Log Smooth Deformation Theory
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1 Introduction

In this article, we formulate and develop the theory of log smooth deformations. Here,
log smoothness (more precisely, logarithmic smoothness) is a concept in log geometry
which is a generalization of “usual” smoothness of morphisms of algebraic varieties. Log
geometry is a beautiful geometric theory which successfully generalizes and unifies the
scheme theory and the theory of toric varieties. This theory was initiated by Fontaine
and Illusie, based on their idea of log structures on schemes, and further developed by
Kazuya Kato [5]. Recently, the importance of log geometry has come to be recognized
by many geometers and applied to various fields of algebraic and arithmetic geometry.
One of such applications can be seen in the recent work of Steenbrink [12]. In the present
paper, we attempt to apply log geometry to extend the usual smooth deformation theory
by using the concept of log smoothness.

Log smoothness is one of the most important concepts in log geometry, and is a
log geometric generalization of usual smoothness. For example, varieties with toric
singularities or normal crossing varieties may become log smooth over certain logarithmic
points. Kazuya Kato [5] showed that any log smooth morphism is written étale locally as
the composite of a usual smooth morphism and a morphism induced by a homomorphism
of monoids which essentially determines the log structures (Theorem 4.1). On the other
hand, log smoothness is described in terms of log differentials and log derivations similarly
to usual smoothness in terms of differentials and derivations. Hence if we consider log
smooth deformations by analogy with usual smooth deformations, it is expected that
the first order deformations are controlled by the sheaf of log derivations. This intuition
motivated this work and we shall see later that this is, in fact, the case.

In the present paper, we construct log smooth deformation functor by the concept of
infinitesimal log smooth lifting. The goal of this paper is to show that this functor has
a representable hull in the sense of Schlessinger [11], under certain conditions (Theorem
8.7). At the end of this paper, we give two examples of our log smooth deformation
theory, which are summarized as follows:

1. DEFORMATIONS WITH DIVISORS (§10): Let X be a variety over a field k. Assume
that the variety X has an étale covering {U; };c; and a divisor D such that

(a) there exists a smooth morphism h;: U; — V; where V; is an affine toric variety over
k for each ¢ € I,

(b) the divisor U; x x D on U is the pull-back of the union of the closure of codimension
one torus orbits of V; by h; for each i € I.

Then, there exists a log structure M on X such that the log scheme (X, M) is log smooth
over k with trivial log structure. (The converse is also true in a certain excellent category
of log schemes.) In this case, a log smooth deformation in our sense is a deformation of



the pair (X, D). If X itself is smooth and D is a smooth divisor on X, our deformations
coincides with the relative deformations studied by Makio [9] and others.

2. SMOOTHINGS OF NORMAL CROSSING VARIETIES (§11): If a scheme of finite
type X over a field k is, étale locally, isomorphic to an affine normal crossing vari-
ety Specklz1,...,2n]/(21 - 21), then we call X a normal crossing variety over k. If X is
d-semistable (cf. [1]), then there exists a log structure M on X of semistable type (Def-
inition 11.6) and (X, M) is log smooth over a standard log point (Speck, N) (Theorem
11.7). Then, a log smooth deformation in our sense is nothing but a smoothing of X.
If the singular locus of X is connected, our deformation theory coincides with the one
introduced by Kawamata and Namikawa [6].

The organization of this paper is as follows. We recall some basic notions in log geom-
etry in the next section, and review the definition and basic properties of log smoothness
in Section 3. In Section 4, we study the characterization of log smoothness by means of
the theory of toric varieties according to Illusie [3] and Kato [5]. In Section 5, we recall
the definitions and basic properties of log derivations and log differentials. In Sections 6
and 7, we give the proofs of the theorems stated in Section 4. Section 8 is devoted to the
formulation of log smooth deformation theory, and is the main section of this present
paper. We prove the existence of a representable hull of the log smooth deformation
functor in Section 9. In Sections 10 and 11, we give two examples of log smooth defor-
mations. In Section 12, we give the proof of the theorem stated in Section 11, which
generalizes the result of Kawamata and Namikawa [6, (1.1)].

The author would like to express his thanks to Professors Kazuya Kato and Yoshinori
Namikawa for valuable suggestions and advice. The author is also very grateful to
Professors Luc Illusie and Kenji Ueno for valuable advice on this paper. Thanks are also
due to the referee for valuable comments; he pointed out some errors in the first draft of
this paper. Section 11 and Section 12 resulted from discussions with Professors Sanpei
Usui and Takeshi Usa and Dr. Taro Fujisawa; the author is very grateful to them for
discussions and encouragements.

CONVENTION. We assume that all monoids are commutative and have neutral el-
ements. A homomorphism of monoids is assumed to preserve neutral elements. We
write the binary operations of all monoids multiplicatively except in the cases of N (the
monoid of non-negative integers), Z, etc., when we write them additively. All sheaves
on schemes are considered with respect to the étale topology.

2 Fine saturated log schemes

In this and subsequent sections, we use the terminology of log geometry basically as in
[5]. Let X be a scheme. We view the structure sheaf Ox of X as a sheaf of monoids
under multiplication.

Definition 2.1 (cf. [5, §1]) A pre-log structure on X is a homomorphism M — Ox of
sheaves of monoids where M is a sheaf of monoids on X. A pre-log structure a: M — Ox
is said to be a log structure on X if o induces an isomorphism

a:a” (0%) = 0%,

where O)X( is the subsheaf of invertible elements on Ox.



Given a pre-log structure a: M — Ox, we can construct the associated log structure
a?: M?* — Ox functorially by

(1) M= (MaO03)/P

and
a?(xz,u) =u-ax)

for (z,u) € M?, where P is the submonoid defined by
P = {(@,al)™) |z € a (OF)}.

Here, in general, the quotient M /P of a monoid M with respect to a submonoid P is
the coset space M/ ~ with induced monoid structure, where the equivalence relation ~
is defined by

T~y < xp=yq for some p,q € P.

M? has a universal mapping property: if S:N — Ox is a log structure on X and
©: M — N is a homomorphism of sheaves of monoids such that o = 3 o ¢, then there
exists a unique lifting ¢*: M® — N. Note that the monoid M? defined by (1) is the
push-out of the diagram

M D a 1 0%) = 0%
in the category of monoids, and the homomorphism a? is induced by a and the inclusion
(’))X( — Ox. We sometimes denote the monoid M? by M @a_1(o§) (’))X(. Note that we

have a natural isomorphism
(2) M/a~HO%) = M*/O%.

Definition 2.2 By a log scheme, we mean a pair (X, M) with a scheme X and a log
structure M on X. A morphism of log schemes f: (X, M) — (Y, N) is a pair f = (f,p)
where f: X — Y is a morphism of schemes and : f'A/ — M is a homomorphism of
sheaves of monoids such that the diagram

N

| !

1oy — Ox

commutes.

Definition 2.3 Let a: M — Ox and o’: M’ — Ox be log structures on a scheme X.
These log structures are said to be equivalent if there exists an isomorphism ¢: M = M’
such that a = o/ o, i.e., there exists an isomorphism of log schemes (X, M) = (X, M’)
whose underlying morphism of schemes is the identity idx. Let 8: A" — Oy and g: N/ —
Oy be log structures on a scheme Y. Let f: (X, M) — (Y, N) and f": (X, M) — (Y,N)
be morphisms of log schemes. Then f and f’ are said to be equivalent if there exist
isomorphisms ¢: M = M’ and ¢¥: N 5 AN’ such that o« = o/ o ¢, 8 = ' o) and the
diagram

M M

| |

-1 L plp
=N = [N



commutes.

We denote the category of log schemes by LSch. For (S, £) € Obj(LSch), we denote
the category of log schemes over (S,L) by LSchg ). The following examples play
important roles in the sequel.

Example 2.4 On any scheme X, we can define a log structure by the inclusion O% —
Oy, called the trivial log structure. Thus, we have an inclusion functor from the category
of schemes to that of log schemes sending X to (X, 0% — Ox), which we often denote
simply by X.

Example 2.5 Let A be a commutative ring. For a monoid P , we can define a log
structure canonically on the scheme Spec A[P], where A[P] denotes the monoid ring of
P over A, as the log structure associated to the natural homomorphism,

P -2, AlP].

This log structure is called the canonical log structure on Spec A[P]. Thus we obtain a
log scheme which we denote simply by (Spec A[P], P). A monoid homomorphism P — @
induces a morphism (Spec A[Q], Q) — (Spec A[P], P) of log schemes. Thus, we have a
contravariant functor from the category of monoids to LSchgpec 4.

Example 2.6 Let ¥ be a fan in Ng = R?, N = Z¢, and Xy, the toric variety determined
by the fan ¥ over a commutative ring A. Then, we get an induced log structure on the
scheme Xy by gluing the log structures associated to the homomorphism

Mno' — A[MnNaY],

for each cone o in 3, where M = Homgz(N, Z). Thus, the toric variety X is naturally
viewed as a log scheme over Spec A, which we denote by (X, X).

Next, we define important subcategories of LSch.

Definition 2.7 A monoid M is said to be finitely generated if there exists a surjective
homomorphism N™ — M for some n. A monoid M is said to be integral if the natural
homomorphism M — M?®P is injective, where M®P denotes the Grothendieck group
associated with M. If M is finitely generated and integral, it is said to be fine.

Definition 2.8 Let (X, M) € Obj(LSch). A chart of M is a homomorphism P — M
from the constant sheaf of a fine monoid P which induces an isomorphism from the
associated log structure P? to M.

Definition 2.9 Let f: (X, M) — (Y,N) be a morphism in LSch. A chart of f is a
triple (P — M,Q — N,Q — P), where P — M and Q — N are charts of M and N,
respectively, and Q — P is a homomorphism for which the diagram

Q — P
| |
N — M

is commutative.



Definition 2.10 (cf. [5, §2]) A log structure M — Ox on a scheme X is said to be fine
if M has étale locally a chart P — M. A log scheme (X, M) with a fine log structure
M — Ox is called a fine log scheme.

We denote the category of fine log schemes by LSch’. Similarly, we denote the category
of fine log schemes over (S, £) € Obj(LSch’) by LSchlz& r)» The category LSch! (resp.
LSchgsyﬁ)) is a full subcategory of LSch (resp. LSch(g,)). Both LSch and LSch!
have fiber products (cf. [5, (1.6), (2.8)]). But the inclusion functor LSch' < LSch does
not preserve fiber products (cf. Lemma 3.4). The inclusion functor LSch! — LSch
has a right adjoint LSch — LSch! (cf. [5, (2.7)]). Then, the fiber product of a diagram
(X, M) — (Z,P) — (Y,N) in LSch' is the image of that in LSch by this adjoint functor.
Note that the underlying scheme of the fiber product of (X, M) — (Z,P) « (Y,N) in
LSch is X xz Y, but this is not always the case in LSch'.

Next, we introduce a more excellent subcategory of LSch.

Definition 2.11 Let M be a monoid and P a submonoid of M. The monoid P is said
to be saturated in M if x € M and z™ € P for some positive integer n imply z € P. An
integral monoid N is said to be saturated if N is saturated in N8P,

Example 2.12 Put M = N and P = [ - M for an integer [ > 1. Then P is saturated
but is not saturated in M.

Definition 2.13 A fine log scheme (X, M) € Obj(LSch') is said to be saturated if the
log structure M is a sheaf of saturated monoids.

We denote the category of fine saturated log schemes by LSch®. Similarly, we denote
the category of fine saturated log schemes over (S, £) € Obj(LSch®™) by LSch{SS, ¢)- The

category LSch® (resp. LSchfS& £)) is a full subcategory of LSch! (resp. LSchlzs’ ﬁ)). The
following lemma is an easy consequence of [5, Lemma (2.10)].

Lemma 2.14 Let f: (X, M) — (Y,N) be a morphism in LSch® and Q — N a chart
of N, where Q is a fine saturated monoid. Then there exists étale locally a chart (P —
M, Q — N,Q — P) of f extending Q@ — N such that the monoid P is also fine and

saturated.

Lemma 2.15 The inclusion functor LSch® —— LSchf has a right adjoint.
PRrOOF. Let M be an integral monoid. Define

M = {x € M®P | 2™ € M for some positive integer n}.

Then M is an integral saturated monoid. For any integral saturated monoid N and
homomorphism M — N, there exists a unique lifting M5 — N. In this sense, M5
is the universal saturated monoid associated with M. Let (X, M) be a fine log scheme.
Then we have étale locally a chart P — M. This chart defines a morphism X —
Spec Z[P] étale locally. Let X' = X Xgpeczp] Spec Z[P**']. Then X' — Spec Z[P*]
induces a log structure M’ by the associated log structure of P58t — Z[P%3] — Ox.. It
is easy to show that we can glue those log schemes (X', M’) and get a fine saturated log
scheme. This procedure defines a functor LSchf — LSch®™. It is easy to see that this
functor is the right adjoint of the inclusion functor LSch® < LSchf. O



Corollary 2.16 LSch® has fiber products. More precisely, the fiber product of mor-
phisms (X, M) — (Z,P) — (Y,N) in LSch® is the image of that in LSch' by the right
adjoint functor of LSch®™ «—— LSch'.

3 Log smooth morphisms

In this section, we review the definition and basic properties of log smoothness (cf. [5]).

Definition 3.1 Let f: X — Y be a morphism of schemes, and N a log structure on
Y. Then the pull-back of N, denoted by f*N, is the log structure on X associated with
the pre-log structure f~*N — f~1Oy — Ox. A morphism of log schemes f: (X, M) —
(Y, N) is said to be strict if the induced homomorphism f*N — M is an isomorphism.
A morphism of log schemes f: (X, M) — (Y, N) is said to be an ezxact closed immersion
if it is strict and f: X — Y is a closed immersion in the ususal sense.

Exact closed immersions are stable under base change in LSch’ (cf. [5, (4.6)]).

Lemma 3.2 Let : M — Ox and o/: M’ — Ox be fine log structures on a scheme X
with a homomorphism @: M — M’ of monoids such that o = o o . Then, ¢ is an
isomorphism if and only if (¢ mod O%): M/O% — M'/O% is an isomorphism.

The proof is straightforward.

Lemma 3.3 Let f: (X, M) — (Y,N) be a morphism of log schemes. Then, we have a
natural isomorphism

FHN/OF) = fN/Ox.

In particular, f is strict if and only if the induced morphism is an isomorphism

FIWV/05F) = M/O%.

PROOF. The first part is easy to see. As for the second part, apply (2) and Lemma 3.2.
O

Lemma 3.4 (cf. [4, (1.7)]) Let
(3) (X, M) — (Z,P) «— (Y, N)

be morphisms in LSch®™. If (Y,N) — (Z,P) is strict, then the fiber product of (3) in
LSch® is isomorphic to that in LSch. In particular, the underlying scheme of the fiber
product of (3) in LSch®™ is isomorphic to X x, Y.

PrOOF. We may work étale locally. Let P — P be a chart of P, where P is a fine
saturated monoid. Since (Y,N) — (Z,P) is strict, P — P — N is a chart of N/ by
Lemmas 3.2 and 3.3, and (2). Take a chart

P — M
[
P — M

of (X,M) — (Z,P) extending P — P. Set W = X xz Y. There exists an induced
homomorphism M — Oyy. Define a log structure on W by this homomorphism. Then



this log scheme (W, M — Oyy) is the fiber product of (3) in LSch (cf. [5, (1.6)]). Since
the associated log structure My, of M — Oy is fine and saturated, (W, Myy) is indeed
the fiber product of (3) in LSch®. O

Definition 3.5 The exact closed immersion ¢: (T", L") — (T, L) is said to be a thickening
of order < n, if T = Ker(Or — Ogv) is a nilpotent ideal such that Z"*! = 0.

Lemma 3.6 (cf. [3]). Let (T,L) and (T",L') be fine log schemes. If (t,0):(T",L") —
(T, L) is a thickening of order < n, then there exists a commutative diagram

1 — 147 — ¢ % ¢ -1
| N
1 — 1+7 — ticep s (£her — 1,
gp

with exact rows and T = Ker(Or — Opv), such that the square on the right hand side is
Cartesian.

The proof is straightforward. Note that the multiplicative monoid 1 + Z can be
identified with the additive monoid Z by 1+ 2 +— z if Z? = 0.

Definition 3.7 (cf. [5, (3.3)]) Let f: (X, M) — (Y, N) be a morphism in LSch!. f is
said to be log smooth if the following conditions are satisfied:

1. The underlying morphism f of schemes is locally of finite presentation.

2. For any commutative diagram

T,y = (X, M)

| b

(1,£) — (V\N)

s

in LSchf, where ¢ is a thickening of order one, there exists étale locally a morphism
g: (T, L) — (X, M) such that s =got and s = fog.

The proofs of the following two propositions are straightforward and are left to the
reader.

Proposition 3.8 Let f: (X, M) — (Y,N) be a morphism in LSch'. If f is strict, then
f is log smooth if and only if the underlying morphism f of schemes is smooth in the
usual sense.

Proposition 3.9 For (5,£) € Obj(LSch') and (X, M),(Y,N) € Obj(LSch(g 1), let
f: (X, M) — (Y,N) be a morphism in LSchgsvﬁ). Assume that f is log smooth. If
(S’, L") is a log scheme over (S, L), then the induced morphism
(XvM) X(8,L) (S/VCI) - (YvN) X(8,£) (S/7£,>
1s also log smooth.
We conclude this section by introducing integral morphisms of fine log schemes.

Definition 3.10 (cf. [5, (4.1), (4.3)]) Let f: (X, M) — (Y, N) be a morphism in LSch'.
We say f to be integral if for any = € X, setting @ = f~HN/O5)z and P = (M/O%)z,



the ring homomorphism Z[Q] — Z[P] induced by f is flat, where Z denotes the separable
closure of x.

Proposition 3.11 (cf. [5, (4.4)]) Let f:(X, M) — (Y,N) be a morphism in LSch'.
Then, f is integral in each of the following cases:

1. f is strict.

2. For anyy €Y, the monoid (N'/Oy )y is generated by one element, where § denotes
the separable closure of y.

4 Toroidal characterization of log smoothness

The following theorem is due to Kazuya Kato [5], and we prove it in §6 for the reader’s
convenience.

Theorem 4.1 ([5, (3.5), (4.5)]) Let f: (X, M) — (Y, N)) be a morphism in LSch! (resp.
LSch®) and Q — N a chart of N (resp. with Q saturated). Then the following condi-
tions are equivalent:

1. f is log smooth.

2. There exists étale locally a chart (P — M,Q — N,Q — P) of f extending Q — N
(resp. with P saturated), such that

(a) Ker(Q®P — P®P) and the torsion part of Coker(QP — P2P) are finite groups
of orders invertible on X,
(b) X =Y Xgpecz|q) Spec Z[P] is smooth (in the usual sense).

Moreover, if f is a log smooth and integral morphism in LSch! (resp. LSch®) and
Q — N is a chart of N (resp. with Q saturated), then there exists a chart (P —
M, Q — N,Q — P) of f as above such that the ring homomorphism Z|Q] — Z[P]
induced by Q — P is flat.

Remark 4.2 The proof of Theorem 4.1 in §6 shows that we can require in the con-
dition (a) that Q8P — PP is injective without changing the conclusion. Moreover, we
can replace the smoothness in the condition (b) by the étaleness without changing the
conclusion (cf. [5, (3.6)]).

Corollary 4.3 (cf. [5, (4.5)]) Let f:(X, M) — (Y,N) be a log smooth and integral
morphism in LSchf. Then the underlying morphism X — 'Y of schemes is flat.

We give some important examples of log smooth morphisms in the following. Let k
be a field.

Definition 4.4 A log structure on Speck is called a log structure of a logarithmic point
if it is equivalent (cf. Definition 2.3) to the associated log structure of a: Q@ — k, where Q
is a monoid having no invertible element other than 1 and « is a homomorphism defined

by
@)= { L ifr=1
"] 0 otherwise.



Note that this log structure is equivalent to Q ® k* — k. We denote the log scheme
obtained in this way by (Speck, Q). The log scheme (Speck, Q) is called a logarithmic
point. Especially, if @ = N, the logarithmic point (Spec k, N) is said to be the standard
point.

If k is algebraically closed, any log structure on Spec k is equivalent to the log struc-
ture of a logarithmic point (cf. [3] and [5, (2.5), (2)]). Note that if we set Q@ = {1}, then
the log structure of the logarithmic point induced by @ is the trivial log structure (cf.
Example 2.4).

Example 4.5 Let P be a submonoid of a group M = Z% such that P = M and that
P is saturated. Let () be a submonoid of P, which is saturated but is not necessarily
saturated in P. We assume the following:

1. The monoid @ has no invertible element other than 1.
2. The order of the torsion part of M/Q#®P is invertible in k.

Let R = Z[1/N] where N is the order of the torsion part of M/Q®P. The latter assump-
tion implies by Theorem 4.1 that (Spec R[P], P) — (Spec R[Q], Q) (see Example 2.5) is
log smooth. Define Speck — Spec R[Q] by a:Q — k as in Definition 4.4. Let X be a
scheme over k which is smooth over Spec k Xgpec Q] SPEC R[P]. Then we have a diagram

X

l

Speck Xspec rlQ] SPec R[P] — Spec R[P]

! !

Speck — Spec R[Q)].

Define a log structure M on X by the pull-back of the canonical log structure on
Spec R[P]. Then we have a morphism

f+(X, M) — (Speck, Q)

of fine saturated log schemes. This morphism f is log smooth by Proposition 3.8 and
Proposition 3.9. We denote this log scheme (X, M) simply by (X, P).

Example 4.6 (Toric varieties.) In this and the following examples, we use the notation
appearing in Example 4.5. Let o be a cone in Ng = R? and ¢V its dual cone in Mg = R?.
Set P=MnNoY and Q = {0} C P. Then, Speck X specZ[Q] Spec Z[P] is k-isomorphic to
Spec k[P] which is nothing but an affine toric variety. Let X — Speck[P] be a smooth
morphism. Then (X, P) — Speck is log smooth. Note that this morphism is integral by
Proposition 3.11.

Example 4.7 (Variety with normal crossings.) Let o be the cone in Mg = R generated
by e1,...,eq, where ¢; = (0,...,0,1,0,...0) (1 at the i-th entry), 1 < i < d. Let 7 be
the subcone generated by ajeq + - - - 4 ageq with positive integers a; for j =1,...,d. We
assume that GCD(ay,...,aq)(= N) is invertible in k. Set R = Z[1/N]. Then, by setting



P=MnNoand Q = M N7, we see that Speck Xgpec g[g) Spec R[P] is k-isomorphic to
Speck[z1,. .., zq) /(20" -+ z3?) and f is induced by

N Rfor,e gl (200 2)
o]
N — k&,

where the morphism in the first row is defined by e; — z;, (1 < i < d), and ¢ is
defined by ¢(1) = aje1 +- - - +ageq. Let X — Speck|[z1, ..., z4]/(21" - - - z57) be a smooth
morphism. Then, (X, Nd) — (Speck,N) is log smooth. Note that this morphism is
integral by Proposition 3.11.

The following theorem is an application of Theorem 4.1 and will be proved in §7.

Theorem 4.8 Let X be an algebraic scheme over a field k, and M — Ox a fine saturated
log structure on X. Then the log scheme (X, M) is log smooth over Speck with trivial
log structure if and only if there exist an open étale covering U = {U;}ier of X and a
divisor D on X such that

1. there exists a smooth morphism h;:U; — V; where V; is an affine toric variety
over k for each i € I,

2. the divisor U; x x D on U; is the pull-back of the union of the closure of codimension
one torus orbits of V; by h; for each i € I,

3. the log structure M — Ox is equivalent to the log structure Ox ﬂj*(’))X(\D — Ox
where j: X \ D — X is the inclusion.

Corollary 4.9 Let X be a smooth algebraic variety over a field k, and M — Ox a
fine saturated log structure on X. Then, the log scheme (X, M) is log smooth over
Speck with trivial log structure if and only if there exists a reduced mnormal crossing
divisor D on X such that the log structure M — Ox is equivalent to the log structure
Ox ﬂj*(’);(\D — Ox where j: X \ D — X is the inclusion.

5 Log differentials and log derivations

In this section, we are going to discuss the log differentials and log derivations, which
are closely related with log smoothness, and play important roles in the sequel. To begin
with, let us introduce some abbreviated notation in order to avoid complications. Let
(X, M) be a log scheme. If we like to omit writing the log structure M, we write this
log scheme by X1 to distinguish it from the underlying scheme X.

Definition 5.1 (cf. [5], in different notation) Let XT = (X, M) and YT = (Y, \) be fine
log schemes, and (f,¢): XT — YT a morphism, where ¢: f~'A/ — M is a homomorphism
of sheaves of monoids.

1. Let £ be an Ox-module. The sheaf of log derivations Dery+(XT, &) of XT to £ over
Y1 is the sheaf of germs of pairs (D, Dlog) with D € Dery (X, ) and Dlog: M — &
such that the following conditions are satisfied:
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(a) Dlog(ab) = Dlog(a) + Dlog(b), fora,b e M,
(b) a(a)Dlog(a) = D(a(a)), fora € M,
(c) Dlog(p(c)) =0 force f~IN.

2. The sheaf of log differentials of XT over Yt is the O x-module defined by
Qi pyt = Qx)y @ (Ox @z MEP)]/K,
where I is the Ox-submodule generated by
(da(a),0) — (0,a(a) ®a) and (0,1 ® p(b)),
for alla € M, be f~IN.

These are coherent Ox-modules if YV is locally Noetherian and X locally of finite
type over Y (cf. [3]).

Proposition 5.2 (cf. [5, §1]) Given a Cartesian diagram of fine log schemes

xt 4, Xt
yt — SN/T,
we have an isomorphism
*l ~ 1
98— Sy

The proofs of the following three propositions are found in [5, §3].

Proposition 5.3 Let X, YT, f, and £ be the same as in Definition 5.1. Then there is
a natural isomorphism

Homoy (i /y1,€) — Dery+ (X1, €),
by u +— (uod,u o dlog), where d and dlog are defined by
d: Ox — Qxjy — Uyt s

and
dlog: M — OX XKz Mgp —_— Qﬁ(T/YT'

Proposition 5.4 Let X' Loyt 9 7t pe morphisms of fine log schemes.

1. There exists an exact sequence
F* Qi szt — Qxt g1 — Qi jyr — 0.
2. If f is log smooth, then
(4) 0 — f* Qi — Dyt g1 — iyt — 0

18 exact.

11



3. If go f is log smooth and (4) is exact and splits locally, then f is log smooth.

Proposition 5.5 If f: XT — YT is log smooth, then Q}){T/W s a locally free Ox-module
of finite rank.

Example 5.6 (cf. [10, Chap. 3, §(3.1)]) Let Xx be a toric variety over a field k deter-
mined by a fan ¥ on Ng with N = Z¢. Consider the log scheme (Xx, %) (cf. Example
2.6) over Speck. Then we have isomorphisms of Ox-modules

Derk(XT,OX) 5 Ox ®z N and Q}(T/k = 0x ®z M,
where M = Homg(N,Z).

Example 5.7 For X = Speck[z1,...,2,)/(z1---21), let f:(X, M) — (Speck,N — k)
be the log smooth morphism defined in Example 4.7. Then Deryi (X', Ox) is a free
Ox-module generated by

0 0 0 0
P Y ——— . ——
1821’ ’ lazl’azl+1’ " Oz,
with a relation

0
— 4. — =0.
z1821+ +Zlazl

The sheaf Q%T Jit is a free Ox-module generated by the logarithmic differentials

le dzl
— ey, —d2141, ..., d2n
Al Zl
with a relation
dzy dz
44+ ==
Z1 Zl

1
Xt /Kt

rithmic differentials introduced, for example, in [1, §3] and [6, §2].

In the complex analytic case, the sheaf ) is nothing but the sheaf of relative loga-

6 The proof of Theorem 4.1

In this section, we give a proof of Theorem 4.1 due to Kazuya Kato [5]. Before proving
the general case, we prove the following proposition.

Proposition 6.1 Let A be a commutative ring and h: Q — P a homomorphism of fine
monoids. The homomorphism h induces a morphism of log schemes

f:XT = (Spec A[P],P) — YT = (Spec AlQ], Q).

We set K = Ker(h8P: Q%P — P®P) and C = Coker(h&P: Q%P — P2P), and denote the
torsion part of C' by Cior. If both K and Cior are finite groups of order invertible in A,
then f is log smooth.

12



PROOF. Suppose we have a commutative diagram

/

(1,2 = X' = (SpecA[P],P)

| b

(Tvﬁ) > vi = (SpeCA[Q],Q)

in LSch!, where the morphism ¢ is a thickening of order one. Since we may work étale
locally, we may assume that 7T is affine. Set Z = Ker(Or — O7v). Since the morphism ¢
is a thickening of order one, by Lemma 3.6, we have the following commutative diagram
with exact rows:

1—>1+I<—>Lt—*>[,’—>1

I N N
1 — 147 — L8 — (L — 1.
(t*)ep
Note that the square on the right hand side is Cartesian.
First, consider the following commutative diagram with exact rows:

1—>K—>Qgpﬁ> per — C — 1

[ | [
1 — 147 — L8 — (L) — 1.
(t*)ep
The multiplicative monoid 1 4 Z is isomorphic to the additive monoid Z by 1 +x — x
since Z2 = 0. If the order of K is invertible in A, then we have u = 1, and hence there
exists a morphism a’: R — £8P with R = Image (h8P: Q%P — PSP) such that a’ o h8? = v
and (t*)8P o a’ = w.

Next, we consider the following commutative diagram with exact rows:

1 — R 5 p¥ — ¢ — 1

a’J{ lw
0 — 7T — L& — (L) — 1.
(t)sP
We show that there exists a homomorphism a”: P8 — £8P such that a” ot = a’ and
(t*)8P 0 a” = w. The obstruction for the existence of a” lies in Ext!(C,Z). In general, if
a positive integer n is invertible in A then we have Ext!(Z/nZ,Z) = 0. Combining this
with Ext!(Z,Z) = 0, we have Ext'(C,Z) = 0 since the order of the torsion part of C' is
invertible in A. Hence a homomorphism a” exists. Since the diagram

c 5 o7

N

L8 —  (L)EP,
(t*)ep

is Cartesian, there exists a homomorphism a: P — £ such that t* o a = (s')* and
aoh = s*. Using this a, we can construct a morphism of log schemes g: (T, £) — XT =
(Spec A[P], P) such that got =s" and sog= f. O
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Now, let us prove Theorem 4.1. First, we prove the implication 2 = 1. Let R =
Z[1/(Ny - N3)] where Ny is the order of Ker(Q®P — P&P) and Ny the order of the torsion
part of Coker(QeP — P#P). By the assumption (a), we have

Y XSpeCZ[Q] Spec Z[P] = Y XSpeC R[Q] Spec R[P]

Since X — Y Xgpec rg) SPec R[P] is smooth by (b), f is log smooth by Propositions 3.8,
3.9 and 6.1.

Next, let us prove the converse. Assume that the morphism f is log smooth. Then,
the sheaf Q. Jyt IS a locally free Ox-module of finite rank (cf. Proposition 5.5). Take
any point x € X. We denote by T the separable closure of x.

Step 1 Consider the morphism of Ox-modules
1 ® dlog: Ox R, MBP — Q}XJ[/YT,

1
Xt/yt:

M3z in such a way that the system {dlogt;}i<i<, is an Ox z-base of Q
the homomorphism : N” — M3z defined by

Then we can take elements t,...,t, €

1
Xt/vtz

which is surjective by the definition of Q2

. Consider

N" > (n1,...,ny) — t4t -0 € M.

Combining this ¢» with the homomorphism @ — f~*(N)z — Mz, we have a homomor-
phism ¢: H = N" @ Q — M;.

Step 2 Let k(Z) denote the residue field at z. We have a homomorphism
(5) k(z) @z Z" — k(%) @z Coker(f (N /Oy)z — J\/l%p/(’))x(@)

by k(Z) ®z V& k(z) @z Z" — k(z) ®z M5’ and the canonical projections M —
MEP/O% ; — Coker(fH (N /05 )z — ME/O% ;). We claim that this morphism (5)
is surjective. Indeed, this morphism coincides with the composite morphism

k(@) @22 — k(2)®0y ; Uyt jyt ; — k(7) @z Coker(f~H (NP /O5); — ME/O% ),

where the first morphism is induced by dlog o ¢ and the second one by the canonical
projection, and these morphisms are clearly surjective. Hence the morphism (5) is sur-
jective. On the other hand, the homomorphism Q& — f~1(N/Oy); is surjective since
Q — N is a chart of N. Hence, the homomorphism

k(7) @7 Q% — k(z) ®z [ (N/O5)a
is surjective, and then, the homomorphism
1 @7 ¢ k(7) @z H® — k(7) ®z (Mz/0% ;)

is surjective. This shows that the cokernel C' = Coker(p8P: H8 — MEP/O% ) is anni-
hilated by an integer N invertible in Ox z.

N

Step 3 Take elements ay,...,a; € M5" which generate C. Then we can write a’ =

uip(b;) for u; € Ox ; and b; € HEP, for i = 1,...,d. Since Ox ; is N-divisible, we can

14



write u; = ’UZN for v; € O)X(’g_c, for i = 1,...,d, and hence we may suppose alN = o(b;),
replacing a; by a;/v;, for i = 1,...,d. Let G be the push-out of the diagram

HeP 74— 79,

where Z¢ — H®P is defined by e; — b;, and Z¢ — 79 is defined by e; — Ne; for
i=1,...,d. Then P: H& — M and y A MEP defined by e; — a; fori =1,...,d,
induce a homomorphism

¢:G — MSP

which maps G surjectively onto M5’ /O% .. Then P:= ¢! (M;) defines a chart of M
on some neighborhood of z (cf. [5, Lemma 2 10]). If M is saturated, then so is P. There
exists an induced map ¢ — P which defines a chart of f in some neighborhood of Z.
Since H8P — PSP is injective, so is Q%P — P&P. The cokernel Coker(H®&P — PgP) is
annihilated by N, hence Coker(Q® — P#P)y,, is finite and annihilated by N.

Step 4 Set X' =Y Xgpecz(q] Spec Z[P] and g: X — X'. We need to show that the
morphism ¢ is smooth in the usual sense. Since X has the log structure induced by g
from X't = (X', P), it suffices to show that g is log smooth (cf. Proposition 3.8). Since
k(Z) @z (PP /Q%P) 5 k(Z) @z Z¢ = k(%) R0x.» Q)(T/YT - and Qxf/y’r is locally free, we
have QXT/YT = Ox @z (P8P /QfP) in some neighborhood of Z. On the other hand, by
direct calculation, one sees that Ql X'yt S = Ox' ®z(p] le[P]/Z[Q] 5 Oxr ®z (P8P /Q8P).

Hence we have g QX "yt = QXT/YJT

5.4 (in fact, g is log étale (cf. [5])).

This implies that g is log smooth by Proposition

Step 5 Finally, we need to show that the ring homomorphism Z[Q] — Z[P] induced by
h:Q — P is flat in case f is integral. By [5, (4.1)], the ring homomorphism Z[Q] — Z[P]
is flat if and only if for any a1,a2 € Q, b1,by € P with h(ay)by = h(ag)bg, there exist
az,ay € QQ and b € P such that by = h(ag)b by = h(aq)b, and ajas = asay. Set
M = (M/O%)z and N = (N /Oy ) . Let h: N — M be the homomorphism induced
by f. Then, we have a commutatlve dlagram

h
—

N M
v| E
Q — P.

Since f is integral, the ring homomorphism Z[N] — Z[M] induced by h is flat, and
hence h: N — M satisfies the above condition. Recall that the morphism ¢ maps P
surjectively onto M, and P/R = M by ¢ where R is a subgroup in P. Similarly, ¢ maps
Q surjectively onto N, and Q/S = N by v where S is a submonoid in Q, since Q — N
is a chart of N For any aj,az € @, by,be € P with h(al)bl = h(ag)by, there exist
a3,a3 € N and b € M such that ¢(b) = h(az)b, gb(bg) h(a1)b, and ¥ (a1)az = ¥ (az)a.
Take a3, as € Q and b € P such that 1(a3) = a3, ¥(as) = ag, and ¢(b') = b. We may
assume ajaz = azay. Then we have by = h(ag)b'cq, ba = h(ag)b'co for some c¢1,c2 € R.
Since h(a1)by = h(a2)ba, aras = asay, and P is fine, we have ¢; = ca. Then, by setting
b= bc; = bca, we have the desired result. O
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7 The proof of Theorem 4.8

In this section, we give a proof of Theorem 4.8. If V' = Spec k[P] is an affine toric variety,
then it is easy to see that the log structure associated to P — k[P] is equivalent to the
log structure Ox N j*(’)‘i\ p < Ox where D is the union of the closure of codimention
one torus orbits of V and j: V' \ D < V is the inclusion. Hence, the “if” part of Theorem
4.8 is easy to see. Let us prove the converse. Let (X, M) be as in the assumption of
Theorem 4.8 and f: (X, M) — Speck the structure morphism. The key lemma is the
following.

Lemma 7.1 We can take étale locally a chart P — M of M such that

1. the chart (P — M,1 — k*,1 — P) of f satisfies the conditions (a) and (b) in
Theorem 4.1,

2. P is a fine saturated monoid, and has no torsion element.

Here, by a torsion element, we mean an element x # 1 such that x™ = 1 for some positive
integer n.

First, we are going to show that the theorem follows from the above lemma. Since the
monoid P has no torsion element, P is the saturated submonoid of a finitely generated
free abelian group P®P. Hence, X is étale locally smooth over an affine toric variety,
and the log structure M on X is étale locally equivalent to the pull-back of the log
structure induced by the union of the closure of codimension one torus orbits. Since
these log structures glue to the log structure M on X, the pull-back of the union of the
closure of codimension one torus orbits glue to a divisor on X. In fact, this divisor is
the complement of the largest open subset U such that M|y is trivial, with the reduced
scheme structure. Hence our assertion is proved.

Now, we are going to prove Lemma 7.1. We may work étale locally. Take a chart
(P — M,1 — k*,1— P)of fasin Theorem 4.1. We may assume that P is saturated.
Then
Pioy:={z € P|2" =1 for some n}
is a subgroup in P. Take a decomposition P8P = Gt @ Gyor of the finitely generated
abelian group P8P, where Gt (resp. Gior) is a free (resp. torsion) subgroup of P8P. Then
we have Pio; = PN Gior = Gior since P is saturated. Define a submonoid by Pr = PNGy.

Claim 1 P = FP;® P,

ProOOF. Take x € P. Decompose x = yz in P8 so that y € Gy and z € Gioy = Pior-
Since y" = (xz~1)" = 2™ € P for n large, we have y € P. Hence y € P. O

Claim 2 The homomorphism os: Pr — P % Ox defines a log structure equivalent to

M.

PROOF. If x € Py, then az) € O% since a(x)" =1 for n large. Hence a(Pior) C O,
which implies that the associated log structure of P is equivalent to that of P. O

Hence, the morphism f is equivalent to the morphism induced by the diagram

of

P — Ox
A
1 — k
A



Then we have to check the conditions (a) and (b) in Theorem 4.1. The condition (a) is
easy to verify. Let us check the condition (b). We need to show that the morphism

X — Spec k[P

induced by X — Spec Z[P] — Spec Z[P] is smooth.

Claim 3 The morphism
(6) Spec k[P] — Spec k[ F]

induced by P — P is étale.

PROOF. Since P = Pr@® P;or, we have k[P] = k[P @ k[Pior]. Since every element in Py,
is a root of unity, and since the order of Py, is invertible in k, the morphism k «—— k[P;o;]
is a finite separable extension of the field k. This shows that the morphism (6) is étale.
O

Now we have proved Lemma 7.1, and hence, Theorem 4.8.

8 Formulation of log smooth deformations

From now on, we fix the following notation. Let k be a field and @ a fine saturated
monoid having no invertible element other than 1. Then we have a logarithmic point
(cf. Definition 4.4) kT = (Speck, Q). Let (f,¢): XT = (X, M) — kT = (Speck, Q) be a
log smooth morphism in LSch®. We often denote this morphism of log schemes simply
by f.

Let A be a complete Noetherian local ring with residue field k. For example, A is
k or the ring of Witt vectors with entries in k£ when k is perfect. We denote by A[[Q]]
the completion of the monoid ring A[Q] along the maximal ideal p 4+ A[Q \ {1}] where
p denotes the maximal ideal of A. The completion A[[Q)]] is a complete local A-algebra
and is Noetherian since @ is finitely generated. If the monoid @) is isomorphic to N, then
the ring A[[Q]] is isomorphic to A[[t]] as a local A-algebra. Let Caiqy be the category of
Artinian local A[[Q]]-algebras with residue field k, and 9 AfjQ)) the category of pro-objects
of Cpfqy (cf. [11]). For A € Obj] ((?AHQH), we define a log structure on the scheme Spec A
by the log structure

Qe A — A

associated to the homomorphism @ — A[[Q]] — A. We denote by (Spec A, Q) the log
scheme obtained in this way.

Definition 8.1 For A € Obj(Cyafq)), a log smooth lifting of f: (X, M) — (Speck,Q)
on A is a log smooth morphism f: ()N(,./(/lv) — (Spec A, Q) in LSch®™ together with a
Cartesian diagram

(X, M) — (X, M)
fl ﬁ
(Speck,Q) — (Spec4,Q)

in LSch®. Two log smooth liftings are said to be isomorphic if they are isomorphic in

f:
LSch(gpec 4,q)-
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Note that (Speck, @) — (Spec A, Q) is an exact closed immersion, and hence the
above diagram is Cartesian in LSch® if and only if so is it in LSch (cf. Lemma 3.4).
In particular, the underlying morphisms of log smooth liftings are (not necessarily flat)
liftings in the usual sense. Moreover, since exact closed immersions are stable under
base change, (X, M) — (X, M) is also an exact closed immersion. If either Q = {1} or
@ = N, the underlying morphisms of any log smooth liftings of f are flat since these
morphisms of log schemes are integral (cf. Proposition 3.11). Hence in this case the
underlying morphisms of log smooth liftings of f are flat liftings of f.

Remark 8.2 In Definition 8.1, we assume that any log smooth lifting is log smooth.
This assumption is crucial since any lifting of a log smooth morphism is not necessarily
log smooth. Here is an example due to the referee. Set @ = N and X = Spec k[x].
The morphism X — Speck of schemes induces a log structure M on X such that the
morphism f: (X, M) — (Speck, N) is strict, and hence log smooth (cf. Proposition 3.8).
The strict morphism

f: (Spec k[z, €]/ (ze, €?), M) — (Spec kle]/(¢?),N)

induced by the morphism Spec k[z, €]/(we, €2) — Spec k[e]/(€?) of schemes gives a lifting
of f to (Specklel/(¢?),N), where N — kl[e]/(€2) is defined by 1 — e. Then f is
not log smooth since f is strict but the underlying morphism Speck[z, €] /(ze, €2) —
Spec k€] /(€2) of schemes is not flat (cf. Proposition 3.11, Corollary 4.3).

Take a local chart (P — M,Q — Q @ k*,Q — P) of f extending the given
@ — k as in Theorem 4.1 such that Q%" — P®P is injective and the induced mor-
phism X — Speck Xgpecz[g) Spec Z[P] is étale (cf. Remark 4.2). Then f factors through
Speck Xgpecz(q] Spec Z[P] by the étale morphism X — Speck Xgpec zjg) Spec Z[P] and
the natural projection étale locally. For A € Obj(Cx[iqy), an étale lifting

(7) X — Spec A X $pecz[Q] Spec Z[P]

of X — Speck Xgpecz|Q) SPeC Z[P], with the naturally induced log structure, gives a

local log smooth lifting of f. Conversely, suppose f: (X, M) — (Spec 4, Q) is a local log
smooth lifting of f on A.

Lemma 8.3 The local chart (P — M,Q — Q ® k*,Q — P) of f lifts to a local chart
(P—>M,Q—QdA*,Q— P) of f.

PROOF. The proof is done by induction on the length of A. Take A" € Obj(Cyjiqy)
with a surjective morphism A — A’ such that I = Ker(4 — A’) # 0 and I = 0. Let
FH (X', M) — (Spec A, Q) be a pull-back of f. Then f’ is a log smooth lifting of f to
A’. By induction, we have a lifted local chart (P — M.Q—Qa (A)*,Q — P) of 1.
The morphism (X’, M') — (X, M) is a thickening of order one. Let R = Z[1/N], where

N is the order of the torsion part of PgP/Q8P. Consider the commutative diagram

(X', M) — (SpecR[P], P)

! !

(X,M) — (SpecR[Q],Q).

Since (Spec R[P], P) — (Spec R[Q], Q) is log smooth, ()N(,/K/lv) — (Spec R[Q)], Q) factors
through (Spec R[P], P) by a morphism ¢: (X, M) — (Spec R[P], P). This morphism g
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defines a homomorphism P — M of sheaves of monoids on X such that the diagram

P — M

| |

Q — QaA"

is commutative. Since M / O} = M / (’))X?,, we can easily show that the morphism
P — M defines a chart (cf. Lemma 3.3). O

Then f factors through Spec A X $pec z[Q] Spec Z[P] by the induced morphism

X — Spec A Xgpec zj@] SPEC Z[P] and the natural projection, and we have the following
commutative diagram

X — X

! l

Speck Xgpeczjq) Spec Z[P] —  Spec A Xgpec 7)) Spec Z[P]

l l

Speck — Spec 4,

such that each square is Cartesian. We need to show that X — Spec Ax Spec Z[Q)Spec Z[P]

is étale. Set Y = Spec A X specz[Q] SPec Z[P]. Since X — Spec A is log smooth, Q%T/m
1 ~

is a locally free Oz-module. By Proposition 5.2, we have ()

%tjar 805 Ox = Qe (5
Ox @z (P#?/QeP)), and hence we have Q%(VT/AT = O5 @z (P& /Q#P)) étale locally. On

the other hand, by direct calculation, we have QL = O3 @ (P8P/Q8P)). Hence, we

Yt At
1 ~ 1 d <7 . /
have Q?T/Atb? — Q)?T/AT' By [5, (3.8), (3.12)], X — Y is étale. Therefore, we have

proved the following proposition.

Proposition 8.4 (cf. [5, (3.14)]) For A € Cyqy, a log smooth lifting of f:(X, M) —
(Speck, Q) on A exists étale locally, and is unique up to isomorphism. In particular, log
smooth liftings of an integral and log smooth morphism are integral.

Remark 8.5 In Definition 8.1, we assume that any log smooth lifting is log smooth.
Without this assumption, Proposition 8.4 is false. For example, the log smooth mor-
phism f:(X, M) — (Speck,N) in Remark 8.2 has at least two different liftings to
(Spec k[e]/(€?),N), one of which is log smooth while the other is not log smooth.

Let f: ()Z,/T/l/) — (Spec A, Q) be a log smooth lifting of f to A, and u: A" — A
a surjective homomorphism in Cpfjg) such that I 2 = 0 where I = Ker(u). Suppose
F (X', M) — (Spec A, Q) is a log smooth lifting of f to A’ which is also a lifting of
f. Let (P — M, Q— Q& (A)*,Q — P) be a local chart of f" which is a lifting of
(P—M,Q — Qdk*,Q — P). Define a local chart (P — M,Q - QaA*,Q — P) of
fbyP—> M — Mand Q— Q& (A)* — Q@& A*. An automorphism ©: (X', M') =
(X', M) over (Spec A’, Q), which is the identity on (X, M), induces an automorphism
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0: (M’)eP = (M')eP. Consider the diagram

pep —  psp

a’l la
1 — 147 — (M) — M — 1.
For a € P, the element o/(a) - [# o o/(a)]~! is in 1 +Z. Then we have a morphism

A:P® -T=1-0z = I®405by Ala)=d(a)-[fo o(a)]~! — 1. The morphism A
lifts to a morphism A: P8P /Q8P — T @4 O ¢ and defines a morphism of O -modules

Of ®z (P8P /QBP) — I ®4 OXV.

Since Q% at 50 5 ®z (PSP/Q8P) étale locally, this defines a local section of

Homog(Q%/m,I@A 0z) — Der(XT, Oz)®al.

Conversely, for a local section (D, Dlog) € Der(XT, O3) ®a I, D induces an automor-
phism of O, and Dlog induces an automorphism of M, and then, induces an automor-

phism of (X’, Mv’) By this, applying the arguement in SGA I [2, Exposé 3|, we get the
following proposition.

Proposition 8.6 (cf. [5, (3.14)]) Let f: (X, M) — (Spec A, Q) be a log smooth lifting of
f to A, and u: A" — A a surjective homomorphism in Ca[iq) such that I? = 0, where
I = Ker(u) (i.e., (Spec A, Q) — (Spec A', Q) is a thickening of order < 1).

1. The sheaf of germs of lifting automorphisms of ]? to A is

Derm()ﬁ,(’)i) ®al.

2. Any log smooth lifting of f to A" which lifts fv canonically induces an isomorphism
from the set of all isomorphism classes of such liftings to

H'(X, Der 4+(X1,05)) @a 1,
as pointed sets.

3. The obstructions for lifting f to A’ are in

H?(X, Der 41(X,05)) @4 1.

Define the log smooth deformation functor LD = LD i by letting LD x+ /i (A)
to be the set of isomorphism classes of log smooth liftings of f: XT — k' to A for
A€ Obj(CAHQ”). This is a covariant functor from Cy[(q) to the category Ens of sets

such that LD x1 1 (k) consists of one point. We shall prove the following theorem in the
next section.

Theorem 8.7 The log smooth deformation functor LDyt has a representable hull (cf.
[11]) if f is integral and X is proper over k.
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9 The proof of Theorem 8.7

In this section, we prove Theorem 8.7 by checking Schlessinger’s criterion ([11, Theorem
2.11]) for LD. Let u;: A1 — Ap and ug: Ay — Ap be morphisms in Cafjq)- Consider the
map

(8) LD(A1 X Ao AQ) — LD(Al) XLD(AO) LD(A2)
Then we need to check the following conditions.

(H1) The map (8) is surjective whenever us: Ay — Ay is surjective.
(H2) The map (8) is bijective when Ag = k and As = k[e], where k[e] = k[E]/(E?).
(H?)) dimk<tLD) < 00, where typ = LD(k[e])

Suppose (H1) and (H2) are valid. Then by Proposition 8.6, we have an isomorphism
trp — HY(X, Derpi (X1, 0x))

of k-linear spaces. Our assumption implies that ¢r,p is a finite dimensional vector space,
since Dery(XT,0x) is a coherent Ox-module. Thus, (H3) follows. Hence, we need
to check (H1) and (H2). Set B = A; x4, As. Let v;: B — A; be the natural map
for i = 1,2. We denote the morphisms of schemes associated to w; and v; also by
u;: Spec Ag — Spec A; and v;: Spec A; — Spec B for i = 1,2, respectively.

PrROOF OF (H1). Suppose the homomorphism wug: A5 — A is surjective. Take an
element (71,72) € LD(A1) xppa,) LD(A2) where n; is an isomorphism class of a
log smooth lifting f;: (X;, M;) — (Spec A;,Q) for each ¢ = 1,2. Note that the un-
derlying morphism of f;’s are flat since f;’s are integral (cf. Proposition 8.4). The
equality LD(u1)(n1) = LD(u2)(n2)(= no) implies that there exists an isomorphism
(u2)*(Xa, Ma2) = (u1)*(X1, M1) over (Spec Ag, Q). Here, (u;)*(X;, M;) is the pull-
back of (X;, M;) by u;: Spec A9 — Spec A; for i = 1,2. Set (Xo, Mp) = (u1)* (X1, M1).
We denote the induced morphism of log schemes (X, M) — (X;, M;) by uj fori=1,2.
Then we have the following commutative diagram:

uT U
(X1, My) (X0, Mp) 2> (X2, My)

f1l fol lfz

(Spec A1, Q) < (Spec Ay, Q) —2 (Spec A, Q).

N —+

We have to find an element £ € LD(B), which represents a lifting of f to B, such that
LD(v;)(§) = m; for i = 1,2. Consider the scheme Z = (|X|, Ox, X0y, Ox,) over Spec B.
Define a log structure on Z by the natural homomorphism

N =My xpmy Mo — Oz = Ox, xoy, Ox,.
It is easy to verify that this homomorphism is a log structure. Since the diagram

N — Oy

I |

Q1>Q><QQ — B
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is commutative, we have a morphism g: (Z, N') — (Spec B, Q) of log schemes. By con-
struction, we have a morphism v;: (X;, M;) — (Z,N) for i = 1,2 such that the diagram

of
(X1,,M1) —  (Z,N)

ut| e
(Xo, Mo) — (X2, M3)

Ugy

is commutative. Since ug: Ao — Ag is surjective, the underlying morphism X; — Z of
’UI is a closed immersion in the classical sense. We have to show that the morphism UJ{
is an exact closed immersion. Take a local chart (P — M,Q — Q ® k*,QQ — P) of
f as in Theorem 4.1 such that Q%® — P*P is injective and the induced homomorphism
Z]|Q] — Z[P] is flat. By Lemma 8.3, this local chart lifts to a local chart of f; for each

1=20,1,2. Since us: Ay — A is surjective, we have an isomorphism

N/O7 = (M1/0%,) X(MO/O)X(O) (M2/0%,).

By this, one sees that P = P xp P — N is a local chart of A/. This shows that
(Z,N) is a fine saturated log scheme, and UJ{ is an exact closed immersion. Hence,
(Z,N') — (Spec B, Q) is a lifting of f to (Spec B, Q). Since the underlying morphism of
fi of schemes is a flat lifting of that of f for each¢ = 0,1,2, Z — Spec B is also a flat lifting
of f. On the other hand, since the local lifting Z — Spec B X gp,ec z[g]Spec Z[P] — Spec B,
where Z — Spec B Xgpecz[Q] Spec Z[P] is smooth, is also a flat lifting of f, these two
liftings coincide. This shows that ¢g: (Z,N) — (Spec B, Q) is log smooth. Hence g
represents an element { € LD(B). It is easy to verify that LD(v;)(§) = n; for i = 1,2
since the morphisms f1,f> and g have a common local chart. O

Remark 9.1 In the above proof, the flatness of the underlying morphisms is important.
It is used to prove that the lifting (Z,N) — (Spec B,Q) of f to (Spec B, Q) is log
smooth. Without assuming that f is integral, this is false in general. Here is an example
due to the referee. Let f:(Xo, Mg) = (Speck[z], N?) — (Speck, N?) be a log smooth
morphism defined by

klz] <& N?

I K

k «— N2
B
where h(1,0) = (1,0),h(0,1) = (1,1), «(1.0) = 0,(0,1) = z, and $(1,0) = ((0,1) =
0. Set (Spec A;,N?) = (Spec Az, N?):= (Speck[e]/(¢?),N?), where N? — k[e]/(€?) is
defined by (1,0) — €,(0,1) — 0. Let f;:(X;, M;) — (SpecA;, kle]) be log smooth
liftings of f for i = 1,2. Then, we have X; = Speck[z,¢€]/(¢?,ex), and hence Z:=
(1X|, Ox, X0x, Ox,) = Specklr,e,6]/(€%, 6%, €5, ex,6x). But a log smooth lifting to
(Spec B, N?) is isomorphic to Spec k[z, ¢, 8]/(e2, 62, €5, ), and is not isomorphic to Z.

Proor or (H2). We continue to use the same notation as above. We need the following
lemma:
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Lemma 9.2 Let ¢': (Z',N') — (Spec B, Q) be a log smooth lifting of f with a commuta-
tive diagram

(X1, M1) — (2, N)

| |
(Xo, Mo) — (X2, M3)

Ugy

of liftings such that (v;)*(Z',N") & (X;, M;) over (Spec A;, Q) for i = 1,2. Then the
natural morphism (Z,N') — (Z',N") is an isomorphism.

ProOF. We may work étale locally. By Lemma 8.3, the local chart (P — M,Q —
Q®k*,Q — P) of flifts to a local chart of ¢’. Take a local chart (P — N,Q —
Q@ B*,Q — P)of gby P— N’ — N. Then, the schemes Z and Z’ are smooth liftings
of X — Speck Xgpecz(q) Spec Z[P] to Spec B Xgpec z(q) Spec Z[P]. Hence we have only
to show that the natural morphism Z — Z’ of underlying schemes is an isomorphism.
This follows from classical theory [11, Corollary 3.6] since each X; is a smooth lifting of
X — Speck Xgpec zjQ] SPec Z[P] to Spec A; Xgpecz(q) Spec Z[P] for i = 0,1,2. O

Let ¢": (Z',N') — (Spec B, Q) be a log smooth lifting of f which represents a class
¢ € LD(B). Suppose that the class ¢’ is mapped to (n1,72) by (8). Then,

(X0, M) = (v1ou1)*(Z",N') = (v2 0 u2)*(Z",N") «— (X0, Mo)

defines an automorphism 6 of the lifting (Xo, My). If this automorphism 6 lifts to
an automorphism 6" of the lifting (X7, M) such that 6 o uJ{ = uJ{ o 6, then replacing
(X1, M1) — (Z',N") by (X1, M) LA (X1, M1) — (Z',N'), we have a commutative
diagram as in Lemma 9.2, and then we have £ = £’. Now if Ay = k (so that (Xo, M) =
(X, M), 6 =id), then ¢ exists. O

10 Example 1: Log smooth deformations over a trivial base

As we have seen in Theorem 4.8, any log scheme (X, M) which is log smooth over Spec k
with the trivial log structure is smooth over an affine toric variety étale locally.

Example 10.1 (Usual smooth deformations.) Let X be a smooth algebraic variety over
a field k. Then X with the trivial log structure is log smooth over Speck (this is the
case D = 0 in Corollary 4.9), and a log smooth deformation of X in our sense is nothing
but a usual smooth deformation of X.

Example 10.2 (Generalized relative deformations.) Let X be an algebraic variety over
a field k. Assume that there exists a fine saturated log structure M on X such that
f: (X, M) — Speck is log smooth. Then by Theorem 4.8, X is covered by étale open sets
which are smooth over affine toric varieties, and the log structure M — Ox is equivalent
to the log structure defined by

for some divisor D on X, where j is the inclusion X \ D — X. In this situation, our
log smooth deformation of f is a deformation of the pair (X, D). If X is smooth over
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k, then D is a reduced normal crossing divisor (cf. Corollary 4.9). Assume that X is
smooth over k. Then we have an exact sequence

0 — Derp(XT,0x) — Dery(X,0x)(= Ox) — N — 0,
where N is an Ox-module written locally as
(ND1|X ® ODl) ©-- D (NDd\X ® ODd)a

where D1, ..., Dy are local components of D, and N, p;|x 1s the normal bundle of D; in
X fort=1,...,d. Then, we have an exact sequence

HY(D,N) — typ — HY(X,0x) — HY(D,N).

In this sequence, H*(D, N) is viewed as the set of isomorphism classes of locally trivial
deformations of D in X, and H'(D, ) is viewed as the set of obstructions for defor-
mations of D in X. Hence this sequence explains the relation between the notion of
log smooth deformations and that of usual smooth deformations. Note that, if D is a
smooth divisor on X, the log smooth deformation is nothing but the relative deformation
of the pair (X, D) studied by Makio [9] and others.

Example 10.3 (Toric varieties.) Let Xy be a complete toric variety over a field k
defined by a fan ¥ in Ng, and consider the log scheme X' = (Xy,¥) (cf. Example 2.6)
over Spec k. We have seen in Example 5.6 that

Derk(XT,(’)X) = Ox ®7 N,

and hence is a globally free Ox-module. Since H'(X, Deri(XT,Ox)) = 0, any toric
variety is infinitesimally rigid with respect to log smooth deformations. Note that toric
varieties without log structures need not be rigid with respect to usual smooth deforma-
tions.

11 Example 2: Smoothings of normal crossing varieties

Let n > 0 be an integer. Let us write the n-dimensional affine space over a field F' by
% = Spec F[Ty,...,T,]. For 1 <i < n, the hyperplane in A% defined by the ideal (7})
is denoted by H; r. We denote by 0 the origin of A’..

Let k be a field. In this and the next sections, we mean, by a normal crossing
variety over k of dimension n — 1, a scheme X of finite type over k enjoying the following
condition: For any closed point z € X, there exist a scheme U and a point y € U
together with étale morphisms

le
p:U— X and ¢:U — UHi,k"
i=1

such that ¢(y) = = and ¢(y) = 0, where k' is a finite extension of k, depending on
z, and 1 <[, < n. Clearly, the integer [, depends only on the closed point x. We
call it the multiplicity of X at x. A normal crossing variety X is said to be simple if
every irreducible component of X is regular. It is easy to see that any scheme étale
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over a normal crossing variety is again a normal crossing variety. In this section, we
consider a certain type of log structures on a normal crossing variety X, and discuss the
deformations of the resulting log schemes.

Before discussing log structures on normal crossing varieties, we should consider their
étale local structure in more detail.

Lemma 11.1 Let S and S’ be Noetherian schemes and ¢:S" — S an étale morphism.
Assume that every irreducible component of S is reqular, and any union of irreducible
components of S’ is connected. Then, the morphism ¢ is injective in codimension zero,
i.e., for any irreducible component T of S, there exists at most one irreducible component
T of " such that ¢(T") C T. Moreover, in this case, we have T' =T xg S, and hence,
every irreducible component of S’ is reqular.

PRrROOF. Let T be an irreducible component of S and 7 the generic point of T'. If there
exists a point ' € S” such that ¢(n') = 7, then 7 must be the generic point of an
irreducible component of S’. Hence, one finds that T xg S’ is isomorphic to a finite
union of irreducible components of S’. Since T' xg S’ is regular and connected, it is
irreducible. Therefore, whenever there exists 7/ € S’ as above, we have {1/} = T xg 5.
Od

Definition 11.2 Let X be a normal crossing variety and z € X a closed point. An
étale morphism : U — X, with a point y € U such that ¢(y) = x, is called a local chart
around z if there exists a diagram

X & U <V T <y
¢>l J@ sending Lp
Us, Hipy —— A} 0

with the square Cartesian, where k&’ is a finite extension of k and the lower horizontal
arrow is the canonical closed immersion, such that

(a) V = Spec R is an affine scheme,
(b) @ is an étale morphism,
(¢) y is the unique point which is mapped to x by ¢.

Note that, in the above definition, if we set z; = *®*T; for 1 < ¢ < [, then each
ideal (z;) is prime and the irreducible components of U are precisely the closed subsets
of U corresponding to the ideals (z1),...,(z;,); these are easy consequences of Lemma
11.1.

Proposition 11.3 Let X be a normal crossing variety and x € X a closed point. Then
there exists a local chart ¢:U — X around x.

Since any étale open set of X is again a normal crossing variety, the local charts form
an open basis with respect to the étale topology.

PROOF OF PROPOSITION 11.3. Let us write S = Uéil H; ;. By definition, one can take a
scheme U and a point y € U with étale morphisms ¢: U — X and ¢: U — S. Replacing U
by a Zariski open subset, we may assume that (1) the scheme U is affine and connected,
(2) y is the unique point of U which is mapped to = by ¢, and (3) all the irreducible
components of U contain . Then, by Lemma 11.1, every irreducible component of U
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is regular, i.e., U is a simple normal crossing variety. Let U = U; U --- U U; be the
decomposition of U into the union of irreducible components.

Again by Lemma 11.1, we have [ < [,; however, the multiplicity lyU of U at y clearly
satisfies lyU < I, and since the multiplicities do not change under étale morphisms, we
have lg = [,. Hence, we have [ = lg = [,. Therefore, changing indices if necessary, we
may assume that ¢ maps the generic point of U; to that of the irreducible component
H;prof Sfor 1 <i<I,.

The normal crossing variety S is a normal crossing divisor in the n-dimensional affine
space A}, = Speck'[T1, ..., T,]) over k’. Then, by [2, Exposé 1, Proposition 8.1], replacing
U by a Zariski open subset, we may assume that there exists a Cartesian diagram

U <& Vv
3l &
S — A},

where the horizontal arrows are closed immersions and the vertical arrows are étale.
Since we may assume V is affine, we are done. O

Next, let us discuss log structures on normal crossing varieties. Let X be a normal
crossing variety over a field k. Suppose that X has a closed embedding ¢v: X — V
into a smooth variety V as a normal crossing divisor. We denote the open immersion
V' \ X < V by j. In this situation, one can define a log structure on X as in Corollary
4.9, i.e., by

L*(OV m]*oé\x) — Ok,

where * denotes the pull-back of a log structure. Let us call this the log structure
associated to the embedding 1: X — V. For a general normal crossing variety X, we
cannot define such a log structure on X, because X may not have such an embedding.
But, as we have seen in Proposition 11.3, X étale locally has such an embedding. Then,
we can consider the log strcuture of this type for a general X defined as follows:

Definition 11.4 (cf. [12]) A log structure M — Ox is said to be of embedding type,
if the following condition is satisfied: There exists an étale covering {px: Uy — X }ren
by local charts, with the embeddings ¢y: Uy — V) as in Definition 11.2, such that, for
each A € A, the restriction oM — Oy, is equivalent (cf. Definition 2.3) to the log
structure associated to the embedding ¢). If M — Ox is a log structure of embedding
type of X, we call the log scheme (X, M) a logarithmic embedding.

A log structure of embedding type has étale locally a chart described explicitly as
follows: Let ¢: U — X be a local chart, and
U LI 7
‘| Jo
Ui’:l Hi,k’ — AZ/
the Cartesian diagram as in Definition 11.2. The scheme S = Ué:l H; jy has the log

structure Mg associated to the embedding S < A7,. This log structure has a chart
defined by

N — Mg with e; —t;
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for 1 <14 <[, where t; is the image of T; under
L(Ak, Oay, 03:O4n\5) — (5, Ms)

with j: A}, \ S — A}, the open immersion. Then, the log structure My on U associated
to the embedding ¢ is equivalent to the pull-back of Mg by ¢. Hence, the log structure
My is equivalent to the log structure associated to the pre-log structure (cf. §2) defined
by

(10) N — Oy with e; — 2,

where z; = *®*T; for 1 < <.
The proof of the following proposition is straightforward and left to the reader:

Proposition 11.5 For any logarithmic embedding (X, M), there exists an exact sequence
of abelian sheaves
(11) 1 — Oy — M — 1,75 — 0,

where v: X — X is the normalization of X.

Definition 11.6 (cf. [4], [6]) A log structure of embedding type M — Ox is said to be
of semistable type, if there exists a homomorphism Zyx — M8P of abelian sheaves on X
such that the diagram
MEP — Vi L 5
N /0
Zx

commutes, where d: Zy —v,Z is the diagonal homomorphism.

If M is a log strcuture of semistable type and Zx — MZ®P is the homomorphism
as above, then one sees that Zyx X e M is isomorphic to Nx, and thus, one gets a
morphism Nx — M of sheaves of monoids. This morphism defines a morphism of log
schemes
f: (X, M) — (Speck,N).

Here, (Speck,N) is the standard point (cf. Definition 4.4). Note that this morphism
is similar to that discussed in Example 4.7, i.e., writing it in terms of the local chart
p:U — X as above, one sees that this morphism is induced by the diagram

N — T(U, Op)

| I

N — k,

where the upper horizontal arrow is induced by (10) and the right vertical arrow is the
diagonal homomorphism. Hence, f has étale locally a chart (N' — M, N — N@k*, N —
Nl) with N — N the diagonal homomorphism. We call this morphism f of log schemes
the logarithmic semistable reduction. By Theorem 4.1, logarithmic semistable reductions
are log smooth.

The criteria for the existence of these log structures are stated as follows: Let X be
a normal crossing variety. Let us consider the O x-module 7 = Ext!(Q}, Ox), which is
called the infinitesimal normal bundle of X. It is well-known and easily verified that T)}
is, in fact, an invertible Op-module, where D denotes the singular locus of X considered
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as a scheme with the reduced structrure (cf. [1]). We will prove the following theorem
in the next section:

Theorem 11.7 Let X be a normal crossing variety with D the singular locus.

1. There exists a log strcuture of embedding type on X if and only if there exists a
line bundle £ on X such that L @0, Op = T+.

2. (cf. [6, (1.1)]) There exists a log structure of semistable type on X if and only if X
is d-semistable, i.e., T)} = Op.

Let X be a d-semistable normal crossing variety and M a log structure of semistable
type. Let f: (X, M) — (Speck,N) be the log smooth morphism constructed as above.
Since f is log smooth and integral (by Proposition 3.11), the log smooth deformation
functor of f has a hull (cf. Theorem 8.7). Let us consider the infinitesimal deformations
of f on an Artinian local A[[N]]-algebra A. Let 7 be the image of 1 under the morphism
N — A[[N]] — A of monoids. Take a suitable local chart ¢:U — X which induces a
chart (N! - M,N - N @ k* N — N!) of f as above, where N — N is the diagonal
homomorphism. Let f: (X, M) — (Spec A, Q) be a local log smooth lifting of f on
A and (N' - M,N — N @ AX,N — N) a lifting local chart (cf. Lemma 8.3). If we
denote by Z; the image of e; under N* — M — O for 1 < </, then each z; is mapped
to z; by A — k and we have % --- % = 7. Hence, if 7 = 0, the deformation f is locally
trivial, and if 7 # 0, it is an infinitesimal smoothing.

In the complex analytic situation, a log smooth deformation of this type is nothing
but a log deformation discussed by Kawamata and Namikawa in [6].

12 The proof of Theorem 11.7

In this final section, we prove Theorem 11.7. First, we should fix ideas and notation
about the infinitesimal normal bundle introduced in the previous section.

Let X be a normal crossing variety over a field k. For a local chart ¢: U = Spec A —
X of X around some closed point x, we use the following notation: Let V = Spec R and,
using the notation as in Definition 11.2, set Z; = ®*T; for 1 < ¢ <[, where [ = [,. We
set

Ij = (Z]) and JjZ: (Zl B ‘Z -Zl)

for 1 <j <[ (ifl =1, weset J; = R as a convention), and set
I=1---1 and J=I+ -+ J.

Then, we have A = R/I, and the ideal I;/I C A, which is prime of hight zero, is
generated by zj: = (Z; mod I). The singular locus

DU =D x X U
of U is the closed subscheme defined by J. We set

Q=R/J.
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Note that, for 1 < j <, I;/II; is a free A-module of rank one and is generated by
¢j:= (Zjmod I1;). There exists a natural isomorphism I;/II; ®4 Q = I;/JI; of Q-

modules which maps (;f ® 1 to §;:= (Z;mod JI;). Moreover, there exists a natural
isomorphism
(12) I)I? 2 L)1 ®4 - @4 1/1T

of A-modules, and hence, the A-module I/I? is free of rank one and is generated by
(1 ®---®¢. We denote by m; the natural projection I;/I11; — I;/I C A.
The cotangent complex of the morphism k& — A is given by

L.0—>R®RAL>Q}%/]€®RA—>O,

where 0 is defined by R — F - R <, Q}%/k with F' = Z; --- Z; (cf. [8]). Then the tangent
complex of U is the complex

Homa(L*, A):0 — O g/ @r A - Homa(R ®p 4, A) — 0,
where Op/, = HomR(Q}%/k, R).
We define
(13) Th =Homu(R®r A, A)/6*(Op), ®r A).

Lemma 12.1 We have a natural isomorphism

(14) T4 =5 Homa(I/I%, A) @4 Q.

Proor. Consider the exact sequence
0— I/I? _>Q}%/k ®RA—>Q,14/,§ — 0.
Taking Homy4(—, A), we get the following exact sequence:
0 — Hom (Y ., A) — Opyy, ©r A == Homa(1/1%, A) = T} — 0.
The A-module Hom4(I/1?, A) is isomorphic to A by
Homa(I/1%,A) S u— u((1 ® - ® () € A

With this identification, one finds easily that the image of v in A is J. This implies that
T} is, in fact, a @Q-module. Hence, we have a morphism

14 Q:Homu(I/1? A) @4 Q — T}

of Q-modules which is, in fact, an isomorphism. O

Considering all the local charts U on X, these modules T} glue to an invertible Op-
module isomorphic to Exto, (Qﬁ( I Ox), which is denoted by 73; for later purposes, we
describe its gluing data explicitly in the following.

Suppose we have two local charts o: U — X and ¢': U’ — X and an étale morphism
1:U — U’ such that ¢ = ¢’ o1. Since we are interested in the singular locus, we
may assume [ > 1 and I’ > 1. For these local charts, we use all the notation as above.
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(For U’, we denote them by I', A, I', J', z, (j, etc.) Let f: A’ — A be the ring
homomorphism corresponding to ¢. We need to show that the morphism 1 naturally
induces an isomorphism 7%, ®¢ Q@ = T} of @-modules. Let U, (resp. U;) be the
irreducible component of U (resp. U’) corresponding to the ideal I;/I (resp. I;/1") for
1 <j<1l(resp. 1 <j <) Since v is étale and injective in codimension zero (cf.
Lemma 11.1), we may assume that the generic point of U; is mapped to that of UJ‘ by
for 1 < j <. In particular, we have [ <[’

Claim In the situation as above, we have the following:

(a) For 1< j <, there exists an isomorphism, naturally induced by f, of Q-modules
(15) TjZI;/I/I]/- @4 Q — I;/I1; ®4 Q.

(b) For i > 1, the natural projection wl: I/ /I'I! — I//I' C A" and f induce an isomor-
phism of A-modules

PRrROOF. (a) By the proof of Lemma 11.1, one sees that U X UJ’- =Ujforl <j<lL
This implies that A/(I;/I) = (A'/(1;/1") @ ar A)(= A/((1;/1") ®ar A)), and hence,

(17) L/T= (/T @a A, (1 <5 <)

For 1 < j <[, we can set f(z}) = u;z; for some u; € A. Here, each u; is determined
modulo J;/I. Because of (17), u;z; generates the ideal I;/I, and hence, u; is a unit in
A/(J;/I) (and, needless to say, in A/(J/I)). (Note that u; is not necessarily a unit in
A, since A is not an integral domain for [ > 1.) Then, by 5} — (u;mod J/I)¢;, we get
the desired isomorphism.

(b) Since v is injective in codimension zero, the point I/ /I’ does not belong to 1 (U).
Then, ¥ maps U = Spec A to Spec A’( /1) and this implies that the image of elements
of I!/T" under f is invertible. Hence, p;(¢/ ®1) = f(z]) is an invertible element of A, and
pi is an isomorphism. O

Set p;:= p; ®4 Q. Then, these isomorphisms 7;’s and p;’s induce
(18) Ti=T1QQ ®Q T Q Pi+1 RQ - ®Q py:fl/fl2 R Q — I/I2 ®4 Q.

The Q-dual of 7 is the desired isomorphism (cf. Lemma 12.1). One can easily check
that this isomorphism 7 does not depend on the parameters z}, zj; it is canonically
induced by f: A" — A. Hence, for any sequence of étale morphisms of local charts
uvtuY U", we obviously have 7/ = 70 (7' ®¢g Q), where 7: I' /[T? ® 4 Q 5 I /I*®4Q,
I IP@anQ = T/ 1?@4Q and 7": 1" /T @ 40 Q = I/1*® 4Q are the isomorphisms
defined as above with respect to 1, ¢’ and v’ o 1, respectively.

In the rest of this section, once we introduce the local chart p: U — X, we will tacitly
make use of the notation as above.

Construction 12.2 Here, we describe the log structure of embedding type by another
étale local expression. Let ¢: U = Spec A — X be a local chart. For m = (mq,...,my;) €
N!, define an A-module P,, by

Pri= (IL/ITH)®™ @4 --- @4 (I;/11))®™.
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Each P, is a free A-module of rank one and Fy ;) = /I?. The natural projections
mj:1;/11; — I;/I C A induce a natural A-homomorphism

om: Py — A.
Define a monoid
M:= { (m,a) ‘ m € N', a: a generator of Py, },

and a homomorphism o: M — A of monoids by (m,a) — o,,(a). Then, one finds that
the associated log structure ay: My — Oy of the pre-log structure M — A is that
associated to the embedding ¢v: U — V.

Construction 12.3 Let M be a log structure of embedding type on X. Then, the
exact sequence (11) induces the following commutative diagram of natural morphisms:

Homgz, (Zx,nZ5) 2 Exty (Zx,0%)

gl lg

HO(X, nZ5) - H'(X,0%).
Let 9:Zx — v4Zy be the diagonal homomorphism. Then, 0(?) defines a linear equiva-
lence class of line bundles on X. We denote this class by clas. Let Resp: Pic X — Pic D
be the restriction morphism.

Claim A For any log structure M of embedding type on X, we have Resp(cly) =
[(T3)"]-
PrOOF. We will prove this claim by writing out the class cly explicitly. For any local
chart ¢o: U — X, we define the constant monoid M as in Construction 12.2; then, we
have a homomorphism of monoids o: M — My. Let oy be the restriction of d to U.
One can lift 9 to a homomorphism dy: Zy — M by 1+ ((1,...,1),(4 ® - ® ().

Suppose we have two local charts o: U — X and ¢': U’ — X and an étale morphism
¥:U — U’ such that ¢ = ¢’ 01). As in the beginning of this section, let U; (resp. UJ)
be the irreducible component of U (resp. U’) corresponding to I;/I (resp. I;/I') for
1 <j<l(resp. 1 <j <), and assume that the generic point of U; is mapped to
that of U]‘ by ® for 1 < j < I. Consider the gluing morphism ~:¢* My = My. Let
o's M" — ¢* My be similar to o. Then, for 1 < j <, the global section v(o'(ej, (}))
of My is a multiple of o(e;, ;) by a section of Of; i.e., there exists u; € A* such that
v(o'(e5,C})) = ujo(e;, (). Note that, since v is an equivalence of log structures, we have
f(2}) = ujzj. As for i > 1, v(0'(ei, (})) = 0(0,v;) for some v; € A*. Note that this v; is
nothing but p;(¢} ® 1), where p; is as defined in (16).

Define a cocycle {Ay} by

Adlzul"'ulvl—l-l"‘vn-

This cocycle gives a class [A,] in HY (X, O%), which, by the definition of the connecting
homomorphism 0, is nothing but the class cly. Set 6 = (Ay mod J/I), ie., [6y] =
Resp([Ay]). Then, since {] ®@ -+ @ & — 0y&1 ® - - - @ & defines an isomorphism

I'/1* 00 Q =5 I/I724Q
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which is nothing but 7 defined in (15), the class [0,] is the class of (73)V. O
Then, the first part of Theorem 11.7 follows from the following claim:
Claim B Let X be a normal crossing variety. Then, the map

( ){ equivalence classes of log struc-

i ~ (T
tures of embedding type on X } - { [£] € Pic X | L®ox Op — (Tx) }

defined by M — clyq is surjective.

In order to prove this claim, we need the following lemmas: Let ¢: U = Spec A — X
be a local chart on X.

Lemma 12.4 The natural morphism
l
P/ — J/1
j=1

of A-modules, induced by J; — J, is an isomorphism.

Proor. The surjectivity is clear. Let us show the injectivity. Take a;Z1 - - - Z ez e Jj
for 1 < j <1 with Z3,...,Z; as above such that

!
Zajzl"‘Zj"'Zl:b‘Zl"'Zla
j=1

where a;,b € R. Since R is an integral domain, a; is divisible by Z;, and hence, we have

o~

a;jZy - Zj---2Z; =0 (modI). O
Let m;:1;/11; — I;/I and q;:1;/1 — 1;/JI;(= I;/11; ® 4 Q) be the natural projec-
tions, and set pj: = gjom;. Let ¢: I/I> — I/JI(2 I/I*> ® 4 Q) be the natural projection.

Lemma 12.5 Let My,...,M; be free A-modules of rank one and set M:= M; ®4
- ®a M;. Suppose we are given an A-module isomorphism §: M — I/I? and A-module
homomorphisms g;: M; — I;/1 for 1 < j <1 such that

1. for each j, there exists a free generator 6; of M; satisfying g;(0;) = z;,
2. (qrog1)®q -+ ®q(@mog) =qog.

Then, there exists a unique collection {g;: M; = Ij/IIj}é-zl of A-isomorphisms such that
mj0g; = gj for each j and g1 ®4 --- R4 g1 = g.

Proor. We fix the free generators d; of M; as above. Then M is generated by 61 ®- - -®J;.
Set g(01 ® -+ ® ;) =v(1 ®--- ® (; where v € A* (see the beginning of this section as
for the notation). By the second condition, we have v =1 (mod J/I), i.e.,

I
U:1+Zajzl---,?j~~-zl
j=1

for aj € A. We set uj =14a;21---Z;--- 2 and define g; by g;(6;): = u;(j for 1 < j <.
Then, since v = uq - - - u;, each u; is a unit in A and g; is an isomorphism. Moreover, we
have g1 ® --- ® g; = g as desired. The uniqueness follows from Lemma 12.4. O
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The proof of Claim B is done step by step as follows:

Step 1 Suppose that we are given a line bundle £ on X satisfying £L®0, Op = (7).
Suppose we have two local charts p:U — X and ¢':U’ — X and an étale morphism
P:U — U’ such that ¢ = ¢’ o¢. Recall that (I/I') ®ar A = I;/I for 1 < j <1 (cf.
(17)), and if f(27) = u;2;, each u; is determined modulo .J;/I. Giving the line bundle £
as above is equivalent to giving a compatible system of isomorphisms

7 I/ 1? @0 A =5 1)1

for all such U — U’, with 7®4 Q = 7, where 7 is defined as in (18). Then, we show that
7 induces canonically an isomorphism of log structures 1* Mg+ = My, and prove that
the log structures My glue to a log structure of embedding type on X. Moreover, since
local charts form an étale open basis, we can pass through this procedure replacing U by
a Zariski open subset if necessary. In particular, we may assume that each u; as above
is a unit in A, because (u; mod J/I) is a unit in A/(J/I) (in case [ > 1).

Step 2 We construct isomorphisms

of A-modules for 1 < j < [; this is done by considering the following three possible cases
separately.

(i) Ifl=10=1,1ie, I} =1Iand I] = I', then we set 71:I1/I'l] @4 A = I,/II; by
TIi=T.

(i) If { = 1 and " > 1, we define 71:I1/I'l{ ® 4 A = /11, as follows: Suppose T
maps (] @ -+ @ (, ® 1 to v(y, where v € A*. Let p;: I]/I'T; 4+ A — A be as (16), for
1 < i <. Suppose, moreover, each p; for i > 1 maps ¢/ ® 1 to v; € A*. Then, define 7y
by 71(¢1 ®1):= U’U;l .. '12171(1.

(iii) Suppose [ > 1 and I’ > 1. We claim that, under the conditions

(21) mioF =7, (1<j<l)
and
(22) 7,:1®A“.®A:FZ®Aﬁl+1®A"'®Aﬁl’:'F,

the A-isomorphisms in (20) exist uniquely for 1 < j <. Set M;:= I;/I'I; @4 A and
gj:= p; for 1 < j < 1. Define g by g ®4 p141 ®a --- ®4 py = 7T (this is possible since
pi(¢/ ® 1) is a unit element in A for ¢ > ), which is obviously an isomorphism. Then,
since we assumed each u; to be a unit in A, Mj:= I;/I'I' @ A, g, and g; satisfy
the conditions in Lemma 12.5. Hence, by Lemma 12.5, the isomorphisms in (20) exist
uniquely.

Note that, in all cases, we have a commutative diagram
I}/I’I]’- — I;/II;

(23) g [
A 7> A,

for 1 < j <; this follows from (21) in case [,I’ > 1, and is obvious in the other cases.
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Step 3 Let us use notation as in Construction 12.2. These morphisms 7; induce
morphisms

Yint Pr'n, — Py,

where m = (my,...,my) for m’ = (mq,...,my) € N'. Then these 7,y induce nat-
urally a morphism of monoids M’ — M compatible with M’ — A’, M — A and f.
By the construction of these morphisms, the induced morphism of sheaves of monoids
y:p* My = My is an isomorphism. By the commutative diagram (23), this isomor-
phism makes the following diagram commutative:

Y My — My

w*aU/l laU

Ou = Oy

hence v gives an equivalence of log structures. Our construction of the isomorphism -~
is canonical in the following sense: Suppose we are given a sequence of étale morphisms

U % U % U of local charts (with U and U’ sufficiently small). We have 7" =
v o (¥*9), where v:* My = My, o'+ Myn = Myr and ~":p*p"* Myn = My are
the isomorphisms of log structures defined as above corresponding to 1, 9’ and 1’ o 1,
respectively. This follows from the naturality of 7; and p;, and the compatibility of 7’s.
Thus, we get a log structure M of embedding type on X. It is straightforward to check
clyy = [£]. Thus, we complete the proof of Claim B, and hence, the proof of the first
part of Theorem 11.7. O

Note that if X is a normal crossing divisor of a smooth variety V', and M is the log
structure associated to the embedding X < V, then the class ¢l is nothing but the
class of conormal bundle of X in V.

Next, let us prove the second part of Theorem 11.7. Suppose M is a log structure of
semistable type. Consider the exact sequence

1o}
=) — EXtIZX(Zx, (9;()

(24) Homg, (Zx, M®) - Homgz, (Zx,v.Z5

induced by the exact sequence (11). The morphism Zx — MB8P is mapped to d by 7.
This implies that clp = 0. Hence, (’Z}})V is a trivial line bundle on D.

Conversely, if X is d-semistable, there exists at least one log structure of embedding
type on X by the first part of Theorem 11.7 proved above. Since (7¢)V is trivial, we can
take a log structure M of embedding type such that clyy = 1 by the natural surjection
(19). Since the obstruction for the existence of a morphism Zx — M&P which is mapped
to 0, is nothing but the class clys, we deduce that M is of semistable type. Thus, the
proof of Theorem 11.7 is now completed. O
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