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Abstract

A new and fairly elementary proof is given of the result by B.
Simon [Sim99], that the potential in a Sturm-Liouville operator is de-
termined by the asymptotics of the associated m-function near —oo.
The proof given is based on relations between the classical transfor-
mation operators and the m-function.

1 Introduction

In this paper we study the Sturm-Liouville operator
d2
H=—+
dz " 1

on L*([0,00)) and the related Sturm-Liouville problem

Hu(z) = —“2(2) + q(z)u(z) = Au(x), x € [0,00), (1)

u(0) = 0. (2)

da?

We assume that ¢ € L*(]0,00)) is real valued. Under these assumptions
it is well known (cf. [CLA5, p. 244]) that ¢ is limit-point at infinity and that
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H is selfadjoint on the domain

D(H) =
{u e L*([0,00)) | u, 1 € ACL,e([0,00)),u(0) = 0, —u” + qu € L*([0,00))}.

See [CLA4], [Jor64] or [LS74] for the theory of singular Sturm-Liouville prob-
lems. For a modern treatment see [Pea88].

The special solution to ([) defined by the conditions (B) and «'(0,\) = 1
is called the regular solution and denoted by ¢(x, \).

Since ¢ is limit-point at infinity we can define u(z, ) to be the unique so-
lution to () in L?([0, o)) satisfying (0, \) = 1, the so-called Weyl solution.
Associated with ([) is the m-function defined by

m(A;q) = m(A) = u'(0, ) (3)

for A not an eigenvalue of H. Since the spectrum of H is real and bounded
from below ([LS75, Theorem 3.1]) there is a constant C' > 0 such that the
m-function is defined for A € C\ [—C, c0).

The main result of this paper is a new proof of the following uniqueness
result:

Theorem 1.1 ([Sim99)). Let ¢1,q2 € L'([0,00)) be real potentials for two
Sturm-Liouville problems and let my, mo be the associated m-functions. As-
sume there is an a > 0 such that

m(—k; q1) — m(=k* g2) = o(e” 7)), for k — oo
for each € > 0. Then q(x) = ¢2(x), for a.e. x € [0,a/2].

As a corollary to Theorem [[.1 we recover the well-known result by [Borb2],
[GLAT] and [Marh?2] that the m-function (or equivalently the spectral measure
associated with ([), (B)) determines the potential g.

In the paper [Sim9Y] a new mathematical object is introduced and by
this new formalism the result is proved. The proof of Theorem [.1] given
here is based on the theory of transformation operators relating the regular
solutions to different Sturm-Liouville problems.

Note that since two potentials ¢1,q2 € L7,.([0,00)) satisfying ¢;(z) =
q2(z), for a.e. x € [0, a/2] have associated m-functions satisfying

fak(lfe))

m(=k* q1) — m(=k* q2) = ofe , for k — oo

for all € > 0 (see [Sim99, Theorem A.1.1]) Theorem [ is valid under the
less restrictive assumption that i, ¢ € L} ([0, 00)).
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The outline of the paper is the following: First we review the concept
of transformation operators and prove several estimates concerning these
operators. Next we derive an equation relating the Weyl solution to a par-
ticular transformation kernel. This relation then gives a relation between
the m-function and the kernel through a kind of Laplace transform. At
last we derive a relation between the different transformation kernels and by
this relation and a uniqueness theorem for a related hyperbolic PDE with
Cauchy-data we prove Theorem [L1].

2 Transformation operators
Let ¢1, g2 be potentials and let ¢, g2 be the regular solutions to the associated

Sturm-Liouville problems. Then there exists a unique transformation kernel
K independent of A such that

bo(z, N) = by, ) + /0 K (x,t)py(t, N)dt. (4)

This is the Levitan-Povzner representation of solutions to different Sturm-

Liouville problems ([Pov4R] and [LevaY]).
sin(zv/\)

In the special case g = 0, the regular solution is ¢9(x, \) = — and
the kernel denoted by — L satisfies
sin(zv/\) ’
———> =¢1(x,\) — / L(z,t)p1(t, N)dt. (5)
VA 0

Similarly, when ¢; = 0, the kernel is denoted by K and satisfies

sin(tv/\)
Tdt. (6)

It is easily seen by inserting () in ([]) that the kernel K must solve the
Goursat problem

6o, \) = % n /OxK(x,t)

k:cx@jat) - f(tt(mat) + (Q1(t) - Q2(x)>K($’t) = 07 (x>t) € D7

. . 7
Q%K([E,QS) = QZ(:B) - Q1(I)’ K(ZE,O) = 07 r = 07 ( )

where D = {(z,t) e R* |0 < t < z < c0}.
The following lemma shows that the problem ([]) is well posed:



Lemma 2.1. Assume q1,q2 € L'([0,00)). Then ([l) has a unique solution
K € C%D). Moreover if q1,q € C?([0,0)), then K € C*™(D) for j € Z,.
In any case we have the estimate

5 (z+t)/2
Hﬂ%ﬂhSA aa(y) — a1 ()ldy-

(z—t)/2  p(z+t)/2
ol [ [ lwtrt )l s)drds ). ()
0 s
for0<t<x<oo.

The solution operator (q1,q2) — K is a continuous map in the following
sense: If (¢, ¢8") — (q1,2) in L1([0,00)) x L}([0,00)) then K™ (x,t) —
K(x,t) for (z,t) € D, uniformly on compact subsets.

Proof. The idea is to change coordinates and then formulate the problem as
a Volterra integral equation of the second kind. This equation is then solved
by iteration.

The change of variables x = £ +n,t = & — n, defines the function

k(&,m) =K(E+n¢—mn), 0<n<E<oo
which solves
0%k

@(éan)_a(£+n>€_n)k(£an):07 gvne[oﬂoo)7 0<n<£7
FHEO= 1O, KeH=0 €20

where a(z,t) = go(z) — 1(t) and f(x) = (¢2(x) — ¢1(x)) /2. Integration with
respect to n over the interval [0,7n] and then integration with respect to &
over the interval [n, ] yields the Volterra equation

§ £
k(& n) = §+n', & =)k, n)dyds' + [ fu)du. 9
) Au£“< € — K€ o) bé (wydu.  (9)
If we define the operator A on C(D) by
E
Ak: ’ — ! /’ /_ /k /’ /d /d /’
(& n) /n/oa(ernf n k(&' n')dn' d§

then the equation (0) has the form

3
<bwwmm:/fwm=me (10)



Since for ¢ € C(D) the inequality

n € n
arctenl = s Je€ )l ([ [ lat s = laras)

0<n'<g'<¢
can be established by induction, the operator (I — A) can be inverted by

a convergent Neumann series. The unique solution k is thus obtained from
(I0). Moreover the convergent Neumann series yields the estimate

n o€
|k(&,n)| <2 sup |F(£,n")|exp (/ / la(r + s,7 — s)]drds) (12)
0<n'<g'<g 0 Js

which is (§).

The regularity of k(¢,n) and of K(x,y) is obtained from the integral
equation ([0).

Since both the right and left hand side of ([[0) depend continuously on
q € L'([0,00)), the solution operator is continuous in the specified sense. []

Next we study the special case of the transformation kernel L. In this
case the PDE is given by

Luo(2,t) = Lu(2,t) + q(1) L(x, 1) =0 (,1) € D,

d (13)
2d—L(:c,x) =q(x), L(z,0)=0, x> 0.
x
In the following lemma we exploit (§):
Lemma 2.2. Let g € L*([0,00)). Then
|L(z,t)| < ||g|prelelere, 0<t<z < o0. (14)
Moreover 2L;(2x,0) — q(z) is continuous and estimated by
12L,(22,0) — q(z)| < creldlere, (15)
If g € C([0,00)), then
|Li(z,1)] < Cellalliz 0<t<uz < oo, (16)
|Ly(z,1)| < Celalliz, 0<t<uz < oo, (17)

where the constant C' may depend on q.



Proof. The problem ([3) is identical to ([) with ¢ = ¢,¢¢ =0 and K = —L.
Changing variables defines the function I(¢,n) = L(£ + 0, —n) which
because of (JJ) solves the equation

// ()i d€ +;/: dwyds (18)

and because of ([[2) is estimated by

et <2 [ lawitwes ([* [ - oiwas). o)

Since for z >t

//]qr—s\drds-//gs u)|duds
- [ [ atwau

¢
< 77/ lq(u)|du,
0
the estimate ([[9) yields

e < [ latlavess (v 5 it

which implies ([4) for ¢ € L'([0, c0)).
Differentiating ([§) yields a.e. that

le(&,m) = — /an(g — )&, n")dn + %Q(f)
13
= [ atwte, € —wpdn-+ gate).
n 3
L, (&m) :/o q(n —n")l(n,n")dn —/ q(& =&, n)dE — %q(n)

i L : (21)
= /0 q(u)l(n,n — u)du — /0 q(u)l(n+ u,n)du — 59(77)-

Hence l¢(€,7) — 3q(£) and 1,(§,7) + 3¢(n) are continuous functions. Since

1 T+t r—1 T+t xv—1t
=555 (5).




we find
2L,(22,0) — q(x) = —2/ q(u)l(z, z — u)du,
0

from which the continuity and ([[§) follow.
When ¢ € C(]0,00)) we also deduce

el < o (n [ f ).
|1,(§,m)] < Cexp (n /j |q(u)|du)

from which ([[6) follows. The estimate ([[7) follows similarly by differentiating
(B0) and (1)) once again, since

1 r+t x—1
Ltt(l’,t) = Z (lﬁg (?, 9 )

and since ¢ and ¢’ are compactly supported. O

We now give a result about the Cauchy problem for the PDE in ([1):

Lemma 2.3. Let Ay = {(z,t) e R? |0 <t < x < b, t+x < b} forb € [0, 00).
Let g, g2 € L*((0,0)), f € C([0,8]), g € L*((0,)). Then

Koo(x,t) — Kp(z,t) + (1 (t) — o(2)) K (2, 1) = 0, (x,t) € A,
K(z,0) = f(z) K(z,0) = g(z), forz €[0,b],
has a unique solution K € C(Ay).

Proof. The proof follows the same lines as the proof of Lemma P.1] (see [Kir96]
for more details). O

3 Relation between the m-function and a
transformation kernel

In this section we prove a relation between the Weyl solution u and the
transformation kernel L. This results leads to the connection between L and
the m-function given by

m(—k?) = —k — /OOO Li(x,0)e " dz. (22)



The following lemma establishes a relation between v and L when ¢ €
C5([0,00)) :

Lemma 3.1. Let q € C}([0,00)) and let L be the transformation kernel (f).
Then for k > ||q| 1

u(t, —k?) = e — / Lz, t)e*do (23)
t

is the Weyl solution to ([0).

Proof. Tt will be shown that u € L?*([0,00)) and that u solves ([l) as well as
u(0, —k?) = 1.
According to ([4) |L(z,t)| < |lq||rel9ler®, which implies that u(t, —&?) is
well defined by (B3) for k& > ||q]|:-
Since e~ € L*([0,00)) and
< = tkldll) ¢ L*([0, 00)),

L(z,t)e **dx
[ et <

it follows that u(t, —k?) € L*([0, 00)).
By Lemma P.1] the assumption ¢ € Cj([0,00)) ensures that L € C*(D).
Differentiating (23) then yields

1

u'(t, —k?) = —ke ™ + L(t, t)e™ ™" — / Ly(x,t)e " dx,

t

d
u'(t, —k?) = ke + aL(t, t)e ™ — EL(t,t)e™™ + Ly(t,t)e ™"

- Lit(w,t)e " dz, (24)
t
since the estimates ([[f) and ([[7) justify differentiating under the integration

sign.
Since L solves ([[3), we have

—/ Ltt(x,t)e_wkdx = —/ (Lm(x,t) + q(t)L(:L‘,t))e_“kda:, (25)
t t
and integration by parts gives
—/ Layo(x,t)e ™ dr = Ly(t,t)e”"* — k/ Ly(z,t)e " dx
t t

= L,(t,t)e™ — kL(t, t)e ™ — k:2/ L(z,t)e " dx.
t
(26)



Inserting (B5) and (BG) in (B4) gives

d
u'(t, —k?) = (k* + %L(t, t) + Ly(t,t) + L(t,t))e "

— (K* +q(t)) /too L(x,t)e " dx

= (K + q(t))u(t, —k*),

which is ([l).
Moreover u(0, —k?) = 1 since L(x,0) = 0. O

The above result is the main ingredient in the proof of the relation (£2),

but to obtain the result for general ¢ € L'(]0,00)) we need the following
continuity result:

Lemma 3.2. Let g € L'([0,00)) and suppose q,, € L*([0,00)), |lg — qull1 —
0 forn — oo. Then m(k* q,) — m(k? q) forn — oo pointwise for each
ke C,Im(k) > 0.

Proof. For k € C,Im(k) > 0 the Weyl solution is given by

f(z, k)

F(k)

where f is the Jost solution to ([[) and F' is the Jost function (cf. [CS89]).

8
The result follows since the map ¢ — f(z, k) is continuous on L'(]0, o)) for
fixed (z, k). O

u(z, k?) =

We are now able to prove (P2):
Lemma 3.3. For k > ||q||z: the equation (D) is valid.
Proof. Assume q € C3([0,00)). From (B3) we have

u(t, —k*) = e * +/ Lz, t)e " da
t
which because of the estimate ([3) gives

u'(t,—k*) = —ke™™ — L(t,t)e”™* +/ Li(z, t)e " dx. (27)

t

The result then follows by inserting ¢ = 0 in (27) since L(0,0) = 0 and m is
defined by (B).

For general ¢ € L*([0,00)) let (¢n)nez. be a sequence in Cj([0, 00)) with
llgnll1 < C < k such that lim,, . ||¢ — ¢n||1 = 0. Because of ([[4)

/ Lt(x70;qn)e_zkdac—>/ Li(x,0;q)e " dx
0 0

by dominated convergence. The result then follows from Lemma B2 O



4 Connection between different transforma-
tion kernels.

In this section we give a result connecting the transformation kernels Ly, Lo
associated with two Sturm-Liouville problems and the relative transformation
kernel K :

Lemma 4.1. Assume q; € L'([0,00)), ¢ = 1,2. Let Ly, Ly be transformation
kernels given by (B) associated with the two problems

—u"(z) + qi(x)u(z) = Mu(x), i = 1,2,
u(0) =0,

and let K be the relative transformation kernel given by (H). If (L1)i(r,0) =
(L2)¢(z,0) in L'((0,a)) for some a > 0, then Ki(x,0) =0 in L'((0,a)).

Proof. The kernels Ly, Lo, K satisfies (f) and (f]) respectively, that is

sinVAT) _ o ny - [ e, 06, -
o = e jﬁ Lia, )n(t, N)dt, i = 1,2, (28)
a0 = dn(aeN) + [ Ko tyon(e, . (20)
0
Denote by Ky the kernel associated with ¢y given by (f), that is
¢ﬂxﬂn::§ES§&3+1AxA3@;w§ES§&QmM (30)

Combining (2§) for ¢ = 1 with (B0) and interchanging the order of inte-
gration yields

bo(x, A) = P1(x, \) — /w Lyi(z,t)p1 (¢, N)dt
0
wK A) — tL ANds | d
+/0 Q(ZL‘,t) <¢1(t7 ) /O 1<t78)¢1<87 ) S) 1
- 9251(17,/\)
K — L — K L d A)dt.
+/0 ( J(2.1) — La(x, 1) /t (2, 5) L (5, 1) s) 61(t \)dt
Since the kernel K is unique we find by (29) that

K(x,t) = Ko(x,t) — Ly(x,t) — /tx Ky(x,s)L(s,t)ds.
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Hence
f(t(‘r?t) = (KQ)t@:’t) - (Ll)t(xvt)

T Ko )L (1) — / " Koo, 5)(Lo)i(s, £)ds,

for almost all (z,t) € D, and since (L;)¢(x,0) = (Ly)(z,0) in L'((0,a)) and
L1(0,0) =0, we get

Ki(x,0) = (K3)(z,0) — (La)¢(x,0) — /0373 Ky(x,s)(La)¢(s,0)ds (31)

for almost all z € (0, a).
On the other hand combining (B§) for ¢ = 2 with (BU) yields

¢2(.CE, )\) = ¢2(£L’, )\) — /0z L2($,t)¢2(t, )\)dt

n /O " Kolw, 1) ((bg(t, ) — /0 tLZ(t, 8)a(s, /\)ds) dt,

and interchanging the order of integration gives

/ (Kz(fl?,t) — Lo(x,t) — / Kg(:r,s)LQ(s,t)ds) Go(t, N)dt = 0.
0 t
Using the fact that the generalised Fourier transform is unitary yields
Ky(z,t) — Ly(z,t) — / Ky(x,8)La(s,t)ds =0, 0 <t <z < oo.
t

The result is now obtained by combining this equation with (B1I). O

5 The uniqueness theorem

The last ingredient before we give the new proof of Theorem [ is an inver-
sion result for the Laplace transform which is stated below:

Lemma 5.1 ([Sim99]). Let f € L'((0,a)) and assume that the function
g(z) = foa fly)e=*¥dy satisfies the relation

g(x) = o(e™®=9)) for x — oo
for alle > 0. Then f =0.

11



We are now able to prove the main theorem:

Proof of Theorem [I.1. By Lemma

m(—k* q) — m(—k* q2) = / ((L1)e(2,0) — (La)i(z,0)) e " da
0
= 0(e”*1=9) for k — oo (32)
for all e > 0.

Since q € L'([0,00)) and |2L;,(x,0) — gi(x/2)| < c1e%® by ([F), we have
for k > ¢, that

/ |(L1)¢(,0) — (La)e(z,0)]e""*dx = o(e=*179)), for k — oo,
for all € > 0. Hence (BZ) gives
/ ((L1)¢(z,0) — (La)(x,0))e **dx = o(e~*179), for k — oo
0

for all € > 0. By Lemma p.1 we get
(L1)¢(x,0) = (La)¢(z,0) =0, a.e. x € (0,a).

Lemma l.1 now yields, that the relative transformation kernel K satisfies,
that K;(r,0) =0, a.e. z € (0,a). Since K is the unique solution to ([), the
function K especially solves

Koo(,t) = Ku(e,t) — (@1(2) = ¢2(t)) K (2,8) = 0, (2,1) € D,
K(z,0) =0, K(x,00=0, z¢€]0,a].
This problem has according to Lemma .3 a unique solution K ¢ C(A,).
Hence K (z,t) =0, (z,t) € A,. Moreover since K has a first order derivative
almost everywhere and

0= %K’(az,x) = q(x) — @2(x), a.e. x € [0,a/2],

we have the result. O
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