinear feedback term
should be present (B 6¼ 0) in order to have chaotic motions. The feedback coefficients A and B are

Fig. 10. Intermittent chaos when (a) s ¼ 0:26626; (b) s ¼ 0:26631.
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Fig. 11. Effects of k on chaos when s ¼ 0:268: (a) k ¼ 1; (b) k ¼ 4; (c) k ¼ 5; (d) k ¼ 6; (e) k ¼ 7.
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Fig. 12. Effects of k on chaos when s ¼ 0:268: (a) k ¼ 47; (b) k ¼ 49; (c) k ¼ 50; (d) k ¼ 57.
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Fig. 13. Effects of X on chaos when s ¼ 0:268: (a) X ¼ 2:1; (b) X ¼ 2:35; (c) X ¼ 2:4; (d) X ¼ 2:8.
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Fig. 14. Effects of B (B < 1) on chaos when s ¼ 0:268 and (a) B ¼ 0; (b) B ¼ 0:5; (c) B ¼ 0:7; (d) B ¼ 0:8.
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Fig. 15. Effects of B (B > 1) on chaos when s ¼ 0:268: (a) B ¼ 1:01; (b) B ¼ 1:18; (c) B ¼ 1:3; (d) B ¼ 1:5.
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taken positive in our results. In fact, numerical simulation results have shown that only positive
feedbacks can cause the system to jump (bifurcation) from one state to another state, suggesting
that the positive feedback is a necessary condition to allow the system to exhibit chaotic motions.
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