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Abstract

In a previous paper we proved that long wavelength solutions of the water
wave problem in case of zero surface tension split up into two wave packets, one
moving to the right and one to the left, where each of these wave packets evolves
independently as a solution of a Korteweg-de Vries (KdV) equation. In this
paper we examine the effect of surface tension on this scenario. We find that one
obtains three different physical regimes depending on the strength of the surface
tension. For weak surface tension, the propagation of the wave packets is very
similar to that in the zero surface tension case. For strong surface tension the
evolution is again governed by a pair of KdV equations, but the coefficients in
these equations have changed in such a way that the KdV soliton now represents
a wave of depression on the fluid surface. Finally, at a special, intermediate value
of the surface tension (where the Bond number equals 1/3) the KdV description
breaks down and it is necessary to introduce a new approximating equation, the
Kawahara equation, which is a fifth order, nonlinear partial differential equation.

In each of these regimes we give rigorous estimates of the difference between the



solution of the appropriate modulation equation and the solution of the true

water wave problem.
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1 Introduction

We consider the irrotational flow of an incompressible, inviscid fluid in an infinitely
long canal of fixed depth with impermeable bottom under the influence of gravity and
surface tension. We prove that the evolution of long wavelength initial data can be
accurately approximated for very long times by the motion of a pair of wave packets,
one moving to the right and one moving to the left, and depending on the values of
the various physical parameters in the problem, each of these wave packets evolves
according to either the Korteweg-de Vries or Kawahara equations. What is more,
to the order of approximation typically considered in the formal derivation of these
approximate equations, there is no interaction between the counterpropagating waves.
To state our results more precisely, introduce coordinates with z; € IR and z, in the
bounded direction. The fluid fills the domain €(t) between the bottom {(a, —1)|a €
IR} and the free surface

I'(t) ={(Xi(a, 1), Xo(, 1)) = (@ + Xi(o, t), Xo(e, 1)) | @ € R}.

For fixed time ¢, ' is a Jordan-curve which remains bounded in the z,-direction and
which has no intersection with {(«, —1) | @ € IR}.
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Figure 1: The water wave problem

It turns out that under these assumptions ([Yo83], eqns (1.10)-(1.12)) the dynamics of
the problem is completely determined by the evolution of the free surface I'(¢) which

is governed by the pair of partial differential equations,

a?Xl(l + aaXl) + 8oszZ(l + at2X2) = ,U‘R(aaX: 8§X) + MS(aaXv a(?iX); (1)
0 Xy, = K(X)o X, (2)

where

R(0,X,2X) = —3Q(0.X)°((1 4 0,X1)02 X1 4 0, X202 X,)
X (=00 X202 X1 + (14 0,X1)02 X)),
S(0aX,02X) = Q(0aX)(=0,X202 X1 + (1 4 0,X1)92X5),
Q(0.X) = ((140.X1)% 4 (0.X2)H)Y2.

The parameter p is called the Bond number, and is proportional to the strength of the
surface tension and the bounded operator K is called the Dirichlet-Neumann operator.
It depends linearly on 0;X7;, but nonlinearly on X. Properties of K(X)- are explained
at the beginning of Section 2. Also, we have “nondimensionalized” the equations so
that that the unperturbed fluid depth and gravitational acceleration are both equal to
one.

For relatively flat surfaces we could assume without loss of generality an initial param-
eterization X9 = 0, and so it turns out that we have essentially two independent
initial conditions Xs|;—¢ and 0;X7|;—o. However, the freedom to choose a nonzero ini-
tial parameterization for X is essential for our approximation results and we use that
freedom in both Theorem 1.1 and Theorem 1.5.

Notation. We denote Fourier transform by (Fu)(k) = 4(k) = 5= [u(z)e **dz. The
Sobolev space H* is equipped with the norm ||ul|gs = ([ |a(k)|?(1+|k|?)*dk)'/2. More-
over, let [|ull gmn) = [|[up"||zm, where p(z) = (1422)'/?, and let |Jullcp = Y7, 10%ul|co,

where [ul|cp = sup,ep |u(z)|.



Our goal is to approximate the evolution of solutions of (1) and (2) with general long
wavelength initial conditions. In order to make such an approximation, it is necessary
to consider two different approximating equations since, as we explain below, the value
of = 1/3 leads to a degeneracy in the equations. For u # 1/3, the evolution of (long
wavelength) solutions of (1)-(2) can be split into a left and right moving wave packet,
each of which is described by the Korteweg-de Vries (KdV) equation and there is no
interaction between the left and right moving waves to the degree of approximation
considered here. Nonetheless, as we shall see in the discussion following Theorem 1.1,
the nature of the wave trains described by the two KdV equations is quite different
depending on whether or not y is greater or less than 1/3. We now state our first

approximation result.

Theorem 1.1

(The nondegenerate case: The KdV-limit) Let y # 1/3. The solutions of the water
wave problem in the long wave limit split up into two wave packets, one moving to the
right and one to the left, where each of these wave packets evolves independently as a

solution of a Korteweg-de Vries equation.

More precisely, we have: Fix s > 6. For all C, Ty > 0 there exist Cy, £9g > 0 such that
for all € € (0,¢9) the following is true.

Let X =0 = 0, Xa|i—o(@) = 2@, (car) and 8, X, |i—o(t) = 2Py (cx) with
||((I)1, (1)2)||HS+6(2)HHS+11(0) S Cl-

Define amplitudes A; = Ai(a,T) € R and Ay = As(a,T) € IR satisfying the KdV-

equations

1 3 1 3
28TA1 = (,U, — 5)82141 — 5141(9&141 and 28TA2 = (g — /,L)aiAQ + 51428&142, (3)

with 2A1|T:0 = (I)Q + (I)l and QAQ‘T:() = (I)Q - (I)l-

Then there exists a reparametrization of the fluid surface (denoted with the same
symbols) such that the solution of the water wave problem (1) and (2) satisfies

sup | X1(0,1)] < Coe'/?

t€[0,To /€3]
and
8()z)(vl
sup || X, — Ywr (&, ) || o1 x s x o3> < Coe™?,
t€[0,To /3]
atXl



where

YwL (e, a, t) = e? A, (e(a — t), %) 1 + 2 Ay (e(a + 1), %) 1

Proof. See page 33 in Section 4. [

Remark 1.2 One might be surprised that the error estimate is O(7/?). On the basis
of formal calculations one would expect it to be O(e*). The loss of a half a power of
¢ results from the way the Sobolev norms scale — i.e. if the error term is of the form
'€ (), for some & € L?, then ||*E(e")|| 2 = €72||€]| 2.

While most rigorous studies of the water wave problem have focused on the Lagrangian
description used in Theorem 1.1, for comparison with experiments it is necessary
to reexpress these results in terms of Eulerian coordinates. Define u; (X, (o, t),t) =
9,X1(a, t) and (X (a,t),t) = Xa(,t). In terms of these variables, we have the fol-

lowing approximation result.

Corollary 1.3
Assume that Theorem 1.1 holds. Then we have the estimate

i 1 1
sup || —e2A,(e(-—1),e3) — &2 Ay (e(-+1), %) | gs-sr2 < Cye?.
t€[0,To/E3] u1 -1 1 b
Proof. This follows from Theorem 1.1 exactly as [SW00a, Corollary 1.5]. [ |

The long-time behavior for the water wave problem in the long wave limit is sketched
in the figures 2 and 3. On a time scale O(1/¢) the solutions split up into two wave
packets one moving to the right and one to the left, regardless of whether pu is greater
or less than 1/3. Each of these wave packets evolve independently as solutions of the
KdV-equations whose long-time behavior can be computed explicitly with the help
of the inverse scattering transform. However, the behavior of these wave packets is
dramatically different depending on the value of u, in spite of the fact that they are
all governed by the KdV equation. For pu < 1/3 (“weak” surface tension) the KdV
solitons correspond to solitary waves of elevation on the fluid surface. The largest
solitary waves propagate fastest, followed by dispersive ripples. This is very similar to
the case of zero surface tension studied in [SWO00a]. However, if u > 1/3, the KdV
solitons represent solitary waves of depression on the fluid surface and the largest waves
move most slowly, preceded by the dispersive waves. Experimentally, it is difficult to
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observe these solitary waves of depression on the surface of water at room temperature
since values of p > 1/3 correspond to very shallow water depths where dissipation
is no longer negligible, and also because the dispersive ripples propagating in front
of the solitary wave tend to obscure it. However Benjamin [Be82] reports tentative

experimental observation of such solutions. See also the comment before Corollary 1.7.

t=0
o 2)
| O(L/e) |
t= O(L¢)
t= o(we)
[ A i A
solitons \ dispersive remainder solitons

Figure 2: The long time behavior for the water wave problem in the long wave limit for
pw<1/3

Remark 1.4 In what follows we prove Theorem 1.1 for all 0 < u, p # 1/3. Howewver,
the constants Cy and ¢ in the theorem depend on u and in particular the estimates are
not uniform in u as € tends to zero. Thus, while the statement of the theorem is true
for =0 due to the results of [SW00a], we cannot recover our previous results from
those proved below. The technical reason for this difficulty is that the surface tension
enters as a singular perturbation of the u = 0 problem, and this requires very significant
modifications of the former proof. Thus, while the general approach here parallels that
of [SW00a], we must develop a completely new existence theory for solutions of (1)-(2)
in Section 2, since that of [SW00a] no longer applies.

If 4 = 1/3, the coefficient of the third order dispersive terms in (3) vanish. These
terms in the KdV equation represent the leading order dispersive effects in the water
waves problem and their disappearance means that in this parameter regime water
waves are almost dispersionless. This fact has been recognized for a long time by the
fluid mechanics community and has been experimentally exploited in an interesting

6
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Figure 3: The long time behavior for the water wave problem in the long wave limit for
w>1/3

way. Sound waves in air are also dispersionless, but in contrast to water waves, are
hard to observe visually. By studying surface tension driven water waves, in water
with 4 = 1/3 (which corresponds to a water depth of about 5 mm at 20° C) it has
been possible to exhibit visually many of the theoretically predicted properties of two-
dimensional sound waves ([Li78], sections 1.8 and 3.4).

Furthermore, the point y = 1/3 is a codimension-two bifurcation point for the station-
ary water wave problem and this fact has been exploited in a series of recent works
([BGT96, BGI9]) to construct a host of interesting traveling water waves. The waves
constructed in those works require very special choices of initial conditions and our goal
here is to derive equations that describe the evolution of general long wavelength initial
conditions. If we try to approximate such solutions using Theorem 1.1, the coefficients
of the third derivative terms in (3) are equal to zero, and the resulting equations are
just Burger’s equation whose solutions typically form shocks in finite time. Thus, if
we wish to model interesting behavior in the water-wave problem for this parameter
regime, we must modify the scaling and the approximating equations (3). The next
theorem explains how this can be done.

Theorem 1.5
(The degenerate case: The Kawahara-limit) Let y1 = 1/3 4+ ve®. The solutions of the
water wave problem in the long wave limit split up into two wave packets, one moving

to the right and one to the left, where each of these wave packets evolves independently



as a solution of a Kawahara equation.

More precisely, we have: Fix s > 6. For all C, Ty > 0 there exist Cy, €9 > 0 such that
for all € € (0,¢p) the following is true.

Let Xi|i—0 = 0, Xa|i—o(@) = &*®;(car) and 8, X, |i—o(t) = £*Py(cx) with
||(CI)1, (I)Q)||Hs+8(2)mHs+17(0) S Cl.

Define amplitudes A1 = A;(«,T) and Ay = Ay(a, T') satisfying the Kawahara equations

200 A1 = vI3A — BRAI — SA10,A; and W
200 Ay = —vO3As+ 500 As + 3430, As,

with 2A;|r—g = @+ P and 2A5|7—g = P —P;. Denote by [0,T}] the existence interval
of the solutions A; and Ay in H¥78(2) and set Ty = min(T,,T}).

Then there exists a reparametrization of the fluid surface (denoted with the same
symbols) such that the solution of the water wave problem (1) and (2) satisfies

sup | X1(0,1)] < Cyel/?

t€[0,T2 /5]

and

aaXl

sup || X2 — wLWL(Ea ',t)||Hs—1stst—3/2 < 02811/2,
t€[0,T% /5]

8tX1

where
-1 -1

wLWL (6a «, t) = 64A1 (g(a - t)a 65t) 1 + €4A2 (6(04 + t)a 85t) 1

Proof. See page 33 in Section 4. [

Remark 1.6 The local existence and uniqueness of solutions of the Kawahara equa-
tions in H®"%(2) is guaranteed for initial conditions in H3*%(2) N H'®$(0). However,
we are not aware of any studies of the global existence of solutions to (4), in contrast
to the case of the KdV equation. From the work of II" ichev [I190] one does know that
the Kawahara equations (4) possess stable solitary waves at least when v = 1. This
gives global existence for solutions with initial conditions close to the solitary waves.
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As remarked above, for water at room temperature, the value p = 1/3 corresponds to
a depth of about 5 mm. Because dissipation is no longer negligible in such thin layers,
it is difficult to observe Kawahara dynamics in such shallow fluids. However, as noted
by Marchenko [Mag88|, a thin layer of ice floating on the top of the water can lead
to effects similar to those that would arives from a greatly enhanced surface tension.
Therefore, the evolution of waves on fluids of moderate depth, under a thin layer of
ice are also expected to be described by the Kawahara equations at wavelengths where

dissipation should be negligible.

Corollary 1.7

Assume that Theorem 1.5 holds. Then we have for the Eulerian variables uy = u;(x,t)
and 1 = n(z,t) defined by uy(X1(a, t),t) = 0,X1 (v, t) and n(X1(, t),t) = Xy(a, t) the
estimate

1 1
sup || 7] —etau(el—0), %) e Ay(e(- + 1), %) losr2 < Cae%/2.
t€[0,Tp /&%) u 1 1 b
Proof. This follows exactly as [SW00a, Corollary 1.5]. |

The plan of the paper is as follows. In Section 2 we discuss the local existence and
uniqueness theory for (1) and (2). In Section 3 we consider the formal long wave limit
and derive the KdV- and Kawahara-equations. Finally, in Section 4 we prove the error

estimates given in the Theorems 1.1 and 1.5.

Before we start let us make some remarks.

Remark 1.8 The main difficulty in proving these results stems from the long time
scales, O(1/&) in the KdV-case and O(1/e°) in the Kawahara-case, which have to
considered. Since the amplitudes of the approzimations are of order O(e?) in the KdV-
case and O(g*) in the Kawahara-case a simple application of Gronwall’s inequality
would only give estimates on a “short” time scale O(1/&?) in the KdV-case and O(1/&*)
in the Kawahara-case. To close the gap we must exploit some additional structure of the
water wave problem. With the introduction of a suitable energy norm and some normal
form transformations we are able to take advantage of the gradient-like structure of the

nonlinearity, allowing us to extend the estimates to the desired time scale.
Remark 1.9 For a system
oW =AW+ B(W, W), (A linear, B bilinear)
and an approzimation €21 the error PR =W — %y for a B > 3 satisfies
O;R = AR+ 2¢*B(v, R) + ¢’ B(R, R) + e PRes (%),

9



where the formal error Res(e%) is small by construction. In order to estimate R an
energy functional Es(-,-) has to be constructed which simultaneously yields the local
eristence and uniqueness of the solutions of the quasilinear system and allows us to

follow the solution for long enough to obtain the desired error estimates, i.e.

1
5atEs(R, R) = E,(R,AR)+2¢’E,(R,B(¢), R)) +h.o.t
< 0 +Ce*Ey(R,R) +ho.t

Then by Gronwall’s inequality the O(1)-boundedness of Es(R, R) and so also of R on
an O(1/e?) time-scale follows.

Remark 1.10 The cases of zero and non-zero surface tension must be distinguished
since the local existence and uniqueness theory for the solutions is different and the
energy Es(-,+) described in Remark 1.9 is (somewhat surprisingly) quite different in the

two cases.

Remark 1.11 The theory of modulation equations is a weakly nonlinear theory, where

the dispersion relation
A\ = —(k + pk®) tanh k

for the eigenvalues \ of the linearization of (1) and (2) plays a crucial role. In the long
wave limit the Fourier modes are concentrated in an O(g)-neighborhood of the Fourier

wave number k = 0. Blowing up this neighborhood yields
3u—1 2-5
M (eK) = +eK + 53’MTK3 + 55%1(5 +O@E'KT).

The O(g)-terms corresponds to transport to the right and to the left, whereas the terms
of order O(g3) contribute to the linear part of the KdV-equations. From this expansion

one sees why the case . = 1/3 is exceptional and higher order terms have to be included.

Remark 1.12 In the local existence and uniqueness theory we use in an essential way
that R+ S s a gradient, in detail

R+ 8 =0,(Q(0uX)?(—(0aX2)02X1 + (1 + 0uX1)02X3)).

Remark 1.13 We refer to [SW00a] for a discussion of the mathematical literature
about the approzimation by the KdV-equation [Cr85, KN86, Kal89]. Other models for
the long wave limit are described in [Bo1877, Lo64, BS71, BBM72, Me79, Ma91]. A
mathematical description of the long wave limit by the KdV- or the Kawahara-equation
in various other problems can be found in [Sch98, SW00b, SW00c/. In contrast to other
models the KdV- or Kawahara-description has the advantage of being simple, exactly

solvable in the KdV-case, and independent of €.

10
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Figure 4: Expansion of the eigenvalues for y < 1/3 and p > 1/3.

Notations. Throughout this paper, we assume 0 < ¢ < 1. The j-th component of a
vector v is denoted by (v)(;). The commutator of two operators L and M is defined as
[L,M]=LM — ML.
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and Eugene Wayne would like to thank the Mathematical Institute of the University
of Stuttgart for kind hospitality. Eugene Wayne thanks Robert Pierce for discussions
about water waves. The work of Eugene Wayne was supported in part by the NSF
through the grant DMS-9803164.

2 Formulation as evolutionary problem

In this section we prove local existence and uniqueness for the solutions of (1) and (2).
Due to Remark 1.9 our local existence and uniqueness approach differs from the existing
literature. We obtain the result by embedding (1) and (2) into a bigger system which is
quasilinear in the sense of [Kat75], such that standard existence and uniqueness theory
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can be applied. In order to do so we construct out of (1) and (2) a nonlinear wave

equation.

Notation. We introduce U; = 0, X1, and V; = 0,U;. All variables are collected in the
vector V = (X1, Xo, Uy, V7). Later on we need the additional variable Z; = Ky X; where
ICy is the linear part of the Dirichlet-Neumann operator C(X'), and has Fourier symbol
Ko(k) = —itanh(k), and the collections of variables W = (Zy, X5,U;) and W, =
(Z1,X5,U1, V7). The vectors W and W, will be in the spaces H® = H® x H® x H*~3/?
and H? = H® x H® x H*73/2 x H*73 respectively. We abuse notation and do not
distinguish between operators which depend on V or W, i.e. for instance we write for
K(X) also (V) and K(W).

Preliminaries. Before we start to construct the quasilinear system out of (1) and
(2) we recall some facts. For more details we refer to [SW00a] and the literature cited
there. The operator IC(X) is of the form K(X) = Ky + §1(X), where the operator
S1(X)- has certain smoothing properties. As a rule a term with §;(X)- in front will

have the regularity of X. More precisely, in terms of the variables W used later on:

Lemma 2.1
Fix s > 11/2. Then there exist C > 0 and C > 0 such that for ||(Z1, Xo)||gsxms < Cs
the operator S;(W) = K(W) — K, satisfies

1Si W)U s < ClIW [l U] -
Proof. See [SW00a, Lemma 3.14]. |

Lemma 2.2
Assume the situation of Lemma 2.1. Then for all s > 6 we have

10/(S (W)U -5 ClW Il (10 s + Vil s),
1167, SOV llzzs-s - < ClWellas (10l s + Vil o),
10a(S: W)U [[5er < ClIW g [[Un || 5.

ANVAN

Proof. See [SW00a, Lemma 3.15]. |

In the construction of the quasilinear system commutators [a, Ko|- play a big role. As

a rule [a, Ko]u smoothes u and has the regularity of the function a.

Lemma 2.3
Letr>0,qg>1/2 and 0 < p < q. Then there exists a C > 0 such that

lla, Kolullar < Cllallar+olul ma-s-

12



Proof. See [SW00a, Lemma 3.12]. |

As mentioned in the beginning of this section, it will be convenient to introduce a new

variable Z; = Ky X;. We associate to Z; the operator
Mi(Zy,-) = [X1, Ko
which satisfies

Lemma 2.4
Letr>0,qg>1/2 and 0 < p < q. Then there exists a C > 0 such that

[Mi(a, u)llar < Cllallarse||ul Ho-s-
Proof. See [SWO00a, Corollary 3.13]. |

Remark 2.5 M is well defined, even though Ko is not invertible in general, due to

the commutator in its definition.

In order to express the term 0,.X; in terms of Z; we define additionally the operator
MQ' - —aa(IC())_l'

which is a map from H*t! to H*.

Finally, the operator (1 + K2)- is infinitely smoothing due to the fact that in Fourier

space its symbol (1 4+ Ko(k)2) vanishes with some exponential rate for |k| — oco.

Remark 2.6 As a general rule one can obtain existence and uniqueness of solutions

of the nonlinear wave equation
Ofu = a(u)L(0)u +b(u), (a>0) (5)

with L an elliptic operator, provided the coefficients a(u) and b(u) contain not more than
half the number of derivatives of L and terms with Oyu. In the water wave problem (1)
and (2) the operator L is essentially given by the multiplier L(k) = —(k + pk?) tanh k
in Fourier space. As a consequence |L(k)| ~ |k[® for |k| — oo. Thus, if we look for
solutions u in H* 3% we can allow for coefficients a,b € H* 2, i.e. the coefficients a

and b can loose 3/2 derivatives. Moreover, we then have Oyu € H* 3.

The nonlinear wave equation will be constructed for the variable U;. We have to
choose X1, € H* Uy = 0,X; € H*32 and V; = 82X, € H*3. So all terms up
to 93X, € H*3 and 0,U € H*®? have the right regularity to be included in the
functions a and b. Terms containing 02U € H*® /2 create difficulties and must be

13



included in the operator L.

The quasilinearization. With this scheme in mind we begin with the construction
of the quasilinear system. With the notation U, = 0;X, the equations (1) and (2)
become

(14 0,X1)0:Us 4+ 05 Xo(1 + 01Us) = pR(0,X,02X) + puS(0.X, 02 X),
U2 = K:()Ul + Sl(X)Ul

Differentiation of (1) with respect to time yields

(14 0,X1)02U; + (0:U1)0aUs + (1 + 0,Us)0,Us + (05.X2)02Us
= 101 R(0,X,02X)0,U + pdoR(8.X, 92X 02U (6)
+ud1 S (00X, 02 X)0,U + pndaS(0.X, 03 X)02U.
Differentiation of (2) with respect to time and space yields

0uUs = KoOuUy + 0a(S:1 (X)),
U, = KoOiU, + 92(S1(X)UL),
BU, = Koo2U, + 02(S1(X)UL),
U, = Ko0,Uy + 0,(S1(X)Uy),

0lUy, = KoO:U, + S (X)07U, + 02, S1(X)|Us.

Replacing ,Us, 02Us,, 83U, and 02U, in (6) gives

(14 0,X1)02U; + 0,U10,U1 + (1 + 0,Us) (KoBaUy + 04(S1(X)U1))
+(0aX2) (Ko0;Ur + $1(X) 07U + [07, S1(X)]Uh)
= udy R(0,X, 92 X)0,U + pd1S(8,X, 92 X)0,U
—30Q (06X ) (1 + 0 X1)02U; + 00X (Ko02U; + 02(S1(X)U1)))
X (=0, X202 X1 + (1 + 0,X1)02X5))
—3uQ(0aX) " ((1 + 0,X1)02 X + 0, X202 X>)
X (=00 X202U1 + (14 0, X1) (Ko02Uy + 02(81(X)11))))
+pQ(00X) P (=0aX203U1 + (1 4 02.X1) (KoO3Ur + 05(S51(X)1h))),

and so
(fi + f2(Ko + 81(X)))07Ur + ho(—f2 + f1Ko)O2 U,

+3uQ~°((— foOufr + f10uf2) (f1 + [2KCo)O2U) (7)
+3uQ " ((f10af1 + f20af2)(—fo + f1o)OoUL) + G1 = 0,

14



with

fi = (1+40,X),

f2 = 0.Xs,

ho = —pQ0aX) = —u(fi + f3) 2,

Gi = U1+ K3)0Ui + (1 + 8,Us)04 (81 (X)U),
+(0aX2) (07, S1(X)]U1) + (1 + 8U2) — 8:U1Ko)Koaln
— 1101 R(0,X, 02 X)0,U — 101 S(0,X, 02 X)0,U
—pQ(0aX) 7 (f105(S(X)h)))
+3uQ7°((— f20af1 + f10af2) [202(S(X)U1))
+3uQ °((f10uf1 + f20uf2) [104(S(X)UY)).

The terms are separated according to the following rules. GG; contains the obviously

semilinear terms and the terms written explicitly are the the quasilinear ones.

The quasilinear term (—f + f1Ko)05U; is rewritten as
(—fo+ [1Ko)O3UL = (f1 + faKo)KoB3Ur — fo(1 + K3)B3U:.

Since 1 + K32 is infinitely smoothing the last term can be handled as a semilinear one.

In a similar fashion we obtain

(fi0afr + f20af2) (= f2 + f1Ko)OZUL)
= (f10af1 + f2Ouf2)(f1 + f2Ko) K002 U,
—(f18af1 + f20uf2) fo(1 + K3) 02U .

Therefore, we arrive at

(fi + fo(Ko + S1(X))) 07 UL + ho(f1 + f2KCo) Kod3U

+3uQ > ((—fodafr + f10a fo) (fr + f2Ko)O2UN) (8)

+3uQ°((f10af1 + f20af2) (f1 + f2K0) o0 U) + G2 = 0,
with

Gy = Gy—hofo(1+K2)02U,
+3uQ " (f18af1 + f20af2) f2(1 + K§) D2V
We multiply (8) with (f; — f2Ko) and find that the first term in the equation becomes
(fi = f2o) (f1 + fo(KCo + 81(X)))8; U
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= (f1)?0;Ur — follo(/18;T1) + (f1 — folCo) f281(X) 07U
+ f1f2KC087Ur — f2Ko(f2K007UL)

= (f1)28t2U1 — fo Ko, fl]atQUl + (f1 — f2’C0)f281(X)at2Ul
+ folCo[ Ko, folO7UL — fo(1 + KB) (f207U) + f507Un.

The second term can be rewritten as:

(fr = foKCo)ho(f1 + f2Ko)KoB3Us
= [(fi = f2K0), hol(f1 + foKCo) Ko UL +
+ho(f1 — foKo) (f1 + f2Ko)KoOoUn
= [(fr = foKo), hol(f1 + f2Co) Ko U
+ho(f1)*KoO3Ur — ho fol Ko, f1]1Ko05Un
+hofokKo[Ko, follKCoO2UL — ho fo(1 + K3) (f2KCo02UL) + ho f2KoO2U,.

For the third and fourth term we obtain in the same fashion with
h = 3uQ°,
ar = (=f20af1 + f10af2),
ay = [10uf1 + [20uf2

that

(fi = folCo)ha (a1 ((fr + f2KCo)O2UL + ao(fi + fokCo)KCo2UL))

= [(fi = f2Ko), haaa](fr + f2Ko) 02U + [(f1 — f2Ko), haas] (1 + f2Ko) KoOZUL

+hiay(ff + £3)03U1 + haao(f7 + f3) K03 Un
~hias fo[ICo, f1]02U1 = haas fo[Ko, f1]ICod3U
+haas f2lCo[Ko, f2]05U1 + haas folCo[ICo, folICo02 U
—hiay fo(1+ K3)(f205U01) — haag fo(1 + K§) (f2KC00501).
Therefore, (7) transforms into
(fs — H1)O?Uy + ho f3lKoO2 U + hiay f302U1 + hyag f3K002U + G = 0
with
fs = [+ f3
Hy- = folCo, fi] - = folCo[Ko, fo] - +fo(1 + K3) (f2) = (fr = f2Ko) f2S1 (X)),
Hy = fo[Ko, fi] - = f2Ko[ Ko, fo] - +F2(1 4+ K5) (f27),
Gs = (fi — f2Ko)Ga + [(fr = f2Ko), hol (fr + foKCo) Ko U

+[(f1 = f2Ko), haaa](f1 + f2Ko)03Ur + [(f1 — f2Kao), haas] (fi + f2Ko) KoOZUL

—h()HQK:()aiUl - h101H282U1 - hlagHQK:anUl.
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We multiply this with

(fs—H) ' = (fs(l—f3'Hy)) ' =0—fs ' Hi) ' fy?

o0

= Y (fFH)"f5' = f' + Hs
n=0
and obtain
8t2U1 + hoKoazUl + h1a1agU1 + hlaleoagUl + G4 =0 (10)
with

Gy = (fs— Hi)7'Gs + H3(ho f3KCo02Ur) + hiay f305U; + hias f3K002U1).

By the above Lemmas [-, Ko]-, (1+K3), Si(X), and consequently H;, H,, and Hjz have
smoothing properties. Hence, it is easy to see that all terms in G4, hg, h1, a; and as
are at least in H*~3 provided that X, Xo € H*, U, € H*=3/2 and V; € H*~% and have
sufficiently small norm that the sum defining Hj3 converges.

Finally, we take out the linear term from G4 and introduce the abbreviations

LU, = —0,(hoKod2Uy) — hyO2U, — Koo Us
G5 == —G4 + K:()aaUl,

where we set ho, = hia, and used

hias = 3NQ75aa(f12 + f22)/2 = 3,“@75804(@2)/2
= SNQALaaQ = _Naa(Qig) = Ouho-

Remark 2.7 Note that hg = —u + h.o.t. and that it is essential for the local existence
and uniqueness theory that hiay can be written as the gradient Oy hg. A linear system
OFUy = KoO3U1+6102U1 +069K0 02Uy with 019 € IR has the eigenvalues X satisfying \* =
—(tanh k)k® —61k*+1d5 (tanh k)k%. The real term 61k* can be dominated by —(tanh k)k?
in the sense that the eigenvalues stay on the imaginary axis for |k| sufficiently big. This
is no longer true for the imaginary term ido(tanh k)k? which leads to eigenvalues leaving
the imaginary azis by order O(k*/?) for |k| — oo. This would yield to an unacceptable
loss of reqularity of the solutions. Because the coefficient in front of this term is a
gradient, Oyho, it can be merged into the leading order term —0,(hoKo02U1) and this

loss of regularity can be avoided. (See the discussion following (15) for more details.)
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Rewriting (10) and the associated equations for X; and X, as a first order system we

obtain
atXl == Ul )

0.Xs = KoUi+ 8 (X)Ui,
(11)
atUl - ‘/la

oVi = LWV)U +Gs

for which the local existence and uniqueness of solutions can be established.

Theorem 2.8

For all s > 6 there exists a C; > 0 such that for all Cy € (0, C4] we have a Ty > 0 such
that the following is true. For each initial condition Vy € H} with ||Vo||zs < Cy there
exists a unique solution V € C([0,Tp], HE) of (11) with V|;—o = V.

Remark 2.9 The existence proofs are based on the choice of a suitable energy FE,(V,V)
which is equivalent to the usual H$-scalar product. The energy F(-, -) is chosen in such
a way that in the computation of £ E,(V, V) all quasilinear terms from (11) cancel and
we can estimate % FE,(V,V) in terms of Es(V,V). Then Gronwall’s inequality can be
applied and a priori estimates on the solution can be obtained. We provide additional
details in the proof of Theorem 2.12, which is the form of the existence theorem that

we actually use.

Remark 2.10 Various formulations of (1) and (2) as an evolutionary problem and
associated local existence and uniqueness theorems have been obtained for the water
wave problem with and without surface tension for finite and infinite depth in 2D
([Na74, Sh76, Yo82, Yo83, Wu97]) and in 3D ([Wu99]). For a more complete historical
discussion of the existence theory for the water wave problem, see [SW00a, Remark
4.4].

Not all initial conditions V; of (11) lead to solutions of the water wave problem (1) and
(2), only those which have been computed from X;|;—9, X2|i=0, and U;|i—o. Therefore,
we introduce the space C, x of functions which satisfy the compatibility conditions.

Definition 2.11
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We define

Cox = {V = (0o, b1, 02, 03) |
a) (14 0ado) s + (Oat1)(1 + b4)
= pR(9a(o, $1), Oa(Po, $1)) + 1S (Da(o, ¢1), 05 (¢0, $1)),
b) s = K(do, $1)¢3 + [0r, K(¢o, $1)] 82}

We have that [0y, K(¢o, #1)] is a function of ¢y, ¢; and ¢y since Opy = ¢o and
Oip1 = K(do, $1)¢p2. From V|;—g € C, x it follows V(t) € C, x for all t > 0 due to
the construction of (11).

As explained in [SW00a| for our approximation problem we must avoid trying to es-
timate the variable X; in some Sobolev space. So as in [SW00a] the variable X; will
now be replaced by the variable Z; = Ky X; which is possible due to [SW00a, Section
3, especially Lemma 3.14].

Thus, we finally consider

0z, = KU,

X, = KoUy+S (W)U,
(12)

atUl = ‘/15
at‘/l == E(W)U1+G5

for We = (Zl, XQ, Ul; Vl)

For this system we now prove the local existence and uniqueness of solutions.
Theorem 2.12

For all s > 6 there exists a C; > 0 such that for all Cy € (0, C}]| we have a Ty > 0 such

that the following is true. For each initial condition W,y € H; with ||[Weo|lns < Co
there exists a unique solution W, € C([0,Ty], HE) of (12) with We|i—o = We.

Proof. The proof of Theorem 2.12 is based on estimating the time derivative of the

energy function
E;W,W) = (Z1, Z1)is + (Xo, Xo) s + (U, Ur) gs-sr2 + (V1, V1) gs-3. (13)

One sees immediately that for any r > 1, if we differentiate along solutions of (12),

there exists a constant Cg such that

d
%Er(wa W) < Ce((Z1, Z1)mr + (X2, Xo)gr + (U, Ur)gr + (Vi, Vi) mr) - (14)
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We use (14) to control derivatives of the solutions of (12) with » < s — 3. It is not
suitable for controlling the highest derivatives because it bounds time derivatives of
U1 || grr-3/> and ||Vi||gr-s on the left hand side in terms of ||U;||g- and ||Vi||g- on the
right hand side.

In order to estimate the highest order derivatives we first look at the quasilinear part

of the last two equations of (12) which we write again as a nonlinear wave equation
anl == —aa(hoKoaiUl) _ hgaiUl - }C()aaUl. (15)

We introduce the skew symmetric operators A\; and Ay by \? = —Kyd, and \2 =
—~My = 0,K,". Then u = \U; satisfies

8371, = Ba)\l (hoaaAlu) — Al(thgAlu) + A%U
= 80)\1 (hoaa)qU) + )\1)\2(’12)\1)\2’&) + )\%’U; - )\1[)\2, hz])\lkgu,

where we used A2 = AA;. The last term is semilinear since A; and A9 loose both
half a derivative. Exploiting the smoothing property of the commutator, one finds that
[A2, ho] gains half a derivative and hence the combination A;[Ag, ho]A1 Ao loses a total
of one derivative. By Remark 2.6 we can still expect well posedness of this equation
provided this term loses less than 3/2 of a derivative so we ignore this part of the
equation for the moment. (We intend here only to give a sketch of the argument -

precise details are supplied below.) The operator
A' — —5a/\1(h08a/\1) : _Al)\Q(thl)\Q) . —A%

is self-adjoint in L?. For |halcy and [|ho + |z sufficiently small it is also positive in
L? and hence according to [DST71] fractional powers of A can be defined. For ||[W,||3s

sufficiently small the norm ||A%/3 - ||2 is equivalent to the usual H®-norm.

Again, in order to emphasize the essential outline of the argument, we assume for the

moment that hg and hy are independent of time. Since

%((A;’;—?/satu, A3=T59,u) 2 + (A%—%u, A%—%U)Lz) -0

and the local and global existence for solutions u € C([0, Ty, H*~2)NC ([0, Ty), H*~7/?)
of
O}u = —Au

follows. Here (-,-)z2 stands for the L?-scalar product.

We now fill in the details of the above sketch. Returning to the full system we introduce,
in addition to u, the variables z = M Z1, £ = M Xa, v = MV1, g0 = A& (X)Up and
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g5 = MG5 + A1[A2, ha] A1 Agu.

Then the variables w = (z, z, u, v) satisfy

0z = Kyu,

ohr = Kou+ go,
ou = v,

ov = —Au-—+ gs.

We are looking now for solutions satisfying (A"+'z, A""la, A7+1/2y, A™v) € (L?)*, where

r = £ — I By construction we then have A"*'gy € L? and A"gs € L?. Remembering

= M\X, and z = A\, Z; shows A"t%/Shy € L? and A™*'/2hy € L?. Looking again at the
definition of hy and ks, we see that their time derivatives satisfy A"t'/39,hy € L? and
A"0,hy € L.

We begin by reconsidering the time derivative of (A™v, A™v) 2 + (A™F1/2u, A7+1/2) 1.

but now include the fact that hy and hy depend on time.

1
5%((ATU’AT,U)L2 + (AT+1/2’U,,AT+1/2’U,)L2)

= (A"v,A"gs5) > 4+ (A0, B, (A")v) 12 + (A" 20, 9,(A"/)u) 1),
By the Cauchy-Schwartz inequality, the first term can be immediately bounded by
C(||A™v]||35 + ||A"g5]|22). The term (A™v, d;(A")v)z2 can be written as

r—1
(A™0, By (A")v)r2 = (A0, AT (Ba A1 (Opho)Dads + MAa(Beha) A Ao) A" 10) 1o

J=0

Since A"™t1/39,hy € L? and A"8:hy € L? as we observed above, we see that this expres-

sion is bounded by

CIA™[IZ: + Es(We, We))
where s = 3r + 7/2. The term (A"+'/2u, 9,(A"+/?)u) 2 is bounded in like fashion and

we have

1
5%((1\%, AT0) g+ (AT 2, AT+1/2) 1)

< C((A"v, A™) 2 + (A2, A™120) 12) + E((W., We).

In order to estimate the the highest order derivatives of z and z we must take advantage

of the special form of the equations. Define 4 = ICyU;, and Z = 0,747. Then

Vi = —04ho0s(8ait) — ha(0aky ) (0at) — (0ati) + Gs = N(941) + Gs
(9t2 - &JL
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Recalling that [|hg + pl|ms-1 < C||W||s, we see that if |[W)||xs is sufficiently small, N
is invertible and maps H' — H'*2. Furthermore, if Z;, € H* and U, € H* 3, then
7€ H' and 4 € H° 2. With this in mind, we consider the quantity:

952 = N0 Vi) + N7 (0aN)5 222 -
e’ e’ @ L

Note that if we know that V; € H* ® and if ||W,||y: is sufficiently small this quantity
controls the L? norm of 57'Z, (and hence the L? norm of 922.)

Differentiating this with respect to time gives:

(05772 = N7HO5 V1) + N™H(0aN) 0522, (050 — N™1957 (N (0a1) + Gis)
+(ONHYOVL) + (B[N "1 (0 N)])OE22 + N1 (0, N)OS i) 12
= ([05'2 = N 105 'WL) + N Y (0uN)O 22|, [-N 05!, N|0,i— N 101G
+H(ON (05 VA) + (BN (Ba NS 22 + N 10 N)By il]) 12

where we have simplified the expression by commuting the factor of N through 95!
We now examine each of the remaining pieces in turn.
Note first that

s—1
N5 N1(0att) = Y ;N (N0 (041) + N7 (0aN)O i

i=2
for some constants c¢;. But if &« € H S*%, there exists a constant C, such that

(2712 = N0 VA) + N (@aN)9:
[N05 ™ N(0ai) — N (@, N)33 i)
< C{llo2 = N7HO V) + N @aN)0 23l + g + VI

where the term ||[W)||%. results from bounding the derivatives of hg and hy that occur
in (94N).
Next observe that

(N f=-NT1ON)N'f.

Since (;N) = —04(0;h0)0a — (8:h2)(0aKy"), and we know that 0;hg € H*~%/2, while
Othy € H*"/2, we have ||[(O,N~")f||2 < C(|[W||#s)|| f || izs-3, using the fact that N~ :
H*=3 — H*7! and the fact that N~(9;N) can be extended to a bounded operator
from L? to L?. Thus,

(05 "2 = N 105 Vi) + N H(0aN)0, *2], (9N 1)(0 "VA))re|
< C{lIog "2 = N (05 V) + N H(0aN)05 *2lZe + [IWIl3e + IIVillg-s}
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The time derivative of N~1(9,N) is computed in like fashion and we find

(05772 = N7H057'VA) + N™H(8a V)52, (BN~ (8aN)]) (95 7°2) ) e

< C{lIo57'2 = N7H0,7 V1) + N7H(0aN) 052172 + WV I3 + 121172} -
Finally, using the estimate on G5 from above, we find

(05772 = N7H057 V1) + N7 (0aN)0; 2], N™10;7 G5 ) 12|
< C{lI037 2 = N7 05 VA) + N7H(0aN)O 2L + W7 } -

Collecting all of these pieces we see that we have the estimate

%atna;lz — N N9, Vi) + N Y(0.N)9;, %2135

< C{llog "2 = N (05 Vi) + N H(0aN)0; 2l + W}, (16)

3 < Wl

H™3
In a similar way if we define £ = 0,X5 we then have the estimate

where we used the fact that ||ull

%@H@Z_la? — N7 (057 'Vi) + N1 (0aN)05 %7
< C{l|o5 "2 = N 185 Vi) + N H(0aN); P2l + WG} 5 (17)
Hence, we introduce the pre-energy
E(w,w) = (A", A™v)p2 + (A0, ATH1/20) 1
05712 = N7HO'V) + NTH0.N)0 2|7
H|05 E = N7H0, Vi) + N7H(0aN)05%]|7 -

Summarizing these estimates shows that there exists a constant C5, such that

%(&(w, W) + By 5(W, W) < Cs(Ex(w, ) + By(W, W) (18)

with 3r = s — I. Moreover, if ||W)||3s, is sufficiently small the norm defined by either
Er(w,w) + Es_s(W, W) or &(w,w) + Es(W, W) is equivalent to the H$ norm.

With the help of this a priori estimate the existence theory locally in time is completed

by applying the usual fixed point argument to the iteration scheme [Kat75].
OZ1; = Koy,
0 Xe; = KoUj +Si(Wj—1)Uy,j-1,
(19)
(Ui = Vi,
O0Vi; = LWj1)U;+Gsj

with W, j|i—o = Wk, for all j € IN in the space C([0,Ty], H?) for a Ty > 0 sufficiently
small, and hence, Theorem 2.12 follows immediately. [
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Definition 2.13
The compatibility conditions for (12) are denoted by C,. They are the obvious ana-

logues of C, x.

3 Long wave analysis

In this section we derive the KdV- equations in detail and sketch the very similar
derivation of the Kawahara-equations. Then we construct an approximation for the

solutions of (1) and (2) and we estimate the formal error, the so called residual.

3.1 Derivation of the KdV- and Kawahara equations

We are interested in the long wave limit, i.e. in the case when the initial conditions are
functions of the large spatial variable @ = e and the amplitudes are of order O(£?) in
the KAV case or O(e?) in the Kawahara case. We first consider the former. There will
be no fast dynamics, that is to say, no dynamics on time scales of O(1), and so we also
introduce the variable for the slow temporal scale t = et. The amplitude is scaled in
such a way that the leading linear and leading nonlinear terms are of the same order.
We make the standard Ansatz

Xi(e,a,t) =X (a,t) and Xs(e,a,t) = 52X2(g, t). (20)

and we use the fact that the operator (X)) possesses the expansion [Cr85, Lemma
3.7: page 827].

K(X)U = KoU + [X1, K]0.U — (Xa + Ko(X2Ko))0uU + O(X*)U
so that in the long wave limit we obtain
Ko(8s) = —€04 — %538; — %55834— 0" .
Insert (20) and the expansion for (X) into (1) and (2), we find
8;2&1 + 0o X, = —62((%&1)(822&1)) + u‘sza;XQ + O(g"),
0X, + 00X, = (=500, + (0:X,)(00X,) — X,000X,) + O,

The first order long wave approximation focuses on those terms of O(g%) and O(g?),

i.e. on the system of equations
612&1 + 0uX, = _52(((%&1)(@2&1)) + M528252a (21)
1
0 Xy + 0.0, X, = 52(—53@;&1 + (0aX1)(00.X,) — X50,0.X4).  (22)
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We solve these equations (up to terms of O(g*)) by choosing
Xo o+ 0X, = (500X, + (3X,)?) 23)
Differentiating this with respect to time gives
0, +00,X, = 00K, +22(0,0X,)(0,X)) (21
= SRAX, + 00X 0K,) ~ K0uDK,) +E,

where .
& = (_gaéX1 + (0aX1)*)(020:X,) -

This means that by the choice (23) equation (22) is satisfied up to terms of O(g*).
Inserting (23) into (21) gives

X, — RN, = (5~ WOAX, — 0 X,00X, — 0u((0aX,))) + O (25)
and so
RX, = (1+0.X,) OX, +2°(; — oK, — £0u((0uX1)7)) + O
= BX, + (5 — WOAX, — P0u((0aX,)) — 0uX,2X, + O(e")
= BX, 4G~ WX, — 2 0u((0.X,)%) + O(E).

Corresponding to our variable Z; = Ky X; we introduce in the long wave limit Z, =
—0,X;. From (25), we see that Z, = —0,X satisfies

012, ~ 02, = (5 — oL, + S0(2.)) + O, (26)

Remark 3.1 Neglecting terms of order O(e*) system (26) is ill-posed. Using 87 Z; —
927y = O(e”) gives the well-posed system

1 3
8§2Z1 - 32Z1 = 52((§ - N)8282Z1 + 582((21)2))) (27)
Equations (25), (26), and (27) have first been derived by Boussinesq (cf. [Bo1877)).

Our goal is to obtain approximation equations which are independent of €. Therefore,
we make the hypothesis that solutions of (26) are of the form

Z, = Ai(a—t,e%) + As(a+1t,6%) . (28)
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Letting T = ¢%t, this yields

52(—28g8T(A1 — AQ)) + €4a%(141 + AQ)
=e2((3 — )0y (A1 + Ag) + 302((A1)? + (A2)?) + 1) + O(e*)

with r; = 38;(/11142). Since A; and A, are spatially localized and since the two wave
packets only meet on a time scale O(1/¢) which is relatively short compared to the
over all time scale O(1/e®) we claim that the influence of the term r; on the dynamics
of A is of order O(e?) and as a consequence we claim that up to terms of O(?), the

water wave problem can completely be described by two decoupled KdV-equations
1

3 1 3
20rds = —(3 - 11)0p A1 — 5%((141)2)’ 20rdz = (3 - 11)0p Az + 5%((142)2)- (29)

This has been shown in [Sch98] for (27) as a model problem and in [SWO00a] for the

water wave problem with surface tension. The model problem in Kawahara case has
been handled in [SW00c].

Remark 3.2 The Kawahara equations are obtained if we set p = 1/3 4+ ve?, T = &'t,
Xi(e,ot) = ° X, (. 1) and Xo(e, o, t) = " Xy (e 1).

With exactly the same calculations we end up with two decoupled Kawahara-equations

28TA1 = V@;Al — %a&Al — %8Q((A1)2), (30)
28TA2 = —1/63142 + 92—082142 + %8g((142)2).

The details are left to the reader.

3.2 The approximation and estimates for the residual

It is the aim of this section to construct an approximation €2, out of (23) and (29)

for the extended system (12). This has to be done in such a way that the extended

residual
Rese(W,) = (Resz, (W), Resx, (We), Resy, (We), Resy;, (We))
with
Resz, (W) = —0:21 + KoUy,
RGSX2 (We) = —8tX2 + ’C()Ul + 81 (W)Ul,
Resy, We) = —0U1 + W,
R,eSV1 (We) = —at‘/i + L(W)Ul + G5
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is small. The residual contains all terms which do not drop out after inserting the

extended approximation £?¥, into system (12). We additionally define
Res(W) = (Resz, (W), Resx, (W), Resy, (W))

where in computing Resy, (W), we use the fact that 0,U; can also be rewritten as in
(34) and hence,

Resy, = —0,U1 + (1 = MyZy + (0aX2)KOW))H(=(0,X2) (1 + [0, KOV)]TL)
+pR(0,X,02X) + nS(0,X, 92 X)).

With these preparations we define the approximations

EQ\I} = (52¢Z1 3 €2¢X25 62¢U1) and 62‘116 - (EQwZ1 3 €2¢Xza 62¢U1 ) €3wV1)a (31)

where

ez (aut) = *(Ai(a —t,e%) + As(a+t, %)),
) = Eszl - 54(¢Z1)27 (32)
) = 20,K5 Wz, (at),

€2¢X2 (Q;I
821/]U1 (Q,E
63¢V1 (ga E) = 63831(:0_11/)21 (Qa t) .

Note that the V;-component is scaled with &3.

Remark 3.3 The motivation for the definitions of vy, and 1y, are that ey, =
e20,)x, where ¥y, = Ky'vz,. But Kj'tz is undefined unless [z (o, t)da = 0.
However, since A; and A, satisfy the KAV equations, [(9z (o, t))da = 0 and hence
Yy, is well defined. A similar argument applies to ¥y,. The motivation for the definition

of 1x, is the formal calculation (23).
The approximation €2¥, has the following properties.

Lemma 3.4
Fix s > 1. For all Cy > 0 there exist Cy, €y > 0 such that for all ¢ € (0,,) the
following is true. Let A;, Ay € C([0,Ty], H*™®) be solutions of (29) with

sup ||(A1,A2)(T)||Hs+6 S CA.

Te [OaTO]

Then we have

sup%.(0)lle < Co
tE[O,T0/€3]
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Proof. This follows more or less line for line the proof of [SW00a, Lemma 5.4]. W

The following lemma ensures that the approximation €2, defined in (31) is at least
formally a good approximation. Let us define (ryu)(«) = u(a + t) and (S:A)(a) =
Aea).

Lemma 3.5
Fix s > 1. For all C4 > 0 there exist Cges, €9 > 0 such that for all ¢ € (0,¢¢) the
following is true. Let A;, Ay € C([0,Ty], H*™%(2)) be solutions of (29) with

sup |[(A1, A2)(T) || ms+e(2) < Ca

T€[0,To]

or let Ay, Ay € C([0,Ty), H*®) be solutions of (29) with A, = 0 and

sup ||(A1, A2)(T)||gs+e < Ca.

T€e[0,To]

Then for

( 0 )

0
Q= Rese(EQ‘lfe(s)) and @y =

—36904 ((7245: A1) (1.5 A2))

-t s

we have the estimates

sup  ||Q1 — Q2|n: < Crese™®?
te[0,Tp/e3]

and
eq(t) == ||Qa(t) Iz < Crese™?/(1+ (e)?).

Proof. The proof is very close to the [SW00a, Lemma 5.5]. Recalling Z; = Ky X; and
Z, = —0,X, we obtain

Resx,(W.) = _538152 - 53‘9QQ1 + 55(_%82Q1 — Z,0,U; — 528QQ1) + 0(57),
Resy,(W,) = —&%0,U, —&*0,X, +¢°(Z,0,U,) + /Le56;X2 + O(e7)

= U, — °0,X, — £°(Z2,0.X,) + M5582X2 +0(eN,
Resy,(W.) = —'0,V; — £'0,00X, — £%(8,2,)(0aX>)

—€°Z,(0:0aX,) — N5662U1 +0(e°)
1
= _5481K1 + 54‘%@1 - 568g((ﬂ - g)aigl — Z,0,U; — 12agQ1)
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+66(0QQ1)(3Q§2) + 5621 (aégl) + 0(58)

1
= —848LK1 + 5482Q1 + 56(5 - /,L)aigl + 256Z162Q1
+256(agx2)(3ggl) + 86(8QZ1)(8QQ1) + 56X2 (aigl) + 0(58)-

Inserting W, = 2V, gives by construction

Resgz, (€°¥,) = 0,
Resx, (e¥,) = 04 O(),

Resus (0,) = —5="0a((r-iS. A1) (n5.42) + O(E),
Resyg (20) = o ="0,0((-S-1) (5.45)) + O,

where the cancellation in the second line is due to the quadratic terms in ¥y,. Using
[SW00a, Lemma 2.3] which shows that

17 (i0a) (S:A) (@)l m < Ce™ 2| A gmn
if | f(k)| < C|k|™ establishes

sup ||Q1 - Q2||Hg S CResgl?)/Z-
t€[0,7p /€3]

From A; € C([0,7p], H*"%(2)) and Sobolev’s embedding theorem which we apply in
the form

1Se(uo)llzs < [1Se(p1p2) " log1Se (upi) | 1S (vp2)ll e

IN

—1/2|

152 (p12) "Ml cse ™2 lupr| s llvpzlles

< N1Sc(prp2) Hloze 2 lluprllms oozl o
we have
(-5 A1) (1Se A2)) |, < Csup (14 (e(a — 1)) (1 + (e(a +1))*)) 7]
XS_l/Z( sup ||A1||Hs(2))( sup ||A2||Hs+1(2))
T€[0,To] T€[0,To]

< Crese Y2 /(1 + (e1)?)

and so with drA4; € C([0,Ty], H*3(2)) and 9,0rA; € C([0,Ty], H**2(2)) the estimate
about @)y follows. [ |

For the case p = 1/3 + ve? the details are again left to the reader. The results are

summarized in the following lemma.
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Lemma 3.6
Fix s > 1. For all C4 > 0 there exist Cy, Cges, €0 > 0 such that for all ¢ € (0,¢0) the
following is true. Let Ay, Ay € C([0,Ty], H*™(2)) be solutions of (30) with

sup ||(A1, A2)(T)||ms+s2) < Ca

Te[0,T1]

or let Ay, Ay € C([0,Ty], H*™®) be solutions of (30) with A; = 0 and

sup ||(Ar, A)(T)||gors < Ca.

Te [OaTl]

Then we have for
= e'(Ai(a—t,e') + As(a+t,e')),

)

e*x,(a,t) = €'z —e°(¥z,)?, (33)
)
)

= 05 7 (e t),
= 556§K61¢Zl(g’£)

that

sup [|We(t)|nz < Cu.
t€[0,T1 /€]

Moreover, for

( 0 )

0
Q= Rese(54\Ile(s)) and @y =

—26904 ((7-45: A1) (1.5 As))

NERCYNEINEIEY

we have the estimates
sup ||Q1 - QZ“H;‘ S CR83521/2
t€[0,T1 /€5]

and
e"2q(t) = [|Qa(t) | < Cresc'™?/(1 + (1))

Remark 3.7 We recall here that we use T rather than Ty to denote the eristence
interval of solutions of the Kawahara equations in the function space H*78(2) because
in contrast to the case of the KdV equations we are unaware of any results of the global

well-posedness of the Kawahara equations in these weighted function spaces.
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4 The error estimates

Now we are ready to formulate our main result. For (1) and (2) written as first order

system
oz, = KoUi,
0Xs = KoUy + 8 (X)Ui, (34)
U = —(1—MoZi 4 (0aX2)Ko + (0aX2)S81(X)) '(8aX2)(1 + [8;, 81 (X)]U1)

—1R(0,X,02X) — pS(0,X, 02 X)]

in the variables collected in W we show that there exist solutions which behave in
approximately the same way as predicted by the approximation 2 defined in (32)

and constructed via the solutions of the two decoupled KdV-equations (29).

Theorem 4.1

Fix s > 6 and let 8 = 7/2. Then for all Cy, Cy, Ty > 0 there exist Cg, €9 > 0 such
that for all e € (0,¢¢) the following is true. Let A = (A1, A3) € C([0,To), (H*7¢(2))?)
be solutions of (29) with

Sup ||(A1, A2)||(H8+6(2))2 < Oy
T€[0,To]

or let A= (A, Ay) € C([0, To], (H**%)?) be solutions of (29) with Ay = 0 and

Sup || (Ala AQ) ||(Hs+6)2 S CA
T€[0,To]

and let W|i—g = €2V |,—o + e’ R|;—y € H*® with ||R|;—o||3s < Co. Then we have a unique
solution W = €2¥ + AR € C([0, Ty /3], H?) of (34) which satisfies

sip Rl < Cr.
tE[O,T0/53]

Remark 4.2 This is not in contradiction with Section 2. Local existence and unique-
ness of solutions for (34) follows indirectly since (34) is a subsystem of (12), namely
the system of all solutions of (12) in C,.

Proof of Theorem 1.1:

From [SW00a, Lemma 2.5] we have the estimate

sup |X1|a:0(t)| S 0281/2.
t€[0,To/e3]

[SW00a, Lemma 2.6] ensures that in the long wave limit the initial conditions ¢;
and ¢y of (34) can be separated into the initial conditions A;|7—¢ and As|r—o of the
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two decoupled KdV-equations and that we have a reparametrization of the physical
solution with an initial error €”/2R|,—o such that Theorem 4.1 can be applied. Then by
[SW00a, Lemma 6.3] we construct via (32) a formal approximation of the solutions of
(34) for all t € [0,Tp/e?] with Ty > 0 finite, but arbitrarily large. Then Theorem 4.1
ensures that the water wave problem (34) in the long wave limit really can be described
approximately by two decoupled KdV-equations (29). So the only step remaining in
the proof of Theorem 1.1 is to establish the validity of Theorem 4.1. [

Preliminaries. The operator &;(X) is split into its quadratic and its higher order

terms.

Lemma 4.3
The operator (W) possesses the expansion

KW)U, = KoUy + Bi(W)U; + Se(W)U; .
with
B (W)U = Mq(Z1,0,U1) — (Xa + Ko(X2K0))0.Un

= Ml(Zl,(?aUl) — (]. + Kg)(XgaaUl) — ICQ([XQ,}CQ]aaUl),
SW)UL = O(IW|*)UL.

Proof. See [SW00a, Lemma 3.8] and [SW00a, Remark 3.9]. |

Due to Lemma 2.3 and Lemma 2.4 the operator B; is smoothing. As a direct con-
sequence of the smoothing properties of B; and Lemma 2.1 we have the following

corollary.

Corollary 4.4
Assume the situation of Lemma 2.1. Then for all s > 6 we have

1S:V)Uillre < ClIIWIEL T a3,
10:(S2 W)U |3 < ClIWI (1Tl s + [V llm2),
1107, Ss WU las-s < ClWellzee (102 + (Vi o),
106 (SeOM)UL) |1 < O3 [1UL || 13-

With these preparations we can start with the Proof of Theorem 4.1.

Remark 4.5 In the following many estimates have to be made. In order to avoid each
time restating all of the quantifiers explicitly, we use the following standing hypothesis

(HS) For all Cr > 0 there ezist g > 0 and constants C > 0 such that the following
holds for all ¢ € (0,&0) and t > 0 as long as sup,¢( ) || Rells < Ckr-
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We proceed as follows. As explained in [SW00a], and as one can see just by examining
the linearized equations, outside the set C, there is a secular growth of the solutions
of (12). However, this growth occurs only in the size of the components of W — not
for the derivatives of these functions. In order to control the error over the very long
time scales of interest here we must use the property W(t) € C, by taking (34) for the
evolution of W and then using (12) for the evolution of the derivatives of YW and for
V1. We follow Remark 1.9 and write a solution W = (Z;, Xo,U;) of (34) as a sum of

the approximation £2¥ and an error ¢’ R with
82\1} = (82¢Z17 SQwX2’ 52¢U1) and gﬁR = (‘sﬁRZugﬁRXza 5ﬂRU1)a

and we write a solution W, = (Z, X5, Uy, V1) of (12) as a sum of the approximation

€20, and an error ¢?R, with
20, = (e%)z,,e%x,, %y, , €%y, ) and e’ R, = (e’ Ry, Rx,, s’ Ry,, €’ Ry,).
We expand (34) up to terms of quadratic order. With

Q = (1420,X1 + (0aX1)?+ (0.X2))Y? =1+ 0,X, + hoo.t.
= 1—-MyZ; +h.o.t.,

R = —3(02X,)(02X,) +h.o.t. = 3(0,M22,) (92 X,) + hot.,

S = (143MyZ; +h.0.t.)((0aX2) (02 M3 Z)) + (1 — My Z,)03 Xy)
= 03Xy + (0,X2) (02 Mo Z)) + 2(M2Z,)02 X5 + ho.t.

we obtain
0z, = KoUi,
Xo = KoUi + Mi(Z1,0.U1) — (Xo + Ko(X2Ko))0uUs + O(||W|?),
QU = —0uXs — (M2Z1)00 Xz + (00X2)Ko0aXo (35)
+u03 Xy + p(0,X2) (02 Mo Z)
+2p(M2Z1) 05 X2 + 31(0aM2Z1) (07 X2) + O(IWVI1P).
Now insert the Ansatz W = 2¥ + ¢ R into (35) which yields

OiRz, = KoRuy,,
ORx, = KoRy, +&*Mi(¥z,,0.Ry,) — 2(Wx, + Ko(1x,K0))0a Ry,
+&* My (Rz,, 0u0u,) — € (Rx, + Ko(Rx,K0))0a¥u, + M
= KoRy, + ?M(¢z,,0aRu,) — €*(1x, + Ko(¥x,K0))a Ry, + No
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= KoRuy, +¢&°51(¥,0,Ry,) + Na, (36)
Ry, = —0aRx, — & (Maz,)0uRx, + € (0atx,) Koo Rx,

—e¥(MaRyz,)0,x, + €°(0aRx,) KoOax,
+103 Rx, + pe®(0a¥x,) 02 M2 Rz, + pe* (0o Rx,)0aMatz,
—|—2,u£5(M2RZI)8il/JX2 + 2ue?(Marhz, )02 R,
+3ue’ (M20u¥7, ) (02 Rx,) + 3ue’ (M20o Rz, ) (02tbx,) + N3

= —0.Rx, — 32(M2¢21)aaRX2
+u0; Rx, + 2ue*(Matbz, )05 Rx, + Ni

with
INMillzs < C(e¥||Rlls + €°I|Rl5e + €°Cres + a(1)),
INallrs < C(e®||Rllags + €° IRl + €°Cres + q(1)),
INsllge-s < C(e*||Rllss + €°||Rl5 + €°Cres + a(1)),
INillre—s < C(E||Rllws + €| Rll3s + €3Cres + (1)),

e%s1(V, 0. Ry,) = eMi(vz,,00Ry,) — € (Vx, + Ko(¥x,K0))0aRuy

under the hypothesis (HS). The term s; is bilinear in its arguments with the regularity
of ¢, i.e 0, Ry, is smoothed by this operator according to Lemma 2.3 and Lemma 2.4.
This term of order O(g?) in the equations for 9;Ry, can be eliminated by the following
procedure. We replace 9, Ry, in e%s1(1), Do Ry, ) by

OaRy, = (0uK5 1) (0:Rx, — €%51(¥, 05 Ry, ) + N2)
and so

OiRx, = KoRy, + €251 (¥, (0.K5 1) 0: Rx,) + Nog,
where N3, obeys the same estimates as No. With 9,¥ = O(g) we obtain

O (Rx, — %51(¥, (8aKy ) Rx,)) = KoRy, + Naw,
where Ny, obeys the same estimates as N3. Then we make the change of variables

Ry, = Rx, — 51(¥, (0.K5 ") Rx,) (37)
or equivalently
Rx, = Ry, + €°51(¥, (0.K; ") Ry,) + O(?)

which is of the form identity plus something small and smooth in Ry,. Thus, we obtain
the system

atRzl = IC()RUI,
a1ﬁRY2 = ICORU1 + N5a (38)
8tRU1 = —aaRy2 + ,LbagRy2 + 6282(\11, RYQ) +N4a
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with

Wiallzes < C(E¥|IRllaws + || Rl3s + °Cres + a(t)),
INsllms < C®l|Rllus +”[| Rl + €°Cres + 4(t)),
8282(‘11, Ryz) = —828a(81(‘11, IcalaaRyz,)) — 62¢Z18¢IRY2 + 2u52wzl(9§Ry2

which holds under (HS). Here we used My(k) = 1+ O(k?) for small |k| and that v,
is a scaled function.

It is easy to see that the H*~3/?-norm of Ry cannot be estimated by the term A since
we would loose regularity. Therefore, to estimate the highest derivative we have to use
the equation 9;U; = V; and extend (34) by the fourth equation of (12). For clarity,
we recall that solutions of (12) which lie in the subset C, describe the same solutions
of the water wave problem as (34). We also recall that while general solutions of (12)
are expected to grow “rapidly” with time, which is why we cannot use that form of
the equations for all our estimates, the derivatives of W, are not expected to exhibit
this secular growth and hence we can use (12) to control the derivatives of Ry without
loosing control of our estimates of the remainder.

Introducing the normal form transformation (37), the vector R is changed to R =
(Rz,, Ry,, Ry,) and extended to R, = (Rz,, Ry,, Ru,, Ry;). For € > 0 sufficiently small

we have that R can be estimated by R in H* and vice versa.

Writing Vi = €3¢y, + €’ Ry, one finds formally that

at-RU1 = RVl7
ORy, = —0,KoRy, + ,Uai}CoRUl + 525t82(¢; Ry,) + 0(53)7

where we have used the above calculations. Looking more carefully at this system and

retaining all terms whose H* 3 norm cannot be bounded by ||R.||3: we obtain
0iRy; = —04(ho03KoRy,) — ho0 Ry, — KoOo Ry, + €%0;55(¥, Ry,) + N,
where we have
INsllaes < C®|1Rella + €” | Rellzeg + £*Crea + q(1))

under (HS). As in the equation for Ry, we eliminate the terms of O(¢?) by a smooth

near identity change of coordinates. In order to do so let
Ry, = Ry, — 5252(1/),RY2)-
We finally find

8,5RW1 = 8a(h08§IC0RU1) =+ h28§RU1 — ICO(?&RUI + Ng,
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where Ny obeys the same estimates as Nj.

Now collect the new variables in ]Née = (Rgz,, Ry,, Ru,, Rw,). Again for small ¢ the

vector Re can be estimated by R, and vice versa.

With these preparations we now start to obtain the estimates for the error. In a
first step the variable Rz is estimated in terms of the remaining variables. In the
second step we construct a new scalar product Eq(+, -) for the (Rx,, Ry, , Ry, )-variables.
It is equivalent to the usual H; = H® x H*73/2 x H* 3-scalar product. We define
R, = (Ry,, Ry,, Ry,) the “lower” part of R.. As explained in Remark 2.9 the main part
of E,(+, -) must be constructed so that in the computation of £E,(R;, R;) all quasilinear
terms from (12) cancel and %ES(Rl, R;) can be estimated in terms of E4(R;, R;) in such
a way that Gronwall’s inequality can be applied. On the other hand, in order to apply
the ideas of Remark 1.9 we have to modify E(+,-) further so that the influence of the
linear terms of order O(e?||Ry||3s), when measured in the norm defined by E,(-,-), is
of order O(g?). Finally, the (Ry,, Ry, )-part of the scalar product E,(-,-) has to be
modified so that the linear terms of order O(||R||:) coming from the term N5 in the
equation for 0;Ry, cancel.

We begin by estimating R, in terms of R,. From the first two equations for the error
it follows that

ORy, —O,Rz;, = N,
where
Vol < CE[|I Rl + €®l|RII3, + €*Cres + a(t)).
Integration with respect to time and Gronwall’s inequality show the estimate

VCA,T() 304,05 380 >0Ve e (0,60) : sup ||RZ1 (t)”Hs S 04 + C5||Rl(t)||Hls (39)

t€[0,To /€3]
as long as sup,cpo. 1, /3 || Ri(t) |12 < Ch.

For W, € C, we can relate V; = 0,U; to ,uang — 0, X5. Thus by the implicit function
theorem we obtain
u@iRXz — aasz = va +N12

or equivalently
,U,aiRY2 — aaRyz = RW1 + N12

with
INizllgs-2 + Mol gs—s < C(€||Rllses + €% || RIf3,, + €°Cres + 4(2)).-
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In particular, we can estimate the highest derivatives 05 Ry, appearing in the following
by
105 Byallz2 < 1 (1057 R lle2 + 1105 Ba [ 2 + 105Nz 12), (40)

so we can control ||Ry,||gs by ||Ryw;||z2; ||Ru,||gs-s/2, and |Rw,||zs-s by applying an
interpolation inequality to ||0272Ry,||z2-

Remark 4.6 Note that the preceding estimates are not uniform in p as pu tends toward

ZET0.

We look more closely at the term —&20,51(%, 9,y ' Ry,) which appears on the right
hand side of the equation for 0,Ry, before we start to construct the final energy. It

can be rewritten as

aasl(‘lja aalcalRY2)
= 0a{Mi(vz,,0aK5" Ry,) — ¥x,00K5" Ry, — Ko(¥x,K0) 0Ky ' Ry, }
= 0o{Mi(vz,,0aK5" Ry,) — (1 + K3) (¥x,00K5 " Ry,) + Ko[Ko, ¥x,10.K5 Ry, ) }-

The last term can be estimated to be of order O(g) (considered as an element of H* ')
by using the following lemma which shows that commutators with the scaled function
U gains an order of €.

Lemma 4.7 Let R € H? and let ¥ € H**! be the approrimation defined above. Then
there exists a C > 0 such that for all € € (0,1) we have

1Ko, V1Rl < Cellox || s || Rl -

Proof. See [SW00a, Section 6, e.g. (6.28)]. |

By the preceding estimates it remains to estimate || Ry, ||z, || Ru; || gs-s/2 and || Ry, || s-3-

After these preliminary simplifications we come to the final energy estimates.

Note that the operator My = —0,/K, " is self-adjoint and positive. Thus we can take
its square root and we find

o / (MY2Ry, )2da)2 = / Ry, (Mad, Ry, )do
— [ Ru(Ma(Ka, +A3))do
= /(8QRYZ)RU1dOZ+Ne1,
where
Nl < CERll3g + €’ Rills + €°Cresl| Rillagg + a1 Rill )
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under (HS). Similarly we obtain for the positive self-adjoint operator Mz = uk;'6?
that

o, / (MY2Ry V2da)2 = / Ry, (M3, Ry, )do
_ / Ry, (M3 (Ko Ry, + Ns))dax
= —/(/L@iRY2)RU1doz+./\/;2,

where N, obeys the same estimates as N,;.

Next using the evolution equation for U; we see that:

9 / (R )?da/2 = / Ry (8, Ry )do

= /RUl(_aaRYg + ,U,aiRyz - 621[)218QRY2

+2/,L82¢Z1 63Ry2 + 826aM1(wZ1, 8aIC0_1Ry2)
—&28a (1 + KC5) (¥x, (Kg ' 8a Ry, )) + Ni)da,

where we have used 1z, = ¢x, + O(¢) and where N equals N; plus the order epsilon
terms that we discarded from 0,5 (1, 0,K; " Ry,) in our preliminary investigations.
The term f RUIJ\~/'4da/ obeys the same estimates as Np;.

The first two terms on the right hand side cancel with the corresponding term in the
time derivatives of [(My/*Ry,)2do and [(M3/*Ry,)?dao.

For the third term by using 9,17, = O(g) we obtain

—EQ/RUI@bZlaaRyzda =g? /(aaRUl)’l,bley.def + O(e?).
With 0;Ry, = KyRy, + O(e) this term can be rewritten
2 / 04(0aKy Ry, )bz, Ryydes + O(?).
The operator M2 = —0,K; " is positive and self adjoint. Hence
2 / O/(M2Ry,) s, Ryydes = & / 0,(MsRy,)[Ms, ¥, Ryydos
te? / 8y (M Ry,) bz, (Ms Ry,)da
= 2e%, / b (M3 By, )?da + O(E),

where we again exploited the fact that commutators with the approximation ¥ gain
one order of ¢ and where we used 9;¢07, = O(¢). In a similar fashion we obtain for the
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fourth term
2€2u/RU1¢ZlaiRy2da = —62@/1/121 (MgaaRY2)2d04 +./V‘eg.

For the fifth term by partial integration and by using 0; Ry, = Ko Ry, +O(s?) we obtain

—82 /(8QRU1)M1(1/)ZI, 6anglRy2)doz
= —¢2 /(8t6anglRy2)M1(¢Zl, aaICO_lRy2)da + 0(53).

The last expression defines a trilinear mapping Ms(¥)[R;, Rs] which is given in Fourier
space by

Ko(k) 0 & e
O)[i, By = // Kol_k) Kol) = Kalk) 7 (b = 1) By (1) didlh + coc.

This operator is symmetric in the arguments R; and Ry. Therefore, we finally obtain
82/RUlaaM1(1/JZ1,8aIC61RY2)dO£
1
= 5526tM5(\I’)[6aIC51Ry2, GaICalRyz] + Ne3.

Finally, we again use
8tRY2 = ’C()RU2 + 0(83)

to rewrite the sixth term as as
~* [ Ruy00(1+ 1G3) (6 (50 )

= & [ 00,15 R (1 + KC3) (0 (5 Ry e + OE)

Since M3 = (1 + K2) is again a positive self adjoint operator we have again using the
fact that commutators with ¥ gain an additional order of € that

/(M48aICglRy2)M4(1/)X28aKglRy2)da
= /(M48QIC51RU1)1/1X2M48aKalRy2da
+ [ (Mu3 R ) IMu, )00 Reda

= /(M48QIC(}1RY2)¢X2M48QIC0_1RY2da + 0(8)
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Therefore,
e / Ru0a(1+ K2) (6, (K5 90 Ryy))dos

= 526t / 1/))(2 (M48anglRy2)2doz + Ne4.
Furthermore, under (HS), the remainder terms N,; satisfy the estimates
Wl < CERiIE, + 2 Rlls + (2 Cres + a(t) | Rillng) (a1)

To reiterate, the point of these definitions is that the energy functional must be chosen
so that both the quasi-linear terms and the terms of O(¢?) in the time derivative cancel,
and by adding to the energy the terms of order €2 on the right hand side of the above
expressions we can arrange for this to be the case.
For the quasilinear terms we proceed as in the proof of Theorem 2.12. We introduce
R, = MRy, and R, = A\ Ry, and then we consider

1d

5%((A’RO, A"R,) 2 + (A™Y2R, ATHY2R ) 0)

= (A"Ry, A"\ Ny)r2 + (A"R,, 0(A")R,) 12 + (AT+1/2RU7 at(ATH/Q)Ru)H)-

where as in section 2, 3r = s — % The estimates for My can be found above- in

particular, we have
|(A"Ry, AN Ny) 12| < C(E¥[|RillFy + €8Il Rull3g + (2 Cres + a(t)) | Rillaes).

Thus it remains only to consider the behavior of 9,A" and 8tA’"+%. While the estimates
of Section 2 insure that these terms are bounded, we must also determine how they
depend on . The terms 0;hy and 0;hy which appear in these expressions will be
combinations of expressions of the form (¥, +¢?R,). If a time derivative falls on ¥,
we get a factor of €2 due to the scaling of 1, with £? and the fact that time derivatives
of 1, give an additional £. On the other hand, if the derivative falls on R, we get a
factor of ¢, with 3 > 3. Therefore 0,(A"t/?) and 0,(A”) obey the same estimates as
No.

With all these preliminary considerations out of the way the calculation of the time
derivative proceeds rapidly. We define

BB R) = [ R+ [ R+ [ (B
+&2 M5 (0)[0.K5 ! Ry,, 0.K5 ' Ry,]
+/¢ZI(M3RY2)2de+2,U,/¢Zl(aaM3Ry2)2dO{
+€2/wX2(M4aa}CalRy2)2dOt

+(A"Ry, A"Ry) 2 + (A"TY2R,  ATTY2R) 12

40



We easily see by using (39) and (40) that the scalar product E(-,-) is equivalent to
the usual H; scalar product, i.e. there exist positive constants c¢; and ¢y and an g9 > 0
such that for all € € (0,&¢) we have

Wil < aEs(Wi, W) < c2l| Willis- (42)

Therefore, we can follow line for line [SW00a] and sum up our above estimates. We
see that there exists constants C; = C1(Cy, Cges, ¢j), C2 = Co(Cy, Cres, Cr, ¢;), and
C5 = C3(Cy, Ckes, ¢;), such that

1

SOE (R, ) < &*CiE,(Ry, Ry) + & CoBy (Ry, R)* + (°Cs + q(0) Ea(By, Fr)'/?
< CE (R, R) + e’ CoB,(Ry, R)*?

+(C363 + Q(t)) + (8303 + C](t))Es(Rl, Rl),

Thus, for y(T) = E,(R(t), R;(t)) with T = 3t we obtain the differential inequality

g = (C1+Cs+e3qt))y+°CorP’? + Cs + £73¢(1))
< (CL+Cs+14e3¢(t))y + Cs 4+ e 3q(1))

Applying Gronwall‘s inequality shows for all ¢ € [0, Tp/e%] that
T s -3 (.-3
yg(t) — ys(()) + / e Jo (C1+Cs+14e73q(e T))dT(C«3 +1+ 673q(8738))d8,
0

where we have chosen g > 0 so small that £#73Cy(Cg)(c2Cg)? < 1, where Cr =
2lim sup,_,q ¥-(Tp) = O(1). This yields with (37), (39), (40), and (42) that

sup ||Re||§{g < ¢ Ch.
te[0,T0/e3]

This completes the proof. |

Remark 4.8 With the Ansatz W, = e*) + ¢’ R, where 8 = 11/2, the error estimates
for the approximation by the Kawahara equations follow more or less line for line the
proofs of Theorem 4.1 and Theorem 1.5. Again the details are left to the reader.
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