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Abstract. Motivated by a question raised by C. C. Cowen and B. D. Mac-
Cluer, we investigate when the norm of a composition operator Cy on the
classical Hardy space H? of the unit disk is determined by the action of Cy
or its adjoint C’;; on the set S of normalized reproducing kernels of H2. Our
results suggest that the action of Cj on S rarely determines [|Cy||. We show,
for example, that when Cy is compact then the action of C’;‘; on S determines
the norm of Cy if and only if $(0) = 0 or ¢ has the form z — sz 4t for some
constants s and ¢ satisfying |s| + |t| < 1. We also show that when ¢ is inner
and ¢(0) # 0, then the action of Cj on S determines ||Cy|| if and only if ¢
is an automorphism of the unit disk.
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1. INTRODUCTION

This paper contains results addressing the following question, which was
raised by Cowen and MacCluer in [5].

Question. When is the norm of a composition operator Cy on the classical
Hardy space H? determined by the action of Cy or its adjoint C’; on the set

of normalized reproducing kernels for H??

Recall that H? consists of those holomorphic functions on the open unit disk
U whose Taylor coefficients, in the expansion about the origin, are square
summable; H? is a Hilbert space with inner product given by

<Z anz", Z bp2") = Z anbp.
n=0 n=0 n=0

For a € U, let K,(z) = (1 —az)!; and observe that K, is the reproducing
kernel for H? at oz (f, K,) = f(a) for each f € H?. We let

K
ko = —
“ Kl

represent the normalized reproducing kernel at a € U.

For any holomorphic function ¢ : U — U, the composition operator Cy :
H? — H? is defined by Cof = fo¢. That Cy is a bounded linear operator
on H? is a consequence of Littlewood’s Subordination Principle [6].

Cowen and MacCluer’s question may be restated as follows.

Suppose that ¢ is an analytic self-map of U. When is the operator
norm of Cy equal to

Sy = sup{[|Cpkoll : €U} or Sj:= sup{HC;kaH ca €U},
where || - || denotes the norm of H??

The operator norm [|Cy|| is not always given by Sy or S%; in fact, if ¢(z) =
2/(3 — z), then
Il >S4 > S,

([1, Theorem 4.4]). On the other hand, when ¢ is an inner function, Sy =
|Csl| (see, e.g. [1, Theorem 4.2] for an elementary proof), or when ¢(z) =
sz + t for constants s and ¢ satisfying |s| + [t| < 1, then S} = ||Cy|| (see [2,
Proof of Theorem 3] for the case |s| + [t| = 1; for |s| + |t| < 1, see the proof
of Theorem 3.2 below).

For the remainder of this paper, ¢ will always denote an analytic function
mapping U into itself and Cy will be the composition operator that ¢ induces
on H?2. In this paper, we show the following.

e For every ¢, S;'; < 8.



o If Uy is compact, then S} = [|Cy|| if and only if either ¢(0) =0 or ¢
has the form ¢(z) = sz + ¢, where |s| + |t| < 1.

e If $(0) # 0 and ¢ does not have the affine form specified in the preced-
ing item, then S} = ||Cy|| implies [|Cylle = [|C||, where || - [[c denotes
essential norm.

o If ¢ is a non-univalent inner function that does not fix the origin, then
1Csll > S5

2. BACKGROUND

In the sequel, we will frequently use the easily proven fact
Cola = Ko(a)-
Observe that this fact yields

[ K (o) }
S*:sup{i:an
¢ [ Kall

so that S7 = sup{\/(1 — [a?)/(1 — [¢(a)]?) : @ € U}.

We remark that the quantities Sy and S;'; may be expressed in terms of

Berezin transforms. The Berezin transform of an operator T' on H 2 is the
bounded function 7" on U defined by 7'(w) = (I'kw, ky). Thus Sy and S7

are, respectively, the square roots of H%Hm and Hmﬂw, where | - ||oc
denotes the supremum norm on U.

For any holomorphic ¢ : U — U,

1 2 1+1[4(0)|
- < < L IPART
2 e =10 = 50)
(see, e.g., [4, Corollary 3.7]). Moreover, the bounds of (2.1) are sharp: the
inequality on the left is an equality when ¢ is a constant (easy) and that on
the right is an equality when ¢ is inner ([7]). Recently, Joel Shapiro ([8])
proved that if ¢(0) # 0, then equality on the right holds if and only if ¢ is
inner.

When ¢(0) = 0, then (2.1) shows that ||Cy|| = 1. The exact value of ||Cyl|
for Cy : H 2 H?, is known in a few other cases; for example,

(a) when ¢ is inner (as discussed above),

(b) when ¢(z) = sz+t for constants s and ¢ necessarily satisfying |s|+|t| <
1 (see [2]),

(¢) and when ¢ is such that C7 is subnormal (see [3] for a discussion of
such operators).

In each of the cases above ||Cy|| is determined by either Cy’s action or C}'s
action on the normalized reproducing kernels. In case (a), as we mentioned
in the Introduction, ||Cy|| = Ss. Moreover, when ¢ is univalent and inner



3

(hence is an automorphism of U) an easy calculation, based on the fact that

¢ must have the form z — ((¢#(0) — z)/(1 — ¢(0)z) for some unimodular
constant (, shows

1Csll = Sy =S¢

In cases (b) and (c), ||Cs|| = S. These observations make the question of
when [|Cy|| = Sy or S} a natural one. Our work suggests that the equality
S5y and || Cy|| is rare.

3. RESULTS
The following proposition seems to have escaped public notice.

Proposition 3.1. For an arbitrary holomorphic self-map ¢ of U,

S:; < Sp.
Proof. Let o € U. We have
1—Ja*
Ciko|l =
H ¢ H 1 - |¢( )|2
= V1— a1~ [6(a) P| Ky (d(a))|
= V1-[a2V1 - [¢(@)P{CsEy(a): Ka)l
< V1= a1 = [9(@) P Co Ky 1 Kol
= [[Cokiga]l-
Because a € U is arbitrary, the proposition follows. ]

Theorem 3.2. Suppose that Cy is a compact composition operator on H?
and that $(0) # 0. Then

1Csll = 55

sz + t for complex constants s and t (necessarily

if and only if ¢(z
satisfying |s| + |t|

) =
<1).
Proof. Suppose that Cj is compact, that ¢(0) # 0, and that S7 = [|Cy||.
Since k, converges weakly to 0 as |a] — 17,

lim ||Cikal| = 0.

|a|—1—



4

Thus, S;; equals HC’;@kgH for some [ in U. Repeating the calculation in the
proof of Proposition 3.1 for reasons shortly to be made clear, we have

ICsll = || Ciks]|
V1= 1B2V1 = [(B)F(CoK s Kp)]

< V1= BRPVI=[9(B)PIIC Ky 1K 5]
= ||Cokyes)]|
< 1Gsll-

Therefore each inequality in the preceding display is an equality. In particu-
lar, it follows that [(CyKys), Kg)| = |[CpKgs) ||| K|l and hence Cy K 55y =
cKg for some constant c¢. Using the formula for H 2 reproducing kernels, we
have

#(B)¢(2) =1~ (1/c) + Bz/c.

Because [|Cykys) |l = [[Coll > 1/4/1 — |$(0)[?, our assumption that #(0) # 0
shows that ¢(8) # 0. Thus ¢(z) = sz + ¢ for some constants s and ¢,

as desired. Because ¢ is a self-map of U, the constants s and ¢ satisfy
|s|+]¢] < L; the compactness of Cy, forces |s|+[t| < 1 (otherwise [|Cika|l # 0
as la] = 17).

For the converse, suppose that ¢(z) = sz + ¢ where |s| + |t| < 1. We show
that S% = [|Cy[| via a tedious calculation that depends on the following
explicit formula for ||Cy|| obtained in [2]:

2
“0‘75“ - 2 2 2 212 2"
14 [s]2 = [¢2 + /(1 = [s]2 + [t]2)2 — 4]¢]
Let
0 if s=0
p= 1_|5‘2_|t‘2_\/(1_‘5|2_‘t|2)2_4|5‘2‘t|2ei(arg(t)farg(s)) if s#0.

2[s][]

Let ¢ = (1 — |s]? — [t|?)? — 4/s|?|t|* be the quantity under the radical in the
definition of 3. Observe that ¢ = (1 — (|s| — [t])?)(1 — (]s] + [t])?) so that ¢
must be positive (recall |s| + |t| < 1). Thus, given s # 0

L— s — 1t - va _ 2|s|l¢| '
2|s|lt| L= (Isl* +1t1*) + va

6] =

Using |s]? + [t|? < 1 — 2|s]|t|, we see that 5 € U.



We have

ICsl1* > (S5)?
> ekl
P
1—|sp+t?

1 2sllt] \?
== [

-
1-[sP+ ]t +v/g
1—|s]> + [t + /7
1—[s)? =t + 4
= 2/(L+ s’ — [t + Va)
= lICl?,
where the observation that ¢ also equals (1 — |s|? + [¢|?)? — 4[t|? was used

to obtain the third equality and the final equality in the display above. It
follows that [|Cy|| = S7, as desired. O

The proof of the preceding theorem yields the following.
Corollary 3.3. Suppose that S} = ||Cyl|, that $(0) # 0, and that ¢ does

not have the form ¢(z) = sz +t for some constants s and t. Then
Sy = limsuP HC:;/-CQH .
|a]—1
Proposition 3.4. Suppose that S, = ||Cy||, that $(0) # 0, and that ¢ does
not have the form ¢(z) = sz +t for some constants s and t; then

1Cs]l = 1Colle;

where |Cylle denotes the essential norm of Cy.

Proof. By Corollary 3.3,
S = limsup HC’;@kaH .
|a]—1—
Because k, converges to 0 weakly as |a| — 1, the limsup above is less than
or equal to ||Cy + K| for every compact operator K. Thus the limsup is
always less than or equal to ||Cy|le, which is in turn always less than ||Cyl],
and the proposition follows.

The equality of [|Cy|| and [|Cylle does not ensure that S will equal [|Cy]|.
Cousider the composition operator induced by the inner function ¢(z) =
[(1/2 = 2)/(1 - (1/2)2)]?; its norm equals its essential norm by Theorem 2.5
of [9]; however, 55 < |Csl| by Proposition 4.1 of [1]. We conclude this paper
with the following generalization of Proposition 4.1 of [1].
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Theorem 3.5. Suppose that ¢ is an inner function that is not an automor-

phism of U and ¢(0) # 0. Then
1Csll > S

Proof. Let
0) —
o) G0 =
1—¢(0)z
so that 7 is the self-inverse automorphism of U that takes ¢(0) to 0. Observe
that 7o ¢ is a self-map of U that fixes 0. Because ¢ is not an automorphism
of U, 7 o ¢ is not a rotation mapping. Observe that
1— 2
lim inf M = liminf ———————
21— 1 —|z? lz|-1— 1 —|z]
and that, by the Schwarz Lemma, the common value of these liminf’s is
greater than or equal to 1. By Lemma 7.33 of [4], the common value actually
exceeds 1. Thus there is a constant C > 1 and an » with 0 < r < 1 such
that for all z in the annulus A := {z : r < |z| < 1},

L= ()P

C<
1—[z]?

A standard calculation shows

(1 —]¢(=) )1 = [¢0)]*)
1—|7(¢(2))]? = —— .
S 11— ¢(0)¢(2)[

Hence for all z € A, we have

(L= 1e(=)P) (A = [4(0)*)

R G S E TR P TR

which yields,
1|72 1+ |¢(0)]
— < (1)C)————=+.
TP < YT 0
Because [|Cy|> = (14 |#(0)])/(1 — |¢(0)]) (recall ¢ is inner) and C' > 1, the
preceding inequality shows that

(3.1) limsu_pHC'(;kaH < ||C]|-

|a|—1

Because ¢ is inner and doesn’t fix the origin, it doesn’t have the form z —
sz +t for constants s and ¢. Thus Corollary 3.3 and (3.1) yield 53 < [|Cy|,
as desired. O

Remark. We noted in the background section that if ¢ is an automorphism
of U, then S} = [|Cs||. Thus Theorem 3.5 shows that for an inner function ¢
that does not fix the origin, [[Cy|| = S if and only if ¢ is an automorphism.
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