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ON THE IMPROVED ESTIMATION OF LOCATION
PARAMETERS SUBJECT TO ORDER RESTRICTIONS IN
LOCATION-SCALE FAMILIES*

By STEVEN T. GARREN
James Madison University, Harrisonburg, Virginia

SUMMARY. For some models the isotonic regression estimator is known to universally dom-
inate reasonable unrestricted estimators of the smallest location parameter, p1, under a simple
order restriction, p1 < ... < pg. This article shows that the former estimator of wj fails to
dominate the unrestricted maximum likelihood estimator in terms of mean squared error, when
the variances are unknown and unequal in a normal model. The former also fails to universally
dominate the unrestricted best equivariant estimator, when the scale parameters are known in an
exponential model. A different estimator of p; is shown to universally dominate the unrestricted
best equivariant estimator, when the scale parameters are known in an exponential model under
more general linear order restrictions. Universal domination results involving the other location

parameters and other estimators having lower bounded support also are discussed.
1. Introduction

Hwang and Peddada (1994) studied the problem of estimating the location pa-
rameters, p;, for an arbitrary number of populations, subject to order restrictions.
When estimating a parameter p, an estimator 6; is said to stochastically dominate
another estimator 0 if for all ¢ > 0 and all p,

P61 — pf < ¢) = P(|a — pf < ¢), (1)

with a strict inequality for some ¢ > 0 and p (c.f. Hwang (1985, 1986)). Also when
estimating i, an estimator 67 is said to universally dominate another estimator 6
if for all nondecreasing loss functions L(-) and all p,

EL(|0y — pl) < EL(|02 — pl),

with a strict inequality for at least one nondecreasing loss function and some p (c.f.
Hwang (1985, 1986)). Hwang (1985), however, proved that stochastic domination
and universal domination are equivalent.
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A parameter p; is said to be nodal if the inequality between p; and p; is known
for every j. For the case in which the underlying data are independently normally
distributed with mean u; and known variances, Hwang and Peddada (1994) provided
an estimation scheme for obtaining improved point estimators when p; is nodal.
They proved that their improved estimator of u; indeed universally dominates the
sample mean of the ith population.

When the population variances are unknown but equal, it may be inferred from
Section 5 of Hwang and Peddada (1994) that one may use their proposed estimator
simply by “plugging in” the pooled estimator of the variance (which is independent
of p;-estimators) in their formula of the improved estimator of u;, and that their
plug-in estimator universally dominates the sample mean. When the variances are
not only unknown but also unequal, Section 2 of this article shows that the plug-in
estimator of the mean of a normal random variable fails to dominate the sample
mean in terms of mean squared error (MSE).

The universal domination results proved by Hwang and Peddada (1994) are
based on the assumption that the support of the underlying distribution and the dis-
tribution of the unrestricted estimator are either unbounded or else totally bounded.
If the support is bounded on exactly one side, as in the case of the exponential dis-
tribution, the results obtained in Hwang and Peddada (1994) may not necessarily be
applicable. In Section 3 of this article some general results regarding the partially
bounded support situation will be established.

Section 4 is devoted solely to the case in which the data follow exponential
distributions. This case has received a considerable amount of interest during re-
cent years. Several authors, including Kushary and Cohen (1989), Kaur and Singh
(1991), Vijayasree and Singh (1991, 1993), Jin and Pal (1991), and Pal and Kushary
(1992), have studied the problem of improved estimation of ordered location and/or
scale parameters in exponential distributions. In these articles the number of lo-
cation parameters was taken to be k = 2, and domination over the standard un-
restricted estimators was obtained under the MSE criterion. Kushary and Cohen
(1989) considered the universal domination criterion as well. Recently, Vijayasree et
al. (1995) studied the exponential distribution in great detail when k > 2. Specif-
ically, they studied the problem of estimating both location and scale parameters
subject to simple order restriction, namely,

< pe << g (2)

They derived new estimators based on unrestricted best equivariant estimators.
These estimators were proved to dominate the unrestricted best equivariant esti-
mators under the MSE criterion. In Section 4 an estimator proposed by Vijayasree
et al. (1995) is shown to universally dominate the unrestricted estimator. The
performance of other possible estimators such as the restricted maximum likelihood
estimator and the isotonic regression estimator also will be defined and examined.
A brief discussion in Section 5 concludes the article. All of the universal domination
results in this article are demonstrated through stochastic domination, since these
two dominations are equivalent.
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2.  Non-domination of a Plug-in Estimator

Based on a random sample of n; observations from a normal population with
mean g; and variance o2, let Y; and s? denote the unrestricted maximum likelihood
estimator (MLE) of u; and 02»2, respectively, i = 1,..., k. Assume that the k popu-
lations are mutually independent. If (2) holds and o2 is known for all i = 1,...,k,
then Kelly (1989) and Hwang and Peddada (1994) proved that the isotonic regres-
ston estimator,

t>i s<i

-1
t t
min max o %n; o n;Y; (3)
i M TSR
j=s j=s

universally dominates Y;. In practice, however, one rarely knows the population
variances 02, i = 1,..., k. If 0?2 = 0%, i = 1,...,k, and if 0?2 is estimated by
the usual pooled estimator, say 62, then Section 5 of Hwang and Peddada (1994)
implies that the estimator in (3) with o2 replaced by 2 universally dominates Y;.

If the variances are not only unknown, but also unequal, then the plug-in estimator,

~1
¢ ¢
[t; = min max s72n, 57 2n,Y; (4)
Hi = L 5 Nirj| s
j=s i=s

t>i s<i

of u; may be considered. In the sequel, however, fi; is shown not to universally dom-
inate Y; if the o2 are unequal and unknown. For certain values of the parameters,
the estimator ji; is shown to have a larger MSE than the unrestricted estimator.
Consequently, ji; cannot possibly universally dominate Y;. To prove this negative
result it is sufficient to consider the case when k = 2.

THEOREM 2.1. Let Y; be the sample mean of n; observations taken from a
N(pi,02) population with n; > 2, i = 1,2, such that all observations are mutually
independent. Assume the order restriction uy < ug, and assume that o? and o3 are

unknown. Let fi; be defined by (4), and define o2 = 03/o3.
(a) If 6 < ng < 10+ 10/(ny — 1), then for all sufficiently large o2,

Epy—py (i1 — 1) > E(Yr — 1)*.
(b) If na > 10+ 10/(ny — 1), then for all sufficiently large o2,
Epy=pus (fi1 — ) < E(Y1 — ).
(c) If 0% < ny/ny, then
Epy=pu (fi1 — n)? < E(Y1 — ).
REMARKS 2.2. Using symmetry, Theorem 2.1 may be extended to make in-

ferences on ps when puy < po, since the conditions of Theorem 2.1 imply that
=Y~ N(_lj’i7oz’2/ni)v for i = 1,2, and —p2 < —pg.



192 STEVEN T. GARREN

The following lemma is proved and will be used to help prove Theorem 2.1.

LEMMA 2.3. Let Zy and Zs be independent random wvariables such that Z; ~
N(0,02), i = 1,2. Let g : R2 — R be any nonnegative real-valued function such
that g(z1, 22) = g(—z1, —22) for all real 21, z5. Then,

Eg(Zl, ZQ) = 2Eg(Zl, 22)1(22 < Zl),

where 1(-) denotes the indicator function.
PrROOF. For i =1,2, let Z; = —Z;. Thus, Z; has the same distribution as Z;.
Therefore,

Eg(Zl, ZQ)l(ZQ < Zl) = Eg(Zik, Z;)].(Z; < Zik) = Eg(—Zl, _Z2)1(_Z2 < —Zl)
= Eg(—Zl, _ZQ)].(ZQ > Zl) = Eg(Zl7Z2)1(Z2 > Zl)
(5)
Since Eg(Z1, Z2) = Eg(Z1, Z2)1(Zy < Z1)+Eg(Z1, Z3)1(Zy > Zy), then (5) implies
the result. 0

Theorem 2.1 is now established.
PROOF OF THEOREM 2.1. Since (Y;, s2) is the unrestricted MLE of (1, 02), then

i
Y; ~ N(pi, 02 /n;), and n;s? /o? ~ x2, where x? denotes (in nonstandard notation)
a x2 random variable with n; — 1 degrees of freedom for i = 1,2. The statistics, Y;

and s?, are mutually independent for all ¢ and j. Using (4) the difference in risk is

defined to be

1>

AR E(jiy —m1)* — E(Y1 — m)?

—1 2

n n n1Y] no Y-

< o[ ] ] e s
1 2 1 2

—EB(Y1 — 11)*1(Ys < V7).

Defining 7, 2 (Y1 — p1)/o1 and Zy 2 (Y — p1)/o01, then AR can be written as

2
1(Zy < Z1) — 01 EZ1(Zy < Z3).

2

n3 }2 {n%Zl n3Zs |
xXi o?x3

AR = 02E {”% +
= 0 —_—
G 023

Taking g1 = po one can see from Lemma 2.3 that

1-2 2
AR B cﬁ B 'rﬁ n n3 n3Z n n3Z, 1
H1=p2 2 H1=pH2 X% O_QX% X% O_QX% n .

Using the facts that Z; ~ N(0,1/n1), Z ~ N(0,02/n3), and all of the random vari-
ables Z1, Za, X3, and x4 are mutually independent, the above expression simplifies
to

2 2 2 17271, 3 2
91 ny ns ny N 1 o7
A= = {E— D] S ] } = T Bh(e?), ()




IMPROVED ESTIMATION OF LOCATION PARAMETERS 193

where

h(o2) & MN30°XT — 3| — 2nin3o’xixs
(%) = 2 2.2 1 2.2)2 :

n1(nio?x; + naxi)
If 02 < ny/ny, then h(c?) < 0 a.s. and AR, —,, < 0 using (6). Thus, part (c) of
the theorem holds. To prove parts (a) and (b) of the theorem, assume that ny > 6.
Note that

3 4.4, 4.2 4 2.2 4.2 2
ninyo X1 + Na0 X1 + 2nin30  XIX;
2 2.2 2.,2\2
(nio?x3 + n35x7)

n10?|h(c?)]

IN

3 4.4 4 2. 4 2,2 4.2 2
ninyo X7 + nyo Xy + 2n1n50" X1X3
4_4.4 1.4 2,2 9.2 2
niotxs +noXi + 2nin3otXiX;

3 4.4 4 2.4 2,2 4.2 2
ninyo X1 N0~ X1 2nin30 XIX3
4 4.4 2,2 9.2 2 4 4.4

n10°X2 2nin30° XX n10°X2

3 2
. n2 X% 5”% X%
) \2) Tzl ):
ny X2 n1 \X2
Expression (7) is a polynomial in a central F' random variable with nq; — 1 and

ng — 1 degrees of freedom, and is integrable since no > 6. Hence, the dominated
convergence theorem may be applied for fixed 0% as 02 — oo, and (6) implies that

2 2 3,4 22,2, 2

o . o1 ninsx7 — 2ninsxix

lim 0?AR,, =y, = —F lim ¢*h(c?) = Z+E—2 Sas
02—00 2 02—00 2 niXs

_ ﬁE{@mrwq[ﬁﬂm—nr2@mrﬂ>ﬁmm—n}

2 P\ ke =2 |33/ = 1))~ e —1) x3/na—1)
B o? [nd(ny —1)2 2 M
B |: (n2 _ 1) E(Fnl—l,nz—l) n1( g — 1) EFnl—l,n2—1:| .

Noting that

ne — 1 2 (77/2 — 1)2(n1 + 1)
EF, 1n,—1= d E(Fn,—1,n.— = )
1—1,n2—1 no — 3 an ( 1—1,n2 1) (nl —1)(%2—3)(”2—5)

one can write

2n2 — 1)(107?,1 —+ no — N1n2)
li QAR _ _ U (nl
0‘21£>I1000- Hi=hz 2n‘11(n2 — 3) (TLQ — 5)

Hence, the assumptions of the theorem imply that lim,2_, UQARMZM is positive
if 10n1 + ny > ning and is negative if 10n; + ne < ning, so parts (a) and (b) of the
theorem follow. 0

From Theorem 2.1 neither the unrestricted MLE nor the plug-in estimator,

ft1, dominates the other in the MSE sense. Consequently, neither can universally
dominate the other.
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Comparison of results. The results in Theorem 2.1(a)—(b) are compared with
those in Graybill and Deal (1959). When p; and pg are equal, and o7 and o3 are
unequal and unknown, then Graybill and Deal (1959) defined an estimator of p1 by

HaD

A §%H1Y1 + §%n2Y2
§§n1 + §fn2

where 57 denotes the sample variance from the ith population for i = 1,2. Under
the order restriction pu; < o, (4) implies that

fir ~ min{Y1, ficp} (8)

for large n1 and ny. Equality holds in (8) when ny; = no. Note that fi; uses the
unrestricted MLE of the variance, whereas [igp uses the sample variance. Graybill
and Deal (1959, Theorem 1) showed that the MSE of figp is larger than neither
the MSE of Y7 nor the MSE of Y3 if and only if min{n;,na} > 11.

As in Theorem 2.1, define o2 2 02/0?. In the proof of their Theorem 1, Graybill
and Deal (1959) showed that if ny > 4, 6 < ny < 94+16/(n1—3), and o2 is sufficiently
large, then figp has larger MSE than Y; does. This result is similar to Theorem
2.1(a), which states that if u; = p2, ny > 2, 6 < ny < 10+ 10/(ny — 1), and o?
is sufficiently large, then fi; has larger MSE than Y; does. On the other hand, in
their proof Graybill and Deal (1959) showed that if n; > 4, ne > 9+ 16/(n1 — 3),
and 02 > ny/ny, then figp has smaller MSE than Y; does. This result is similar to
Theorem 2.1(b), which states that if u; = pe, ny > 2, ng > 10+ 10/(ny — 1), and
o2 is sufficiently large, then fi; has smaller MSE than Y; does.

3. General Remarks for Lower Bounded Support

Hwang and Peddada (1994) proved that the isotonic regression estimator of the
largest variance of k independent normal populations need not universally dominate
the corresponding unrestricted MLE. Recently, in an unpublished Ph.D. disserta-
tion, Tan (1997) proved this to be a general phenomenon whenever the support of
the distribution of the estimator is bounded from either above or below but not
both.

In this section some estimators which universally dominate the unrestricted es-
timators, whose support is lower bounded by the unknown parameter p, are exam-
ined. The case considered is when the parameters are subject to the simple order
in (2). Results obtained in this section are not restricted to any specific distri-
bution. Throughout this section X; will denote an unrestricted estimator of p;,
1=1,..., k. An important special case is when X; is the unrestricted MLE of the
location parameter in an exponential distribution.

THEOREM 3.1. Assume that X; > p; a.s., and let w, be known positive weights
fori=1,... k. For fized i, when estimating p,, .

(a) min;>; X; universally dominates both X; and min;>; [Ej w } [ . wTXT} ,

r=i Wr
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(b) min;>; X, universally dominates the isotonic regression estimator based on
D ST, ¢

PROOF. Proof of (a) follows immediately by noting that, for all i,

. —1 .
j j
; < minX,; < mi X, | <X;.
pi < min X; < min [Z w] [Z wy r] < X;
r=i r=t
Proof of (b) follows from (a), since the isotonic regression estimator is a special case
. -1 :
of min;>; |:Zf":z wr] [ - wTXT} . 0
Similar results may be obtained when X; has an upper bound rather than a
lower bound. Moreover, in many situations, the maximum of any two estimators

fails to dominate the individual estimators when bounded below as shown in the
following lemmas:

LEMMA 3.2. Assume p* and p' are estimators of p such that max (,u*,,uT) >y
a.s., where 7y is finite. Also, assume that there exists a value ¢ > max (0, u — ) such
that P(p* < ¢+ p < u') > 0. Then, max (u*,,uT) does not universally dominate
W

PROOF. Let ¢ > max (0, — 7) such that P(u* < c+ pu < pf) > 0. Then,

PHmax(,u*,uT)—,u‘gc] = P[max(,u*,uT)—,ugc}
= P —p<o)—Pp <c+p<pl) <P —p<o). O

4. Improved Estimation in the case of Exponential Distribution

Estimators for the exponential distribution now are considered. Suppose for all
i=1,....;kand j=1,...,n;, X5 ~ Exp(pi,n;o;) such that the X; are mutually
independent; i.e., the density of X7; is

fij(z) = (nioi) " exp {(nim)_l(:ﬂ - ui)} 1z > ).

Further suppose that the scale parameters o; are known and the location parameters
are subject to the simple order restriction in (2). Defining X; = min {X7,..., X}, },
i=1,...,k, then X; ~ Exp(u;,0;) and the X; are mutually independent. From
Lehmann (1983, pp. 159-160) one can observe that X; — o; is the unrestricted best
equivariant estimator of u;, i =1,... k.

Failure of the isotonic regression estimator. An isotonic regression estimator of
w1 for simple order is constructed from the unrestricted best equivariant estimators,

X;—o04,i=1,...,k, in the same spirit as (3). For k = 2 this estimator of u; is
fi1 = min {(af2 +o, )7t [Ufz(Xl — 1) F oy 3(Xa — o2)], X1 —o1},  (9)

since o7 is the variance of X;. The estimators fi; and X; —o; will be compared. The
following counterexample in Theorem 4.1 shows that neither estimator universally
dominates the other.
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THEOREM 4.1. Consider the order restriction py < uo. Neither [i1, as defined
in (9), nor X1 — o1 universally dominates the other when estimating pi in an
exponential distribution with known scale parameters.

PROOF. Let puy = p2, 01 = 1, and o9 > 1. For any real ¢* > —1, it can be
shown that

P(/]l—,ul >C*)—P(X1—O'1—/.L1 >C*)
% - —2 %
= 2 exp{— (" +1+03" +05%")}
02—1
1

0271

exp{—(c"+2+ 02_10*)} —exp{—(c"+1)}.

A Taylor series expansion of

02

o (- (¢ 1 hog ! o)

implies that

lim oo [P(fiy —p1 >¢*) — P(X1—o01 — 1 > ")) =—exp{—c"—2}. (10)

g2 —00
Now, fix 0 < ¢; < 1. Since
P(lpn — | < a)=P(|X1 — o1 — | < 1)
=[P(fin —p1 > —a1) = P(X1 — 01 — i1 > —c1))]
=[P — 1 > 1) — P(X1— o1 — 1 > 1)),
then
lim o3 [P(|fin — | < 1) = P(| X1 — 01 — | < e1)]

09— 00
=[1—exp{2c1}]exp{—c1 — 2} < 0.
Thus, whenever o5 is sufficiently large,
P(lfir = pa| < e1) < P(| X1 =01 — | < 1),

Hence, fi; cannot universally dominate X; — o1, and part of the theorem is proved.
Now, fix co > 1. It can be shown that for all oo sufficiently large,

P(/:Ll — W1 > —02) = P(Xl — 01— U1 > —CQ> =1.
Consequently,

lim oy [P(|fin — pa| < e2) — P(| X1 — 01 — 1| < ¢2)]
2 — 00

o

= lim oo [P(fi1 — 1 < c2) — P(X1—01—p1 <c2)]=exp{—ca —2} >0

02—00

using (10). Hence, X; — 01 cannot universally dominate fi;. O
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Universal domination of an estimator proposed by Vijayasree et al. (1995).
Another estimator of p; for the exponential distribution now is defined, and is
shown to universally dominate the unrestricted best equivariant estimator, X; —o7.

Let q 2 Zle 0;1. Let T} 2 X1 —o1,and T; = X; —q ', for all i > 2. In the case
of simple order, Vijayasree et al. (1995) in Corollary 4.1 proved that

[1,1 :min(Tl,...,Tk) (11)

dominates T; in terms of MSE. In the following, [i; indeed is shown to universally
dominate 77 under the simple tree order restriction,

ulgui, Vi:2,...,]{:. (12)

THEOREM 4.2. Assume X[; ~ Exp(pi,nioi) and py < p;, i = 2,...,k and
J=1,...,n; such that o1,..., 0k are known and the X}; are mutually independent.
Then, iy defined in (11) universally dominates Ty when estimating .

PRrOOF. For ¢* € R, it can be shown that

k
P(jiy —pup >c") =exp {max(l +oy7tet,0) — Zai_l max(a; + c*,O)} , (13)
i=2
and
P(Ty — pq > ¢*) = exp { —max(1 + aflc*,O)} , (14)

where «; 2 g+ p1 — pi. For ¢ > 0 define

A Py —p1 >—c¢)+ P(Th —p1 >c¢)
Py —p1>c)+ P(Ty — 1 > —c)

k
exp {—max(l —o7te,0) - Zoi_l max(a; — ¢, 0)} +exp{-1-o07"c}
i=2

V(e)

k
exp {—1 —oyte— Zai_l max(a; + ¢, 0)} + exp {— max(1 — o7 'c, 0)}

=2

using (13) and (14). By (1), it suffices to show that V(c) > 1 Ve > 0 with strict
inequality for some ¢ > 0.

Case 1: Assume ¢ > o07.

Fori=2,...,k, one can write ¢ > o1 > ¢~ ! > ¢~ ' 4 u1 — jt; = oy, which implies
that a; — ¢ < 0. Therefore,

Vie) = exp{—max(l—01_1670)}—|—exp{—1—01_10} -

. =
exp {—1 —orle— 20;1 max(«; + ¢, 0)} + exp { — max(1 — orte, 0)}

i=2
(15)
For c sufficiently large, max(c; + ¢,0) > 0, and the inequality in (15) is strict.
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Case 2: Assume 0 < ¢ < o7.
Hence, 1 — 0'1_16 > 0, which implies that

_ K _
exp {01 te—S0 oo (ai — o)l > c)} +exp {—o7 'c}

Vie) = .
exp{—aflc— Zf 507 My + o)1 (e > —c)} +exp {o] ¢}

Fix any value ¢y such that 0 < ¢y < o1. Define

A OXP {aflc - Zf:z o7 Hay — )l > C())} +exp{—o; 'c}

V*(c) - - —
exp {—01 c—Y o0 ey +c)l(a; > Co)} + exp {07 'c}

Ve > 0. (16)

Since 1(a; > —cp) > (e > ¢p), then V(eg) > V*(cp), and it suffices to show
that V*(co) > 1. In fact, it will be shown that V*(¢) > 1, Ve > 0. Noting that
V*(0) = 1 and V*(c) is differentiable for all ¢ > 0, then it is enough to show that
0V*(c)/0c > 0, Ve > 0. Let B be the denominator of the right hand side of (16).
Simple calculus shows that

k
ot —|—Zai_11(ozi > ¢ ] exp{ 220 a;l(a; > co)}
k i k
+Za;11(ai > o) lexp {2gllc - Zafl(ai —o)l(a; > co)} (17)

=2 =2

V™ (c)
52 dc

k

+ exp {201_10 Zai_l(ai +o)l(a; > cO)H — 207 %
Since =

exp{?ol C—ZO’ a; —c) al>co)}
k

+exp{ 20, C—ZO’ (a; +0)1 a1>co)} > 2exp{—20{1ai1(ai>co)},
i=2

then (17) implies that

2 9V*(c _ .
% ac( ) > o'+ o (e > ] eXp{ 220’ ail(a; > CO)}
i=2
k
+Za{11(az>co exp{ ZJ a;l az>60)}—01 - (18)
i=2
A generalization of the right hand side of (18) is
k k
01_1+Zai_11(ozi>co) +n20{11(ai>6’o)—01—1- (19)
i=2 i=2
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Note that for fixed «;, 0;, and ¢g, (19) is an upward-faced parabola in 7, and the
larger of the two real roots is

-1

No =

k
1+o01 20[11(0@' > 60)]
i—2

Therefore, the right hand side and hence the left hand side of (18) are nonnegative if

k
exp {—Zaflail(ai > co)} > no. (20)
i=2

The task now is to prove (20). Since p; < p;, then (20) is satisfied if

k
exp {—ql > o (e > CO)} > 1o,

=2

which is equivalent to showing that

k k
(1) 2 log {1 + o1 Zafll(ai > co)} —q! Za;ll(ai > ¢g) >0, Vop > 0.
i=2 i=2

(21)
Since lim,,|0g~* = 0, then lim,, 9¥(0c1) = 0. Therefore, (21) is satisfied if
O(o1)/0o1 > 0, which is equivalent to showing that

k
(019> > 1+ 0y Zo[ll(ai > co). (22)
i=2
Inequality (22) holds if

k
(019)* > 140y Za;l. (23)

i=2
Since the right hand side of (23) is 01¢, and o1 > 1, then (23) holds. Therefore,
Case 2 is satisfied, and the theorem is proved. O

Now, estimating the other nodal parameters given any arbitrary linear order
restriction is considered. Let

JANE

The restricted maximum likelihood estimator (RMLE) of any nodal parameter p;
in an arbitrary linear order restriction is

firvpe =min{X;:j € Q;} Vi=1,... k.
Vijayasree et al. (1995) in Corollary 4.2 proved that

fiv 2 min {Xi.o, Xpy—q7!
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dominates the RMLE in terms of MSE in a simple order. Their result can be gen-
eralized to estimating any nodal parameter for an arbitrary linear order restriction
as shown below. Define

fiiy £ min {(Xj:je}-q
Then, fify, dominates the RMLE in terms of MSE.

A reasonable estimation scheme, therefore, for the nodal parameters for any
arbitrary linear order restriction with k parameters is the following: If the restriction
is the simple tree order in (12), then estimate uy by fi1 as defined in (11); otherwise,
estimate py by fify if it is nodal. Estimate all other nodal parameters u; by i, .

REMARK 4.3. The estimators described in the scheme above for the nodal pa-
rameters in an arbitrary linear order restriction satisfy the desired order restriction;
i.e., if p; and p; are nodal parameters such that p1; < pj, then the estimator of p;
is no larger than the estimator of f;.

Although Vijayasree et al. (1995) showed that i}, dominates the RMLE in
terms of MSE, neither estimator universally dominates the other, as shown in the
following counterexample:

ExaMPLE (Failure of [}y, to universally dominate the RMLE): Consider the

simple order in (2). Suppose g1 = pk, and o1 = ... = o, = 1, and one wishes to
estimate p1. When ¢ = (2k)~! it can be shown that
. P(|gly — ] < ¢) = exp{—1/2} — exp{—3/2} ~ 0.383, (24)
ut
P(|ﬂ1R]VILE*N1| <C) :176Xp{71/2}§0.393. (25)

Likewise, universal domination fails for the other parameters. This is illustrated for
wi by letting 0; — oo for j = 1,...,i — 1, and letting ¢ = [2(k — i + 1)]~!. The
solutions obtained are the same as those in (24) and (25). Obviously, fiirymrE does
not universally dominate [y, either, since the latter dominates in the sense of MSE.

REMARK 4.4. Under an arbitrary linear order restriction, i},, dominates ji;ryrLE
according to the MSE criterion but not the universal domination criterion.

5. Discussion

Hwang and Peddada (1994) showed that for the simple order in (2) the isotonic
regression estimator in (3) universally dominates the sample mean, when estimating
location parameters in a normal model with known variances. They also derived
an estimator which universally dominates the sample mean, when the variances are
unknown but equal in a normal model. Theorem 2.1 reveals that when the variances
are both unknown and unequal, then the estimator produced by substituting the
unrestricted MLE of the variance into (3) fails to dominate the sample mean of the
smallest location parameter, u1, in the sense of MSE and consequently in the sense
of universal domination, for k = 2.

The isotonic regression estimator based on statistics X; bounded below by pu;
is universally dominated by a reasonable alternative as shown in Theorem 3.1 for
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general distributions with lower bounded support. A different isotonic regression
estimator, based on the X; — o;, for estimating p; fails to universally dominate
X1 — o1 in the exponential model with known scale parameters, ¢;, as shown in
Theorem 4.1. Vijayasree et al. (1995) proposed an estimator which dominates
X7 — 071 in the sense of MSE for this exponential model. Theorem 4.2 shows that
their estimator also universally dominates X; — 01. A general scheme is proposed
near the end of Section 4 for estimating the nodal parameters of this exponential
model in an arbitrary linear order restriction, such that the estimators also satisfy
the order restriction.
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