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Chapter 1

1.1 Introduction

Given a collection S of analytic functions on some domain and an analytic
map ¢ from that domain into itself we define the composition operator C,
on S by C,f = foepfor f € S. Without saying anything more, there is
no reason that C, f should even belong to S. However, in many cases where
the collection S is a Banach space the operator C, does map S into itself.
Clearly linear, C, then presents itself as a candidate for membership in the
class of bounded linear operators from S into S.

Our work is primarily devoted to the case where the collection S is the
Hardy space H? of functions analytic on the open unit disc D whose Tay-
lor coefficients are square summable. In this setting it is a consequence of
Littlewood’s subordination principle that indeed for any analytic ¢ mapping
D — D the operator C,, maps H? into itself boundedly.

Perhaps foremost among the questions one might ask about a bounded

linear operator is “What is its norm?”. In the case of the operator C, on H?,



well-known sharp estimates on the norm are provided by the inequalities

1
5 <GP < (

1+ |90(0)|>
1 —1(0)

1= (0)]

These estimates clearly show that, if ¢ fixes the origin, then ||C,| = 1.
The lower inequality is achieved for constant ¢ and the upper inequality is
achieved for inner ¢. In general, though, the problem of determining the
norm of a composition operator appears to be a difficult one. Cowen has
proved a formula for ||C,|| when ¢ is affine and in Chapter 3 a formula for
|Cy|| is obtained for ¢ of a special linear fractional type.

The problem in calculating the norm of a composition operator is that
one must consider the action of Cy,, or C7,, on all H? functions of norm
one. Ideally, one would prefer to consider such an action on some convenient
subset of norm-one functions, chosen so as to facilitate calculations. One
such subset is the collection of normalized reproducing kernels.

Recall that the reproducing kernel at the point w € D on H? is the Szego

kernel

Although there is no good formula for the adjoint of a composition operator
in general, it is an easy matter to verify that C7,K,, = K,@). The utility of
this formula is that it provides a quick lower bound on ||Cy||.

If we define the quantities S, = sup,,cp [|C,ky|| and S = sup,,cp [|Chkuw |,
where k,, is the normalized reproducing kernel at w, then immediately we

see that ||Cyl| > S, and |[|C}[| > S7. These quantities, S} in particular, are



often easy to compute. This raises the hope that for certain maps ¢ one
might only need to calculate S in order to actually determine [|C,||. In this
case, C,, is said to have the kernel supremum property, (KSP).

The rest of Chapter 1 is devoted to developing the necessary background
material for the sequel. In Chapter 2 we begin to classify those maps ¢ that
endow C, with the KSP, generalizing a counterexample of Bourdon and ob-
taining a complete classification in the case where ¢ is inner. In Chapter 3 we
collect some miscellaneous results, including the norm calculation promised

above.



1.2 H? Preliminaries

In this section we develop the necessary background material on Hardy spaces
that we will need in the sequel. Recall that an upper semicontinuous, real-
valued function G’ on a plane domain 2 is called subharmonic if for every
domain B with B C Q and every function « harmonic on B and continuous
on B with G(z) < u(z) on B we have G(z) < u(z) on B also.

Note that for any continuous, real-valued ¢ on the closed unit disk D
centered at the origin of radius 1 we may solve the Dirichlet problem for ¢

by defining

dt
o

u(re’) = /0 ’ P(r,0 — t)p(e™)

Here P(r,0 — t) is the Poisson kernel and r < 1. This new function u is
harmonic in D and equals ¢ on the boundary. In this way we can characterize
subharmonic functions as those continuous, real-valued functions on €2 that
satisfy a local sub-mean-value property, i.e. the value of G(z) is no more than
the average value of G on small circles centered at z. This characterization
implies that | f|? is subharmonic on D for all analytic functions f on D and all
p > 0. These will prove to be the most important examples of subharmonic
functions for our work. A complete discussion of subharmonicity may be
found in [8].

We are now ready to state Littlewood’s subordination theorem, which
forms the foundation for all that is to come. In its conclusion we see for the

first time evidence of the potential boundedness of the composition operation.



Theorem 1.1 (Littlewood) Let ¢ : D — D be analytic with ¢(0) = 0. If

G s subharmonic in D, then for 0 <r <1

2 2
G(p(re))do < G(re)dd
0 0

Proof. Fix 0 < r < 1 and let H be the solution of the Dirichlet problem for
G on the closed disk 7D of radius r. By the Schwarz lemma, |p(z)| < r for
|z| <7, s0 Hop is well defined and harmonic in D also. Since G is assumed

to be subharmonic on the unit disk, we have

[ atoenans [ eptrea

= H(p(0))
— H(0)

= H(re)do
0

27
= G(re')d .

0

For the equalities above we have used, respectively, that H o ¢ is harmonic
in rD, ¢ fixes the origin, H is harmonic in D, and H = G on the boundary

of rD. O

As an important corollary of Theorem 1.1 we find that radial means of

subharmonic functions increase with the radius 7.

Corollary 1.2 If G is subharmonic in D and 0 < ry < ry <1, then

27 2
/ G (r1€)dh < / G (roe™)db
0 0



Proof. Apply Theorem 1.1 with ¢(z) =r1z/ry. O

We are now ready to define the principal setting for our work. Suppose

f D — C is measurable. For 0 < p < oo define for, r < 1,

2 ) do 1/p
w0 = ([T ireenr )

and, for p=o00c and 0 < r < 1,

M,(r. f) = sup |f(re”)] .

0<r<1

Definition 1.3 For 0 < p < oo the Hardy space HF(D) is the collection

of functions analytic on the unit disk for which
1flly = sup My(r, f) < oo.
0<r<1

Several remarks are in order. First, H? is a linear space and || f||, defines
a norm when p > 1. Secondly, by Corollary 1.2 and the subharmonicity of
|f|P, the supremum in Definition 1.3 is in fact a limit as » — 1. Moreover, if

we define f,.(e"?) = f(re), then we see that, for analytic f on the disk,
[ fllp = Hm [|fpllzecr) -
r—1

The relationship above between the H? norm of f and the LP norms of its
dilates suggests a deep connection between H?(D) and L?(T). We summarize
this connection in the following theorem which we will not prove. See [8] for

a proof.



Theorem 1.4 Let p > 1 and let f € HP. Then, for almost every 0,

F(e") = lim f(re®)

r—1

exists and the map f — F is an isometric isomorphism from HP to the
closed subspace of LP(T) consisting of those functions whose negative Fourier

coefficients vanish.

The upshot of Theorem 1.4 is that H?(D) is a Banach space for p > 1
and we may freely identify our H? functions with their almost-everywhere-
defined boundary values. In particular, our working definition of the norm

of an H? function becomes

27 . do 1/p
= ([ )

Let us focus on the space H?(D) for a moment. In light of the previous
paragraph, it is not difficult to see that H*(D) is a Hilbert space with inner

product

)= [ e g

A simple calculation shows that the monomials are orthonormal with respect
to this inner product. Since H?(D) is spanned by {1, z, 2%, ... } (meaning the
set of finite linear combinations is dense in H?(D)), the monomials form an
orthonormal basis for H?(D).

Every analytic function on D has a Maclaurin expansion that converges

uniformly on compact subsets of the disk. This enables us to recognize



H?*(D) functions in terms of their Taylor coefficients about the origin. To
wit, suppose f has Maclaurin series f(2) = 3 a;2/. Then

27 ) do
2 i6y12 *
115 = s [ 1rte)E 5

0<r<1

- [ () (Sa)

do
= sup 2/ ajdirT eV

0<r<1 —0 k=0

Since the integral in the last line is zero unless j = k we have
o0 o0
IF15 = sup > Ja;[Pr¥ = .
0<r<1j:0 =0

Thus the space H?(D) consists of those analytic functions on the unit disk
whose Taylor coefficients centered about the origin are square sumimable.
The above calculation also goes to show that another way to think of the

inner product on H? is

We will take whichever perspective is at that moment most convenient.
Let us now verify that point evaluation is a bounded linear functional
on the space H?(DD). Our main tool in the following argument is Cauchy’s

formula. For w € D and |w| < r < 1, let ', be the circle centered at the



origin of radius 7. Then for any f in H? we have

1 f(¢)
2mi /FT C—w dC‘
1 (% f(re?)
omi J, re? —w

<[] L
0

r—we
Now Holder’s inequality on the circle implies

|[f(w)] =

rie' dﬁ‘

do
r

% .

r

[f()| < 1 fellzell ——— e -

r —we

For any particular w in the unit disk, the function —=—

converges uniformly
as r — 1 to the bounded function ﬁ on the circle. Thus point evaluation
is a bounded linear functional on H?(D).

Let us again return to the case of the Hilbert space H?(D). Since point
evaluation is bounded, there is a unique reproducing kernel at each point w

of the disk. That is to say, to each w in the disk there is associated a unique

function K, in H?(D) such that, for each f in H?,

flw) = (f, Ku) .

This kernel is often referred to as the Szegé kernel and it is given by the

following formula:

It is not difficult to verify that this really is the reproducing kernel at w.
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Indeed, let w be in the unit disk and write

1 N
K’w(z): 1— w2 :jZO’LUJZJ .

Then if f in H? has Maclaurin series ) 7 a;2/, we see that
(f, Ky) = Zaﬂf}j = Zajwj = f(w) .
=0 J=0

Notice that if we let f above be the kernel K, itself, then we see that || K, ||* =
(1 — Jw[*)~'. Henceforth we will denote the normalized reproducing kernels

by k. That is,

k}w(Z): Kw(Z) v].—|U)|2 ‘

K|~ 1-—az

Now that we have identified the reproducing kernels for H*(D), it is a
consequence of the density of the polynomials in H? for 1 < p < oo that the
Szego kernel in fact “reproduces” function values on all the H? spaces for
these p . The following theorem, which we state for the sake of completeness,
lends precision to this assertion and shows that H? is a functional Banach

space for this entire range of values of p.

Theorem 1.5 Let 1 < p < oo and |w| < 1. Then for f € H?(D)

27 ) do
f)= [ fe)—

0 —we " 27

On H?(D) the norm of point evaluation at w is

1 1/p
(=)
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The behavior of the reproducing kernels near the boundary of the disk
will play a pivotal role in the work to come. We conclude this section with
an important result concerning the weak limit of %k, as w approaches the

boundary.

Theorem 1.6 On H?*(D) the normalized reproducing kernels k,, tend to zero

weakly as |w| — 1.

Proof. Let {w;} be a sequence in the disk with |w;| — 1. For any polynomial

P we have

(P, ku;) = Af 1 = w2 (P, Ku;) = /1 = [w; 2P (w;) -

Since P is bounded on the disk it is clear that

lim (P, k) = 0. ()
j—00
Now suppose @ is an element of the dual of H*(D). We need to show that

®(ky,;) tends to zero as j — oo. Since we are in the Hilbert space H? there

is a unique function g in the space such that for all f € H?

o(f)=(f.9) -

Thus, it suffices to show that (k,,, g) tends to zero.

Since the closed unit ball of a Hilbert space is weakly compact, we know
there is some subsequence {w;, } such that (k,; .g) tends to some ¢ € C.
Now, since the polynomials are dense in H?, given € > 0 there exists a
polynomial P such that limy o [(kw,, , 9 — P)| <e. By () we see that ¢ = 0
is the only possibility.
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Therefore every sequence {k,,;} with |w;| — 1 has a subsequence that
converges weakly to zero. But the same proof shows that this is true of every
subsequence {kwjk}’ so the original sequence itself must converge weakly to

Zero. |
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1.3 Geometric Function Theory

In section 1.2 we collected the results from H? theory that we will need. Here,
we develop what we require from the realm of geometric function theory in
the disk. Far from a complete discussion of the subject, this section serves
only to provide us with the necessary background for the sequel.

The collection Aut(D) of 1-1 analytic maps from the unit disk onto itself
forms the automorphism group under the operation of composition. A typical

element of Aut(D) is a linear fractional map

P(z) = A— (1.7)

where w is 1)~(0) and \ is the unimodular constant — w’(0)|. The following

v'(0)
eagsily proven identity for automorphisms will be an essential feature of many

of the arguments that follow:

o (L= JwP)(A—[2)
B 11— wz|? (18)

1—9(2)|

In case the constant A equals 1 in (1.7), the automorphism is self-inverse.
We denote these special elements of Aut(D) by

(z) = ——= (1.9)

1 —wz

and we refer to «a,, as the standard automorphism taking w to zero.

Each automorphism is in fact a bijection from the sphere C U {co} to
itself with two fixed points (counting multiplicity). We classify these maps
according to the location of their fixed points. An automorphism is called

elliptic if it has one fixed point in the disk and one outside the closed disk;
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hyperbolic if it has two distinct fixed points on the boundary 0D; and parabolic
if there is one fixed point of multiplicity 2 on the boundary.
Consider the automorphism

1/2—2

@) = T,

Notice that |1/4 — 0] = 1/4 > 3/14 = |a1/2(1/4) — a1/2(0)|. This simple-
minded example illustrates the major downfall of the usual Euclidean metric
when working on the disk: automorphisms do not preserve Euclidean dis-
tance.

There are a number of metrics on the disk that are automorphism-invariant,

one of which is the pseudohyperbolic metric.

Definition 1.10 For w, z € D define the psedohyperbolic distance d(z,w) by

d(z,w) = ‘ vz

1—wz

The utility of this metric is that we can obtain invariant versions of some
classical theorems from complex analysis. An example is the Schwarz-Pick

theorem, which is the invariant version of the Schwarz lemma.

Theorem 1.11 (Schwarz-Pick Theorem) Let ¢ : D — D be analytic.
Then for all z,w € D

p(w) — p(2) w2

1= p(w)e(2)

S ‘

1—wz

If equality holds for any z # w, then ¢ is in Aut(D).
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As a consequence of Theorem 1.11 we have the following corollary on
the growth of self-maps of the disk. It is a precursor of our work in the next
section and, though the proof is not difficult, we include it because familiarity

with the type of manipulations involved will serve us well.
Corollary 1.12 Let ¢ : D — D be analytic. Then for all z € D

2]+ |(0)
@< T o)

Proof. Let z € D. By Theorem 1.11

9 2

|Z|2 = ‘ 00—z 90(0);90(2)
T=0z| = 1 p0)e(2)
But by Equation 1.8
M@—d@2:1_ﬂ—W@WO—WWW

1= (0)p(2)?

(1= e O)P)(1 — o))
S R P IR P

_ (e = le(=))
(1= [@(0)] - le(2)])?

2

Therefore

2] > HMN eI ()] = [#(o)]
~1=1e0)] - [e(z)] ~ 1= le(0)] - le(2)]

After some rearranging, this is what we set out to prove. O

The way to interpret the Schwarz-Pick theorem is that analytic self-maps

of the disk do not expand pseudohyperbolic distances, and any self map
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that preserves the pseudohyperbolic distance between two points must be
in Aut(D). A subtler consequence of Theorem 1.11 is that an analytic map
from the disk to itself has at most one interior fixed point. Moreover, if w is
an interior fixed point for ¢, then ¢ maps pseudohyperbolic disks centered
at w into smaller pseudo hyperbolic disks centered at w

Despite the existence of at most one interior fixed point, an analytic self-
map ¢ of the disk may have a multitude of “fixed points” on the boundary.
Here the situation is more complicated, beginning with the fact that we do
not want to assume that ¢ is continuous on the boundary, so we first need

to define what we mean by “fixed point” there.

Definition 1.13 Let ¢ : D — D be analytic. We say b € D is a fized point
for ¢ if

lgri o(rb) =1b .

We also need to take care when taking limits at the boundary, for there
are many things this could mean. We have seen the radial limit in Section
1.2; we might approach ¢ € dD through any path in the disk, in which case
we say “let z approach (¢ unrestrictedly in ID”; or we might require that ¢ be
approached “non-tangentially”. To be precise about this last possibility, we

define a Stolz region in the disk.

Definition 1.14 A Stolz region in D at the point ( € 0D is the region be-
tween two straight lines meeting at ¢ in an angle of less than © radians and

symmetric about the radius to (.

We can now define the notion of a non-tangential limit.
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Figure 1.1: A Stolz region at (.

Definition 1.15 The function f is said to have a non-tangential limit at
¢ € ID if lim, ¢ f(z) ewists as z approaches ¢ through any Stolz region. We
denote the non-tangential limit by Zlim,_, f(z).

The notion of non-tangential limit allows us to now define the angular

derivative of an analytic self-map of the disk at a boundary point.

Definition 1.16 Let ¢ : D — D be analytic. The map ¢ is said to have a
finite angular derivative at ( € D if there exists n € 0D such that

/1im 1= #2)
z2—( C— z

exists. In this case we denote the limit by ¢'(().

Looking back now at Corollary 1.12 we see that the conclusion is equiv-

alent to the inequality

1 Jp(2)] 1 |p(0)
T— 2] = T+ [o(0)]
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holding throughout the disk. So, for each ¢ € D, the quantity

d(¢) = lim infﬂ

z—( 1—2

is either a finite positive number or co. Certainly both possibilities may
occur, but when d(¢) is finite then Julia’s lemma provides a nice geometric
interpretation of this quantity. In the statement below, let H (r, () be the disk
of radius 7 that is internally tangent to 0D at (. The boundary of H(r,() is

often referred to as an oricycle.

Theorem 1.17 (Julia’s Lemma) Let |(| = 1 and suppose d(¢) < oo, {a,}
exhibits d(¢), and ¢(a,) — n. Then n € D and for everyr, 0 <r <1, ¢
maps H(r,() into H(rd({),n). Moreover, if any z in the disk gets mapped
from the boundary of some H(r,() to the boundary of the corresponding
H(rd(¢),n), then ¢ is an automorphism.

Figure 1.2: Julia’s lemma.

Figure 1.2 illustrates Julia’s lemma. As one might hope, there is a deep
connection between the quantities d(¢), ¢'(¢), and Zlim,_, ¢’(z). This con-

nection is summarized in the beautiful Julia-Carathéodory Theorem.
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Theorem 1.18 (Julia-Carathéodory Theorem) Let ¢ : D — D be ana-

lytic and ¢ € OD. The following are equivalent:
(1) d(¢) < o0;

(2) The angular derivative

! o . 77—90(Z)
Pl =l

exists for some n € OD;

(3) Both ¢ and ¢’ have finite non-tangential limits as z — (, with

Zlim, ¢ p(z) = 1.

If any of these conditions holds, then

Zlim¢'(z) = ¢'(¢) = ¢nd(C) .

z—(

To conclude this section, we want to single out a special fixed point in the

closed disk. We have seen that an analytic self-map ¢ either has one interior

fixed point or none at all. Let us first address the possibility of an interior

fixed point. If ¢ fixes the point a € D, then two possibilities exist. The first

possibility is that ¢ is an elliptic automorphism, in which case |¢'(a)| = 1

and there are no boundary fixed points. The other possibility is that ¢ is

not an automorphism, in which case |¢'(a)| < 1 and a clever application of

Julia’s lemma reveals that |¢'(¢)| > 1 for any fixed point ¢ on the boundary.

Either way, if ¢ has an interior fixed point then there is a unique fixed point

a in the closed disk with |¢'(a)| < 1.
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Now let us consider the case of no interior fixed point. Let {r,} be a
sequence of positive real numbers with » — 17. For each n, define f, = r,¢.
Each f, is a continuous map from the closed disk of radius r,, to itself, so the
Brouwer fixed point theorem guarantees for each n the existence of a point
a, with |a,| < r, such that f,(a,) = a,. The sequence {a,} is contained in
the closed unit disk, so we assume without loss of generality that a, — a for
some point a € D.

We claim that |a| = 1. Suppose not. Then since ¢ is continuous in D,

¢(a) = lim ¢(a,) = lim 4y = lim 2 =g
n—00 n—00 Th n—o0 T,

?

contradicting the fact that ¢ has no interior fixed point. Thus |a| = 1.

Since |@(ay)| = |fulan)/rn| = |an|/rn > |ay|, we have for all n

1— |Q0(an)|

<1.
1 — |an|

Passing to yet another subsequence we may assume that

1 —
lim MEL(a)gl.
n—oo 1 —|ay|
Julia’s lemma now implies that Zlim, ,, ¢(z) = a and the Julia-Carathéodory
Theorem guarantees that the angular derivative exists at the point a and
|¢'(a)| = |aad(a)] < 1. Moreover, another clever application of Julia’s

lemma implies that a is the unique fixed point on OD (hence on D) such

that |¢'(a)| < 1. The conclusion we may draw from the foregoing discussion
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is that every analytic self-map of the disk has a unique fixed point a in the

closed disk satistying |¢'(a)| < 1. This fixed point has a special name.

Definition 1.19 For an analytic self-map ¢ of the disk, the unique fived
point a € D satisfying |¢'((a)] < 1 is called the Denjoy- Wolff point.
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1.4 Composition Operators

Every analytic self-map ¢ of the disk induces a composition operator C, on
H?(D) given by C,f = f o . It is clear that C,, is linear and f o ¢ is again
analytic. At issue is whether fo¢ is again in H?. Remarkably, C, does map
H? into itself, and boundedly at that. To see this, we first dispense with
two special cases: ¢(0) = 0 and ¢ an automorphism. Having established
boundedness in these instances, the case of general ¢ will follow easily.

In the case where ¢ fixes the origin, boundedness follows immediately

from the Littlewood subordination principle (Theorem 1.1).

Theorem 1.20 Let ¢ : D — D be analytic with ¢(0) = 0. For p > 1, the
operator C., is bounded from H? to itself and ||C,|| = 1.

Proof. Since |f[? is subharmonic for each f € HP, the Littlewood subordina-

tion principle asserts that, for 0 < r < 1,

/0 | (plre®) Pde < / 1 F ()6

Thus [|C f|E = |[foells < [IfI, so ||Cy|| < 1. Since C,, fixes the constant

functions, ||Cy||=1. O

Next we establish boundedness for automorphisms.

Theorem 1.21 Let ¢ be in Aut(D). Then, for f in H?(D), p > 1,

L= WO L+ [0\
(W) ||f||p§ ||wa||p§ <W> ||f||p
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Moreover, these inequalities are sharp; in particular,

1+ 9(0)] ) *
1G4l = (1—|¢<0)|> |

Proof. Let 1 be the automorphism

z4+u
=\ .
w(z) 14+ uz

Since 1) is a smooth homemorphism of the unit circle, we let f be a polynomial

and we explicitly carry out the change of variables. By definition we have

dt

o (1.22)

1Cuf 1P = / @)

To change variables, set

et +u
1+ aett

ei€ _ ,w(eit) =\
Rearranging and then differentiating we obtain

Xei® — Xul|2et

ietdt =i S
(1 — Aaei?)?

Therefore

dt LA — Mul2e® do
— = — - -
27 (1 — Aue)? 27

B At — Nuf2e?®  do
(1= Aaet®) (1 — Aue—if 27

o 1—|ul* df
1= due—]221
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So from equation (1.22) we have

mo 1—|ul? do
P wylp (- 17} 2
ICutle = [ 18P (e ) 5o -

Now, since it is clear that

1— |uf” 1— |uf® 1— |uf®
(T4 Jul)? 7 [T = Aue 2 = (1 — |u])?

and since |u| = |1(0)[, we finally have

L= WO L+ [0\
<W> ||f||p§||0wf||p§<w> 1111,

In order to show that the upper inequality is sharp, we first note the

action of the adjoint Cj, on the evaluation kernels K,, in the dual of H?: if

g € H?, then

Cp(Ku)g = Ky (Cpg) = (90 9)(w) = Ky(w)g -

Thus Cj(Ky) = Kyw). Now, set u = se’’ and let {r,} be a sequence of

positive real numbers increasing to 1. Then, by Theorem 1.5, for w,, = r,e%

7

I g I[P
*||P > 1 1 PR
||C¢|| = nl_)nool ||Kwn||p

= lim ———
n—oo 1 — [h(wy)[?

B 1+s

C1—s

_ 1+ [9(0)]

S 1=[p(0)]
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Therefore the upper inequality is sharp and

(14 [0\
||0¢||—(1_|¢(0)|) |

Lastly, if {g,, } exhibits ||Cy-1]|, then {C’Jlgn} exhibits the lower inequal-

ity, so it is sharp as well. O

We have gone into such detail above in order to highlight certain aspects
of the problem. The change of variable calculation shows that, at least for
automorphisms , we may think of C as acting not on functions f € H?,
but rather on the measure against which we are integrating. Normalized
Lebesgue measure on T is transformed by 1 into the weighted measure

1—[(0))  db
1= (0)e= 2 2m -

With respect to this new weighted measure, the values on T of |f|? near
the point e™8¥() “weigh” more than the values of | f|? anywhere else on the
circle. Thus we would expect that if { f,,} is a sequence of norm-one functions
in H? such that ||Cyf,|| = ||Cy|| then, as n — oo, f,, will have more and
more of its mass concentrated near the point e®&¥(0),

The second observation regarding the proof of Theorem 1.21 is that
Cyl| = |C}]] = subyep ||C)(ky)||. In fact, this supremum was realized
as |w| approached the boundary along the radius through A (0) and it was
not difficult to compute. This facility of norm computations is a desirable
property for composition operators and we will spend all of Chapter 2 on
this topic.

As promised, the boundedness of general C, now follows easily.
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Corollary 1.23 Let ¢ : D — D be analytic and p > 1. Then C,, is bounded

(W)W <M1Gll = (%)W '

Proof. Assume ¢(0) = p # 0 and let o, be the standard automorphism that

on H? and

exchanges 0 and p. Then ¢ = o, o ¢ is an analytic self-map of the disk that

fixes the origin. Since ay, is an involution (i.e. ' = o), we get
1Cll = [|Capogl|
= [|CoCa, ||

< |G - [1Ca

ol

~1. <1+|p|)”p
1—p|

For the lower inequality, simply observe

1 1/p
Gl = 1C311 2 iCgkall = ol = (=) - ©

We have seen that the upper inequality is achieved for automorphisms,
and it is routine to check that the lower inequality is achieved for constant
¢ (since C, is then exactly evaluation at ¢(0)). Since C, fixes constant
functions, we have known all along that ||C,|| > 1. Corollary 1.23 tells us
that this inequality is strict unless ¢(0) = 0.

It turns out that the general inner function ¢ (¢ : D — D such that
lp(e?)] = 1 a.e. on OD) satisfies the same boundedness inequalities as in

the special case of the automorphisms. In [16] Nordgren showed that inner
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functions which fix the origin preserve reasonable measures on T and hence
induce isometric C, on H?. A factorization argument then shows C, to be
isometric on H?. Finally, as in the proof of Theorem 1.21, composition with
an appropriate automorphism dispatches the case ¢(0) = p # 0. The details
of the preceeding argument may be found in Theorem 3.8 of [7] and the

consequence is stated next.

Theorem 1.24 Let ¢ be an inner function on the disk. Then, for f in
HPD), p> 1,

L lp (O L+ (0
(250 Wb <lcufll < (T5558) 17l

Moreover, these inequalities are best possible for each inner function .

We conclude the present section with a result giving the spectral radius
of a composition operator. Apart from intrinsic interest, the motivation for
its inclusion is twofold. First, the spectral radius may provide an improved
lower bound on [|C,|| than that of Corollary 1.23. Second, and perhaps
more importantly, we encounter for the first time a link between geometric
function theoretic properties of the map ¢ and operator theoretic properties

of the composition operator C,. See [7] p. 125 for a proof.

Theorem 1.25 Suppose ¢ : D — D s analytic with Denjoy- Wolff point a.
Then the spectral radius of C, on HP?(D),p > 1, is 1 when |a] < 1 and
¢'(a)~Y? when |a| = 1.
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1.5 Compactness

A bounded linear operator from one Banach space into another is called
compact if the image of the closed unit ball of the domain space has com-
pact closure in the target space. For composition operators on H?(D) this

definition has the following useful formulation.

Theorem 1.26 Let 1 < p < oo and let ¢ : D — D be analytic. Then Cy, is
compact on H? if and only if, for every bounded sequence {f,} in H? such

that f, — 0 on compact subsets, f, o — 0 in H?.

Proof. For necessity, assume that C, is compact and suppose that f, — 0
locally uniformly with ||f,|| < M. Then {f,/M} is in the closed unit ball of
H? so, by compactness, {(f,o¢)/M} has a convergent subsequence; say that
fn, 0 — g for some g € H?. Now, for each z € D, the singleton {¢(z)} is a
compact set, so (f,, 0p)(2) — 0 for each z. Since point evaluation is bounded
we must have g = 0. The same reasoning shows that every subsequence has
itself a subsequence that converges to zero in H?. Thus f, o o — 0 in H?.

For sufficiency, let {g,} be contained in the closed unit ball B;(0) of H?.
Then, for all n,

19n(2)] = K ()]

1 1/13
N (1—|z|2) ’

so {gn} is uniformly bounded on compact subsets of the disk. Thus {g,}

is a normal family by Montel’s theorem. Therefore there is a subsequence
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{gn,} and g € HP so that g,, — g — 0 locally uniformly. By hypothesis,

Gn, © @ — g o @ in H?. Thus every sequence in C,(B1(0)) has a convergent
subsequence, and in a metric space compactness and sequential compactness

are equivalent. 0O

In addition to laying out the basic results on compactness of composition
operators, this section is designed to help us develop some intuition about
the geometric nature of compactness in terms of the symbol ¢. Though
elementary, the following two corollaries to Theorem 1.26 are useful in this

regard.
Corollary 1.27 If ||¢||« < 1, then C, is compact.

Proof. Suppose that {f,} is a bounded sequence in H? such that f, — 0
locally uniformly. Since |||l < 1, ¢(D) is contained in some compact set,
so given € > 0 there exists N such that |f,(¢(2))| < € for all z € D and
n > N. Thus

dt

27
ol = [ Ifaletenp 5o <@

forn > N. So f, oo — 0 in H? and, by Theorem 1.26, C, is compact. O

Corollary 1.27 tells us that, if ¢ does not approach the boundary at all,
then Cy, is compact. It is not difficult to prove that the converse is true for
p = oo: C, compact on H* = ||p]|e < 1.

The second corollary handles the other extreme possibility. Namely, if ¢
has radial limits of modulus one on a set of positive measure on the circle,

then U, cannot possibly be compact.
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Corollary 1.28 Suppose that ¢ : D — D s analytic, 1 < p < oo, and set
E={e" e T:lim, . |p(re®)| = 1}. If C, is compact on H?, then o(E) = 0,

where o is normalized Lebesgue measure on the circle.

Proof. Suppose that C, is compact. The sequence {f,} = {2"} is bounded
and converges to zero on compact subsets. By Theorem 1.26, f,0p = ¢ — 0

in H?. But

2 ) d9
n|p — 0\ |np
el = [ o ]

- do
> 0\ |np 7
> [ lpteim S

0
E

=o(F).
Thus o(F) =0. O

Between Corollaries 1.27 and 1.28 lies the more intricate heart of the
matter. The operator C, may be compact even if ||| = 1; the real issue
is the way in which ¢ approaches the boundary. One characterization of
compactness in this light is a Carleson-type theorem.

Let o be normalized Lebesgue measure on the circle and let ¢* denote

the radial limit function of ¢. For each ¢ define the measure p, on D by
po(B) = o((¢)H(E)) = o{e® € T: lm p(re”) € B},
For ¢ € OD we define the Carleson set S(¢, h) by
S(C,h)={z€D:|(—z|<h}.

See the example following Theorem 1.29 below for a picture of a Carleson

set.
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Compactness of C,, may then be determined by how s, measures S(¢, h)

in relation to h.

Theorem 1.29 The operator C, is compact on HP ,0 < p < oo, if and only
if pp(S(¢, h)) = o(h) as h — 0, uniformly in ¢ € OD.

The reader is referred to [7] for a proof of Theorem 1.29. Let us, however,
consider a simple example to illustrate Theorem 1.29 at work.

Example 1 Let ¢ be the analytic self-map of the disk given by

242

p(z) = 5

The image (D) is the open disk centered on the real axis at 2/3 and inter-
nally tangent to JD at 1. In particular, ¢ has a unimodular limit at but one
point on the boundary. In this case, however, the behavior near this single

point causes C, to be non-compact. We calculate:
(") (S(1, k) = {e” € T : limp(re”) € S(1,h)}
r—

2 + ¢f?

={e?eT:| — 1] < h}

={e? cT:|e"” 1| < 3h}

EAh.

It is clear that Ay is the modulus-one portion of the boundary of S(1,3h)
and, by definition, 1,(S(1,h)) = 0(A;). In Figure 1.3, the big circle is oD
and AB = AC = 3h. Thus A}, is arc BC' and clearly

_IBC| _ 6k 3h

pe(S(LR) =o(An) = 5 =2 o= —.
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In particular, the “little-oh” condition of Theorem 1.29 cannot be satisfied

and therefore U, is not compact. O

C

Figure 1.3: pu,(S(1,h)) > 3h/m.

Theorem 1.29 says that C, is compact on H? if and only if, given € > 0,
there exists 6 > 0 such that 0 < h < ¢ implies that A=, (S(¢, h)) < € for all
¢ € OD. We note here the remarkable lack of dependence on p. It is precisely
this independence that enables us to focus our attention on the Hilbert space
H? when considering questions of compactness of composition operators.

Recall that the essential norm of an operator 7', denoted by |||, is the
distance in operator norm from 7" to the closed subspace of the compact
operators. For a composition operator C,, a lower bound on the essential

norm is provided by the normalized reproducing kernels:
Theorem 1.30 On H*(D),

1Colle > li|msup |CoEwl] -

w|—1

Proof. Let Q be a compact operator on H? and let {w;} be a sequence in the

disk with [w;| — 1. Then @Q* is also compact and, by Theorem 1.6, k., — 0
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weakly in H?. Therefore Q*k,, — 0 in H* and we have
€3 = Q711> tim (€5 - Q') |

— lim [|C2hw, — Q"R ||

j—oo

— ] *
= lim [|COkw, |

So we see that, for every compact operator @),

|1C, — QI > limsup||C’$kw||.

|w|—1
Therefore

1Clle =, |Cp — Q|| = limsup||Clk,|[. O
|w|—1

inf |
compact
As a corollary to Theorem 1.30 we have another result linking an operator-

theoretic property of C, to a function-theoretic property of the map .

Corollary 1.31 Suppose C,, is compact on H? for some 0 < p < oo. Then

¢ has no finite angular deriwative on JD.

Proof. We prove the contrapositive statement. Suppose that the angular
derivative ¢'({) exists. By the Julia-Carathéodory Theorem (Theorem 1.18),
the quantity d(¢) is finite:

e e L= e(2)]
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Thus
: . — |w]?
s Gl = Bnsup
> 1lim sup1_7|w|
lwj—1 1 — [p(w)]
> 1lim Sup1_7|w|
2 wae 1= lo(w)]
1
= m
>0.

By Theorem 1.30, C,, is not compact on H? and, by Theorem 1.29, C, is not

compact on any H?. 0O

Theorem 1.30 yields a second interpretation of Example 1. The map ¢
in that example has constant derivative (¢’ = 1/3) and therefore has an
angular derivative at 1. From our point of view, this is what caused C,, to
be non-compact. Theorem 1.30 is important for another reason. It is the
starting point of Shapiro’s proof in [18] of his formula for the essential norm
of a composition operator on H?. Before we state the result, we recall the

definition of the Nevanlinna counting function.

Definition 1.32 Let ¢ : D — D be analytic and, for w € D, let p~ (w) =
{z1(w), z2(w), ...} be a list of preimages of w under ¢. We define the Nevan-

linna counting function N, by

1
Nlﬂ(w) - Z logm )
o 1(w) J
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where we understand N,(w) = 0 if w is not in the image of ¢ and N,(w) = 00

if w=¢(0).

The counting function contains much information about the map ¢, par-
ticularly about the distribution of its values. So much so, in fact, that the
essence of compactness of C, is captured by the growth of N, near the bound-
ary of D. If N, decays rapidly at the boundary, then C, is compact. This
is the qualitative content of Shapiro’s celebrated formula for the essential

norm.

Theorem 1.33 For a composition operator C, on H*(D),

N
1C, |2 = lim sup W(lf)
|w|—1 g W

For us, this result is the key link between ||C,,|| and the behavior of ¢ near
the boundary of the disk. For this reason, Theorem 1.33 will be instrumental

in the work of Chapter 2.



Chapter 2

2.1 The Original Question

Throughout this chapter we turn our attention to the Hilbert space H?(D).
Recall from Section 1.2 that we may think of H? as the collection of functions
analytic on the disk whose Maclaurin series coefficients are square summable
and that on H? we have at each point w € D the normalized reproducing
kernel

V1 - [w]?

1—wz

ku(z) =

Theorem 1.21 asserts that, when ¢ is an automorphism, the operator C,
is bounded on H? and

1+ [¢(0)]

Ol = — =2 .

(2.1)

In the proof, the inequality ||C,|]* < (1 + |¢(0)])(1 — |¢(0)])~" follows via a

change of variables. Critical in the reverse inequality is the observation that

1+ [ (0)]
1—[e(0)]

|Cul[* > sup [|Coku||* =
weD

36
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Consequently, we actually have equality in the lefthand member of 2.1 when
¢ is in Aut(D).
These considerations led C.C. Cowen and B.D. MacCluer in 1995 to pose

the following question in [7]:
Is there an analytic map ¢ : D — D satisfying ||Cy|| > sup,ep |[Chkw||?

If not, then the difficult task of determining ||Cy|| for a given ¢ has been
greatly simplified since sup,, ¢ [|Cky|| is often easier to compute.

Hope was shortlived, however. In 1996 this question was answered af-
firmatively by Appel, Bourdon, and Thrall. In their paper [2], the authors
define for analytic ¢ : D — D the quantities

S, = sup| |Gk, | (2.2)
weD
and
S5, = sup ||C k.|| (2.3)
weD

Next, they show that the inner function

1/2— 2\
P(z) = (1/_%)
satisfies ||Cy|| > S}, which answers Cowen and MacCluer’s original question.
Despite this success, the authors were unsatisfied for two reasons. First of
all, they would prefer to give a univalent example. Second, they go on to show
([2],Th. 4.2) that ||C,|| = S, for every inner function ¢. In this sense, the
normalized reproducing kernels really do determine ||C,||. Plunging ahead,

they discover that the map
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addresses both qualms mentioned above. Namely, ¢ is univalent and they

show in Theorem 4.4 of their paper that
|Col| > Sy >S5, .

As it turns out, the method of proof employed in Theorem 4.4 of [2]
applies to a whole range of symbols ¢ and as a corollary gives an improved
lower bound to that of Corollary 1.23 here. This extension represents the

first piece of original work in this thesis and is the topic of the next section.
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2.2 The Quantities S,, and 5,

In this section we extend the main result of [2] to an infinite family of analytic
self-maps of the disk. We retain the original notation S, and S} of [2] set
forth in (2.2) and (2.3) of the previous section. Throughout, a is a real

constant greater than 1 and ¢, is the analytic map

a—1

@a(z):a_z'

Theorem 2.4 Let a > 1. Then

g _ 1 <2(2a4+a3+a2+a—1)—(2a5—a4+4a3—a2+4a)\/2a—1>
o \Vl-a 4a® — 2a% — 4a + 2+ (a® + 3a% — 4a)\/2a — 1

ifa <5 and S,, =+/a—14if a>5. In addition,

o _ 7a® — 13a® + Ta — (3a% — ba + 1)v/5a? — 4a
va a+Vbha? —4a

ifa<4and S, =+a—1ifa>4

For the proof of Theorem 2.4 we will need the following simple lemma.

See [2], Lemma 4.3, for a proof.

Lemma 2.5 Let f(z) = (az+ 8)/(yz + 8) be a non-constant H* function.
Then

||f||2 — |Oé|2 + |6|2 B 2R€(O_‘6’7/6) )
’ 012 = []?
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Proof (Theorem 2.4). By definition,

(Ssaa)2 = sup ||C'%kw||2
weD

2

1 2
=sup||——— 1—|w
weD 1—11)90&(2) ( | |)
a—z 2
= 1—|wf) .
i}ég) a—z—w(a—1) (1= Jwl)

Lemma 2.5 tells us the value of the last expression exactly, so in fact we have

(S,.)7 = sup [1 +a? — 2Re(a/[a — w(a — 1)])} (1 |w) .

la—(1—a)w|?> -1
It is this supremum on the right that we will calculate.

To find the supremum over the entire disk, we opt first to find the maxima
on concentric circles |w| = r and then to find the supremum over r in [0,1)
of these maxima. Therefore we temporarily fix 7 € [0,1) and define

. [1+a®—2Re(a/la—re ®(a—1)])
£(0) = [ la — (1 —a)re ]2 -1 ]

9 a+(1—a)r cos 6
1+a” —2a ([a—l—r(lfa) cos f]2+r2(1—a)? Sin29>

- l[a+7(1—a)cosf)? +r2(1 —a)?sin®f — 1

Recall that our goal here is to calculate

(Sy,)* = sup (1 —71%) sup F.(0).

0<r<1 0<o<2rm

In order to maximize F,(#) on the interval [0, 27] we use calculus. The reader

may verify that

F(0) =— <%r sin 9) (a*e® +2r*(1 — a)’>u+1%(1 —a)®)  (2.6)

r
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where u is the positive function of 6 given by
u(0) = [a+7(1 — a)cosd)* +r°(1 — a)®sin® 0 — 1 .

The first term in the product of (2.6) is zero when # = 0 or § = 7 and the
second term is a quadratic in u with negative discriminant. Thus F/(6) = 0
if and only if 6 equals 0 or 7.

Careful comparison reveals F,(0) > F,(m). Therefore, F, takes its maxi-

mum value at § = 0. Consequently

(Sp)? = sup (1 —1%)F,(0)

0<r<1

2 a+(1—a)r
= sup (1—1?) e <[a+T(17G)]2>
Tt atr(l—a)f 1

In order to calculate this second and final supremum, it is helpful to
rewrite

1 (a>+1)r* —(a—1)r —ala+1)

(- P)E(0) = }

l—a|(a=1)r2—(2a+1)r+ (a+a?)/(a—1)

Recapping, we are trying to compute

G(r)

(S‘Pa)2 = sup ||O¢akw||2 = Ssup 1
welb o<r<1 1 —a

Upon differentiating, we obtain

G'(r) = _d(2f)2 <(a2 +2)r? -2 <(a2 —er e ”) "+ (a+ 1)2> ,
(2.7)




42

where d(r) is the denominator of G(r). Applying the quadratic formula to
the parenthetical term in (2.7) above, we find that G'(r) = 0 if and only if

(@ —a+1)(a+1) £ (a+1)y2a—1 53
"o (a—1)(a2+2) ' (28)

It is easy to check that, for all @ > 1, we have

>1,

(a®>—a+1)(a+1)+ (a+1)v2a—1
(a—1)(a®+2)

o our supremum is either (1 —a) *G(r,), where

(a®>—a+1)(a+1)—(a+1)vV2a—1
(0 T)(@ 1 9) ’

Te =

or (1—a)7*G(0)=1or (1 —a)tlim,,; G(r) =a— 1.
We calculate directly that

G(ra) <2(2a4+a3 +a*+a—1)— (2¢° — a* + 4a® — a® + 4a)\/2a — 1>

l—a (1—a)(4a® —2a® — 4a + 2 + (a® + 3a® — 4a)v/2a — 1)

From the plot in Figure 2.1 it appears as though =-G(r,) is greater than
both 1 and a — 1 for all @ > 1. We verify this as follows.
Assume first that 0 < r, < 1 and let

(a®>—a+1)(a+1)
a—1

g(r):(a2+2)r2—2< )T-I—(a—l—l)2
be the quadratic function of r within parentheses in (2.7). Since the lead
coefficient of ¢ is positive for all @ > 1 and since r, is the lesser zero of

g, g(r) > 0 for all 0 < r < r, and all @ > 1. Moreover, we have already
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2 4 6 8 10
Figure 2.1: A plot of =G (r,) (solid) .

remarked that the other root of ¢ is greater than 1 for all @ > 1, so g(r) < 0
forall r, <r <1 and all a > 1.

Again referring to (2.7), we therefore conclude that -G'(r) > 0 for all
0<r<r,and ﬁG'(T) < 0 for all r, < r < 1. Thus, when 0 < r, < 1, the
function 2-G/(r) is maximized at r, and (S,,)? = =G (r,).

What we cannot conclude at this point is that (S,,)* = =G(r,) for all
a > 1. The problem is that r, may not satisty 0 < r, < 1 for some values of
a. We graph r, versus a in Figure 2.2.

The plot suggests that r, is positive for all ¢ > 1 and in the disk for
a <1< 5. Clearly r, > 0 if and only if > —a +1 > /2a — 1. This
inequality is trivial to verify for all @ > 1. To see that r, < 1for 1 <a <5

we must verify the inequality

(@>—a+1)(a+1)—(a+1DvV2a—-1<(a—1)(a*+2). (2.9)

Isolating the radical, squaring, and factoring, we find that (2.9) holds if and
only if (a — 1)(a — 5)(a® + 2) < 0. Therefore 0 < r, < 1 if and only if
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15

2 4 6 8 10
Figure 2.2: A plot of r, versus a.

1 < a < 5.Thus we conclude that (S,,)* = -G(r,) for 1 < a < 5 and
(S,,)* =a—1fora>5 as desired.
The computation of S7, will be a little less difficult. By definition,
1K oI 1— |wf?

(S¥)? = Slé]II)DHC:;akaz = Sup ————>— = sup 7 -
w

v weD H}(sz wEDJl‘_|§:E

This time it is clear that for |w| = r the maximum of |(a —1)/(a —w)| occurs

at w = r. Therefore

1—72
S* )= sup ——
( (p“) Ogrgl 1-— (ﬂ)2
a—rT
1 _ 2
— sup (1+7)(a—r)

0<r<1 20—1—r

sup f(r) .

0<r<1
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We employ calculus yet again to find this supremum. Differentiating with
respect to r, we obtain

/ . 2(T_a) 2 2
f(r)——m[r — (3a—2)r+ (a” —2a+1)]. (2.10)

The first term in the product in (2.10) is positive since a > 1 and the zeros

of the quadratic are

_3a—2i\/5a2—4a
2 2 '

7

Both terms in the above sum are clearly greater than 1/2, so the only possible
solution in the disk is r} = 1(3a — 2 — v/ba? — 4a). We compute the value of
f at this point to be

_ 7a® —13a* 4+ Ta — (3a* — 5a + 1)v/5a? — 4a

while f(0) = a?/(2a — 1) and lim,_,; f(r) = a — 1. We plot these three
quantities as functions of a in Figure 2.3.

The graph suggests that f(r*) > lim,, f(r) and f(r}) > f(0) for all
a > 1. We verify this in much the same way as in our calculation of S, . As

before, we first assume that 0 < r} < 1 and let
h(r) =r* — (3a — 2)r + (a* — 2a)

be the quadratic function of r within brackets in (2.10). Exactly as before
we find that, since 77 is the lesser zero of h, f'(r) > 0 for 0 < r < 7 and
f'(r) <0 for r* <r < 1. Thus the supremum of the function f occurs at 7}

and, therefore, (S* )2 = f(r}).

Pa a
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10

Figure 2.3: The quantities f(r}) (solid), f(0) and a — 1.

But again we must be aware of the possibility that 7 might not satisfy
0 < 7} < 1 for some values of a. Computing exactly as in the 7, case, we find
that, for a > 1, 0 <r; < 1ifand only if 1 < a < 4. Thus, S} = +/f(r}) for
l<a<4and S, =+a—1fora2>4asdesired. O

It is comforting to note that in the case a = 3, so that p; = 2/(3 — 2),

Theorem 2.4 returns the values

g _ . [T200+ 258v/5
& 80 + 42+/5

and

93 —13v33

S =
e 3++/33

These duplicate exactly the values found in Theorem 4.4 of [2] for this special

case.
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Figure 2.4: S (solid) and (S} )* .

Recall that the investigation [2] of Appel, Bourdon and Thrall was spurred
by the original question of Cowen and MacCluer, which asked whether there
exists analytic ¢ : D — D satisfying |[C,|| > S7. The following corollary to

Theorem 2.4 provides a host of such maps.
Corollary 2.11 Let 1 < a <5. Then ||C,,|| > S, .

Proof. Since ||Cy, || > S,,, it suffices to show that S,, > S on the interval
1 < a < 5. The proof of Theorem 2.4 shows that, for 4 < a < 5, we have
Spe > Va—1= Sy, - So truly we need only verify that Sy, > S7 on the
interval 1 < a < 4. Plotting both S and (S} )? on this interval in Figure

2.4, it appears that the desired inequality holds.
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To prove this directly, we need to show

1 <2(2a4+a3 +a?+a—1)— (2a° — a* + 4a® — a® + 4a)\/2a — 1>
4a® — 2a% — 4a + 2 + (a® + 3a® — 4a)v/2a — 1

1—a

- 7a® — 13a* + Ta — (3a* — 5a + 1)v/5a? — 4a
a+vba? —4a '

This appears to be a daunting task.
Instead, we recall the point 7 from the proof of Theorem 2.4. On the
interval 1 < a < 4, the point r; satisfied 0 <r; < 1. Thus the quantity S; ,

which was originally defined as a supremum, is actually attained in the disk:

K, .«
* 2 _ * Ta
(5.) ‘HC% (nm; )

We will see shortly in the proof of Theorem 2.17 that, since ¢, is not

2

affine for any a > 1, we have strict inequality

K K
e ()| <o ()l
oz ()] < e (e

for all w € D. In particular,

2
<

2

2
S S(Pa,

C < K%(TZ)
7NN K )

)

K.«
* \2 * Tq
(55.) _HC% <HKT* >

a

on the interval 1 < a < 4. This completes the proof. O

It is interesting to note that, despite the fact that S,, = S; for a > 5,

so that the relatively easy proof of Corollary 2.11 no longer works, we may
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still have |[C,|| > S7, . For example, when a = 5, we have
1CesI1* = 11C3,1I*

O:,E,(Ko + K g3)I?

> I )
|| Ko + K os]|

~ 4.011
>4

= (S5,)% .

We note that it is not surprising that a normalized linear combination of
reproducing kernels provided the example above. Indeed, if [|Cy,|| > S} ,
then some normalized linear combination of kernels must under C7 ~have
norm exceeding .57 since the kernels span H 2, Sadly, it appears that there
is no fixed length of linear combination that suffices for all @ > 1. This makes
finding examples like the one above a case-by-case endeavor.

Another corollary of Theorem 2.4 is that we get an improvement of the

lower bound on ||C,, || provided by Corollary 1.23.

Corollary 2.12 Let a > 1. Then

1

Col > —— .
16> T

Proof. Certainly |[C,,|I> > S2 =a—1>d*/(2a—1) = W when

a > 5. But, for values of a near 1, a — 1 < a?/(2a — 1) so we must use the

formula for S,, provided by Theorem 2.4. That is, we would like to show

that

a2

20 —1

<82 (2.13)
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for 1 < a < 5. Cross multiplying, equation 2.13 is equivalent to

(a* — a®)(4a® — 2a* — 4a + 2 + (a® + 3a® — 4a)v/2a — 1)

> (2a —1)(2(2a* + a® +a® +a + 1) — (2a° — a* + 4a® — a* + 4a)v2a — 1) ,
where the inequality switched direction since 1 — a < 0.
Multiplying everything out, solving for the quantity v/2a — 1, and squar-
ing gives
a’/(2a — 1) < 52, if and only if P(a) > 0,
where P is the polynomial

P(z) = 182" — 972" + 2844 — 624" + 10562° — 13702°

+14045" — 11082° 4 5982° — 2012 4 722° — 5222 + 240 — 4 .
Remarkably, P factors as
P(z) = (x — 1)°(182° — 72" + 692° — 292° + 612" — 322° — 822 — 4a 4 4) .

Since the quantities 1828 — 727, 692° — 292° and 612* — 3223 — 822 — 4z + 4

are all positive for z > 1,we may conclude that P(a) > 0. O

The results of this section suggest that some essential similarity exists
among the maps {@,}1<a<s that forces the induced composition operators
{Co. b1<axs to satisfy [|Cy,|| > S . Unfortunately, the proofs themselves
shed little light on the nature of this similarity. Moreover, if such a similarity
exists, then it stands to reason that it persists even when a > 5. For the time
being we formally conjecture that ||Cy, || > S7 for all a > 1 and reserve for
the sequel further commentary on just what it is about these maps ¢, that

might make this so.
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2.3 The Kernel Supremum Property
and Compactness

It is evident from Section 2.2 that of the two quantities S, and S, we are
more likely to be able to compute S, because we know how the adjoint
C; acts on reproducing kernels. We are therefore interested in identifying
those analytic self-maps ¢ of the disk that induce composition operators C,

satisfying ||C, || = S}.

Definition 2.14 The composition operator C, on H* is said to have the

kernel supremum property (KSP) if |[C,|| = S}.

Two remarks are in order. First, we will often speak of the map ¢ itself
having the kernel supremum property. By this we shall always mean that
the induced composition operator C, has the KSP in the sense of Definition
2.14 above. Second, since we know how C7, acts on the kernel functions,
we will often dispense with the notation S; and associate the KSP with the

equality

1— |wl?
101 =sup T o
Let us now recap what we know about this kernel supremum property
so far. Certainly, if ¢ fixes the origin, then ||C,|| = 1 = [|Ck¢|| and C,
has the KSP. In the proof of Theorem 1.21 we saw that Cy has the KSP for
all automorphisms . And, finally, the results of Section 2.2 show that the
maps ¢, fail to possess the KSP for 1 < a < 5 (though we conjecture that

this failure persists for all a > 1).
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At this point we wish to add one more type of analytic self-map of the
disk to our list of examples. In his paper [5], C. Cowen proved that, for the
affine map ¢(z) = sz + ¢, |s| + |t| < 1, the norm of C,, is given by

2
||O“’||: 2 2 2 2\2 2"
1 [s]2 = [¢2 4 /(1 = [s]2 + [t[2)2 — 4]¢]

In addition to giving us some idea of how complicated the dependence of
||C,|| upon the symbol ¢ can be, the affine maps provide us with another class
of examples of analytic self-maps that have the KSP. The case |s| + [t| = 1
may be found in [5], Proof of Theorem 3, and the case |s| + |t| < 1 may be
found in [3]. These affine maps with |s| + [t| = 1 also provide us, at least
when s satisfies 0 < s < 1, with more examples where the spectral radius is
an improvement upon the lower bound for ||C,|| given in Corollary 1.23.
With these examples in mind, we now consider the question of which
compact C, have the KSP. The complete classification that follows is due to
P. Bourdon and may also be found in [3]. We begin with a general functional-
analytic observation that has profound implications for the theory of com-

position operators.

Proposition 2.15 Let T be a bounded linear operator on the Hilbert space

H. Then, for all x # 0 in H,

T*
[t < |

1=l
ER
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Proof.
1T 1
= —(T"z, T"x)
Tl Tl 7]
L (T, x)
e TR —— T,x
Tl [17a]
< T el
< ——— x|l - ||z
Tl 17|
T*x
il
i

In the case of composition operators on H?, Proposition 2.15 yields the

following important corollary.
Corollary 2.16 Let ¢ : D — D be analytic. Then S, < S,,.
Proof. Let w € D. Then, by Proposition 2.15,

K, C* K, K o)
gl <l - st
H K| O K] K |

Since w € D was arbitrary, S; < S,. O

Corollary 2.16 shows that if C,, has the KSP, then ||C,|| = S,. However,
the converse is false as we already pointed out for the 2-to-1 inner map
P(z) = ((1/2 — 2)/(1 — 1/22))? in section 2.1. We now state and prove
Bourdon’s theorem characterizing those compact C, that have the kernel

supremum property.

Theorem 2.17 Let ¢ : D — D be analytic with ¢(0) # 0 and C, compact.
Then Cy, has the kernel supremum property if and only if ¢(z) = sz + 1t for

some constants s and t necessarily satisfying |s| + |t| < 1.
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Proof. We have already observed sufficiency in this section. As for necessity,

recall that k,, tends weakly to 0 as |w| — 1 (Theorem 1.6). Thus, since C, is

compact, limsup,,_; [|C3ky|| = 0. The operator C, has norm greater than
1 s0, if C, has the KSP, then we must have ||C,|| = |[C7kq|| for some o € D.
In this case, mimicking the proof of Proposition 2.15, we have
K,
1G]] = 11T il
’ 7Kl
_ ! (CoK e, Ko
(1Kl [T ] 77

< IO Kol - 1l

R

< [IC] -

Therefore in this case equality holds throughout, and in particular
<C¢Ks&(a)aKa> = ||CwKtp(a)|| ) ||Ka|| .

Thus, C,Ky) = ¢ K, for some nonzero constant ¢. That is,

1 1
- pla)plz) ~ 1-az
SO
pla)p(z) = %(az -1)+1.
Since 1 < ||Cy|| = ||O‘P(H2Zﬁ)||’ we see that ¢(a) # 0. Thus ¢ has the

claimed form. O

Theorem 2.17 has some important corollaries. The first is actually a

corollary of the proof.
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Corollary 2.18 Suppose ¢(0) # 0, ¢ is not affine, and C, has the KSP.
Then

Sy, = limsup |[CTky || -

|w|—1

The second corollary says that, for non-affine analytic self-maps ¢ of the
disk that do not fix the origin, the KSP implies that C, is extremely non-

compact.

Corollary 2.19 Suppose ¢(0) # 0, ¢ is not affine, and that C, has the

kernel supremum property. Then ||Cy,|| = ||Cyplle.
Proof. By Corollary 2.18 and Theorem 1.30,

1Cell 2 [IC[le = limsup [|CEky|| = SL = ||Cel - O

|w]—1

It is not difficult to show that, when ¢ is univalent, Shapiro’s formula for

the essential norm (Theorem 1.33) implies that

limsup ||C7ky|| = [|Cyl|e -

|w|—1
Thus, when ¢ is univalent, the equality ||Cy,|| = ||C,||. implies that C, has
the KSP. Moreover, since affine maps ¢ either satisty ||C,|| = ||Cy||e or

induce compact C,, we have the following fact which will figure prominently

in the norm calculation of Chapter 3.

Fact: If ¢ is univalent, ¢(0) # 0, and C,, is non-compact, then C, has the
KSP if and only if ||C,|| = ||C,lle.
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2.4 Inner Functions and the KSP

In Section 2.3 we saw that the only maps ¢, apart from those that fix the
origin, that induce compact C, with the kernel supremum property are the
affine maps. In this section, we look at the opposite end of the compactness
scale. Namely, we consider C, where ¢ is inner. In the main theorem (The-
orem 2.29), we show that the only inner functions, apart from those that
fix the origin, that have the KSP are the automorphisms. The route to this
result is via Blaschke products. Throughout this section ¢(0) # 0 unless
otherwise specified.

Recall that a finite Blaschke product is an H* function B of the form

= 2k |a]|< ).
]1_[1 1—a;z

where the a; are non-zero points of the disk, k is a non-negative integer, and
A is a unimodular constant. An infinite Blaschke product is a function of the
same form except that there are infinitely many factors. Blaschke products
are inner functions and play a role in the factorization theory of H? spaces.

See [11] for a treatment.

Lemma 2.20 Let ¢ be a finite Blaschke product. Then C, has the KSP if

and only if ¢ is an automorphism.

Proof. Suppose that ¢ is a finite Blaschke product with at least two Blaschke
factors satisfying

[ Kol

[Cpll = sup ==
e
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By Corollary 2.18 the only maps with the KSP, where the defining supremum

is actually attained in the disk, are the affine maps; so we actually have

: [ Kol
||C,]| = lim sup ———— .
7 |a]—1~ ||Ka||

Let {a,,} be a sequence exhibiting this supremum. That is, suppose that

2 2
10" = Jim e = i

Set w, = ¢(ay). Since [|Cy]|* > 1, we must have |w,| — 1. The set
¢ ' (w,) has at least two elements for every n (these two elements need
not be distinct, but if ¢(z) — w, has a multiple zero at some point then
that point is listed with multiplicitly). However, we may assume that from
some point on ¢~!(w,) contains some point different from a,,. If not, there
exists a subsequence {a,;} such that N,(w,;) > —2log|ay,,|, where N, is
the Nevanlinna counting function introduced in Section 1.5. In this case, by

Theorem 1.33, we have

N, N, (w,,
1C,|1% > [|Cylle> = lim sup o) | lim Nip(wn,)

Jw|—1— ogﬁ T joeo logﬁ
1
> 2 lim 08 Tan] _ ol ] 2(|Cy|1?
— " jooo log ‘wl | i=oo 1 — |p(am,)|? L
"

Thus we can assume that o' (w,) = {a,, B, ...} with a,, # 3, for all n
larger than some N.

We may now similarly assume that |3,| > |a,| for large enough n. If not,
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there exists a subsequence {a,,; } such that [3,,| < |a,,|. In this case,

1 - |an|2 > 1 - |anj|2
1= [, 2= 1= [w,|?

for all 7.
Thus,
Ny (w . Ny(wy,)
G2 = 002 = i sup Tl > iy ()
|w]—1— Og| ‘ J—00 Ogm
]Ogm ]OgLB:lT'
> lim 7— + lim =
J—ro0 log W j—o0 logm
1
‘ logw
> 2 lim 1 5
J—o0 ng
=2||C|* .

Therefore we may assume that, for each n larger than some N, we have
o Y wy) = {an, B, ...} with |a,| < |B,] . That is, we may assume that
the set of preimages of ¢(a,) contains at least one element /3, nearer to the
boundary than «,,.

Now suppose

fj['—(l_a] ) H%

@ j=1

Then each 1); is a conformal map from D to D. As a consequence of Hopf’s
lemma (see [12], Lemma 14.5.2), for each j = 1,2,..., M there exists a

constant C; > 0 such that

L- [y SC(1—|z)  VzeD.
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Let C = M - max; C;. Now fix zp € D and set |;(2)| = min; [1;(2)|. Then
we have
1—lp(20)| =1 = [¥1(z0)] - -~ [¥as(20)]

<1 = [ (z0)[M
= (1= |9hs(20) D(L + [9hs(20) | + [ (20) " + .. + by (20) [T
< M(1 = [45(20)))
<M -Cy(1—|z2)])
< C(1— |z]) -

Since zy € D was arbitrary we have 1 — |p(z)] < C(1 — |z]) for all z.

Now, for our finite Blaschke product ¢ and the sequence {w,}, we have
I1CA* = N1Cyll*

N
= limsup L’Q(U;)
wl-1- 108

N, (w,,
j—ce log o]
J
log 7 log 7
> lim T m T
j j
1-— 2 1-—
= lim [ + lim Bl
n—oo ] — |wn|2 n—oo ] — |wn|
> |G, + 1/C

This contradiction implies there is no such exhibiting sequence {a,} and

therefore that ¢ does not have the KSP. O
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In order to extend Lemma 2.20 to the infinite product case, we will need

the following easily verified lemma.

Lemma 2.21 Suppose 0 < a, b <1. Then

1—ab 1—a+1—b
l4+ab~1+a 14+0b°

We now extend Lemma 2.20 to the infinite product case. The idea is
that, if some infinite Blaschke product has the KSP, then we can find a finite

subproduct which also possesses the KSP. This contradicts Lemma 2.20.

Lemma 2.22 Let ¢ be an infinite Blaschke product. Then C, fails to have
the KSP.

Proof. Let p(z) = [[;2, 1;(2), where

Suppose that ¢ gives C, with the kernel supremum property. As in the proof
of Lemma 2.20, since ¢ is not affine the defining supremum of the KSP must
not be attained in the disk. In particular, there exists a sequence {w,} with

|w,,| — 1 such that

2 9 HKap(wn)||2
L T N R

On the other hand, since ¢ is inner we know from Theorem 1.24 that

1+ [¢(0)]

Col? = ——2 .



61

Setting p = [ [}, |a;| and py = H;VZI laj| we have

— = lim —————
I+p noe HKtp(wn)”
1 — 2
n—oo 1 — |wn|2

Clearly, since |w,| — 1, we must also have |p(w,)| — 1. Using the fact
that 1 — 2 ~ —logz for x ~ 1 we obtain
1—p log Hjil W (wn)

—— = lim
l+p noee loglw,]

2o log ¢ (wn))|

= lim
n—00 log |wn|
N o0
" log ;i (w,, — naq log Y (wy,
~ lim Zg_1 gl (wn)| 4 lim ZJ_N+1 g v (w,)] (2.23)
n—oo log |wn,| n—reo log |wy|
N o]
log| [TV wswa)|  dog | T157 v W)
= lim + lim
n—00 log |wn| n—00 log |wn|
1—TT1V s (wn)]? 1-TI2 (w,)[?
— lim Hj—l W}J( )| + lim Hj—N-I—l W}J( )| .
n—00 1-— |wn|2 n—00 1-— |wn|2

The last equality in (2.23) again follows from the fact that 1 — =z ~ —logx
for x ~ 1. Estimating the second term in the last line of (2.23), we find that

li L= Junf” <s L ul®
n—oo ] — Hj:N—i—l i (wy)|? ~ wep 1= Hj:N—H |1 (w) |2

Ky , 2
= sup L ] <[|Cy

2 2.24
sup Kl | (2.24)

o0
j=N+1 ;i
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But, since H?’;NH t; is inner, we have

1- | H]()'.;N+1 %(0”
_ L+ JT5 v lagl
1- H(;.;N+1 |aj|

_ 1+ p/pN
1—]3/]31\/

1CT

oo
J=N+1 Yj

(2.25)

Combining calculations (2.23), (2.24), and (2.25) above we arrive at the

inequality

1— | T, 9 (wy))? — _
lim |H]_1¢J( )| <1 4 1 p/pN

— . 2.26

Applying Lemma 2.21 to the right hand side of (2.26) (with a = py and

b= p/pyn). we finally obtain

N
. 1—] Hj:l Pi(w)? 1 - PN
lim < )
L e TWE T+ ox

(2.27)

From (2.27) we conclude that

. 1 — |wy|? 1+ py
lim = 5 2 1
nee ] — |Hj:1 Pj(wn)] — PN

where 1) is the finite Blaschke product 9(z) = H;V:1 1;(z). This contradicts
Lemma 2.20, hence the infinite Blaschke product ¢ cannot have the kernel

supremum property. O
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Certainly not all inner functions are Blaschke products, so in order to
finish we need a bridge from Lemma 2.22 to the case of the general inner
function. This last key ingredient in our proof of the main theorem is the

following result due to Frostman. See [11], Th. 6.8, for a proof.

Theorem 2.28 (Frostman) Let f be an inner function and let a; be the
standard automorphism of the disk mapping ¢ to zero. Then aco f is a

Blaschke product for all ¢ € D outside of a set of logarithmic capacity zero.

We are now ready to prove the main theorem.

Theorem 2.29 Suppose f : D — D is inner and not univalent. Then Cy

does not possess the kernel supremum property.

Proof. Recall our useful automorphism identity 1.8 from Section 1.3:

oz Q=B o) ()

1—
|1 —az|?

1—az

Seeking a contradiction, suppose that Cf has the KSP. Then, as before,

since f is not affine we must have

1+[f(0)]

1 — 2
LEOL_ o2 = tim 21wl
n

1—1f(0)] —oo 1 —|f(wn)?

for some sequence {w,} with |w,| — 1.
Let a; be the automorphism «¢(z) = (¢ — 2)(1 — (z) . Then oo f is

again inner, so

1+ |ac(f(0))]

[Coacesl* = 7= lac(f(0)]
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The idea now is to show that, for a certain set of (’s in the disk, the
operator Cy.of will have the KSP. Then to finish, we show that for at least
one of these (’s the map a0 f is actually a Blaschke product, in contradiction
to Lemma 2.22. Towards this goal, we want to investigate how the normalized
kernels {k,, } (same sequence {w,} from above) behave under the action of

CZCO - That is, we want to investigate

By identity (1), we have that

L—fwn [ L =CFl)P] [ 1—|wap
= |0 ]'[Jinéolwf(wnw

LGl 141£(0)
T2 1= 170)

=GP [l
G T OF

|| (2.30)

Here we have assumed that f(w,) — n € JD (extracting a subsequence if
necessary).

Now let us examine ||Cq o[*:

L/ 0)
(el = a0
_ [+ eI
a0 3
[t o FO)IF L - FO)F
0= G0~ O
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We have applied (1) in the last equality. Comparing (2.30) and (2.31) above
we see that CaCof will have the KSP if

[1+ Jac(FODI* 1= CAO)F < L+ FOI = Cnl* . (2.32)

Recalling the definition of o, inequality (2.32) becomes

C=FON 1y A2 NP
[(1+|1—€f(0)|) 1= CFOINF < [T+ 1FO)]) - 1 = ¢l -

So C’acof will have the KSP if
11— CAO)]+[¢ = fFO)] < (X +[£0)]) - [1—Cnl - (2.33)

The claim is that the set of (s for which (2.33) holds has positive capacity.

To see this, assume for the moment that arg f(0) # argn. Then
CE?(IU)(U = CFO+¢ = fO)) = L+ £ = [f(0)])

and

i (4O 1= il = 1+ [ O)D) — T
Our assumption that arg f(0) # argn guarantees that 1—|£(0)| < |1—£(0)n].
Thus there exists an € > 0 such that (2.33) holds (strictly) for | — f(0)| < e.
Note in this case that the set of such ( has positive capacity as claimed.
In case arg f(0) = argn = 0y, let ¢ = re®® where r € (=1, |f(0)]). Then
the left hand side of (2.33) is 1 — 7| f(0)| + |f(0)] — r and the right hand
side is also 1 — r|f(0)] + |f(0)] — r. Thus we have equality in (2.33) for all ¢

on the open line segment from —7 to f(0). Since sets of zero capacity have
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zero linear measure, this segment of ¢ values has positive capacity again as
claimed.

We have shown that C, oy will have the KSP if (2.33) holds. We have also
shown that the set of values of ¢ for which (2.33) holds has positive capacity.
Frostman’s Theorem (Theorem 2.28) guarantees that o, o f is actually a
Blaschke product for all ( outside a set of capacity zero. In particular, oo f
is Blaschke for some value of ¢ for which (2.33) holds. By Lemma 2.22, the
only Blaschke products with the KSP are the automorphisms, so for some ¢
the map aco f is an automorphism. This contradicts the fact that f is not an

automorphism. Therefore C'y cannot have the kernel supremum property. O
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2.5 An Example

Theorem 2.29 tells us that that the only inner functions ¢ that give rise to C,
having the KSP are the automorphisms of the disk. The mysterious step in
the proof is the use of Frostman’s theorem to extend the result from Blaschke
products to general inner functions. To conclude this section we look at a
concrete example designed to shed more light on this step.

We consider a typical non-Blaschke inner function. Let u be the singular

inner function

u(z):exp{ii}

generated by the point mass at 1. By Theorem 2.29, C, lacks the KSP.
Indeed, for fixed r € [0,1),

1 — |rei|2
(Si)? = sup e '0|
0<6<27 1 — |exp {:594:}} 2
1—7?
= Sup

2(r2—1) ’
0sf<2m 1 — exp {m}

which occurs when 6 minimizes the denominator, i.e. when ¢ = w. Thus

||Ku(w)H2 o 1—?

S - -

weD ||KwH2 B 0<r<11 — 62(:—;11)

A calculation shows that the supremum on the right occurs as r—1. Another

calculation yields

_ 2(r=1)
r—1 1—¢e 1
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So

Koy |I? 11 0
o sl _e+1 _ 1+ Ju(0)

wep || Kuwlf? e—1 1— |u(0)

= [|Cull®

and C), is seen not to possess the KSP.

We would like to understand why C, lacks the KSP in terms of the
geometry of the image u(D). To this end, let us examine the map u more
closely. Considering u = g5 0 1 where ¢1(z) = (14 2)/(1 — z) and o (w) =
e~ ", we can trace out the action of u on the unit disk.

Initially, ¢; maps D conformally onto the right half-plane, with OD\{1}
going onto the imaginary axis. The imaginary axis is then wrapped around
0D infinitely many times by ¢». Specifically,

P L (k=0,+1,42,...)
2kt + 1

and u maps onto every point of D\{0} infinitely often in every neighborhood
of 1.

Perhaps this is most easily seen by looking at the preimage of |z| = e~
for @ > 0. This turns out to be the oricycle centered at /(1 + «) of radius
1/(1+ ) (first go back to Re w = «, then to the oricycle). Take the point
e~ @ for example. Its preimages are

{a+2ﬂ'ki—1

—_— E=0,£1,£2,...).
a—27rl<;i—|—1} (k=0%1,%2,...)

These points lie on that oricycle as shown in Figure 2.5.
Each arc between any two consecutive such preimages is one trip around

|z| = e~*. As the preimages cluster at 1, it is clear that each ( € D\{0} has

infinitely many preimages in every neighborhood of 1.
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«

Figure 2.5: The preimages of e™*.

So we can understand the lack of the KSP for the function w in the

following way. We saw above that

HKu(w)H2
S*)? = sup
o= 2 R
where the supremum occurs as w — —1 and that if {w,} is a sequence
exhibiting this supremum, then the set u [u(w,)] is infinite for each n. In
particular, each of these infinitely many preimages contributes a positive

amount in the limit of Shapiro’s formula for the essential norm (Theorem

1.33). To wit, u(—r) has as its preimages the infinite family

—2r + 27ki(1 4+ r) (h=0.4+149 )
2 — 2mki(1 +7) T T

We calculate for each k

1 _ —2r427ki(14r) 2
. 2—2nki(147) 2
lim

1 L |u(=r)2 1 +4n%k2

(2.34)
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Thus

N,
|Cy||? = lim sup 7(10)
€ —1

w1 og |w|

Nu(u(=r))
= = Togfu(=7)]

) log ‘ 2—2rki(1+7)

. k=—00 —2r+2mki(l147)
= lim

r=1 — log |u(—r)]

2—2mi(1+4r)

. —log|—r| log | =3 iamiin
> lim —m m

r=1 —loglu(=r)| ~ r=1 —loglu(—r)|

2
*\2
()" + 144727

where in the final equality we have again used the fact that 1 —x ~ —logx
for x &~ 1 and also the case k =1 of equation (2.34).

So we see it is precisely the extreme multivalence of the singular inner
function u that forces the strict inequality ||C,||> > (S?)?, thereby preventing
C, from having the KSP. In fact, the foregoing example might lead one to
conjecture that there are no multivalent analytic self-maps ¢ of the disk with
©(0) # 0 that endow C, with the kernel supremum property. We know of

no counterexample to this conjecture and its truth seems at least plausible.



Chapter 3

3.1 Computing Norms

Our motivation for studying the kernel supremum property (KSP) stems in
large part from our desire to compute the norm of C, for general ¢. Of
course, this is not the only avenue of investigation that may result in a norm
computation. Consideration of the spectral radius can often yield information
regarding the norm of C, as well. Our first observation along these lines is

that the spectral radius cannot be closer to ||C,|| than S?.
Proposition 3.1 Let ¢ : D — D be analytic. Then

r(Cy) < S,
where r(C,) denotes spectral radius.

Proof. Let a be the Denjoy-Wolff point for ¢. Suppose first that |a| < 1.
Then, by Theorem 1.25, r(C,,) = 1. So in this case

1

V1= le(0)

= ||Cgkol| < 57 -

71
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Now if |a| = 1 then, again by Theorem 1.25, we have r(C,) = ¢'(a)"/2.

The Julia-Carathéodory Theorem then implies that

12 ¢'(a) = d(a)

T el LA GO
z—a 1— |z|
1— 2

z—a 1— |z |2
Therefore

1- |2
/ -1 :
¢'(a) =limsup ————
e 1= [p(2)]?

= limsup ||C3k ||?

Z—a

<(S)*
Thus r(Cy) < S7 in this case too. O

As a consequence of Proposition 3.1 we see that equality of norm and
spectral radius implies that the operator C, has the kernel supremum prop-
erty. Normal operators (1" : H — H such that || Th|| = ||T*h|| for all h € H)
enjoy equality of norm and spectral radius, as do many operators exhibiting

some weaker form of normality. We first discuss hyponormality.

Definition 3.2 Let H be a Hilbert space. A bounded operator T : H — H
is said to be hyponormal if ||Th|| > ||T*h|| for all h in H.

In his thesis [17], H. Sadraoui has proved an interesting necessary condi-
tion for C7, to be hyponormal when ¢ is of a particular linear fractional type.

Before we can state this result we need the following lemma, also from [17].
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Lemma 3.3 If ¢ is a linear fractional self-map of the disk with ¢(1) = 1
and if ¢'(1) = s < 1, then

14+r+s)z+1—r—s
(1+r—s)z+1+s—r

p(z) =
for some 1 with Re(r) < 0.

We may now state Sadraoui’s result as follows.

Theorem 3.4 Let ¢ be a linear fractional self-map of the disk parametrized
as in Lemma 3.3. Then C7, hyponormal implies v is inside the disk A(s —

1,1 —s) of center s — 1 and radius 1 — s.

Sadraoui’s proof of this theorem has a similar flavor to our calculation of
S5, in Section 2.2. It is based on estimates involving the action of C'; on the
normalized kernels and a spectral radius calculation of Cowen in [5].

Our work in Section 2.2 shows that the necessary condition of Theorem

3.4 is not sufficient in general.

Proposition 3.5 Let p,(2) = (a — 1)(a — 2)™! where 4 < a < 5. Then ¢,

satisfies the necessary condition of Theorem 3.4 and C;, is not hyponormal.

Proof. Certainly ¢(1) =1 and s = ¢'(1) = (a—1) ! < 1 for the given values

of a. Thus ¢, has a parameterization as in Lemma 3.3. Explicitly,

a—1 (Q+r+s)z+1l—-r—s
a—z (I+r—sz+l+s—r
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for r = —a(a — 1)~*. Moreover, we have
Y PR R
a
a—1 a-1
- a 2—a <a—2
a—1 a-1 a—1

Slr—(s—-1)]<1l-s.

So the condition that r lie in the disk A(s — 1,1 — s) is satisfied.
But we have seen (Corollary 2.11) that for 1 <a <5, S} < |[C,,||. By
Proposition 3.1 this implies that 7(Cy,) < [|C,,||. Since C,, and C  have

the same norm and spectral radius, we see that C7, is not hyponormal. O

The foregoing discussion gives us some idea of the type of scattered results
we may expect concerning hyponormality and composition operators. In
general, very little is known on this topic. However, if we grant ourselves a

bit more information and consider subnormality, more can be said.

Definition 3.6 An operator T : H — H is said to be subnormal if there
exists a Hilbert space K and a normal operator N : I — IC such that H C K

as a closed subspace , H s invariant for N, and T is the restriction of N to

H.

The operator Uy, is known to be subnormal in only a few instances. These
are: when ¢(z) = cz (these are precisely the normal C,), when ¢ is inner and
fixes the origin (these are precisely the isometric C,), and when ¢ is linear
fractional and C, is unitarily equivalent to 1 & C with C7, subnormal. The
best theorem on subnormality of C7, is the following result due to C. Cowen

and T. Kriete from their article [6].



75

Theorem 3.7 For0<s<1and0<r <1, if

 (r+s)z+(1—3)
plz) = r(l—s)z+ (1+sr)’

then C:; s subnormal.

A nice discussion of the rather difficult proof may be found in [7], p.314-
17. Under some additional smoothness hypotheses on ¢, the converse to
Theorem 3.7 is true as well [6]. The authors there suggest that the smooth-
ness assumption serves only to facilitate the proof of the converse and that
probably it is true without any additional requirements on ¢.

Because subnormal operators enjoy equality of norm and spectral radius,
all of the linear fractional maps as defined in Theorem 3.7 above induce C,

with the kernel supremum property. In particular, we compute ¢(1) = 1 and

¢'(1) = s, so

10| = (Cy) = \i[

by Theorem 1.25. Thus we can add these linear fractional maps to the list
of self-maps ¢ for which ||C,|| is known.

In light of the foregoing discussion it is reasonable to wonder if there exists
linear fractional ¢ such that C, has the KSP and C is not subnormal. In
the next section we show that in fact there are a plethora of such maps and
provide a much more elementary way to see that the maps of Theorem 3.7
(and others) have the kernel supremum property. In particular, we compute

||C,|| for a wide class of linear fractional self-maps ¢ of the disk.
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3.2 A Sufficient Condition

In section 2.2 we introduced the maps ¢, (z) = (a—1)(a—z)~* for a > 1 and
calculated both Sy, and 57, in Theorem 2.4. For 1 < a <5 we found that
St < Sg, s0 that O, failed to possess the kernel supremum property for
these values of a. Apart from being the value of a beyond which S, =.5,,,
there is nothing special about a = 5. In fact, we have seen that S7_ < ||C,,||
despite the equality of S and S,,. We reiterate that this makes our proof
that the operator Cy, lacks the KSP for 1 < a < 5 (Corollary 2.11) a little
disappointing. We would rather isolate some essential feature of the map ¢,
that keeps C,, from having the KSP. Since all the ¢, share many of the same
essential features, this would in turn confirm our conjecture that C,, fails to
have the kernel supremum property for all a > 1.

In this section we aim to develop some intuition about why the map ¢,
does not have the KSP. Once we can guess what the problem is with ¢,,
we modify the map accordingly and obtain a new map that does have the
KSP. Finally, this leads to a set of sufficient conditions for a linear fractional
self-map of the disk to have the kernel supremum property.

Recall that Section 2.3 concluded with the following fact:

Fact: If ¢ is univalent, ¢(0) # 0, and C,, is non-compact, then C,, has the
KSP if and only if ||C,|| = ||C,]le.

Loosely speaking, this says that for univalent ¢ with C, non-compact, C,
has the KSP if and only if C, is “as non-compact as possible.” The work

of Section 1.5 tells us that the compactness of C, is intimately tied to the



7

way in which ¢ approaches the boundary of the disk, both how fast and how
often. Combining the fact above with this intuitive notion of compactness,
we are now equipped to get some feeling for why C,, does not have the KSP
for 1 < a <5 (and why it should not have the KSP for any a > 1).

Since ¢, is univalent and ¢, (D) is a disk internally tangent to 0D, the
non-compactness of Cy, is not a matter of how often ¢, approaches dD. So
our intuition from the previous paragraph tells us that the key to the non-
compactness of C,, is the rate at which ¢, approaches the boundary. To
undertsand this situation better, let us examine the map ¢, more closely.

We have seen that ¢, maps D onto the internally tangent open disk
centered at a/(a + 1). Let T', be the circle of radius 7 < 1 centered at the
origin. Then ¢, maps I, onto the circle of radius r(a — 1) /(a* — r?) centered
at a(a—1)/(a®—7?). Figure 3.1 represents the unit disk D with several circles
[, on the left and the image disk in D, along with the corresponding images

©a(T), on the right.

Figure 3.1: The map ¢, .

From the figure it certainly appears that ¢, approaches (a — 1)/(a + 1)
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faster than it approaches 1 on the boundary. Indeed,

1—7r
1 —pu(r) =

a—7T

while

In particular,

r=1 . (—1) — Z—: a—1
Thus ¢, approaches 1 measurably slower than it approaches %

Let us recap. We have seen that C, is non-compact for every a > 1. We
have also seen that C,, does not have the KSP for 1 < a < 5. Moreover,
©, 1s univalent and does not fix the origin. Referring again to our fact that
we recalled from Section 2.3, we see that, for these values of a, the operator
Cy, is therefore not “as non-compact as possible.” In the case of the map
. this is equivalent to the statement that “y, does not approach JD as
fast as possible.” Finally, our finer analysis of the map ¢, yields one possible
interpretation of this last assertion. Namely, that ¢, approaches some other
point on the boundary of the image disk faster than it apoproaches the
tangent point at 1

At this point everything in this section is merely speculation. But if
the above interpretation is precisely that feature of ¢, that keeps C,, from

having the KSP, then modifying ¢, to eliminate that feature ought to result
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in a new map that does have the KSP. With this in mind, how might we
“fix” the map .7

Let us write ¢, = 1, o 7, where 7 is the automorphism

_ z—1/a
7-(Z)_l—l/a-z

and v, is the affine map

-2t

From Figure 3.1 we see that if we rotate the image disk ¢,(D) through
7 radians about its center at a/(a + 1), then this new image disk would
approach the boundary as rapidly as possible. In terms of the maps 7 and
14, one way to accomplish this is to apply 7 first as before, but then before
applying v, first rotate the image of 7 by m radians, i.e. multiply by -1.

Therefore, let a be the automorphism —7:

Now define ¢ : D — D by ¢ =, o a. Explicitly,

a+a(z) a*+1-2az

¢(2) = =

a+1 (a+1)(a—2z) "

Proposition 3.8 Cy has the kernel supremum property and

a+1

Cll = .
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Proof. Since ¢ = 1), o a we have Cp = Cy 0 = CoCy, . Thus
1Csl] < [|Call - [|Cy, ||

_ <1+ a(0)]

1/2
1—|a<0>|) verd

In the second line above we have used the formula for the norm of C, from
Theorem 1.21 and Cowen'’s formula for the norm of C,, respectively.

By modifying the map ¢, we have arranged for ||Cy|| to also be greater
than or equal to (a + 1)/v/a — 1. We calculate that

G517 = [|CII* = sup ||Cku ||
weD

1 —Jwf?
=sup ———————= 3.9
T TR (w) (39)
1—172
> lim 5
r—-—1 1 — ( a?+1—2ar )
(a+1)(a—r)
. 1—7r 1+7r
- llnq 24142 . 24142
T— a ar a ar
1- ((a+1)(a+r)) L+ ((a+1)(a+r))

The second bracketed term in the last line above clearly goes to 1 as » — 1.

Moreover, we easily compute the limit of the first expression:

lim L—r g et Datr)  (a+1)°

r—11 [ a2+1+42ar r—1 1—7r)(a—1 N a—1
1 ((a+1)(a+r)> ( )( )




81

Thus we have ||Cj|| greater than or equal to (a + 1)/v/a—1 as well. In
particular, equality holds throughout (3.1) above, Cj; has the KSP, and

|Csll = (a+1)/v/a—1 as claimed. O

The map ¢ of Proposition 3.8 gave Cj the KSP thanks to the compli-
mentary properties of the maps 1, and a. The next proposition shows that
for any automorphism « there is a whole family of affine maps that follow «

to produce linear fractional maps all having the kernel supremum property.

Proposition 3.10 Let a be a disk automorphism, not a rotation, and let

0 < |s| < 1. Then the map @5 given by

.(2) = sa(z) + (1= s

gives C,, the kernel supremum property.

Proof. 1If |s| = 1, then C,, is itself an automorphism and therefore has the
KSP. Thus we may assume that |s| < 1. Since « is in Aut(D) and is not a
rotation we know it must have the form

b— =z
=\ —
a(2) 1—bz

where [A| =1 and b # 0. Therefore ¢, = 1), o & where

Abs

Ys(z) = sz + (1 — |s|)@ )

Figure 3.2 shows the action of a on concentric circles I',.
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Ab/bl

e

Figure 3.2: The automorphism «.

So following a by ¢, amounts to dilating the image «(D) by s and then
translating to the boundary in the direction of fastest increase. As in Propo-
sition 3.8, our intuition that the resulting map ¢, ought to have the KSP

bears fruit; we calculate exactly as before that
1€, I = T [|CF Ko |* = [IC, [Pl|Cal [ = 11 C 17 -
So again equality holds throughout and C,, has the KSP. O

Proposition 3.10 is really just a restatement of Proposition 3.8. The only
difference is the change in perspective as we regard the automorphism to be
fixed and having a multitude of appropriate affine maps to follow it while
preserving the kernel supremum property. This viewpoint has the practical
advantage of providing an easy check for any linear fractional map v o o if
1) = 1, for some s, then the linear fractional map has the KSP. We should
also point out that we have not lost anything in the assumption that « is
not a rotation. If it were, then ¢, = 1, o @ itself would be affine and we have
seen already that in that case it would have the KSP.

We can now give sufficient conditions under which the general linear frac-

tional self-map ¢ will have the kernel supremum property. For any such map
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there are three possibilities. Either ||¢||« < 1, ¢ is an automorphism, or
¢(D) is a disk internally tangent to the boundary 0D at a single point. If ¢
satisfies one of the first two possibilities then we have already characterized
the exact conditions under which C, has the KSP. Thus we need only con-
sider linear fractional self-maps whose image is an internally tangent disk.
For simplicity we state and prove the result with the assumption that the
tangent point is at 1. The result in general follows with obvious modifica-

tions.

Theorem 3.11 Suppose that ¢ is a linear fractional self-map of the unit
disk D such that ¢(D) is the disk A(1 — r,r) of radius r < 1 and internally
tangent to OD at the point 1. Assume that ¢'(0)¢~'(1 —r) < 0. Then C,
has the kernel supremum property. In particular,
N
Vo \1—= o7t (1 =7
Proof. Let ¢(2) =12+ (1 —7). Thena =9 top=r"(p—(1—7r))is an

automorphism determined solely by ¢ and r. To wit, o/ = r ¢, so o and
¢' have the same argument at 0. Moreover, a~'(0) = ¢=(1 — r). Thus the
automorphism « is given by

0 pr1-r)—2

N P ey R

Now, with the notation of Proposition 3.10, we need only check that
1) = 1) for this @ and some s. We claim that s = r does the trick. Indeed,

by definition we have

b= vt 0= (-2



84

By assumption, ¢'(0)p~1(1 —7) < 0, s0 9, = 9 as claimed.
Finally, it is a corollary of the proofs of Propositions 3.8 and 3.10 that

1 1+|90‘1(1—T)|>1/2
Coll = 1Ca|] - 1Cy] = == - . O
Co|l = [ICal] - ||Cyl] NG <1_|¢_1(1_r)|

Some remarks are in order. First, the derivative condition on ¢ that
©'(0)p (1 —7) < 0 is a bit cryptic. Had we assumed that the image ¢(D)
was tangent at some other point on JD, then the sufficient condition would
have been that the arguments of ¢'(0) and the preimage under ¢ of the center
of (D) differ by 7 radians. In the current case of linear fractional ¢ this is
precisely the function-analytic manifestation of our intuition that ¢ should
approach 0D “as rapidly as possible.”

Secondly, Theorem 3.11 gives only a sufficient condition on ¢ to ensure
that C, has the kernel supremum property. Our intuition tells us that this
condition is probably necessary as well, but this has not been confirmed. If
it is in fact necessary, then this criterion provides a much more natural way
to see that the maps ¢, of Section 2.2 fail to have the KSP for all a > 1.

Lastly, in Section 3.1 we promised a more elementary way to see that the
linear fractional maps of Theorem 3.7 all induce C, with the KSP and have
norm equal to s~'/2. It is tedious but not difficult to verify that the maps of
Theorem 3.7 satisfy the hypotheses of Theorem 3.11 above and that indeed
for each of these maps we obtain ||C,|| = s71/2 as before.

Moreover, Theorem 3.11 provides the norm for a host of composition
operators without subnormal adjoint. We need only arrange for ¢ 1(1) # 1.
Then the Denjoy-Wolff point is in the disk and 7(C,) = 1. So as long
as ¢ does not fix the origin, [|C,|| exceeds r(C,) and therefore C7 is not

subnormal.
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3.3 Future Possibilities

Recall that for a general bounded linear operator 7" on a Banach space X, the
adjoint of 7" is the linear operator 7% : X* — X* defined by (I ®)x = ®(T'x)
for ® € X* and x € X. It is not difficult to show that 7™ is bounded; indeed,
T[] = [IT1].

Though we have restricted ourselves to the Hilbert space H?(D), most
of the background material of Chapter 1 on boundedness and compactness
of composition operators was valid for 1 < p < co. In particular, Theorem
1.5 asserts that point evaluation is a bounded linear functional on H? for

1 < p < 00. Moreover, if ®,, denotes evaluation at w € D, then

1 1/p
P =(—7F .

It is evident that if C7 is the adjoint of C, as an operator on H?, then
we maintain the identity C7(®,) = ®,@). Thus we may define the kernel

supremum property in the context of H?(D) as follows.

Definition 3.12 Let ¢ : D — D be analytic and 1 < p < co. The operator
C, on H?(D) is said to have the kernel supremum property (KSP) if

P
ellar =12 2\

As in the H? case, we may speak of the map ¢ itself having the KSP.
Also, since we know the norm of point evaluation on H”, we see that C,, has
the KSP on H? if and only if

1— |w|2 1/p
Cyllge = sup <7> )
1Cellar =20 \ T o)
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This formulation differs from our original H? formulation only in the
power of the right-hand member. Thus, if ||C, |, = ||Cyl|%2, then C, has
the KSP on H? if and only if it has the KSP on H?. The following result,

which is due to H. Jarchow, shows that this is always the case.
Theorem 3.13 Let ¢ : D — D be analytic. Then for, p > 1,
1Co e = 1| Cl 72 -

Proof. Let f € H? with inner-outer factorization f = u - F', where the outer
factor F' satisfies F'(z) # 0 on D, ||F||, = ||f]|p, and |f(2)| < |F(z)| on D.
See [8] for a proof that such a factorization exists.

Since F' is non-zero in the disk, there exists (see, e.g., [9]) ¢ analytic in

the disk such that for all z € D

) = F(z) .

p-g(z)

Now define G on the disk by G(z) = ez . Clearly G is analytic in D.

Moreover,

7 ety o d
G 2 _ pg(2 ) 2 At
el = [ e
2m
_ / (eRe[g<e“)})pg_t
0 ™

27
= / |e9(<") |pﬁ
0 2m

= [|F[5

= [I£11} -
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In particular, if f is a norm-one HP function, then G is a norm-one H?

function.

Now, for our analytic self-map ¢, we have

|Cofllp = [1f ol

= [ Ittty

< [Pty

2m
_ / estetet)pp 9L
0 2m

27
_ / (efelaltete )y 9
0 2m

2
_ / (efelBaliote)z 4
0 2m

2m
_ / ehatete 29
0 2m

2T . dt
— it\\|2 7
- [ 1eteErg
=[|Goollz

= IC.Gll5 -

So for every f € H? with ||f]|, = 1 there is G € H? with ||G||> = 1 such that

ICLfIE < |CLG3 -
Therefore

1CI i < 1CII5- -
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For the reverse inequality, we start with f € H? of norm one, again

factorized in the same way as f = w - F'. If we define

where again g = log F', then proceeding exactly analogously to the calcula-

tions above, we find that [|H||, = 1 and ||C,f|[3 < |[|C,H|[5. Thus
1C Iz < ICI1s
and the proof is complete. O

Theorem 3.13 partially validates our working solely on the Hilbert space
H?. We do not pretend, however, that the structure provided by Hilbert
space had nothing to do with this decision. Of course, there are myriad
Hilbert function spaces on the disk on which we might choose to work. We
turn now to a brief discussion of weighted Hardy spaces, which are particu-

larly well suited for the study of composition operators.

Definition 3.14 A weighted Hardy space is a Hilbert space H of analytic
functions on the unit disk in which the monomials 1, z, 2%, . .. form a complete

orthogonal set.

The Hardy space H? is just one example of a weighted Hardy space. The
Bergman space of functions holomorphic on the disk and square integrable
with respect to area measure is also a weighted Hardy space, as is the Dirich-
let space of functions holomorphic on the disk whose derivatives are in the

Bergman space.



If we denote ||27|| by 8(3), then by definition the norm of f(z) = Y77 a;2/

in a weighted Hardy space is given by
o

1117 =D laPBG)* -
j=0

We will denote the weighted Hardy space with weight sequence {8(j)} by
H2(5).

In order to formulate the kernel supremum property on H?(3) we at least
need point evaluation to be bounded. That this is in fact the case is most

easily seen via the generating function for H?(3).

Definition 3.15 The generating function for the weighted Hardy space H?([3)

18

k(z) = — .
) ; pl)?
The function £ is analytic in the disk (see [7], Lemma 2.9) and generates the

point evaluation linear functionals. The following result is Theorem 2.10 of

[7].

Theorem 3.16 Let H*(3) be a weighted Hardy space. For each point w
in the unit disk, evaluation at w is a bounded linear functional on H?(3).
Specifically, for all f in H*(S) we have f(w) = (f, K,,) where K,,(z) = k(wz)
and [| Ky|* = k(Jw]?).

As a consequence of Theorem 3.16 we see that weighted Hardy space is

potentially a good setting for the study of the kernel supremum property
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and the norms of composition operators. One difficulty, however, is that a
composition operator need not even be bounded on H?(3) for certain weight
sequences. Even on the Dirichlet space, which is, up to an equivalent norm,
H?(B) with 8(j) = (j + 1)/?, the operator C, may not be bounded for
some ¢ with ¢(0) = 0. Certain assumptions on the weight sequence {3(j)}
may prohibit such obstacles, at least when ¢(0) = 0, but the precise condi-
tions under which C, is bounded on H?(3) for all analytic self-maps ¢ are
unknown.

Despite the potential pitfalls, it may still be interesting to study the kernel
supremum property on H?(f3) for particular weight sequences or particular
self-maps ¢ that provide the requisite boundedness. In such cases, it appears
results such as Theorem 2.17 should have some analog, particularly if the
generating function k has some nice closed form as in the case of H2.

There is also a theory of composition operators on spaces of analytic
functions of several variables. Not surprisingly, the situation here is substan-
tially more complicated. Among other things, there are analytic self-maps
of the ball By in CV, N > 1, such that C,, is unbounded on H?(By) (see
[7],Section 3.5 for the relevant definitions and examples). Nevertheless, point
evaluation is bounded on H?(By) for p > 1, so the vestiges of the KSP still
exist. It seems likely that some of our single variable results are special cases
of broader principles that apply in several dimensions.

It appears that there may be many fruitful settings in which to study
composition operators in general and the kernel supremum property in par-
ticular. In this section we have touched on just a few of the possible directions

to explore. But even within the friendly confines of the Hardy space H?(DD)
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the story is far from over.

We have seen that the ostensibly operator-theoretic kernel supremum
property of U, is intimately tied to function-analytic properties of the symbol
. Like most earnest inquiries, though, our study has wrought as many
questions as answers. Is there non-univalent ¢ with ¢(0) # 0 such that C,
has the KSP? Does C,, lack the KSP for all a > 17 More generally, is the
converse to Theorem 3.11 true? Whatever the answers, the solutions are sure

to lie at the crossroads where function theory meets functional analysis.
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