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Abstract. This paper is concerned with further reduction of the conventional normal
forms of differential equations. The attention is focused on the case when the Jacobian
of a system evaluated at an equilibrium has a pair of purely imaginary eigenvalues and a
simple zero. Explicit, recursive formulas are derived, which can be used to compute the
coefficients of the simplest normal form and the associated nonlinear transformation up to
any order. It is shown that unlike conventional normal forms, the simplest normal form
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1 Introduction

Normal form theory plays an important role in the study of differential equa-
tions related to complex behavior patterns such as bifurcation and instability
[5, 9, 10, 13]. It provides a convenient tool to compute a simple form of the
original differential equations. The basic idea of normal form theory is em-
ploying successive, near identity nonlinear transformations to eliminate the
so-called non-resonant nonlinear terms, and the terms called resonant which
cannot be eliminated are remained in normal forms. Many research results
related to this area may be found, for example, in the references [4, 5, 8].

It is well known that in general normal forms are not uniquely defined.
For example, consider a codimension two example governed by the following
differential equations:
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&1 = —xp — (2 — 21 +23)2

iy = @1 — (T3 — 22 + 25)°

i3 = (313 — 29 — x4)°

By = — 24+ (23— 25)°

&5 = — @5+ 26 + (T3 — 24)°

ig = — x5 — 26 + (T2 + 25)°%. (1)

It is clear that system (1) has an equilibrium at the origin & = 0. The
eigenvalues of the Jacobian matrix of the system evaluated at the equilibrium
are 4, 0, —1 and —1=+4 (i? = —1). The normal form of system (1) can
be described on a 3-dimensional center manifold. The dynamic behaviour
of such a general codimension two system like bifurcations and stabilities
near the origin has been extensively studied by many researchers (e.g., see
[10, 12, 22]). The attention in this paper is, however, focused on the study
of normal forms.

The normal form of system (1) obtained by using the Poincaré-Birkholf
normal form theory with the aid of Maple [3] up to the 5th-order was given
in cylindrical coordinates as follows:

o= 37’2—}-17‘3—@7“22—}—1239 32’—}-@7'2 _ 691277 5 1494327 ,3_ 2 _ 56769

100 136000 2000 20 rzt
6 =1+22— 2_7 r2_ 27 22 4 igg 2+ 405 23 2297922050103 o 4;?;837 r2 52
+ 3326043 4 3967913064030601007 4,4 3621206061 r2 53 _ 12623080663 25,
z = %rz +922 +5r22 + 1823 + 1136701 4 121r2z2 +1112* 828337'42
— 122728 _ 220075, (2)

A different normal form obtained via a perturbation approach using the
Maple program given in [18, 19] up to the 5th-order is:

. 11,3 _ 67 4473 903791 .5 _ 1301117,3_ 2 42873
P=3rz—gri—5rz + 0T 2+136r2%— 55000 2000 50 rzt
) — 57 ,.2 _ 4869 ,.2 3 2317267 ,4 _ 7214 ,2 .2
0 =1+22—- 40r —922 Soo T 7 — 1802° + Sopee T e T2

177461 _4 _ 30300842989 ,.4, _ 8216447 .2 3 _ 4711343 _5

+ o 2 23120000 | < 1250 | % 200 <

£ = 312+ 922 + 6r22 4+ 182% + 201% — 3r222 + 1112*% — 2By,

1961,2,3 _ 22107 5

Note that the above two normal forms are different though they have the
same “form”, i.e., the two normal forms have the same terms but their coef-
ficients may be different. Thus, naturally, some questions arise: Are the two
normal forms correct? If they are correct, then how many different normal
forms can system (1) have? Does a general form exist which includes all pos-
sible different normal forms of the system? Does there exist the “simplest”
form among the different normal forms, and how to find it?

The first question whether the two different normal forms (2) and (3) are
correct is related to verifying a given normal form associated with a nonlinear
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transformation regardless of the method used. A verification scheme devel-
oped early (e.g., see [18, 19]) can be employed here: Substitute the nonlinear
transformation with the aid of the normal form back to the original differ-
ential equations and simplify the resulting equations. If the residue starts
from 6th-order terms, then the normal form and its corresponding nonlinear
transformation are correct. Otherwise they must be wrong! This approach
has been used via Maple to show that the two normal forms (2) and (3) and
their associated nonlinear transformations are correct! In fact, all the results
presented in this paper have been verified using this approach vis Maple.

To answer “how many different normal forms can system (1) exist?”
and “Does a general form exist which includes all possible different normal
forms?”, it is enough to show that system (1) indeed has infinite number
of normal forms which are similar to those given by equations (2) and (3).
This can be achieved by using a general nonlinear transformation and then
appropriately determine the coefficients. In fact, a similar example has been
studied in detail and a general form including all possible different normal
forms up to the 5th-order has been obtained [20].

The answer to the question: “Does there exist the simplest form among
the different normal forms?” is yes, not only to the particular example (1)
but also to a general n-dimensional system with the same singularity as that
of system (1). In fact, from the viewpoint of uniqueness theory and invariant
theory, further reductions on several cases of conventional normal forms have
been discussed. Ushiki [15] introduced the method of infinitesimal deforma-
tion associated with Lie Bracket to obtain simpler forms than conventional
normal forms (CNF). Baider and Churchill [1] developed grading functions
based on Lie algebra to define the first, the second, etc., order normal forms.
They considered the singularity of one pair of purely imaginary eigenvalue,
and obtained the simplest “form”. This case was recently reinvestigated from
the computational point of view, and explicit formulas were obtained for com-
puting the coefficients of the simplest normal form (SNF) and the nonlinear
transformation (NT) [21]. Later, Baider and Sanders [2] applied Lie algebra
to study the further reduction of normal forms of Bodganov-Takens singular-
ity (a double zero eigenvalue). They classified the case as three sub-cases and
solved two of them. The remaining one was solved recently by Kokubu et al.
[11] and Wang et al. [16]. Sanders and Meer [14] also used the same method
to study the Hamiltonian 1:2 resonant case and showed that the second order
normal form is “unique”. Here, the “unique” means that the normal form
is the “minimum” or the “simplest”. More references can be found from the
tutorial articles [6, 7].

In the CNF theory, by saying that “normal forms are not unique” it usu-
ally implies at least one of the two cases: (1) For the same system, its normal
forms may be different; (2) Even for the same form, the CNFs may be dif-
ferent. For example, a system associated with Bodganov-Takens singularity
may typically have two forms [10]; while the normal forms of Hopf bifurcation
have the same form with only odd order terms presented, but their coefli-
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cients may be different [21]. Thus, certain methods such as adjoint operator
approach [8] were developed to determine a “unique” normal form. But such
a “unique” normal form is not the “simplest” form. In order to avoid possible
confusions, we will use “simplest normal form” rather than “unique normal
form” in this paper.

In this paper, a method is presented for efficiently computing SNFs of
differential equations. Here, by the “simplest” we mean that if the SNF is
obtained, then it cannot be further simplified by any other NTs. Our method
does not use Lie Algebra, but is just based on NTs. The key step in the com-
putation is to find an appropriate pattern of NT so that the resulting normal
form is the simplest. The main result is summarized in a theorem and the
proof is based on matrix theory and algebraic computations, which can thus
provides a direct guideline for developing computer software. Indeed, Maple
programs have been developed directly following the proof. The explicit for-
mulas of the SNF's for Hopf and generalized Hopf bifurcations up to any order
have been obtained [21]. For example, the SNF of Hopf bifurcation is given
by (in polar coordinates) [21]

R a1R3+a2R5
© = 1+b R? (4)

if a3 # 0. Similar results have also been obtained for generalized Hopf
bifurcations. It has been shown that at most only two terms are presented in
the amplitude equation of the SNF up to an arbitrary order. This indicates
that a CNF may be greatly further simplified.

This paper is concerned with the SNF of systems whose Jacobian matrices
evaluated at an equilibrium include a pair of purely imaginary eigenvalues and
a simple zero (Hopf-zero bifurcation). It is shown that a generic SNF exists,
and a detailed procedure is given for computing the SNF and associated
NT. A user-friendly computer software written in Maple has been developed,
which can be easily executed on a computer system without any interaction.

A theorem for the SNF of Hopf-zero bifurcation and its proof are given
in Section 2. Section 3 outlines the symbolic computation procedure using
Maple, and an example is given in Section 4 to demonstrate the applicability
of the theorem and the efficiency of the computer software. Conclusions
are drawn in Section 5. The Maple source code for computing the SNF of
Hopf-zero bifurcation is listed in Appendix for reference.

2 Main Result —
SNF of Hopf-Zero Bifurcation

In this section, we’ll use matrix theory and the method of mathematical
induction to prove a main theorem. The theorem gives the SNF, up to an
arbitrary order, for the following general system:
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z=Jx+F(x), z€R", (5)

where function F and its first derivative vanishes at the origin 0, and the
Jacobian matrix J is given by

; (6)

SO = O
oo o
(o>l e B e I an)
o O O

A

where A is an (n—3)x (n—3) hyperbolic matrix (i.e., all eigenvalues of A
have non-zero real parts). Assume that by the normal form theory, a CNF
of system (5) is found up to an arbitrary order n in the form (e.g., see [10]):

m1 i mo 1
; 2(i—j) ,2j 2(i—j) ,2j+1
T =T|0101 2+ E E a12(i—j)2; T (=) 52+ E E a12(i—j) 2747 (i=9) 27+
i=15=0 i=13=0
mi 1 meo 1
. 2id) 24 2 ) 21
6 = 1+G,201Z+ E E azz(i_]’) QjT (i ])Z J + E E (122(1'_]') 2]'+1'f' (@ ])Z it
i=1;=0 i=15=0
m3 i mi1 i
; 2 (i—j) ,2j 2 (i—j) ,2j+1
z = E E as 2(i—j) 257 (=9 2% + E E as 2(i—j) 271 T (i=9) 2% (7
i=1 j=0 i=1 j=0

where m1 = ma +1 = mg = 3 (n — 1) when n is an odd integer; and

my1 =ms =m3z—1= §—1 when n is an even integer. The coefficients a;;i’s
can be found explicitly in terms of the derivatives of function F' evaluated
at the origin. A method for computing the CNF of system (5) can be found
in the reference [3] and the Maple programs can be downloaded from the
web site: http://pyul.apmaths.uwo.ca/ pyu/pub/software. The names of the

source code file and input file are program4 and input4, respectively.

Theorem. The simplest normal form of system (5) up to an arbitrary order
n s given by

R = R (b101 Z + b1ag R? + b140 R4)
m3

© = 1+bogi Z + bayg R? +Z bogoi 221

=2

m3 m1
b302Z2+b303Z3+Z532i0R2i+Z bsai1 R21Z (8)

i=1 =3

Z

if a101/as02 is not an algebraic number. Here, m; = m3 = %(n — 1) when
n s odd, and my = m3 —1 =3 —1 when n is even, In particular, aio
and azgz should satisfy the following conditions:
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2(m1—i)a101+(2i—1)a302 ;é 0 for i:].,"',k‘; kzl,---,m1
(ml—i)a101+(i—1)a302 ;'é 0 for ’i=0,"',k; k=07~-~,m1 (9)

when n s odd; and

2(m1+1—i)a101+(2i—3)a302 # 0 for 1= 1, crey k; k= ]., (RN 115}
(ml—i)aml + % aso2 ;ﬁ 0 for =0, -, k; kZO, S, My (10)

when n is even. Note that in equation (8) the coefficients bio1 = a101, b2o1 =
a201, bs20 = as20, b3o2 = asoz, and others are expressed explicitly in terms
Of Qijk ’s.

Proof. The main part of the proof is to show that the CNF (7) of system (5)
can be further reduced to the SNF given by equation (8). First we assume
that a CNF, given by equation (7), has been obtained from equation (5) by
using any method of normal form theory [10]. In order to find explicit NT
between the original system (5) and the SNF (8), we need to transform the
cylindrical form (7) into Cartesian coordinates, which can be written as

Y1 = —y2+y G10193+ZZG121 —7)2j 51y+22012(z —j) 241 Szy
i=1 j=0 i=1 j=0
— Y2 | G201 y3+zza22(z —3)2j Sly+zza'22(z )27 S2y
i=1 =0 i=1 j=0
Y2 = y1+y2|a0 y3+zza12 (i—5) 25 Sty +ZEG12(1 j)23H1 S2y
i=1 j=0 i=1 7=0 i
+ Y1 | G201 y3+zza22(z —j)25 S1y +Zza2z(z j)y2in S2y
i=1 =0 i=1 j=0
m3 1 m1 i
Ys = D> Gazijy2i Syt DY Gsai-j)2im Sy (11)
i=1 j=0 i=1 j=0

2j+1

where Siy, = (y3+y3) Ty, Soy = (y3+43)" 7 y2*" and the transformation

y1 =rcost, y2=rsinf, y3==z (12)

has been used.

Next, based on equation (11), we shall derive the SNF and the associated
NT. The basic idea of the procedure is to eliminate the terms in equation
(11), order by order, as many as possible using an appropriate NT. The
method of mathematical induction will be used in the proof. The procedure
can be divided into three steps: The first step is to show that the main
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theorem (or the SNF (8)) is true for n = 2, 3, 4. Usually the method of
mathematical induction only takes one value for the first step. But here
we take three values because: (i) As it will be seen that the 2nd-order NT
does not simplify the normal form and some coefficients are remained to be
determined in simplifying higher order normal forms. (ii) The pattern of the
SNF is different when n is odd from that when n is even. This is why we
need to first prove for n: 2 — 3 and then for n: 3 — 4. The second step is to
prove that the main theorem is true up to the nth order under the assumption
that the theorem is true up to the (n—1)th order. Again, one should distinct
the cases when 7 is odd and when 7 is even. The third step, based on the
first and second steps, is to conclude that the main theorem (or the SNF (8))
is true for an arbitrary order n. At each order of the procedure, the basic
calculation is to substitute a general NT and an assumed SNF, which is at
least as simple as the CNF, to system (11) and then balance the coefficients
of the same order terms in the resulting equation. This results in a set of
linear algebraic equations for the coefficients of the NT and the SNF. Finally,
solve the linear equations such that as many as possible coefficients of the NT
used to eliminate the coefficients of the assumed SNF as many as possible.
The details are given below.

1st Step. We start from the lowest order: n = 2, and want to see if any of
the 2nd-order terms in equation (11) can be eliminated by using the following
general 2nd-order NT:

yi=uit+ », cjmulusuy  (i=1,2,3 4,k 1>0). (13)
J+k+1=2

It should be noted that under any transformations, a new normal form
should be at least as simple as the CNF (11). Thus, we may assume that
upon applying the NT (13), the normal form up to the 2nd-order is in the
form:

U1 = —U2 ~+ bio1 U1 uz — b1 U2 U3

Uy = u1 + b1o1 U2 uz + b2o1 U1 U3

. 2 2 2

Uz = b320 (ul + uz) + b300 Uu3 (14)

which is actually the equation (11) truncated at the 3rd-order terms.

Next, we want to find whether one can set all or part of big1, b2o1,
bsao and bsp2 zero by suitably choosing the coefficients c;jr’s. To find
the equations for determining the c¢;jri’s, substituting equations (13) and
(14) into equation (11), and then balancing the 2nd-order terms on both
sides of the resulting equations yields the following eighteen linear algebraic
equations for the eighteen unknown c¢;;r;’s, which can be grouped as three
sets of decoupled equations, written in the matrix from:
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r 1 -1 | | ] €1200 0
-2 1 2 | | €2110 0
1 1] | €1020 0
I __ _ __ __
| 1 1 | €2101 - b1o1 — a101 (15)
| -1 -1 | c1011 b1o1 — a1o01
[ _ o
L | |1 €1002 0
ro1 1 | | 7] €2200 0
2 1 -2 | | €1110 0
-1 1| | €2020 0
e el Bt T = T 16
| 1 -1 | c1101 - b201 — a201 (16)
| -1 1 | c2011 b2o1 — a201
e I . __ __ _Z
L | | 1 €2002 0
and
r 1 | | ] €3110 b320 — a320
2 -2 | | €3020 0
-1 | | €3200 b320 — a320
T I (e B ) e (P
| 1 | 3101 B 0 (17)
| -1 | €3011 0
e I __ __ __
L | | 0 €3002 b3o2 — azo2

where a black space in the matrices indicates a zero entry. It is obvious to
see from equations (15),(16) and (17) that

C1200 = €2110 = €1020 = €1002 0
C2200 = C1110 = C2020 = C2002 = 0
c3110 = c3101 = C3011 = O (18)
C2011 = Ci1101
C2101 = — Ci011
C3020 = €3200 (19)
and
bior = a1
bao1 = a201
bs20 = a3z
bso2 = as3o2. (20)
Therefore, the NT (13) is given by
m uy €1101 U1 U3 + C1011 U2 U3
y=| v | = u | +| cuoruruz—cionnvaus | =u+NTp> (21)
Ys us

2 2 2
c3200 (U7 + u3) + 3002 U3
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where NT5 represents the 2nd-order terms of the NT. The SNF up to the
2nd-order then becomes

G101 U1 U3z — A201 U2 U3

Ul — U2
a=|u | = U1 + a101 U2 U3z + a1 U1 U3 | = LF + NFy (22)
U3 0

2 2 2
as20 (Ul + uz) + aso2 Uz

where LF and NF, denote the linear and 2nd-order terms of the SNF,
respectively. Equation (22) suggests that no matter what NTs one may
choose, the 2nd-order terms in the CNF (11) or (7) cannot be eliminated, and
therefore, the normal form up to the 2nd-order cannot be further simplified.
It can be seen from equation (21) that the coefficients ci1101, C€1011, C3200
and czp02 (which does not appear in the 2nd-order equations) can be chosen
arbitrarily. The simplest choice for these coefficients is, of course, cj191 =
C1011 = C3200 = C3002 = 0, which leads to the identity transformation Yi =
u; (i = 1,2, 3) implying that nothing has been performed. However, as it
will be seen, these coefficients may be used to simplify higher order normal
forms, and thus should not be determined at this step. This is the key idea
used for further simplifying a CNF.

When n = 3, similarly we’ll try to eliminate the third order terms in the
normal form (11) by using the following 3rd-order NT:

yi=ui+ N+ Y cijuujuiul  (1=1,2,3; 4,k 1>0). (23)
J+k+1=3

Assume that the 3rd-order terms in the normal form are the same as that
given, in general, by the corresponding part of the CNF, and then add these
terms to the previously obtained (2nd-order) SNF, N F», to construct a form
up to the 3rd-order terms as follows:

U1 [b120 Su + bio2 U%] — U2 [5220 Su + b2o2 U%]
Uw=LF+NF,+| u [blzo Su + b1o2 U%] + u [5220 Su + bag2 u%] (24)

3
bs3o1 Sy uz + bsos uj

where S, = u? + u3.

Now following the procedure used in obtaining the 2nd-order SNF, one
can find thirty linear algebraic equations for solving the thirty unknown 3rd-
order coeflicients. Again, the thirty equations can be divided into three
decoupled groups as listed below:



where

Ci
Cy =
C; =
Cy =
Cs =

It is

-1
1 2
2 1 -
-1
-1
1 -2
2 -1 -3
1 1
2 -3
3
-1

| |
| |
| |
| |
| |
1 | |
1 -2 | |
-1 1 | |
- == —=l=-= ==
| 1 -1
| -t 1]
| |
| |
| |
| |
—— === ==l
—1 | |
1 2 | |
-1 1| |
|—— — =
| 1 1]
| -1 -1 |
.
| |
| |
| |
| |
R B
| |
2 -2 | |
| |
R B
| 1 |
| |
| |
| |
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= ba20 — G220 — 4320 C1011 — @201 C3200

b202 — G202 — G302 C1011 — @201 €3002

b120 — Q120 + @320 C1101 — @101 C3200

bio2 — a102 + @302 C1101 — G101 C3002

=

€1300
€2210
C1120
€2030

€2201
C1111
€2021

C1102
€2012

€2003

€2300
C€1210
C€2120
€1030

C€1201
C2111
€1021

€2102
€1012

€1003

€3210
€3120
€3030
€3300

€3111
C€3021

€3201

€3102
€3012

€3003

ol ool Qo cocoo

(25)

(27)

bsz21 — a321 + 2 (as20 C3002 + G101 C3200 — G320 C1101 — G302 C3200). (28)

easy to solve equations (25), (26) and (27). However, in order to show

the patterns of the equations and solutions which may be used in the next
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step of the proof, we list the solutions and the key equations obtained from
the above equations below:

C2111 = C1201 = C1021 = €C1003 =

C1111 = €2201 = €2021 = €2003 =

C3210 = €3120 = C3030 = €3300 = C3111 = C3102 = C3012 = 0 (29)
— C2300 = — C2120 = C1030 = C1210
C1300 = €2210 = C2030 = C1120
C2102 = —C1012
C2012 = (1102
C3021 = C€3201 (30)

and the key equations are

bzoz = aso3
bio2 — @101 C3002 + @302 C1101 = Q102
b321 + 2 az20 c3002 — 2 az20 C1101 + 2 (a101 - a302) C3200 = as21
bi20 + @320 1101 — G101 C3200 = a120
bao2 — G201 C3002 — @302 C1011 = Q202
ba2o — @201 C3200 — G320 C1011 = G220-  (31)

It is seen from equation (31) that four coefficients C3002, C1101, C3200, C1011
and six b’s: b303 b102, b321, b1207 b202, b220 are involved. What we would
like to obtain from these equations is to eliminate the b’s as many as possible
by appropriately choosing the coefficients ¢’s. Note that the first equation
of (31) determines bz, while the last two equations are coupled with other
equations by the coefficient asg; only. If we want to find solutions which
are independent of the coefficient as01 (for example, in case azp1 = 0),
then only one of the bsogs and bsyg can be set zero since only one other
coefficient cy911 is involved in the two equations. This becomes clear later
that in the generic case when ajg; # 0 and azg2 # 0, then the condition
a201 # 0 is not required. This is similar to Hopf bifurcation (see equation
(4).) The remaining three equations have three coefficients ¢’s and three
b’s. However, if the three coefficients c¢’s are considered as the variables of
the three linear equations, they are not independent (which can be easily
verified by checking that the rank of the coefficient matrix is 2), so only two
of the three coefficients ¢’s can be used to eliminate the b’s, and thus one
of the three b’s must be retained non-zero. Hence, equation (31) gives six
possibilities for choosing the non-zero b’s at this order, indicating that the
SNf is not unique. However, the SNF is unique subject to such choices. In
other words, given a choice or given a fixed “form” of the SNF, one can have
only one simplest form. This is true even different CNFs are used. It will
be seen that two CNF's of system (1), given by equations (2) and (3), indeed
lead to an identical SNF using an identical NT.
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Here, we would like to choose biag and baog as the non-zero coefficients.
The reasons are as follows: Since the CNF (11) is associated with the sin-
gularities of a pair of purely imaginary eigenvalues and a simple zero, so
the resulting SNF should be able to recover the case of Hopf bifurcation if
the part associated with the simple zero eigenvalue is neglected. To achieve
this, bioo and bysg must be chosen non-zero. In fact, we can show this
by considering the third equation of (11). This equation implies that the
codimension-2 system is reduced to a case of Hopf bifurcation if the coefli-
cients azs;9 =0 for ¢ =1, 2,3, ---. Now under these conditions, it is easy
to see from equation (31) that besg = azsg and one of bysg and bza; should
be chosen non-zero. However, it can be shown from the 4th-order equations
that biao must equal aiap and then bza; is determined from equation (31)
as bzp1 = ago;. Similarly, one can show by using the 6th-order equations
that biso = a14¢9 and then bs4; is determined from the 5th-order equations
as non-zero. From the 5th-order equations, another b’s (e.g., baa1 or bsas)
should be chosen non-zero. Starting from the Tth-order equations, the pro-
cess is back to normal, that is, bigo etc. can be set zero, which agrees with
the SNF of Hopf bifurcation (see equation (4)).

To see the pattern of equation (31) more clearly we rewrite the equation
in the matrix form

v
[ My Mo ] ( H ) =0 (32)
V12
where
- | i}
1 |
1 |
My = 1|
- - - - | - -
| 1
L | 1
[0 0 0 | 0 ]
— @101 aso2 0 | 0
2a320 —2as2 2(ai01 —ase2) | 0
My, = 0 a320 — aio1 | 0
- _ _ _ _ ____ | ——
— G201 0 0 | —aso2
L 0 0 — G201 | —as20 ]
vir = (bso3, b1oz, ba21 , b120 | 202, bazo )T
vz = (3002, C1101 > 3200 | C1011 )T

a1 = (ass, a0z, as21, G120 | G202 , az20 )% (33)
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It can be observed from equation (33) that at most four of six b’s can be
eliminated if a191 7 0 and at least one of azzg and asg2 is non-zero. Since, in
general, the procedure for the case asg2 7 0 is same as the case asgzg 7 0. So
for definite, we choose asp2 and suppose asp2 7 0 in the following analysis.
The case for az2g Z 0 can be similarly derived. Thus, we have

b3z = aso03
bag2 = 0
bs21r = 0
b2 = 0
_ a102 — G302 C1101
C3002 = —————————
aio1
_ G202 + 201 C3002
cio11 = ————
G302
. az21 + 2 aszo (C1101 — C3002)
C3200 = —
2 (@101 — aso2)
bi2o = @120 — @320 C1101 + G101 C3200
bazo = a220 + G201 3200 + A320 C1011- (34)

Consequently, the NT (23) becomes

2 2

Uy [01120 Su + 01102U3] +u2 [01210 Su + 01012U3]

_ 2 2

y = u+NTo+ | uzf[ciizo Su+ c110203] —u1[c1210 Su + Cr012u3]
2,2 3
c3201 (Ui + u3) u3 + C3003 U3

= u+ NTy,+ NT3 (35)
where S, = u? + uZ, and the SNF up to the 3rd-order terms is thus given by

bizo uy (ui + u3) — baog uz (uf + u3)

LF + NF5 + b120 U2 (U% + U%) + bogg U1 (U% + u%)

e,
Il

3
aso3 U3

LF+NF,+ NF;, (36)

where the notations NT3 and N F3 have the similar meanings as N7T> and
NF;. It is noted from equations (35) and (36) that the only second order
coefficient which has not been used in this order (n = 3) is c1101- Whether
this coefficient can be used in further simplifying higher order normal forms
will be clear in the next order (n = 4).

When n = 4, following the procedure used in obtaining the 3rd-order
NT, we have the pattern of the 4th-order NT:
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U ug Sty + u2 uz Soy

u+ NTy+ NT; + U U3 S1u — U1 U3 Say

<
Il

4 2
€3400 Su + €3004 U3 + 3202 Su U3

= u+NT,+NT;3+ NT, (37)

where Si, = C1121 Su + 0110311% and Ssy, = C1211 Sy + 0101371%.

Similarly, assume that the 4th-order terms in the SNF is given, in general,
as the same as the corresponding part of the CNF, and then add them to the
previously obtained (2nd and 3rd-order) SNFs to construct a form up to the
4th-order terms:

urus [b121.Su+b103u3 | —usus [baz1 Su+baozu]
@ =LF+NFy+NF3+| uaus[bi21 Su+brosul] +uius [baz2y Su+baosu3] |. (38)
+b340 S2 + b2z Sy ub + b3os uj

It has been found that although the undetermined second order coefficient
c1101 is involved in the NT (37) (in NT3), it does not appear in the final
key algebraic equations obtained from the 4th order. This suggests that this
coefficient cannot be used to eliminate b’s from the 4th order normal form.
If we continue to let this undetermined coefficients be carried to higher order
equations, then it can be shown that it even does not appear in the 5th order
equations. Therefore, we may set

c1101 = 0, (39)
which will simply the analysis and computations in higher order equations
(n > 5). Thus, following the procedure used in obtaining the 3rd-order SNF,

one can find seven linear algebraic equations which involve seven b’s and six
remained 3rd-order coefficients, given in the following matrix form

[ Myy My, | ( Z; ) = s (40)

where
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a302 |
—ai01  2a302 |
3aza0 —2aso 2a101 — @302 |
Moy — 2a320 —aio1 2a101 |
a320 —2a320 |
—a201 | —2aszo2
— @201 | —2a30 —2ai01
= (D304, bioz, bsaz, bia1, bsao | baos , baoy )T
v21 = (b3o4, b1o3, D322, b121, b3ao | b2os , b2o1
T
v22 = (C3003 C1102 5 C3201 5 C1120 | C1012 5 C1210 )
T
as = (agoat+x*, a103+%, agaa+*, G121 +%*, a340+%* | G203 +*, age1 +x)° (41)

where an asteroid * represents the terms involving the coeflicients which are
either known or have been solved from the previous order equations. The idea
of the simplification procedure is to use the coefficients c3o03, c1102, €3201, €1120,
c1012 and c10109 to eliminate as many as possible b’s. Thus, the best choice
is that we can uniquely determine the six coefficients to eliminate six of the
seven b’s because the maximum rank of the second sub-matrix of the coefli-
cient matrix of equation (41) may reach 6. In order to guarantee the existence
of solutions for the six coefficients, it requires

azo2 #0, a1 #0 and 2ai01 — age2 #0. (42)

Any one of the seven b’s may be chosen nonzero and determined from equa-
tion (40), which is remained in the SNF. For convenience, we choose bzyg as
this coefficient. Hence, the SNF up to the 4th-order becomes

0
w=LF+NF,+NF;+ 0 =LF+NFE+NE;+NF,. (43)

bsag (uf + u3)?

2nd Step. Having finished the first step in the method of mathematical
induction, the next step is to prove that the SNF (8) is also true under the
assumption that the equation (8) is true up to the (n—1)th order. It is noted
from the above analysis that the patterns of the SNF and the associated NT
are different between the odd (n = 3) and even (n = 4) order. So we first
consider the case when n is odd and then the case when n is even.

(A) n is odd. The NT up to the nth-order can be written in the form

Yr = uk+NTop+NTap+- - -+ NT(p 1) k:+Z Z Chij(nig) Ui ujus 7 (44)
i=0 j=0

for kK =1, 2, 3. Again note in equation (44) that the nth-order terms are,
similarly as what we did for the case n = 3, assumed in the general form of
a NT.
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The SNF up to the nth-order is given by

U1 = —us+ NFoy + NF31 + -+ NF, 1)1
+ 1 [b12m, 0 ST 4 brogmy—1)2 S0 U3 4+ -+ broam, uz ™ |
— U2 [b22m1 0 S;nl + b22(m1,1)2 S;”1_1u§ + -+ b202m1 Ugml ]
U2 = ur + NFay + NF3o +---+ NFp,_1)2
+ Uz [ b12m, 055" + b1 2(my—1)2 STyl 4 4 by g 2m, us™ ]
+u1 [b22m; 0S5 + bao(my—1)2 St 'u3 + - + b202m, uz™ |
3 = NFs3+ NF33+--- +NF(n_1)3
+ b3 2mq 1 S;nl usz + b3 2(m1—-1)3 S;nl_l Ug + -+ b302m1+1 U§m1+1 (45)
where the nth-order terms are assumed in the same form of the CNF.
Now differentiating the first two equations of (44) with respect to time
t and substituting the resulting equation into equation (11) with the aid
of equation (45), and then balancing the coefficients of the nth-order terms
results in two equations that involve even powers of uz only on the right-hand
side’s expressions. Thus, for the left-hand side of the two equations, when

the last subscript n—i—j of ¢’sis an odd number, i.e., when n—i—j = 2k+1
for k=0,1,---, my, the following coefficients must vanish:

Clij (n—i—j) = C2i j (n—i—j) = 0 (46)

Also note that the indices 4 and j appearing in (46) must satisfy i + j =
n— (2k+1) = 2(my — k) for each k, where n = 2m; + 1 has been used.

When n — 4 — j = 2k, an even number, first consider k¥ = m;. A similar
algebraic manipulation leads to

[ 1 1](021027111)
-1-1 C1012m,

_ (alo 2my —b10 2m; +@101€300 2m, — (2M2+1) az02 €110 2mott +F1m1) (a7)
a10 2m; —b10 2m; +0101€300 2m; —(2m2+1) @302 €110 2mopt +Fim,

and

1 —1| fcri02m,
-1 1] \c012m,
_ (Gzo 2m; —b20 2m; +0201€300 2m; +(2m2+1) azo2 C101 2mop1 +F2m1) (48)
a20 2m; —b20 2m; +0201€300 2m; +(2ma2+1) azo2 €101 2mos +Fom,

where F;n, (i = 1, 2) represent the sum of terms which have the known
coefficients solved from the previous steps. Solving equations (47) and (48)
yields
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C2102m; = —C101 2m,

€201 2my = €110 2m.

b102m; — 0101€3002m, + (2m2+1) a302 €110 2mq+1 G102m; + Fim,

b202m; — 6201C3002m; — (2M2+1) a302 €101 2mat1 = G202m; + Fom,. (49)
Now consider n —i—j = 2k for £k =0,1,---, m; — 1. Following the

procedure used in solving the case k = m;y, we can find the equations written
in the matrix form:

1 1 C2 204 0 2k
20+1 1 =2 C1 2a 1 2k
N =W (50)
-2 1 2a+1 C2 1 2a 2k
1 1 €1 0 2041 2k
and
1 -1 C1 2041 0 2k
—(2a+1) 1 2 €2 20 1 2k
S : =V, (51)
2 1 —(Q2a+1) €11 20 2k
-1 1 C2 0 201 2k

where a =my — k, V1 and Va are given by

a a

o (6 T
Vi = (Ci, C;, (1)01 (I)C, -'-(I)Ci, (I)Ci, C;, Cz) (52)

in which i =6, 7 and

Ce = 1202k — br2a2k + G101 C32002k — (2k+1) G320 C112(a—1) 2641
— [2aa101 + (2k—1) aso2] c1120 2611 + Gk
Cr = a22a2k — b22a2k + G201 C32002k + (2k+1) a320 €1 2(a—1) 120611
+ [2aa101 + (2k—1) aso2] ¢1 200261 + G2k (53)

Note that Gig, @ = 1,2, 3 (G3 appears in equation (57)) represent the
sum of the terms which have the known coefficients solved from the previous
steps. Also note that the notation given in equation (52) actually indicates
the law of binomial expansion.

To solve equations (50) and (51), first it is noted that the determinant of
the coefficient matrices of the two equations are zero, which implies that

Ce=Cr=0. (54)
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Having established that Cg = 0, it is not difficult to solve equation (50) to
obtain

C1 2a+1 0 2k 1 C2 20 1 2k 1
Cl 2012 2k 1 C2 2(a—1) 3 2k 1
C1 203 4 2k «Q €2 2(a—2) 5 2k «a
C1 205 6 2k «Q C2 2(a—3) 7 2k «
=1 |cai12a2k, =] | cr12a2k (55)

C1 7 2(a—3) 2k 8% C2 6 2a—5 2k «
C1 5 2(a—2) 2k 8% C2 4 203 2k «
€13 2(a—1) 2k 1 C2 2 201 2k 1

€11 2a 2k 1 €2 0 2a-+1 2k 1

where the coefficients involved in the vector of right hand side again follow
the law of binomial expansion. Similarly, solving equation (51) results in

€1 2a 1 2k 1 C2 204+1 0 2k 1
€1 2(a—1) 3 2k 1 C2 2a-1 2 2k 1
€1 2(a—2) 5 2k « C2 20-3 4 2k a
C1 2(a—3) 7 2k « C2 205 6 2k @

: =] |c12a12k, =—| : |c12a12k- (56)

C1 6 2a—5 2k a C2 7 2(a—3) 2k «
C1 4 20—3 2k « C2 5 2(a—2) 2k «a
€12 2a-1 2k 1 C2 3 2(a—1) 2k 1
C1 0 2a+1 2k 1 €2 1 20 2k 1

Finally, a similar treatment of the third equation of (44) yields c3; ; (n—i—j) =
0 when n—i—j = 2k. Similarly, when n—i—j = 2k+1, first compute the
simplest case k = mj to obtain

b3 0 2mi+1 +2 (M1 — 1) az02 €3 00 2my = 30 2mep1 + G3 2me41 (57)

and then consider n—i—j = 2k+1 for k=0,1,---, m; — 1 to find

1 C3 201 1 2kH
2 —2a C3 2002 2 2kH
—(2a—1) 3 C3 203 3 2kbH
: =V, (58)
-2 20 C3 0 2a 2kH
L -1 | C3 2a 0 2kH
where
T
a a
V!-i = <087 0 (1)087 07 e 0 - 07 (1)C87 07 CS) 9
Cs = a3 2q 261 — b3 20 261 +2 [(1 — k) ago2 — @ a101] €3 20 0 2k

+ 2[as20¢1 1 2(a—1) 2611 — (K +1) G320 €3 2(a—1) 0 2(k11) | - (59)



Simplest Normal Form for Hopf-Zero Bifurcation 237

Solving equation (58) produces

€3 20—11 2kl = €3 20—3 3 2kl = *** = €3 1 2a—1 2kt = O, (60)
Cs =0, (61)
and
C3 20 0 2kl 1
C3 2(a—1) 2 2k @
C3 2(a—2) 4 2kH a(a—1)/2
: = : €320,02k+1 - (62)
C3 4 2(a—2) 2kH a(a—1)/2
C3 2 2(a—1) 2kH @
€3 0 20 2kl 1

So far, we have obtained the pattern of NT when n is an odd number,
given by

ma i mo 7
Y1 = U1+ u1u3 220112(1'—]’) 25t1 S3u + U2 U3 chlz(i—j) 12j11 S3u

i=0 j=0 i=0 j=0
mi K3 mi 1]
+w E E C112(3i—j) 25 S3u + U2 E E C12(i—j) 125 S3u
i=0 j=0 i=0 j=0
may 17 mo 1
Y2 = Uz +U2U3 E E C112(i—j7) 24+ S3u — U1U3 E E C12(i—j) 1251 S3u
i=0 j=0 i=0 j=0
mi 1 mi 7
+ us E E C112(3i—j) 25 S3u — U2 E E C12(i—j) 125 S3u
=0 7=0 =0 7=0
m3 i mq 1
ys = uz + E E C32(i—j) 025 S3u + U3 E E C32(i—5) 02411 S3u- (63)
i=1 j=0 i=1 j=0

o
where Sz, = (ud+u3)Iuy’.

Next, consider the key equations (based on equations (54), (57) and (61))
relevant to the undetermined b’s, which can be written in the matrix form

[ Mai Mz | ( Z; ) =z (64)

where asj is known, and

E, O B O
M31:[01 E2:|7 Mzzz[_B; _32]- (65)
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Note: E; and E» are, respectively, 2(mi+1) and (m;+1) identity matrices,
while By, By and Bj are 2(mji+1)x(2mi+1), (m1+1)xmy and (mi+

1) x (2m4+1) matrices, given by

[ 2(m1—1)a302
—a101  (2mi—1)ase2
2myas2o —2a3z0 BF)
(2mi—1)as0 —aion BF)
B; = )
3az20 —aio1 B?)
2a320 —2as20 BYL)
| 320
[ (2m1 — 1) asoz i
(2m1 - ].) as320 Bél) @
2mi — 3) a B{?
By = (2m4 ) as20 .2
3&320 B§3)
| a320
where
BF) = 2a101 + (2m1 — 4) asp2
B =B = 2ai01 + (2m1 — 3) azoe
BF) = 2(m1—1) ai01 + azo2
B§4) = 2m1 ai01 — 24302
Béz) = 4ai01 + (2m1 — 5) azoee
Bés) = 2(m1—1)a101+as02
and
— a201
— az201
B; = 0 —azn ’
0 —az
respectively, and
V31 =(b302mq+ 5 8102mg 5 == ,032my 1,5 D1 2m3 010202my 5 b222(mq—1) *** 5 D22my 0

v32 = (€3002m1s €1102n1—1, " *

—aio1 |

(67)

)T

T
5 €112(m1—1)1) €32m;00 | €1012mq-15 €1212m1-3," C12(m1—1)11) .
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It should be noted that similar to the case n = 3, equation (64) involves
(3m1+1) ¢’s and 3(my+1) b’s, We wish to eliminate the b’s as many as
possible by appropriately choosing the coefficients c¢’s. It is clear that at
most (3m1+1) b’s can be eliminated if the rank of M; = (M3, Ms2) is
(3my+1), which is the largest rank that M; may have. In order for M;
to have the rank (3mj+1), the conditions given in equation (9) must be
satisfied. Moreover, from the construction of equation (64), we may choose

b12(m14)2i =0 (izoala"'vml)a
=0 ifi#0,
b3 2(my—i) 2ip1 £0 if i =0,
=0 if i # mq,
b N 2i 69
2 2(mq—i) 24 { # 0 if i = mi, ( )

except for my = 1, 2. For the two cases when m; = 1, 2, one may choose
biro # 0 instead of bzxy # 0, k = 2,4. Thus, the (3my+1) ¢’s can be
uniquely determined from equation (64).

Summarizing the above results indicates that the main theorem is true
when 7 is an odd number. Next, we shall prove the case when n is an even
number.

(B) n is even. In this case, the NT up to the mth-order can be written
in the form:

n n—i

Ye=ur+NTop+NTsp+ - +NT(n_1) +Z Z Crij (H;j)u’iu?;u?_i_j (70)
i=0 j=0

for k=1, 2, 3. It should be noted that although the form of equation (70) is
identical to equation (44), they are different in that (70) ended with an even
term while (44) ended with an odd term. The SNF up to the nth-order can
be written as
U = —us+ NFo1 + NF31 +---+ NF,_1)1
— u2u3[ b2 2m, 150" + b2o(my1)3Syt Uz + - + b202m1us™ |
+u1us [ b1 2m 150" + b1 2(my1) 350 TU + -+ + bro2menus ]
Uz = ur+NFyp+ NFa+---+ NF,_1)»
“+ uius [bz zmllsZLl + bz 2(m1-1) 3SZM_IU§ + -+ b202m1+1u§m1]
+ u2u3 [ b1 2m 150" + b1 2(my-1) 350" T3 + -+ + bro2menus ]
NF23 +NF33 + - +NF(H_1)3
+ b32ms 055" + b3a(mat)2 Su® Uz + -+ - + b302ms uz™ (71)

Uz

where the nth-order terms are in the same form of the CNF.
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Similarly, we can obtain the following key equation

[ My My ] ( Va1 ) =0y (72)
V42
where the vector a4 is known, and
| B3 O _ By 0O
M41—[0 E4], M42—[_BG _Bs] (73)

where E3 and E4 are 2(mi+1)+1 and (mi+1) identity matrices, respectively.
By, Bs and Bg are (2mi+3)x(2mi+2), (mi+1)x(mi+1) and (mq+1)x(2m142)
matrices, given by

-(Zml—l)agoz i
—a101 2m1azo2
(2mi+1)asz0  —2a320 BP)
2miazzo —aio1 B
By = :
3asz20 —2aszg Bf)
2a320 —a101 2mM1a101
i as0  —2assg |
[ 2m1aso2
2m1a320 Bél)
By = 2(m1 — 1)61,320 Béz)
L 2a320 2maaio1
[ — a201
0 —a2m
Bs = 0 —az0 (74)
i 0 —azu O
where
B‘gl) = 2a101 + (2m1 — 2) a3o2
BY) = 2myai01 — aso:
Bg(,l) = 2aj0o1 +2(m1 — 1) ase2
BE(,Z) = 4daio1 + 2 (m1 — 2) as02
and
Va1 = (b30 2(mq41)> 010 2ma+, *** D12mq 15 D3 2(my41)0 1 020 2my41, D22 2my—1, -+, b2 2mq1) T

_ T
V42 = (€300 2m1+H, €110 2mys* " *y €32m1 01, C112m1 0 | €1012my » €1212(m1—1)s * * *» C12m1 10)
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It can be seen that equation (72) involves (3m1+3) ¢’s and (3my+4) b’s,
and that M» is an (2m1+3)x(2m1+2) matrix. So the maximum number of
b’s can be eliminated by appropriately choosing the coefficient ¢’s is (3mq+
3) if the matrix My = (My1 Myo) has full rank (3mq+3). This can be
achieved if the conditions given in equation (10) are satisfied. According to
the construction of the equation (72), we may choose

b1 2(my—i) 2ipp = 0 for i=0,1,---,my.
b22(m1—’i)2H—1=0 for 1=0,1,---,mq.
=0 if 1 #£0,

bs 2(mas) 2 75

§ 2lmai) 2 {760 if i = 0. (75)

Then all of the ¢’s can be uniquely determined from equation (72).

3rd Step. Finally, based on the 1st and 2nd steps, we can conclude that the
SNF (8) is true for an arbitrary order n.
This completes the proof.

Remark: Ushiki [15] used Lie Algebra to discuss further reduction of the
normal form of Hopf-zero bifurcation, but the obtained SNF was only up to
the 5th order [15, 17].

3 Outline of Symbolic Computation

The detailed procedure and formulas given in the proof of the main theorem
can be directly applied to develop symbolic computation programs. We have
used Maple to develop a software package which can be conveniently used
for computing the SNF and associated NT of Hopf-zero bifurcation. The
program only requires a minimum preparation for an input file from a user,
without any interaction. The Maple program is outlined below. (The Maple
source code is listed in Appendix.)

(a) Read a prepared input file. The input file indicates the upper boundary
order of the computation of the SNF, Order, and gives the coefficients
of the original differential equations (i.e., the CNF of the system), a;; -

(b) Set the solution of big1, bao1, b320, b3o2 for the initial step (i = 2),
which are given by equation (20), and set ¢1191 = 0.

(¢) For a sub-order ¢ (3 < i < Order), recursively compute the coefficients
of the SNF and the corresponding NT.

(i) Create the variable Tj; which is used to eliminate the terms higher

than the given Order in the NT so that computation effort can be

reduced greatly.
(i) Set the general NT hj;, j =1, 2, 3 using the undetermined coef-
ficients cjrim via the variable T}y .
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(iii) Create the variable ¢p; which is used to eliminate the terms higher
than the given Order in the SNF so that computation is simplified.

(iv) Set the general SNF dy;, j = 1,2, 3 using the undetermined
coefficients bji; through the variable tp; .

(vi) Create the variable Hj, and Hji which are used to eliminate
the terms higher than the given Order in the nonlinear functions
f; so that computation time can be reduced.

(vii) Set the general nonlinear functions f;, j =1, 2, 3 using Hj and
ijl .

(viil) Substitute the NT h; and the SNF dy; into the differential equa-
tions, and pick up the expression of the particular sub-order 4,
Res;y, .

(ix) From Res;i obtained above, find the expressions of the coefficients
for each trinomial y! y5" 5.

(x) By balancing the coefficient of each trinomial, solve the coefficients
of the ith order NT, Cjk,l,m-

(xi) Solve the coefficients of the ith order SNF, b, ;. ;.

(d) Write the SNF and NT into the output file “Nform”.

4 An Example

In this section we shall use the example given by equation (1) to demonstrate
the application of the theory and Maple program developed in the previous
sections. The Maple program can be used to compute the coefficients of the
SNF (8) and the associated NT from the CNF (11) up to any order.

As has been mentioned in the introduction, different CNFs of a system
generate an identical SNF by using a same NT. To demonstrate this, we list
below two CNFs of system (1) up to the 9th-order which are obtained using
two different approaches: One used Poincaré normal form theory [3] and the
other used a perturbation theory [19]. The two CNFs are, respectively, given
by

. 9,3 49,2 , 1239 .3 674 .3 _ 691277 , 5 _ 1494327 .3 2
r=3rz+ 457 2 T2°+t g0 T2t T T2 136000 " 2000 | %
56769 ,.. 4 | 7223581331 5 101688239 ,.3 .3 _ 12489307 ,. 5
20 "%t “i2a0000 "t “20000 T ? w00 7
_ 104027221137781 7 | 0324762067868 5,2 _ 6107352369 .3 4 , 80TS66947 ., 6
3678854400000 47164800000 40000 2000
L 11734304534694721189 .7, _ 3986111218438669 ,.5,3 | 1703528659703 3 ,
7504862976000000 31443200000 1200000
| 9930634120077 243303770678360065207561 ,.9 | 1845721099852686720541343 .7 , 2
10000 136371699010560000000 16585747176960000000
| 14002480315312532699561 .5 ,4 | 1558103589493351 .3 6 _ 8822021906273 ,.,8
721621440000000 36000000 100000

5
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672 _ 21,2 5932, | 405 ,3_ 2009513 ,4 _ 4733472 ,2 | 33643 ;4
I4+22=3 1" =52 + 100" 2+ 272000 | 000 | 2Tt %
39710436107 4 » 4 3612661 2 3 12638663 ,5 | 273818449412039 6
69360000 2500 200 1839427200000
. 404638467659510 .4 2 211150027 ,.2 4 3067497083 ,6 _ 2536138032350453241 6 ,
23582400000 3000 4000 277957888000000
_ 128200076570663101 ,.4 3 | 2259328662163 .2 ,5 | 658255045301 ,7
282988800000 600000 10000

+ 1904620755975272088305671 T‘ + 294297671353388086505081 7'6 zZ
613672645547520000000 16585747176960000000
4 1792116865347850743019 4 4+ 13432956395274709 2 6_+_ 146135034626359 8

20090080000000 12000000 25000 z
r2+9z +57r224+182° —|—1136701 4 131 r222 4+ 11124 — Sggg3r4z
72827 r? 73 — 2207 ;5 4 1?238389 6y 34979047 P 52 4 4002777 4092777 e

6 269426579783 6. 4410642427 4 3 304502017 2 5 26724240 7
+ 82279 2°+ =57550000 240000 | < 300 A
. 3906213516325087 .8 | 886377610090451 ,,6,2 | 2830668874880 ;.4 4
5193676800000 49939200000 2880000
. 890060849663 ,.2 ,6 | 4829614017 8 4 4340466778350809693 .8 ,

16000 882925056000000
_ 79786685619019119, 6,3 _ 1411892477084659 5

12577280000 4800000
_ 576328836636677,.2,7 _ 1515118002551 _9

80000 rz 32 z (76)

11,3 447 3 003791,.5 _ 1301117,3 .2 _ 42873

3rz— oL rz + 44703 113672 — 55000 2000 r°z 50 rzt
5326284261 5 35702447,.3 .3 _ 5498369 151610014999811 .7
+ “46210000 " # + o000 7 T Ts0 rz® + 408761600000
| 428006262417743 .5 2> _ 22613702873 4 | 591609893 ,. 6
15721600000 20000 500
_ 44814263587666337797 .7, _ 40015213898003537 ,.5 ,3 | 1321527304779 ,.3 5
2501620992000000 56597760000 600000
. 1935738403067 ,. ,7 | 1143700217265739821651653 ;.9
10000 613672645547520000000
L 18855666194708330671197 ,.7 ,2 | 8655406319225164085087 .5 , 4
307143466240000000 240540480000000
L 2108331423020023 ,.3 ,6 _ 1118051398875157 ,. 8
18000000 400000
57,.2 2 _ 48692 23172674 _ 7214,2 2 177461 4
1+2z—3pr"—92 200 " — 1802° + 2720007 — T TR0+
_ 30300842080 .4 8216447 ,2 .3 4711343 5 | 146671677247757 .6
23120000 1250 200 208761600000
L 481484875010150 4 > _ 481237121, 4 _ 6501059220 .6
23582400000 4800 2000
. 25495388227243600111 ,.6, _ 9941810278120171 4,3 _ 6220888575557 .2 ,5
2501620992000000 31443200000 600000
L 51740314931 7 _ 1443031400605404109127641 , 8  8004856420434099286147327, 6 , 2
10000 409115097031680000000 8292873588480000000
L 3035734214516023314313 ,.4 4 | 5301393070250101 ;.2 6 | 135102560805307 ,8
80180160000000 3000000 12500

1r? +922 + 6r22 + 182% + 2Tyt — 3r222 + 1112*% — 28y, — 1981,2,3
— 221075 | SOLTIST 6 | 1582103 ;4,2 | 255316 ;2,4 | 82279z

2 435200 400 z
3934879161 ,.6 30035319 .43 _ 54571329 2 5, 26724249 .7
+ Sa706s0 T 7 2000 | * 200 27+ =
. 12006462674540557 .8 | 3375048342080621 ,.6 ,2 | 169408368187 .4 4
9810278400000 113195520000 180000
. 53030953199 .2 6 | 4829614017 8 _ 174451178611283956931 , 8
1000 7504862976000000
_ 124134719616204157 .6 ,3 _ 354568354004869 4,5
19975680000 1200000
_ 70980020732727,2 7 _ 1515118002551 ,9 (77)
10000 32

seen from the above two equations that most of the coefficients are

different.
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Executing the Maple program (for computing the SNF, listed in Ap-
pendix) for equations (76) and (77) yields the following identical SNF up to
the 9th-order:

5 _ 61 p2 | 17390128913 p4

R =R(3Z+ 60 1v” + 52620000 1 ),

S — _ 37 p2 | 835435429 4  103828415943456810161 6
© = 14+27 -G R+ 255060 4 13795704000000 2

+ 5411802839883981136711604322479621 ZS
210472709527080000000000
7 2 3 1209319 p4 372032085238013 p6
Z =92°4+187° + 129600 R — 1011268800000 R
_ 434622651875526855647 RGZ __ 504073350049417021085576972357 RS
19856262888000000 11943017921791756800000000
_ 777335418067005647024448079082782097 RSZ (78)
732435431598683965152000000000 )

This indeed shows that a CNF can be further greatly simplified. It is well
known that CNFs are not unique and different even for a fixed “form”, like
the two forms given in equations (76) and (77). However, it is amazing to
note that even with the two different CNF's our formula yields the exact same
SNF. In other words, for a given system, no matter how many different CNF's
we may have, the SNF is unique for a fixed “form”. Also note that letting
Z = 0 in the first two equations of (78) leads to the simplest normal form
of Hopf bifurcation [21], while setting R = 0 in the third equation of (78)
yields the SNF associated with a single zero eigenvalue.

The Maple source code (given in Appendix) and the input file for this ex-
ample are available from the web site: http://pyul.apmaths.uwo.ca/ pyu/pub
/software. The names of the Maple source code and the input file are pro-
gramS2 and inputS2, respectively. A reader can download these programs
and execute them to verify the above results. Also, readers can apply the
source code to solve their own problems by simply preparing an input file.

5 Conclusions

A theorem has been established for computing the generic SNF of Hopf-zero
bifurcation. It has been shown that a normal form obtained using the CNF
theory is not the simplest form. In the proof of the theorem, explicit, re-
cursive formulas have been derived which can be directly implemented on
a computer algebra system. User-friendly symbolic computation programs
written in Maple have been developed. An example is presented to show that
different CNF's of a system lead to an identical SNF through the same for-
mulas (coded in the Maple program). This implies that: (1) CNFs obtained
by using different approaches are inherently related; (2) The SNF is unique
and invariant for a fixed “form”.
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Appendix: Maple Source Program

The source code written in the symbolic computer language Maple for com-
puting the SNF and the corresponding NT for a system associated with
Hopf-zero bifurcation is given in the appendix. The Maple source code is
also available from the web site:

hitp://pyul.apmaths.uwo.ca/ pyu/pub/software (file name programS2).

read input:

bl1,0,1] = a[1,0,1]:
b[2,0,1] = a[2,0,1]:
b[3,2,0] = a[3,2,0]:
b[3,0,2] = a[3,0,2]:
c[1,1,0,1] := O:

for i from 3 to Order do
evold := modp(i,2):
if evold=1 then

ml := (i-1)/2:
m2 :=ml - 1:
m3 :=ml :
else
ml := i/2 - 1:
m2 := mi:
m3 :=ml + 1:
fi:
for j from 0 to m3 do
T[1,2%j+1] := 0:
T[2,2%j+1] := 0:
T[3,2%j] = 0:
T[4,2%j] = 0:
T[5,2%j] := 0:
T[6,2%j+1] := 0:
for k from 0 to j do
temp := (y[1]-2+y[2]172)~(j-k)*y[3]~(2%k):
if j>=0 and j<=m2 then
T[1,2*j+1] := T[1,2*j+1] + c[1,1,2*(j-k),2*k+1]*temp:
T[2,2%j+1] := T[2,2%j+1] + c[1,2*(j-k),1,2*k+1]*temp:
fi:
if  j>=1 and j<=ml then
T[3,2%j] = T[3,2%j] + c[1,1,2%(j-k),2%k]*temp:
T[4,2%j] := T[4,2%j] + c[1,2%(j-k),1,2%k]*temp:
T[6,2%j+1] := T[6,2%xj+1] + c[3,2%(j-k),0,2%k+1] *temp:
fi:
if j>=1 and j<=m3 then
T[5,2%j] = T[6,2%j] + c[3,2%(j-k),0,2%k]*temp:
fi:
od:
od:
for j from 1 to 3 do
h(j] := y[jl:
od:

for j from 1 to m3 do
h[1] h[1] + T[1,2%j-1]1*y[1]*y[3] + T[2,2%j-1]*y[2]*y[3]:
h([2] h[2] + T[1,2%j-1]1*y[2]1*y[3] - T[2,2*j-1]1*y[1]*y[3]:
h[3] h[3] + T[5,2*j]:

od:
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for j from 1 to ml do
h[1] := h[1] + T[3,2%j]1*y[1] + T[4,2+j1*y[2]
h[2] := h[2] + T[3,2%j1*y[2] - T[4,2%j1*y[1]
h[3] := h[3] + T[6,2*xj+1]*y[3]:
od:
for j from 1 to 6 do
tpl[j]l := 0:
od:
tpl2] := 1:
tpl[3] := b[1,0,1]:
for j from 1 to m3 do
for k from 0 to j do
temp := (y[1]-2+y[2]°2)~(j-k)*y[3]~(2*k):
if  j<=m1 then
tp[1] := tp[1] + b[1,2*%(j-k),2%k]*temp:
tp[2] := tp[2] + b[2,2*%(j-k),2*k]*temp:
tpl6] := tpl6] + b[3,2*%(j-k),2*k+1]*temp:
fi:
if m2<>0 and j<=m2 then
tp[3] := tp[3] + b[1,2*(j-k),2*k+1]*temp:
tp[4] := tpl[4] + b[2,2*(j-k),2*k+1]*temp:
fi:
if j<=m3 then
tp[5] := tp[5] + b[3,2*(j-k),2*k]*temp:
fi:
od:
od:
dy[1] := y[1]1*(tp[1] + y[3]1*tp[3]) - y[21*(tp[2] + y[3]*tp[4]):
dy[2] := y[2]*(tp[1] + y[3]1*tp[31) + y[1]1*(tp[2] + y[3]1*tp[4]):
dy[3] := tp[5] + y[3]*tpl6]:
for j from 1 to mi+l do
for k from 0 to j do
if k=0 then
s1[j,k]:=(h[1]"2+h[2]"2)"j:
H2[k] :=1:
s1[j,k] :=subs(y[1]=eps*y[1],y[2]=eps*y[2],y[3]=eps*y[3],s1[j,k]):
H1[j,k]:=0:
for 1 from 1 to i do
H1[j,k] := H1i[j,k]+subs(eps=0, diff(si[j,k],eps$l)/1!):
od:
elif k=j then
Hi[j,k]:=1:
s2[k] :=h[3]~(2%k):
s2[k] :=subs(y[1]l=eps*y[1],y[2]=eps*y[2],y[3]=eps*y[3],s2[k]):
H2[k] :=0:
for 1 from 1 to i do
H2[k] := H2[k]+subs(eps=0, diff(s2[k],eps$1)/1!):
od:
else
s1[j,k]:=(h[1]"2+h[2]"2)"(j-k):
s2[k] :=h[3]"(2%k):
s1[j,k] :=subs(y[1]=eps*y[1],y[2]=eps*y[2],y[3]=eps*y[3],s1[j,k]):
s2[k] :=subs(y[1]=eps*y[1],y[2]=eps*y[2],y[3]=eps*y[3],s2[k]):
H1[j,k]:=0:
H2[k] :=0:
for 1 from 2 to i do
Hi[j,k] := Hi[j,k]+subs(eps=0, diff(s1[j,k],eps$1l)/1!):
H2[k] := H2[k]+subs(eps=0, diff(s2[k],eps$1l)/1!):
od:
fi:
od:
od:
for j from 1 to 6 do
tp[j]l := O:
od:
tpl2] : :

tp[3] :;

1
b[1,0,1]:



for

od:
for

od:
if
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j from 1 to m3 do

for k from 0 to j do
temp := H1i[j,k]*H2[k]:
if j<=m1 then

tpl1] := tp[1] + a[1,2*(j-k),2*k]*temp:
tpl2] := tp[2] + a[2,2*(j-k),2*k]*temp:
tpl6] := tpl[6] + al3,2*(j-k),2*k+1]*temp:

fi:
if m2<>0 and j<=m2 then
tpl[3] := tpl[3] + a[1,2*(j-k),2*k+1]*temp:
tpl[4] := tpl[4] + a[2,2*(j-k),2*k+1]*temp:
fi:
if j<=m3 then

tp[6] := tp[b] + al[3,2*(j-k),2*k]*temp:
fi:

h[1]1*(tp[1] + h[3]1*tp[3]) - h[2]*(tp[2] + h[3]*tp[4]):

:= h[2]*(tp[1] + h[3]*tp[3]) + h[11*(tp[2] + h[3]*tp[4]):

:= tp[5] + h[3]*tp[6]:
j from 1 to 3 do
£[j] := subs(y[1l=eps*y[1], y[2]=eps*y[2], y[3]=eps*y[3], £[jl):
f[j] := subs(eps=0, diff(f[j],eps$i)/i!):

j from 1 to 3 do
res[j] := O:
for k from 1 to 3 do

res[j] := res[j] + diff(h[jl,y[k])*dy[k]:
od:
res[j] := subs(y[1]l=eps*y[1],y[2]=eps*y[2],y[3]=eps*y[3], res[jl):
for k from i to i do

Res[j,k] := subs(eps=0,diff(res[j],eps$k)/k!):
od:
Res[j,i] := Res[j,il - £[jl:
res[j] := 0:
j from 1 to 3 do
for k from i to i do

for 1 from 0 to k do

for m from 0 to k-1 do

P := k-1-m:
cof[j,1,m,p] := diff(Res[j,k],y[1]1$1,y[2]$m,y[3]1%p):
cof[j,1,m,p] := simplify(subs(y[1]1=0,y[2]=0,y[3]=0,

cof[j,1,m,p])/1!/m!/p!):
od:
od:
od:

evold=1 then
if mi=1 then

b[1,0,2] = 0:

b[2,0,2] := 0:

b[3,2,1] = 0:

b[3,0,3] := a[3,0,3]:

c[1,0,1,1] := solve(cof[1,0,1,2],c[1,0,1,1])

c[3,0,0,2] := solve(cof[1,1,0,2],c[3,0,0,2])

c[3,2,0,0] := solve(cof[3,2,0,1],c[3,2,0,0])

b[1,2,0] := solve(cof[1,1,2,0],b[1,2,0]):

b[2,2,0] := solve(cof[1,2,1,0],b[2,2,0]):
elif mi1=2 then

b[1,2,2] := 0:

b[1,0,4] := 0:

b[2,4,0] := 0:

b[2,2,2] := O:

for j from 0 to 2 do
b[3,2%(2-j),2*%j+1] := 0:
od:
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for j from ml1 by -1 to 1 do
k := 2%(mi1-j):
c[3,k,0,2%j]
cl1,1,k,2xj-1]
od:
c[3,2*m1,0,0]
b[1,2%m1,0]
c[1,2,1,1]
c[1,0,1,2*m1-1]
b[2,0,2%m1]

else

for j from 0 to ml do
b[1,2*(m1-j),2*j] := O:

od:

for j from 1 to ml do
b[3,2*%(m1-j),2*j+1]

od:

for j from ml1 by -1 to 1 do
k = 2%(mi1-j):
c[3,k,0,2%j]
cl1,1,k,2xj-1]

od:

c[3,2*m1,0,0]

0:

solve(cof[3,k,0,2%j+1],c[3,k,0,2%j]):
solve(cof[1,1,k,2%j],c[1,1,k,2*j-1]):

solve(cof[3,2%m1,0,1],c[3,2*m1,0,0]):
solve(cof[1,2%m1+1,0,0],b[1,2*m1,0]):
solve(cof[1,0,5,0],c[1,2,1,1]):
solve(cof[1,2,1,2%¥(m1-1)],c[1,0,1,2*%m1-1]):
solve(cof[1,0,1,2*%m1],b[2,0,2*m1]):

solve(cof[3,k,0,2%j+1],c[3,k,0,2%j]):
solve(cof[1,1,k,2%j],c[1,1,k,2%j-1]):

solve(cof[1,2*mi1+1,0,0],c[3,2*%m1,0,0]):

b[3,2*m1,1] := solve(cof[3,2%m1,0,1],b[3,2*%m1,1]):

for j from 0 to mi-1 do
b[2,2%(m1-j),2%j] := 0:
od:

c[1,2*(mi1-1),1,1] :=solve(cof[1,0,2*%m1+1,0],c[1,2*(m1-1),1,1]):

for j from 2 to ml do
k := 2%(mi1-j):

cl1l,k,1,2%j-1] :=solve(cof [1,k+2,1,2%(j-1)],c[1,k,1,2%j-1]):

od:

b[2,0,2*m1] := solve(cof[1,0,1,2*m1],b[2,0,2*m1]):

fi:
else
for j from 0 to ml do
b[1,2%(m1-j) ,2%j+1]
b[2,2%(m1-j) ,2%j+1]

o o

od:
for j from 1 to m3 do
b[3,2%(m3-j),2%j] :=

(=]

od:
for j from ml by -1 to 0 do
k = 2*x(m1-j):

c[3,k,0,2%j+1] := solve(cof[3,k,0,2%j+2],c[3,k,0,2*j+1]):
cl1,1,k,2%j] := solve(cof[1,1,k,2%j+1],c[1,1,k,2%j]):
c[1,k,1,2*j] = solve(cof[1,k,1,2*j+1],c[1,k,1,2%j]):
od:
b[3,2*m3,0] := solve(cof[3,2*m3,0,0],b[3,2*m3,0]):
fi:
for j from 1 to 3 do
h[jl := h[j1:
dy[jl := dy[jl:
od:
od:
dr := r*( b[1,0,1]*z + b[1,2,0]*r"2 + b[1,4,0]*r"4):
dt := 1 + b[2,0,1]1%*z + b[2,2,0]*r"2:
dz := b[3,0,2]1*z"2 + b[3,0,3]%z"3:
for j from 2 to m3 do
dt := dt + b[2,0,2%j]1*z"(2*]):
dz := dz + b[3,2%],0]*r"(2*j):
od:

for j from 3 to ml do

dz := dz + b[3,2%],1]*r"(2%j)*z:
od:
save dr, dt, dz, h, ‘Nform‘:
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