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Abstract. This paper presents an attempt to generalize the computation of the simplest
normal form of differential equations. The study is focused on the systems whose Jacobian
evaluated at an equilibrium has 1:2 resonant double Hopf singularity. After obtaining
the general conventional (classical) normal form, we have constructed the simplest normal
form for the 1:2 resonance and proved that the pattern of the corresponding nonlinear
transformation between the conventional normal form and the simplest normal form is
the same as that of the conventional normal form. A simple, explicit recursive formula
is derived for computing the simplest normal form of 1:2 resonance. The new recursive
algorithm does not require for solving large matrix equations, but instead solving single
linear algebraic equations one by one. In addition, unlike the conventional normal form
theory which uses an independent nonlinear transformation at each order, this approach
uses a consist nonlinear transformation through all order computations. The algorithm
has been implemented on computer systems using Maple. The user-friendly programs can
be executed to compute the coefficients of the simplest normal form and the associated
nonlinear transformation.
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1 Introduction

It is often proved useful to transform a problem to its simplest form before
trying to solve it. Normal form theory is such an useful tool for computing
a simpler form of the original differential equation but keep the qualitative
dynamic behavior of the original system unchanged (e.g., see [4,9, 10, 12, 15]).
The general procedure of conventional (classical) normal form (CNF) theory
is using the linear singularity of a system at an equilibrium to form a Lie
bracket operator and then repeatly employing the operator to remove higher
order nonlinear terms as many as possible. However, It is well known that
CNF is by no means unique, and in fact further reductions on several cases
of CNFs have been considered (e.g., see [2,3,5-8,17]).

A further reduction of a CNF leads to the simplest normal form (SNF).
From the computation point of view, in SNF theory, the kth-order nonlinear
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transformation (NT) is not only used to simplify the kth-order nonlinear
terms of the system, (that is the basic idea used in CNF theory), but also
used to eliminate higher order nonlinear terms (e.g., see [1,11,18,19,21,22]).

If the Jacobian of a system evaluated at a critical point involves two
pairs of purely imaginary eigenvalues, then the so called double Hopf bifur-
cation may occur. When the ratio of the two eigenvalues is not a rational
number, it’s called non-resonant, otherwise, it’s resonant. Many researchers
have studied such interesting bifurcation phenomena and many results can
be found in the references (e.g., see[12,13,15,17,20]).

This paper presents an attempt to generalize the computation of the
SNF for the differential equations associated with 1:2 resonant double Hopf
singularity. It should be pointed out that the final objective of the SNF com-
putation is to find the SNF with perturbation parameters (unfolding), and
to use it to analyze the local dynamics of the original system. Unfortunately,
although since 1984 many researchers have studied the SNF for several (low
codimension) singularities and obtained some results, nobody (except that
we recently considered the SNF with perturbation parameters for two cases
of singularities) has considered even one application using the SNF. Due to
the complexity involved in the theoretical study and computation of the SNF,
the research in this area so far is still at the first step: Study of the SNF
without perturbation parameters (unfolding).

The rest of the paper is organized as follows. The detailed formulation
of the CNF for 1:2 resonant double Hopf singularity is derived in the next
section, followed by a CNF example given in section 3. Then the SNF for
the 1:2 resonance is presented in section 4, where the example given in sec-
tion 3 is re-considered to show the applicability of the SNF theory. Finally,
conclusions are drawn in section 5.

2 The CNF for 1:2 resonance

Consider the general system, described by the differential equation:
z=Jz+ f(z), zcR", (1)

which has an equilibrium at the origin 0. J is the Jacobian matrix and,
without loss of generality, is assumed to be in Jordan canonical form. This
paper is focused on 1:2 resonant case, and thus we may assume .J is given
in the form of

0w 0 0 0
w 0 0 0 0

J=|00 0 20 0 [, (2)
00 20 0 0
00 0 0 P
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where P is an (n—4)x (n—4) matrix whose eigenvalues have negative real
parts, and function f and its first derivative vanish at the origin 0 — the
equilibrium of system (1).

Characterizing the structure of the normal form depends on the structure
of the linear part of a dynamical system. According to Poincaré normal form
theory [14], we know that all non-resonant terms can be eliminated while the
resonant terms should be retained in the CNF. The center manifold for the
1:2 resonance can be written in the general form:

2'1 = Iw21—|—g1(21,31,22,72),
Zy = 21w zy + ga(21, 71, 22, Z2), (3)

where I is the imaginary unit (I?> = —1). To find the resonant forms, we
rewrite the variables z; and 23 in polar coordinates:

I I8
z1 = e, 29 = 1roe’ 2, (4)

and their complex conjugates are z; = rie 1% and Zy = ree %2, For the
1:2 resonance, 62 = 26;, then the resonant terms corresponding to z; in the
homogeneous polynomials, given in terms of z1, z3, Z; and Z3, have the form:

ay b1 jc1=dv  _ a1+by ci+di I(ar—b1)81 I(c1—d1)f2
Zl Zl 22 Z2 7’1 7"2 € €

— T,<111+51 7°§1+d1 eI [(a1—b1)+2(c1—d1)]61
= R1 6161 . (5)
Similarly, the resonant terms associated with z; have the form:

ag =by _co —ds __ 126,
212712 25275 = Rae . (6)

Therefore, at the nth order, the powers a;, b;, ¢; and d; (i = 1, 2) must
satisfy the following conditions:

(CLl — bl) =+ 2(61 — dl)

ar+bi+ci+dp

0 S ai, b17 C1, dl

(T
= —

IA
=
Sl

and
(ag —b2)+2(ca —dy) = 2,

az+by+ca+da = n,

0§a27b2ac27d2

IA
=
=

Hence, we can conclude that:
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Theorem 1. The CNF of system (1), given in complex form, is:

n

. i =7 k=l
71 = Twzi + E Ctijklzizi'ﬁzza
m =2
itjthk+l=m

i—j+2(k=1) =1

n

) . e
Zy = 2Twzy + Z Aijr1 217 25 Ty, (9)
m =2
itjtktl =m

i—j+2(k—1) =2

where the complex coefficients a; ;1 and A; ;1 are expressed explicitly in
terms of the coefficients of function f, the subscripts ¢, j, k and | of a;;
satisfies Eq. (7) and that of A, satisfies equation (8).

It’s easy to observe that the number of terms in the CNF given by Eq.
(9) is determined by the integer solutions of Eq. (7) or (8). It follows from
Eq. (8) that (neglecting the subscripts)

2n—1
0 < b <
— — 3 ?
2n—1
0 < d
— — 4 ?
a = —3b—-4d+(2n-1) > 0,
¢c = 2b4+3d—(n—-1) > 0. (10)

Since a, b, ¢ and d are all natural numbers, we can, with the aid of Maple,
find the number of integer solutions of Eq. (7) or Eq. (8), which are sum-
marized in the following theorem.

Theorem 2. The number (denoted by K ) of the integer solutions to Eq. (7)
(or Eq. (8)) is:
K=n-1 for n <6,
K=n+(n-3d+4)d for n=6k+1, (11)
K=n+(n—-3d+4)d-1 for n#6k+1,

where d = [21] and k is a positive integer.

It is seen from Theorem 2 that the terms given in the CNF is finite,
determined by the degree n.

3 An example

In this section, we apply the results obtained in the previous section to the
following 7-dimensional system with randomly chosen coefficients:
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. 2 2

ry = —xzt+ri122+ 23+ 2123+ 25,

. 2

g = i1+ axy+x3rat x4+ 2325,

. _ 2 2 2 3 2

r3 = —2zgtxit+2z1224+ 2425 +23+ 2324,

. . 2 2 2

T4 = 2I3+I2+$4+$57

. 2

x5 = —xs+2x]+xiz3,

. 2

Te = —xegtrxr+I]t+T224,

. 2 c
t7 = —xzg— 27+ 5. (12)

The linearized system of Eq. (12) about the equilibrium z; = 23 = --- =
z7 = 0 has two pairs of purely imaginary eigenvalues, ¢ and 421, one real
eigenvalue, —1, and one pair of complex conjugate, —1 + 1.

By using the method and Maple programs developed in [Yu, 2001], we
can obtain the CNF of system (12) up to, say, 8th order as follows. (Note
that such a high CNF is only required for higher degenerate bifurcations and,
in general, is not necessary. Here we present this example for a comparison
with the SNF given later.)

;7;’1 :[Zl+(%+%])2122-1—(%-1—%[)212222—(%—33—2])2’1221

7737 481 3— 1091 | 1699 7. =2 12953 | 20081 jy= _2—
12800 — 12800 I)z17> + (3200 + 3001 )17122 — (m-f— sa001)712272

4608000 256000

4410499 107759 1\ 2= . = 1584941 61630991 1 2
I) 21 Z1 22 %2> + (5064000 — se7esooo 1) 21 2

-2
2 22

187291 _ 1220889 7y .3 =2 476951 538301 7y =3 2
519500 — 1ss6000 1) 21 21 — ( + I)

1536000 1608000 1/ *1 %2
1669522051513 4353393232261 7y —= _3 =2
3127851417600 5213085696000 I) 21 %2 22

345409858517 _ 168726227087 ]) 23 5032
264176640000 88058880000 15222

36864000 3686400

54668927 4329773 7\ .2 =3 8358048001 _ 6649715863 7y _4 — —

T) 21 21 22 — (366880000 — es66880000 1) 21 21 22
882762512807 | 47918035703
1026514944000 | 16293888000

])Zl E%Z%EQ

2056484110786560000 | 3796586050682880000 ) 71 2 #2

607406922492588227 + 744438217044203641 I)Z 2323
640427577753600000 731917231718400000 122 %2

251538730842293 _ 230412595368073 ])Z 24 22
615908966400000 205302988800000 121 =2

16930286905787748709 __ 1441286996618187864097 yy 2= 2 =2
14907411350028288000 608719296792821760000 ) 1 <122 22

226476043 21676911197 7y _4 =3
353894400 + 26542080000 [) 21 21

49106477686032439 43334190186107 ]) 215 Eg

130778003865600000 145957593600000

1293620343647070721 + 577491073606204571
79400930918400000

N R S
238202792755200000 I) 27 27 2225

2174869052794787093 + 48853451903803927 I) 23 24 5
134514518261760000 2491009597440000 1#1 =2

(
(
(
(
(
(
(
+ (1280255799541 47138 | S8 IADRSI08 0TS )2 25 %
(
(
(
(
(
(
(
(

609380333187394275504799 1068955815376017190476259 [) 252 z.
117919910525534208000000 39306636841844736000000 ) =1 %1 =2
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15730911760425799360980577

251414535852479477475357719
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V=, L4=3
I)Z1 20 23

46921515677489037312000000
9372024212920013336131530547

422293641097401335808000000
1163375003258025460567609067

+

1196498649775970451456000000
103023179440541607802601

232572885381984077581

\ .3 223
T70998378538454350208000000 1) 71 22 22

158518634045571072000000

+ 16
79259317022785536000000
20347784967609285380988817987

e

_|_

43910554446705154489684104199

678015901539716589158400000

678015901539716589158400000

[)zl Z0 227,

114890789468112923238949231

100346353427878055195443200000
4845139520842720645049274207509

_|_

-2
22936309354943555473244160 Nxnz z1237)

1840842142467646543668304718119

(
(
(
(7898424701348895971374458689
—(
(

250865883569695137988608000000

2[22—}—(———[)21—1—(

223
1280

Zo =

763
3840

+ I) zi 2 + (1720890

101 4908

])2222—}—(%—%
+

]) Zg 22 + (56877157

V. 4= =2
83621961189898379329536000000 ])21,212222,

])2121 zZ9

387
1280

353
1280

( 9847

2 —
11520 T I)zf 2272

]) Zf zZ —

373917857 ]) 21 %1 Zg Zo

5040 + 241920

503473

76377600
422375791

712857600

5973
6400 I

_|_

460800

923273
7833600

449683
11750400

_|_

8556057437 | 1687570431
24440832000 ' 905216000

I) zZ7 Za

I)le’_3

37821830004071

)Zl Zl Z2 — (626688000

122639643405739

1537376093 [) 72
1880064000 Z1

_|_

V.2 .22
725580021476399 ]) 2% 25 %5

—

2 | (959882144467853
25+ (

753290883072000

53619887054267 T

79400930918400
1342459124920153

99251163648000
2003056063977539

_|_

451974529843200

2615040804911
1049226587136000

1632130246656000 I)Zl 22 Z2

)Zl Z1 2222

_|_

71946965975040000
515500719140957

33575250788352000
1795495208363

]) 122

4187411085312000
1357114302997922232969061

598201583616000

I)z375

+

252238058608525516800000
2791332238242511711

6707249628373174451

7053488032797621636634661 [) 2=2 2 -
2017904468868204134400000

Z1 Z1 25 Z2

_|_

14739988815691776000
767730831335716760459

2303123252451840000
21161509371455204299253

]) Zf E] Eé

388058551705423872000
14982176999251373

7761171034108477440000
179406940096717

I)zi 2073

4537196052480000
31314081091264795766483

72018984960000
68876222822187951631129

])zl Z3 29

19218137798744801280000
8631110701854448279

40358089377364082688000
67370146875764022907

N = 322
1) z1 71 25 Zs;

—3

_|_

1733148685729590854096965511

28076169172746240000

28076169172746240000
3063558031351272746492478691 ]) 2

Iz}

21

1579525933586969387335680000

4264720020684817345806336000
67522211732432947854116682388591

Z3

12275609081464665799313537095213

5321044383517478111369614583551

41581020201676969121611776000000

\. =3 3=
+ 12127 25%

4620113355741885457956864000000

10389599587542719184896996259797 —Q 4 =2

2640064774709648833118208000000
4059605281668258446638373433011

+ 6160151140989180610609152000000 ]) 132 %2

1628498896044735802067002789973

3838248018616335611225702400000

238991877145474923787659985213979

_|_

| 574981274253144475874604824055409

1279416006205445203741900800000 ]) 1 22 Z2

[)Z?E%ZQZQ

by

9240226711483770915913728000000
28414471265164058761888135301777

T '27720680134451312747741184000000
329181833698658650159501743737

49468757140532280280661999

3465085016806414093467648000000
1043205937594020314221303

V.32 222
+ 1)27Z1 2575

1980048581032236624838656000000

—(
—(

7687255119497920512000000

156882757540773888000000

(13)

I) 12125

It is certainly very difficulty to apply such a length normal form for dynamical
analysis. Can this normal form be further simplified? It can, what is the
simplified form? We’ll answer these questions in the following section.
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4 The SNF for 1:2 resonance

As we discussed in the introduction, further reduction is possible for the CNF.
Many results related to this research area have been published in the past
few years (e.g., see [1,2,5-7,11, 16, 18-21]). The reduced normal form is called
unique or minimal normal form, or hyper-normal form, rational normal form,
or the simplest normal form, etc. Roughly speaking, finding the coefficients of
the normal form and NT is to solve a set of linear algebraic equations at each
order. Since in general the number of the variables — the coefficients of the NT
—is larger than the number of the algebraic equations, some coefficients of the
NT cannot be determined. In the CNF theory, the undetermined coefficients
are set zero at each order and therefore, the NT is simplified. However,
in order to further simplify the normal form, the undetermined coefficients
should not be set zero, but are carried over to higher order equations so that
they may be used to eliminate nonlinear terms in higher order normal forms.
This is the key idea for computing the SNF.

In order to obtain the SNF we need to introduce a NT and to simplify
the CNF via appropriate choices of NT coefficients. What kind of the NT
should be assumed for the 1:2 resonance? How to determine the NT? The
following tow theorems answer the questions.

Theorem 3. The nonlinear transformation between the CNF given in Fq.
(3) and the expected SNF has the same pattern as that of the CNF, i.e.,

n
i —j ko
21 = w + Z Cij k1 Wy WY Wy Wy,
m=2
i+7+k+l=m
i—jt2(k—l)=1

n
— i —F .k —l
9 = wy + E Cijr1w] Wy wh Wy . (14)
m =2

i+7+k+l=m
i—j+2(k—1)=2

Proof. We prove the theorem using the method of mathematical induction.
Since the SNF is at least as simple as the CNF, we may assume the form
of the SNF same as that of the CNF at the beginning. We start from the
second order terms.
For n = 2, the 2nd-order CNF is given by

721 = Twz +ap11071 22,

2'2 = 2[(.02’2 +A20002%. (15)
Thus the 2nd-order SNF may be assumed in the form of

wy = Twwi +bo110W1 wa,

1[32 = 2[(.0’(02 +BA2000’(U%. (16)



130 Yuan Yuan and Pei Yu

The corresponding 2nd-order NT can be written as

l

_ i—g Kk
zZ1 = w1+ E Cij kW] WY Wy Wy,
i+ +k41=2
_ i =7 k=l
9 = way+ E Csjpiw] Wy wy W, .
i+ +k41=2

(17)

Differentiating Eq. (17) and then substituting Eqgs. (15) and (16) into the
resulting equation shows that the 2nd-order terms are balanced. Hence, the

conclusion is true for n = 2.

Now assume that the conclusion is true for order n—1, we want to prove

that it is also true for the nth order. Thus, we have

(18)

n—1
: P =i k=l i =i k=l
71 = Twz + Z QiK1 217 25 2y + Z Qi iK1 217 25 2y,
m =2 i+5+k+l=n
itjtk+l=m it 2(k—1) = 1
i—jt2(k—1) =1
n—1
: ; i =i k=l P =i k=l
Zy = 2Tw z9 + Z Aijri1217) 2579 + Z Aijri1247) 23 g
m=2 i+3+k+l =n
itjrktl=m i—j+2(k—1) =2
i—j+2(k—1) = 2
and
n—1
. ik ik
wy, = Twwy + Z b j 1w W wy Wy + Z b j k1 wy W) wy Wy,
m=2 i+73+k+l=n
itjtktl=m i 2(k—1) = 1
i—j+2(k—1) =1
n—1
. ; P . kol i kol
Wy = 2T wwy + Z Bijr wi W) wy Wy + Z Bijriwi W ws W, .
m=2 i+5+k+l =n
itjtktl=m it 2(k—1) = 2

i—j+2(k—1) =2
The nonlinear transformation up to the nth order is

n—1
_ i —F k=l i—7 k=l
21 = w1+ E Cijkl W Wy Wy Wy + E Cijkl W] Wy Wy Wy,
m =2 i+j+k+i=n
i+3+k+l =m
i—j2k—1) =1
n—1
_ i —7 k=l i =7 .kl
Z9 = wy + E Cs k1wl Wy wy Wy + E Csj k1 wy Wy wy Wy .
m =2 i+j+k+l=n

i+5+k+l =m
i—j+2(k-1) =2

(20)



The SNF for 1:2 Double Hopf Singularity 131

We only need to show that the nth-order terms in the above nonlinear trans-
formation have the same form as that of the lower order terms.

Substituting Egs. (19) and (20) into Eq. (18), and carefully manipulating
the nth-order terms associated with the variable z; yields the following
expression (coefficients omitted for simplicity):

i —7  k—1 —-1—j k1
Z by j 1 Wi Wy wy Wy Z Civjrkih wl Wy wy' Wy
i+jtk+l=m itk +h = mo
l—]+2(k—l):1 21 —]1+2(k1—11):1
7 —1 i —k 1 1k —l
+ Z by j 1 Wy wy Wy wh E Civjikil “’1 “’]11 wy' Wy
i+jtk+l=m itk +h = mo
l—]+2(k—l):1 =N +2(k1—ll):1
i —3 k=l k —l—l
+ Z Bi j 1wy Wy wh Wy E Ciyjikyty “’1 wj11w21 2
i+jtk+l=m itk +h = mo
z—]+2(k—l):2 1 —n +2(k‘1—11):2

- —i ik 1 i Bl
+ Z Bi j k1 W7 wi Wy wy Z Ciyjikaty w11 wjf wy' wzl
t+j+k+l =m i1 +g1+k +0 = mo
i—j+2(k—1)=2 n—hn+2(k1—l)=2

O+Q+ 0+ @, 1)

where my +mqg — 1 = n.
From the expression denoted by (D), it’s not difficult to see that the
multiplication of the nth-degree polynomials gives

itii—1 —j+j1  k+ki —l+h
wl wl w2 wz

which can be rewritten as

i —72 ko —lz
Wy™ Wy Wy

whose powers should satisfy the following two conditions:

io+jothkat+le = i4+j+k+l+i+j+hki+Lh -1
= m+m—1=mn,
ig—Jo+2ky—12) = i—j+2k—=1)+i1—j1+2(ks 1) -
= 1+1-1=1. (22)

Similar results can be obtained for the expressions @), @ and @.

By replacing b, ¢ with B, C, one can similarly prove that the expression
associated with the variable z; has the same form as Eq. (21). Therefore,
a multiplication of two resonant terms still produces a resonance term. This
completes the proof of Theorem 3.

Based on the above results, we can determine the SNF for 1:2 resonant
singularity. The results are summarized in the following theorem.
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Theorem 4 When n = 2, the SNF is the same as the CNF; when n = 3,
there are three nonlinear terms in the SNF while CNF has four terms; when
n >4, there are only 2 (K,—K,_1) nonlinear terms in the SNF while CNF
has 2K, terms, and all the coefficients in the SNF can be expressed explicitly
in terms of the coefficients of the CNF. Here, K,_1 and K, denote the
numbers of solutions at order (n—1) and n, respectively.

Proof. Tt is noted in the proof of Theorem 3 that when we substitute Egs.
(19) and (20) into Eq. (18), and balance the coefficients for an arbitrary
order n, we obtain a group of key equations. All these key equations are
linear algebraic equations, including the coefficients of the SNF, b;;%; and
B; j k1, the undetermined N'T coefficients, ¢;;5; and Cj;x;, and the known
coefficients, a;;5; and A;;r;. In order to clearly see the relation among
these coefficients, we separate the complex coefficients into real and imaginary
parts.
We start from n = 2. The key equations at this order are

r _ r 7 1
0110 = @o110> bo110 = o110
r _ r ) At DR
Booo = 2000 5 Bjo00 = A3000 » (23)
r Z . . .
where ik and @ik represent,' respectlvely,' the real and imaginary parts
M L. T 2 r 2 M M M
of the coefficient a; ;. (bijkl, bijkis Afjgis Ajji have the similar meaning.)

Thus, the 2nd-order CNF cannot been further simplified.
The key equations for n = 3 can be obtained as given below:

r T —
ajo11 — biorn = 0,
i i _
Apo21 — Booar = 0,
r r _ ;
0021 — Boo21 = 0, (24)

and
o..r 7 o1 r 1 i
—2¢011090110 + 2€0110%0110 = 21011 — blo11>
r 7 7 r r 7 7 r 1 7
611043000 * €01104%000 — 26110C3000 — 20110C3000 = @100 — D100
r r 7 7 r r 7 7 _r r
611045000 — €01104%000 = 260110C 5000 T 2611042000 = 42100 — D2100 >
¢ r 7 7 r r 7 7 r _ 1 i
2(020005‘0110 + C3000%0110 — A%000€0110 — A2000‘30110) = At110 — Bitios
¢ r r 7 7 r r 7 7 _ r r ¢
2(C'2000%0110 — C2000%0110 — A2000¢0110 + A2000€0110) = Al110 — Bl110- (25)

It’s clear to see from Eq. (24) that b7,,;, By, and Bjy,, are uniquely
determined:

‘s — r
blorr = dio1r>

i _ i
Bioar = Apozrs

36021 = 6021 . (26)
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Equation (25) can be rewritten in a matrix form:

r o 7 By i 7
—2ap110 200110 0 0 - a3011 — blons
Al AY —at —apy, cot10 al — ¥
2000 2000 0110 0110 o 2100 2100
. : 0110
A" —Al —a al =| a%100 — % (27)
2000 2000 0110 0110 2100 2100 |-
2A 2470, 24 2, Cooo Al B
—&A9000 442000 0110 0110 ; 1110 — P1110
2A7 .)Ai T 9,1 C%OOO AT BT
L~ <2000 4412000 <0110 —4%0110 | 1110 — L1110

It’s easy to verify that the rank of the coefficient matrix in Eq. (27) is 3,
which means that one can set three of the five coefficients b’s and B’s zero
by appropriately choosing three of the four coefficients ¢’s and C’s. For
example, we may let Ciyo, be undetermined. However, when n = 4, it can
be shown from the 4th-order twelve key equations that the terms involving
Clooo are all nonlinear, suggesting that the coefficient Ci,, should be set
zero,

7 —
02000 - 07

and then ¢f,,, ¢by; and Chyo, can be determined from (27). At the 4th
order, we can set the four SNF coeflicients zero by appropriately choosing
the four corresponding NT coefficients

€2100; €1011, €1110 and €0021,

and then the remaining two coefficients bzgg1 and Bgg2¢ can be determined
uniquely.

Further, one can observe from Theorems 1 and 2 that, in general, at the
nth order, the number of the key equations is 2 x 2 x K,, and the number
of the undetermined coefficients ¢’s and C’sis 2 x 2 x K, _1. Thus we can
write the coefficient matrix of the key equations as a 2K, x 2K,_; matrix,
which contains a 2/X,,_1 X 2K,_1 sub-matrix M, given in the form of

M= (28)

M, M,
Ms My |

where M;, 1 =1,2, 3,4, are all £,,_1 x K,,_1 matrices. My and M,y are
given in the special forms:

A 0 O B 0 0
Mi=1|0 0|, Ms=1] 0 0 (29)
0 0 A 0 0 B
in which
Ao _af)no _agno ] and B — _2A§000 -2 A?ooo (30)
—a110 ab110 —2 A3000 2 A000
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However, My and M3 do not have special forms, but given in general matrix
forms with some zero elements.

Finally, it can be shown that the rank of matrix M is 2K,_1, imply-
ing that one can set 2K,_1 b’s and B’s zero by explicitly choosing all the
undetermined (n—1)th order ¢ and C' coefficients, in term of the known coef-
ficients. The remaining 2 (K,, — K1) b’s and B’s coefficients are therefore
uniquely determined.

The above is an outline of the proof for Theorem 4.

Table 1. The SNF coeflicients for resonance 1:2.

Order The SNF’s coefficients No. of terms in CNF
2 bo110, B2000 1x2
3 b2100, b1011, Boo21 2x 2
4 bsoo1, Boz220 3x2
) b1023; Boos2 4x2
6 bso12, Bozs1 5x 2
7 bs002s 01033, Bo4so, Booas 7% 2
8 bsoz23, Bozaz 8 x 2
9 bs014, b1044, Boos4, Boaa1 10 x 2
10 b7003; 03034, Bos4o, Bozs3 12 x 2

Table 1 shows the coefficients of the SNF at each order with a comparison
to the CNF. The first row (n = 2) in the table shows that there is only one
term in each equation of the SNF, same as that of the CNF. (This means that
the 2nd-order CNF cannot be simplified). The second row (n = 3) indicates
that the CNF has two terms in each equation, while the SNF has only one
term in the second equation with one term eliminated. Similarly, the 9th
row (n = 10) shows that there are twelve terms in each equation of the CNF,
while only two terms remained in each equation of the SNF.

Let’s go back to the example considered in section 3. Using the theorems
established in this section and applying the Maple program developed in this
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paper to Eq. (13) yields the following SNF:

’Lb1=]w1+( + 7 I)wl'w2+(—_—])w1'wl+ w1 W2 W2

816989 628951 2776399 1621318834637
+( Nwdws + ( +

345600 345600 1612800 534643200000

I)w w3 wh
39833854199150030020793 __ 42236211129008107324693 fy 3\ =02
4274549115992064000000 1424849705330688000000 1) W1 W2 W3

861501571418815237318590688594877 21733461023313992944906037954837 I) 5 E2
2

+

_ (96180600367981014707287 + 104830791671284595967718037991983

829434408122414456893440000000 17279883502550301185280000000

3 3—3
5610345714739584000000 737275026442146183505280000000 1) W1 W2 Wy

18345216780611990398817301588478700151068805617
4973585350023717983839429609881600000000000

+ 4755947424523091105662996913406578998508828881
4973585350023717983839429609881600000000000

—+

N3 2-—3
])wl Wy Wy ,

19200 172800

( 8113 829801

w2_2]w2+(———1)w1 —|—( — 5 I)w2w2

I)wl w1

( 101 _ 8020477 ]) 3—2 (9876237611797566274799 1 1394956923076864500851

5040 4838400 1424849705330688000000 ' 52772211308544000000 ])?1}1?1}2102

98372861375020329182943489649019 _ 8791761470188315129782084302171 ])54 ’LU3
47396251892709397536768000000 39032207441054797971456000000 152

13085659641600000 3205911836994048000000 2 'LU2

195978497758508923431232908469463675038146041
127527829487787640611267425894400000000000

+(
33723858182071591 16514793470519496187129
+( lw

_|_2088230333532751744612258802803122243027421997 ]) w ’(1)2 (31)
236837397620177046849496648089600000000000 1 2 W2,

which clearly shows that the SNF is much simpler than the CNF given in
(13).

5 Conclusions

Four theorems have been established in this paper for the CNF and the SNF
of differential equations associated with 1:2 resonant double Hopf singularity.
The approach presented in this paper is a useful trial, showing the efficiency
computing the SNF. User-friendly symbolic computation programs written in
Maple have been developed. This method can be easily extended to consider
other types of singularities.
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