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FLOQUET THEORY AS A COMPUTATIONAL TOOL*

GERALD MOORET

Abstract. We describe how classical Floquet theory may be utilized, in a continuation frame-
work, to construct an efficient Fourier spectral algorithm for approximating periodic orbits. At
each continuation step, only a single square matrix, whose size equals the dimension of the phase-
space, needs to be factorized; the rest of the required numerical linear algebra just consists of back-
substitutions with this matrix. The eigenvalues of this key matrix are the Floquet exponents, whose
crossing of the imaginary axis indicates bifurcation and change-in-stability. Hence we also describe
how the new periodic orbits created at a period-doubling bifurcation point may be efficiently com-
puted using our approach.
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1. Introduction. Floquet theory is the mathematical theory of linear, periodic
systems of ordinary differential equations (ODEs) and as such appears in every stan-
dard book on ODEs, e.g., [1, 20]. (We especially recommend, however, the extensive
elementary discussion in [19].) In this paper we wish to utilize Floquet theory in or-
der to efficiently compute approximations to periodic orbits of nonlinear autonomous
systems. The basic equations defining a periodic orbit are nonlinear, but applying a
Newton-like method for their solution will lead to linear, periodic systems. It is for
this reason that Floquet theory is so important for us.

The nonlinear, autonomous system we shall consider is

(1.1) @(t) = F(z(t),)), F:R"xR—R"

i.e., F'is a smooth function on R™ and depends on a parameter . For the rest of this
section (and sections 2 and 4), however, we shall temporarily consider

(1.2) z(t) = F(z(t)), F:R"— R".
The simplest solutions of (1.2) are the stationary points * € R™ defined by
F(z*)=0.

We will only be interested in stationary points at which periodic orbits are created,
i.e., the famous Hopf bifurcation points considered in section 3. It is the next simplest
solution of (1.2) that this paper is concerned with.

DEFINITION. u* : R — R"™ is a periodic orbit for (1.2), with (minimal) period
2T > 0, if

w*(t) = F(u*(t)) VteR,
u*(0) = u*(20T*),
ut(t) £ u(0) Ve (0,27T%).
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In order to set up an appropriate set of equations for computing a periodic orbit, two
key facts should be kept in mind:
e T* that defines the period is also unknown;
e for any ¢ € R, u*(t + ¢) describes the “same” periodic orbit.
(More precisely, u*(t) and w* (¢t 4 ¢) differ only by phase.)
The problem of working with an unknown period is dealt with by defining

v*(0) = u*(T70).
Hence v* has period 27 and satisfies
v*(0) = T* F(v*(6)).
Thus we should solve
(1.3) v(0) = TF(v(9)), v(0) = v(27)

for both the function v and the scalar T. Since there is an extra unknown, i.e., T,
we must have an extra scalar equation. This fits in with the fact that v*(0 + ¢) is a
solution for any ¢ € R. The modern way of “fixing the phase,” i.e., constructing an
extra scalar equation which determines a unique c, is as follows.
e We assume that we know a nearby periodic orbit v°(6) of period 27. This is
a natural assumption to make in a continuation framework.
e We fiz the phase by seeking the value of ¢ which makes v*(6 + ¢) as close as
possible to v°(0), e.g.,

2m
min/ lv* (8 + ¢) — v°(6)||5 d6.
0

ceR

e Setting the derivative with respect to ¢ equal to zero gives
27
/ v(0) - v*(0 +¢)df = 0,
0

but it is convenient to integrate-by-parts and write

2
/ 9°(0) - v*(0 + ¢) do = 0.
0
Hence our final set of equations for a periodic orbit is

8(6) = TF(v(9)).  (0) = v(2m),

(1.4) x>
/ ©v°(0) - v(0)do = 0.
0

We shall follow this idea later in section 4, but using a more appropriate inner product.
As we shall see, Floquet theory is best combined with a Fourier method to approx-

imate periodic orbits. This leads to the question, why aren’t Fourier spectral meth-

ods more popular, compared to the completely dominant collocation with piecewise-

polynomials [11, 14, 23, 24]7 (Of course, Fourier approximation of periodic orbits has

been considered in a few papers, e.g., [9, 10], but not using the present approach. For

example, in [30] it is suggested that an approximation to the monodromy matrix be
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computed using an initial-value algorithm, which we regard as generally unaccept-
able.) So long as the solution one is trying to approximate is smooth, the standard
advantage of spectral methods has always been their approximation power, and the
standard disadvantage has been that they require the solution of linear equations with
nonsparse coefficient matrices. The key task of the present paper is to emphasize that
this disadvantage is not present when using Fourier spectral methods to approximate
periodic orbits in a continuation framework. The underlying reason can be split into
three parts.
e Fourier mode decoupling occurs for linear, constant-coefficient differential
equations, as described in section 2.
e Floquet theory transforms linear, periodic differential equations into constant-
coefficient form, as described in section 4.
e The Floquet variables required for this transformation can be updated effi-
ciently as part of the continuation process, as described in section 5.
The practical difference between piecewise-polynomial and Fourier approximation be-
comes clear if one considers the linear, periodic system

—9(0) + A(0)y(0) = £(0),

where f : [0,27] — R™ and A : [0,27] — R™*" is given periodic data, and we wish
to determine a periodic solution y : [0, 27] — R™. Applying a piecewise-polynomial
collocation method at the N mesh-points

0=0<b1 < - <Ony_1<0y=27
leads to an Nn x Nn coeflicient matrix with the almost block-bidiagonal structure

0o d
o od

O O
O |
where each [ is of size n x n. (We assume that condensation of local parameters has
been applied, as in [3].) With a spectral method based on Fourier modes, however,
just a single n X n matrix needs to be factorized; all other matrix operations are just
back-substitutions with quasi-upper triangular matrices. We must admit, however,
that it 4s necessary to use a small multiple of Nn? locations for storing Floquet
information, i.e., roughly the same number of nonzero elements as in (1.5).

To conclude this introduction, we describe the contents of this paper. In section 2,
we show how mode-decoupling occurs for Fourier approximation of constant-coefficient
problems, not only for 27-periodic equations but also for another form of periodicity
that is (in general) required by the Floquet theory. Some of these results are then
applied in section 3 in order to efficiently calculate periodic orbits created at a Hopf
bifurcation point. In section 4, we describe Floquet theory in the practical form that
we shall utilize it. It is then immediately employed, in section 5, to advance a periodic
orbit over a single continuation step. To illustrate the performance of the previous
algorithms, we present some numerical results in section 6. Finally, section 7 shows
how the Floquet theory makes it very easy to move onto the new periodic orbits
created at a period-doubling point. For a background to many of the topics discussed
in this paper, we recommend [12, 13].
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2. Constant-coefficient equations. For periodic, constant-coefficient equa-
tions, Fourier analysis is especially simple because the Fourier modes decouple. We
shall require two spaces of periodic functions, which we denote by ), and )J_, re-
spectively. The first of these is just the usual space of 27-periodic functions, spanned
by

1, cosf, sinf, cos26, sin20, ....
The second of these is the subspace of 4m-periodic functions which satisfy
y(0) = —y(0 + 2m)
and is therefore spanned by
0 0 30

COS 5, Sl 5, COS 5, Sl

30
2, ...

Of course, the direct sum
Vi ® Y-

gives all 4m-periodic functions. The key reason why the space Y_ is important to
us is that the product of two of its elements lies in Y, and such products will arise
naturally in section 4. Similarly, the product of an element of ), with an element of
Y_ liesin Y_.

We mention here that, throughout this paper, Fourier series will be described
using real trigonometric functions rather than the mathematically more elegant com-
plex exponentials. This is solely because we wish to remain close to the practical
implementation of our algorithms.

2.1. Equations in yi. For a constant n X n matrix A, consider the linear,
periodic, homogeneous differential equation

—2(0) + Az(0) = 0, ze )y,

which means that each component of z is in Y. If the set {mi: m € Z} does not
contain any eigenvalue of A, then this equation only has the trivial solution z() =
0. Under this assumption, consider the linear, periodic, inhomogeneous differential
equation

(2.1) —2(0) + Az(0) = f(0), ze )Y,
for a given f € V7. If
f0)=f;+ i {fs, cosmb + fi sinmb},
m=1
then the Fourier coefficients of
2(0) = 2§ + i {2z, cosmb + z;, sinmf}
m=1
are given by

(2.2a) Az = f§
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and

(2.2b) <n/2| _Z"> (z;n) = (;m) . om=1,2....

Since the eigenvalues of ( il _/1"') are related to those of A through the mapping

p— p £ mi,
—ml

the above eigenvalue assumption means that ( jﬂ n ) is nonsingular for all m € N.

2.2. Equations in Y™. Similarly, if we ask the question whether the linear,
periodic, homogeneous differential equation

—5(0) +Az(0) =0, zeY",

has any nontrivial solution, then the answer is that it does not, provided that the set
{[m - %]1 im € Z} contains no eigenvalue of A. Furthermore, if f € Y is given, the
linear, periodic, inhomogeneous differential equation

(2.3) —2(0) + Az(6) = f(9), ze )",

has a unique solution under this assumption. If
f(o) = Z {fe, cos[m— 110+ f7 sin[m — 116},
m=1
then the Fourier coefficients of
z(0) = Z {25, cos[m — 110 + 25, sin[m — 110}
m=1

are given by

(2.4) ([mA ) 7[mA7 %“) C:) = (;2) m=12,....

2.3. Computational algorithm in Y. Now we show how to efficiently com-
pute spectral approximations to the solution of (2.1). This is achieved by restricting to
a finite number of Fourier modes (m < M) and using accurate numerical quadrature
to approximate the Fourier coefficients of f.

Thus f in (2.1) is approximated by

M
(2.5) f(o)~ f(c) + Z {f'; cosmb + f':n Sinme} ,

m=1

where
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and N = 2M +1 with 6; = %, j=1,...,N. In other words, we are using the fact
that

N
1 2w

(2.6) o ),

when f and g are both in the subspace of ), spanned by
1, cosf, sinf, cos26, sin26, ... , cos MO, sin M6.

Also the above transformation from function values to approximate Fourier coefficients
can be written in matrix form

Qg = MQ’”,
where
g’ = (9(61),9(02), ... g(On))",
g" = (V295,495,995 33)"
with
M
g(0) ~ g5 + Z {g¢, cosmb + g5, sinmb},
m=1

and Q4 is the N x N orthogonal matrix with (7, j)th component

=1 oddi>3 even 1%
1/VN | \/2/Nsin 510, | \/2/N cos £6; |

Thus it can be applied to the point values of each component of f to obtain (2.5).
(For large M, it is more efficient to map between point values and approximate modal
values of f using the fast Fourier transform [17, 29]. In this case it may be preferable
to choose N to be slightly greater than 2M + 1, i.e., so as to be a highly composite
integer. The standard techniques for dealing with this situation are described in
[6, 29].) Now the approximate Fourier coefficients for z in (2.1),

M
z(0) ~ z§ + Z {z;, cosmf + Z;, sinmb},

m=1
may be computed as in (2.2). Note that this is especially efficient when A has already
been reduced to Schur form [17]; i.e.,

(2.7) A = QUQY,

where U € R™ " is a quasi—ugper trjgngular matrix and Q € R™*™ is an orthogonal
matrix. Then, if Z5 = QZ2§, fo = Qf,, and

=c/s __ nzc/s
zZ) 0 =Qz)
}, m=1,..., M,

~c/s ac/s

fm =Qfn
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we have only to solve the systems

~ac aC U —ml 2; A:,n
Uzg=f, and (ml 0 )(2;>=<§;>, m=1,...,M

The first is just back-substitution, starting with ., or the 2 x 2 block

Un—1,n—1 Un—1,n
o~ -~ )
Un,n—-1 Unn

while the second only requires solving 2 x 2 or 4 x 4 systems like

ﬁ/nfl,nfl ﬁ/nfl,n —m 0
(ﬁnn Tm) or ﬁn,n—l '&nn A 0 A —m
m Upn m 0 Un—-1,n—1 Un—1,n
0 m ﬁn,n—l ann

2.4. Computational algorithm in Y™. Now we show how to efficiently com-
pute spectral approximations to the solution of (2.3). Again this is achieved by
restricting to a finite number of Fourier modes (m < M) and using accurate nu-
merical quadrature to approximate the Fourier coefficients of f. Thus f in (2.3) is
approximated by

M
(2.8) f(0) =~ Z {f; cos[m — 316 + ffn sin [m — %]9} ,
m=1
where
. o XN
o meNZf(Gj)cos[m—%]ﬂj, m=12,..., M,
j=1
- o N
o« f. = NZf(oj)sm[mf 30;,  m=12,...,M,
j=1
and 0; = %, j=1,...,N. In other words, we are now using the fact that (2.6)

also holds when f and g are both in the subspace of Y_ spanned by

9
cos 3,

.8 30 i 30 1 .
sin 5, cos %, sin =%, ..., cos[M — 3]0, sin[M —

16.

1
2

Again the above transformation from function values to approximate Fourier coeffi-
cients can be written in matrix form

Q-g"=+/N/2g",

where
g" = (9(61),9(62),...9(0N))7,
" = (3535 35 930"
with
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and Q_ is the 2M x N matrix with orthonormal rows and (i, 7)th component

1 even i odd
V/2/N sin 520, | \/2/N cos £6;
the inverse transformation similarly being

g" =/N/2QL g™.

Thus it can be applied to the point values of each component of f to obtain (2.8).
(Again, for large M, the mapping between point values and approximate modal values
of f is more efficiently carried out by a variant of the fast Fourier transform.) Now
the approximate Fourier coefficients for z in (2.3),

M
z(0) =~ Z {%;, cos[m — 110 + z; sin[m — 1]0},
m=1

may be computed as in (2.4) above. Note that this is again especially efficient when
A has already been reduced to Schur form as in (2.7). Then, if

~c/siQ»~c/s

z =Rz

/s ”;} m=1,...,M,
fm =Qfn

we have only to solve the systems

U —fm—3 (25 _ (f B
(w230 @)= (E): morn

This just involves back-substitution, e.g., starting with the 2 x 2 system

U —[m — %]
[m - %] ﬁ/nn
or the 4 x 4 system
anfl,nfl ’&nfl,n _[m - %] 0
IALn,’rLfl ﬁnn 0 _[m - %]
[m - %] 0 anfl,nfl anfl,n
O [m - %] an,nfl ann

3. Hopf bifurcation. In this section we look at a straightforward application
of the ideas in sections 2.1 and 2.3. We were surprised that this does not seem to
have appeared in the literature before, the closest example we have found being [16],
which does not, however, take full advantage of the mode-decoupling.

Hopf bifurcation refers to the creation of small amplitude periodic orbits at a par-
ticular point on a curve of stationary points. For the parameter-dependent equation
(1.1), we shall consider a stationary point (z*, \*) satisfying the following properties.!

IFor simplicity, we assume that the curve of stationary points is parametrizable by \; cf. [18].
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F(x*,\*) = 0 and the Jacobian matrix J(x*, \*) is nonsingular. Thus the
implicit function theorem tells us that there is a locally unique curve of sta-
tionary points passing through (x*, A*). This may be parametrized by A, and
so we denote it by (x*(A\), A).
J(x*, \*) has a pair of simple purely imaginary eigenvalues

+iw*, w* >0,

and no other eigenvalues of the form {miw* : m € Z}. Hence the right
eigenvector pair ¢35, + i@y satisfies

3t W)l = i8] = i [y + i,
ie.,
St Mok =ty @ ANl = wheh,
and the left eigenvector pair ¥y + ity satisfies
Ja™, N7 [y £ i8] = Fiw [y i3],
ie.,
St T =, e )T =

A suitable choice of normalization is that

PR 95 =0, lenlls + lesls =1,

Y5 oR = 1, Y5 95 =0,

¥5 PR =0, Y5 -p5 =1
If the n x n matrix K* is defined by

K* = i{J(:;:*(A) )\)} ‘
dA ’ A=xr

then
(3.1) YR Koh + 95 - Kipg #0.

This means that, as A moves away from A*, the eigenvalues of J(x*()), \)
corresponding to +iw* are no longer purely imaginary; i.e., if these eigenvalues
are denoted

1O £ iw* (V)

then (3.1) is equivalent to %(A*) # 0, since (from [22])

A" oy _ Ui Ko +95 Kh ey
2

do* Kok — 9 Kiop
. .
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If, for X near A*, we look for a periodic orbit of (1.1) near «*, then first we make
our usual change-of-variable

v(0) = u(T0),

which switches from w(¢) with unknown period 27T to v(6) with period 27, and (1.1)
transforms to

(3.3) v(0) =TF(v(0),\), ve Yl
Since F(x*,\*) = 0,

v(0) = x* + z(0), ze )y,
will be an approzimate periodic orbit (of period 27T) if z(0) is “small” and satisfies
(3.4) —2(0) + TJ(x*,\*)z(0) = 0.
But for 7= -, we know that (3.4) has solutions

z(0) =Ca*(0+c¢)
for arbitrary constants C & ¢, where
a*(0) = pjsinf + @4 cosb.
Thus we seek solutions of (3.3) in the form
(3.5) v(0) = x*(\) +€la*(8) + z(0)]

for small nonzero ¢, with

1 2T
(3.6a) f/ a*(6) - 2(0)d0 = 0
T Jo
and
1 2m
(3.6b) f/ p*(0) - 2(6)df = 0,
T Jo
where
* da* * * :
p*(0) = (0) = ¢y cosl — & sin 6.

do

Equation (3.6a) fixes the amplitude of the periodic orbit, so we are using € as a para-
metrization, and (3.6b) fixes the phase.
We shall soon require properties of the constant coefficient differential operator

d
. —— + A
(3.7) 5+

on )Y, where

A*=T"J(z*,\*) and T"=—.



2532 GERALD MOORE

The right null-space of (3.7) is spanned by p*(#) and a*(6), while its left null-space
is spanned by

a*(0) = ¢gisinf + 5 cosf® and p*(0) = Py cosl — P sind.
If we consider the augmented linear equation

—(0) + A*z(0) + Zp*(0) + A\T*K*a*(0) = 0,

1 27 N B
(3.8) ;/0 a*(0) - z(0)do =0,

1 2 . B

;/0 p*(0) - 2(0)d0 = 0

for unknowns (z(6),7T,\), as a mapping from Y7 x R? to itself; then (3.8) will only
have the trivial solution (0,0, 0) if the determinant of

2 ST a(0)-pr(0)de T [TTa"(0) - Kra*(9)db
2 [T 0) pr0) A0 T [T B (0) - K*a*(0) dO

is nonzero. Since
27 27
/ a*(0)-p*(#)dd =0 and / P (0) - p*(6)do # 0,
0 0

this depends only on

2
/ a*(0) - K*a*(0)do # 0,
0
which is equivalent to (3.1).
If the smooth mapping
G: (VI xR) xR Y xR?
is constructed by the following:

e for ¢ £ 0, G(z,T, \;¢) is defined by

—[a*(0) + 2(0)] + %TF(a:*()\) +ela*(0) + z(0)], \)

a*(0)-z(6)déo
0

27
/0 p*(0) - 2(0) o,

1
w
1

T

e G(z,T,);0) is defined by
—[a™(0) + 2(0)] + TI(x"(A), A)[a*(0) + =z(0)]
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then the zeroes (z(0),T,\) of G for nonzero e correspond to periodic orbits of (3.3)
through (3.5). It is immediate, however, that G(0,7*,A*;0) = 0, and (3.8) also
tells us that, at ¢ = 0, the linearization of G with respect to (z,T,\) at (0,7, \*)
has no nontrivial solution. Hence the implicit function theorem applies to G at
(0,7*,1*;0) and tells us there is a locally unique solution curve of periodic orbits for
(3.3), parametrized by €. (We note that, from a practical point of view, it is more
efficient to replace *(\) above with the first-order approximation

o + [\ — \e,
where £* is defined by
J(@, AN = —F(x*, \%).

For simplicity, however, we do not include this extra trick.)
Rearranging the equation for zeroes of G enables us to define the following
Newton-chord iteration for obtaining these periodic orbits.
e Choose small € # 0 and set

y ) =a*0), TO =1*, N0 =)~

e Solve
d
[_da + A*] z(0) + ZLp*(0) + N T*K*a*(9) = 1r)(0),
1 27
(3.9) 1 / a*(6) - 2(0) 0 = 0,
™ Jo

for z € Y7, 8I', and 6\, where
v (8) = §®(60) — TO F (@ (A9) + 2y ® (), A®).
e Set

y*t0) =y + 2(0),
THEH) = k) 187,
AEHD) — X(R) g\,

Note that only the same augmented constant-coefficient differential equation, with
varying right-hand sides, needs to be solved at each iteration.

3.1. Fourier approximation. Finally, we show how to efficiently compute ac-
curate approximations to the periodic orbits of (3.3), using the above Newton-chord
iteration and the results of section 2.3. The key step is how to calculate the approxi-
mate Fourier coefficients

M
z(0) ~ Z5 + Z {z;, cosmf + Z;, sinmf}

m=1
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from the right-hand side

£

1r®)(g)
M

~ fg + Z {f:ncosmHJrffnsian}
m=1

in (3.9), and we see that matching Fourier coefficients gives the modal equations
o form=0

A2 = f,
e form=1
A heh TReeR] (5] [
| A* —%cpg T"K*en| |27 _ fi
*x T x T - )
s PR 0 0 ar 0
en’ —esT 0 0 ] [& 0

e for2<m<M

A —ml] [25] | Fon
ml A | |25 ] f;
Hence the extra scalar unknowns 8" and 6\ are solved for as part of the m = 1 system,
while the other modal equations remain the same as in section 2.3. Thus, by applying

-T T
o v
Yy -5

0 and 0

0 0

to the m = 1 equation, we immediately determine 8" and 6\ from

[0 T3] m 1 lw@iiw@fﬁ] .

1 K * ¢
7w T™&] [0 2 |Yn-f1—95 f1

ie.,
1 *
N = Fd)\ and =T dT,

where
LW Firvh £
)\ = *
2%
* * ~C * ~S * * ~C * ~S
W (Vr Fi-es 1) - (va - Fi+wn F)
dT = "
275

i

and v,74 are defined in (3.2).
If A* has already been reduced to Schur form by

A*Q* — Q*U*,
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where U* € R™*" is a quasi-upper triangular matrix and Q* € R™*" is an orthogonal
matrix, then it can be arranged that U* has its eigenvalues +i in the top left corner,
ie.,

T 0 B e 7
B0
0 0
U* =
L 0 0 i

for some nonzero S, as in the LAPACK standard form [2]. This means that

B . 1 "
_— and —q5,
1+62‘11 14 1+62‘12

where q] denotes the jth column of Q*. Hence, under the transformations i = Q*2g,

fo =Q* fo, and

Q*
Il

PR

~c/s Q*Ac/s
c/s *Ac/s}v m:]-,"'»M;
fm =Q°f

we have only to solve the systems
o form=0

o form=1

ac 5 )

U* — f1_dT7/—1+52€1— T2
* AC AS

| U [zl] i Hdr———es —d—L—c;

e;r 661T 2§ V1482 0 1432 )
T T
e —e
ﬁ 1 2 0

where the components of ¢ and ¢} are the coefficients of K*q} and K*g3, re-
spectively, with respect to the orthonormal basis of R™ formed by the columns

of Q*, i.e

Q*ci =K*q7 and Q*c; =K*gs;

U —ml| [27,] _ f':n
ml U | |20 | ffn
by back-substitution. The systems for m = 0 and m > 2 are the same as in section 2.3

and nonsingular because of the eigenvalue conditions satisfied by J(z*, A*) in (b) on
page 2530. The system for m = 1 is overdetermined, but consistent by construction,

o for2<m<M
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/

and the last n — 2 components for £]'° can again be solved by back-substitution. We

are then left with the simple system

08 -1 07/ *
1 0 0 B8 |
01 B8 0f ] |o]
30 0 -1z 0

/

where 25/° and £7}° refer to the first two components of £5/°.

4. Practical Floquet theory. Now let A(6) be a 2r-periodic n X n matrix, i.e.,
A(f +2m) = A(H) Vo € R.
At first glance the periodic differential equation
(4.1) —v(0) + A(0)v(0) = f(9), ve Y,

for a given f € Y7, seems much more difficult to analyze and solve than (2.1). It is
the fundamental result of Floquet theory, however, that there is a change-of-variable

which transforms (4.1) to constant-coefficient form. The price one has to pay to
remain within real arithmetic, however, is that some of the components of the solution
to the constant-coefficient problem may lie in Y_ rather than ), : i.e., some of the
components of w(#) may be in Y_, with the corresponding columns of the nxn matrix
P(#) in Y™, but this still means that the product P(§)w(f) is in V7. In conclusion
then, our constant-coefficient equations may be a combination of (2.1) and (2.3).

To see how this occurs, let X(#) be the principal fundamental solution matrix for
the differential operator

(4.2) —% + A(0);

ie., X(0) =1 and
X(0) = A(0)X(0) V6 € R,

and thus the jth column of X(6) solves the homogeneous initial value problem formed
from (4.2), with e; as the initial value. The columns of X(#) remain linearly indepen-
dent, and so X(0) is always nonsingular. (There is, of course, no necessity for X to
have any periodicity property!) X(27) is called the monodromy matrix, and solutions
of the fundamental algebraic eigenproblem

X(2m)y = Ay
lead to the following three possibilities for solutions of the differential eigenproblem
—p(0) + A(0)p(0) = up(0),

with either p € Y or p € Y.
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1. For real A > 0, we may define u € R by A\ = e?>™* and set
p(f) = e "'X(0)y,
sop € YV} and
—p(0) + A(0)p(0) = up(0).
2. For real \ < 0, we may define ;1 € R by —\ = 2™ and set
p(0) = e "X(0)y,
sop € Y" and
—p(0) + A(0)p(0) = up(0).
3. For a complex conjugate pair Ap +i\g and yg *iyq, so that

An  Ag
X(2m)[yg: ys) = [y, Ys] { —Ai A } ;

we can do either of the following. (We describe below how to make a sensible
choice!)
o Define p = ug +ipg € C by A = 2™ and set

Pa(0) a0 = X O] | 200 st )

sin pgd cos g
Then py, pg € Y}, with pr(0) = yy and py(0) = yg, and

_ % [P (0), D5 (0)] + A9) [py(8), ps (6)]

~ el po(0)]| 7 1.

o Define p = ug +ipg € C by —\ = €™ and again set

P (0) s 0)) = X O] | 200 st )

sin pugd cos gl
Now pg, pg € Y7, but we still have py(0) = yy and pg(0) = yg, and

— e 1Pn(0),pa ()] + AW) [p(60),po (0)]

bR s
~ pal®)po(0)]| 7 1],
The eigenvalues A of X(27) are called the Flogquet multipliers for (4.2), while the
corresponding p are called the Floguet exponents. (This is not quite the standard
terminology but is certainly what we require for a practical algorithm!) Note that
each u, and hence also the corresponding p(#), is not uniquely defined by the above
construction; i.e., for any £ € Z we may set u — u+if and p(6) — p(#)e’*?. We shall
always choose the size of the imaginary parts of the Floquet exponents to be as small
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. N s

Fic. 1. Splitting of the complex plane for Floquet multipliers.
as possible in modulus. In conclusion, if the Floquet multipliers and exponents are
denoted by
A= |Me? and g = g +ips,

respectively, with —m < 6 < 7, then the following table gives the mappings between
them for YV, and Y_.

0

Vi

A\ = e

bR =

iln|)\|, MU = o

y_

L

piw =

iln|>\|7 HS =

6—m
O+m
2 0

2

0 >0,
0<0

Instead of considering individual eigenvalues and eigenvectors for the monodromy
matrix X(27), the above argument can be better applied to well-conditioned invariant
subspaces. Thus we choose some 0 < 1 < m, such that no eigenvalue A of X(27) has
arg A = 7, and split the spectrum of X(27) into two parts (see Figure 1), i.e.,

X(27T)Y+ = Y+A+ and X(27T)Y_ = Y_A_,

where, for some ny > 0 with ny +n_ =n, Y, € R?" AL € R"+*"+ Y_ €
R™*7-" A_ € R"™*"-. Here the columns of Y, span the invariant subspace of
X(27) corresponding to all the eigenvalues A of X(27) satisfying —n < argA < 7,
while the columns of Y_ span the invariant subspace of X(27) corresponding to all
the eigenvalues A of X(27) satisfying n — 7 < arg[—A] < m — . Therefore, defining
E,r € R™+*"+ and P, (0) € R™*"+ by

Ay =B P.L(A) = X(0)Y e E+?
and E_ € R" "~ and P_(#) € R"*"~ by
A = e27rE,

we finally have

(4.3)
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where

P(0) = [P+(6),P_(0)]

_(E. O
(5 2).

Each column of P, (6) is in Y} and each column of P_() is in Y™, but the n x n
matrix P(6) must be nonsingular for all §. The choice of 7 is not critical but, in order
for our linear algebra problems to be uniformly well-posed, we shall

e keep n away from 0 and 7, so that the moduli of the imaginary parts of the
eigenvalues of E4 are all less than %,

e let 1 correspond to a “gap” in the arguments of the Floquet multipliers, so
that the sum of the largest imaginary part of an eigenvalue from E, with the
largest imaginary part of an eigenvalue from E_ stays below %

We shall see later that it is easy to adapt n within a continuation framework for
periodic orbits.

The above differential equation for P, i.e., (4.3), should be regarded as an eigen-
problem. This makes it clear that there is an indeterminacy in the choice of P(8)
and E, although the eigenvalues of E are invariants. Thus, for any orthogonal matrix
Q € R™*™, we have

and

d

—75 [POQ+A0) [P(0)Q] = [P(0)Q] [Q"EQ] ,

and therefore we can choose

Q = <QO+ QO_> 7 Q+ c ]Rn+><n+, Q_ c Rn,xnf’

so that the transformations

P(9) — P(H)Q,
E— QTEQ

mean that we can assume E; and E_ are in real Schur (i.e., quasi-upper triangular)
form. It would also be possible to ensure that

1 A

— P(0)TP(0)do =1,
am Jo

and so (4.3) could be regarded as a dynamic Schur factorization; but this is of more
theoretical than practical interest.

If we now return to the problem of solving (4.1), then we can use the change-of-
variable

where w, € yﬁ* and w_ € )", and obtain

—P(O)w(6) + {—P(6) + A(D)P(0) } w(6) = £(0).
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This simplifies to
—w(0) + Ew(0) = P(0)~" £(0),

and so we merely have to solve
(4.4)

where

and thus g, € yﬁ* and g_ € V"~ ; i.e., we have reduced the problem of solving (4.1)
to the simpler problem of solving (2.1) and (2.3). Equation (4.4) is nonsingular so
long as E; has no eigenvalues of the form mi for m € Z and E_ has no eigenvalues of
the form (m — %)1 for m € Z. Hence, by our construction of E; and E_, singularity
can only occur when 0 is an eigenvalue of E, i.e., there is a Floquet multiplier equal
to 1.

4.1. Application to periodic orbits. Just as for stationary points, it is impor-
tant to distinguish between regular periodic orbits and singular ones. For stationary
points *, we have only to look at the Jacobian matrix J(x*): however, for a periodic
orbit u*(t), with period 277, we must consider whether a linear differential equation
has any nontrivial solutions. Looking at (1.4), we see that (v*(6),T™*) satisfies

o(0) = TF(v(0)), wve,

(45) / " v*(0) - v(0) do = 0.
0

Hence we consider whether the linearization of this equation at the solution (v*,T™*),
ie.,

—(0) + T*J(0*(0))v(0) + TF(v*(0)) =0, wveYT,
(4.6)

has any nonzero solutions (v(6),T).
We investigate (4.6) by applying the above Floquet theory to the linear periodic
differential operator

(4.7) —b(0) + A*(O)v(0), ve,

where A*(0) = T*J(v*(0)); i.e., there exist n x n matrices

P =[PP )] ma e = (G Q)

so that the change-of-variable

v(0) = P*(0)w(9) = P*(0) <ngzg)
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transforms (4.6) to
—w(0) + E*w(6) + TP*(0) ' F(v*(0)) =0,  wy € Vi*,
/O 5 (6) - [P (6)w(6)] d6 = 0.
Since we know that
—0(0) + T*J(v*(0))v(6) = 0, ve Y,

has the nontrivial solution v(#) = ©*(), we can choose the first column of P*(6) to
be a normalization of v*(6), i.e.,

a*P*(0)e; = A0 (0)

for some nonzero o € R; hence, E} is in quasi-upper triangular form with zero first
column and

P* ()7 F(v*(0)) = 7=P*(6)~"0" ()

=a’e;.

Thus to answer our question about (4.6), we only have to determine whether the much
simpler problem

—wy(0) +ELw, () +Ta*e; =0, wy € YU,
—w_(0)+E w_(0) =0, w_eYy',

(4.8) o
/0 [P*(0)e] - [P*(0)w(6)] dO =0

has any nontrivial solutions (w(#),T’). Since, by our construction of EY, it is only
possible for a nontrivial solution to appear in the constant Fourier mode for w., this
leads us to the following key definition.

DEFINITION. uw* : R — R"™ is called a nonsingular or regular periodic orbit of
(1.2) if zero is a simple eigenvalue of EX .

The justification for this definition is that if zero is a simple eigenvalue of E7,
with corresponding right and left eigenvectors ¢* and 1* say, then we know that the
conditions [23]

P* el #0,
/0 [P*(0)e1] - [P*(0)p*] dO # 0

are both necessary and sufficient for (4.8) to have only the zero solution. However,
since @* = ej, both these conditions are immediately satisfied. Similarly, if zero is
not a simple eigenvalue of E* , then it is simple to check that (4.8) does have nontrivial
solutions. Hence the basis of the above definition is the following conclusion.
CONCLUSION. A necessary and sufficient condition for (4.6) to have only the
trivial solution (v,T) = (0,0) is that zero is a simple eigenvalue of the matriz EX .
Of course, this is in complete agreement with the standard definition of a non-
singular periodic orbit, i.e., that 1 is a simple Floquet multiplier for (4.7) [1, 20].
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Since, however, our algorithm in the next section works explicitly with E7 , the above
definition is more appropriate for us.

Finally, it is also clear that, when using Floquet theory and working with w(9)
instead of v(6), we can simplify our phase condition in (4.5); i.e., the second equation
there can be replaced by

1 27

o 8*(60) - [P*(O)P*(8)"] " v(6) df = 0,
™ Jo

which is equivalent to the final equation of (4.8) being replaced by

1 2T

(4.9) e1-wy(0)dd = 0.

2 Jo

(As we shall see in the next section, the 27 is a convenient normalization.) It is this
phase condition that we shall use as part of our continuation algorithm in the next
section, which connects with the fact that the bordered matrix

{Ej a*el}
T

e] 0

is invertible for a nonsingular periodic orbit.

5. Continuation of periodic orbits. From our Floquet point of view, we de-
scribe a standard strategy for following a curve of periodic orbits for (1.1), commonly
called pseudo-arclength [23]. Thus we assume that the equation

(5.1) v(0) = TF(v(0), ), ve Y,
has a solution v*(#) with period 27T* at A = A*. We also assume that the linearization

d
—— + A% (0

where
A*(0) = T*J(v*(9), \"),
has invariant subspaces defined by
—P*(0) + A*(0)P*(0) = P*(0)E*,

where
o P*(0) = [P%.(6),P~ ()] with each column of the nxn, matrix P% in YV} and
each column of the nxn_ matrix P* in V7;
e E* is quasi-upper triangular, with

._[En ©
E:h ay

where B} € R™+*"+ and E* € R"-*"~;
e the sum of the largest imaginary part of an eigenvalue of E} with the largest
imaginary part of an eigenvalue of E* is less than %;
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e the first column of P*(6) is a normalization of ¥*(0) and the first column of
E* is zero.

If our periodic orbit v*(0) of period 2xT* is nonsingular at A = A*, according to
the definition in section 4.1, then the implicit function theorem applies. This follows
from considering the linearization of (5.1) with respect to v(0),T at (v*(0),T*, \*)
and adding the phase condition (4.9): thus the equation

—v(0) + A*(0)v(6) + Tp*(9) = 0,
1 2

— P*(0) Te, -v(0)dd =0
27T 0

for (v(0),T) € Y} xR, where
p*(0) = 7=9"(0) = F(v*(0), \"),
has only the zero solution; or equivalently, the equation

—w4(0) + Efwy(0)+a*Te; =0,
1 27

% ) 61'W+(9)d9:0,

—w_(0) +E w_(0) =0
for (wi(0),w_(0),T) € V" x Y'" xR, where
a*P*(9)e; = p*(0),

has only the zero solution. Hence there is a unique curve of periodic orbits through
(v*(0), T*), and this curve is parametrizable by A.

We do not, however, wish to restrict ourselves to curves of periodic orbits which
are parametrizable by A. Thus we consider the full linearization of (5.1) with respect
to v(0),T, A at (v*(0),T*, \*), and our basic assumption is that the equation

—0(0) + A*(0)v(0) + Tp*(0) + \k*(0) = 0,
(5.2) 1 (%

i * -T i _
o7 ), P*(0) " e -v(0)dd =0

for (v(0),T,\) € Y xR?, where
k*(0) =T F)(v*(0),\"),

has a one-dimensional solution set spanned by (v;(0),77, ;). (This will be normal-
ized in (5.7) below.) So the augmented equation

—9(0) + TF(v(6),\) = 0,
1 27

5 P*(0) Te; -v(0)dl = 0,
(53) Lo
3 | v oo -vow

FTHT =T+ XA =M —e=0



2544 GERALD MOORE

has the solution [v*(#),T*, \*] for e = 0; and the full linearization of (5.3) at this
point gives the equation

—0(0) + A*(0)v(0) + Tp*(0) + Ak*(0) = 0,
1 2

(5.4) o Jy
1 27

P*(0) Te; -v(0)dd =0,

— vi(0) - v(0)d0+TyT + XA =0
27 0

which has only the zero solution. Hence, the implicit function theorem tells us that
(5.3) has a locally unique solution for all |e| sufficiently small, and this gives us a
curve of periodic orbits [v(0), T, A] parametrized by e.

(v, Ty A%)

Newton correction

~

(’U*, T*7 )‘*) ,," / /

/
/ ~
/ ~ \
- Predicted point

/ .
on tangent line
/

~

Fic. 2. Continuing a curve of periodic orbits.

Geometrically, our basic assumption on (5.2) is saying that the curve of periodic
orbits has a unique tangent line. Thus, in section 5.1, we use our Floquet transforma-
tion to compute a Fourier approximation to this tangent line. Then, in section 5.2,
we solve (5.3) using a Newton-chord iteration whose starting value is a point on this
tangent line; see Figure 2. By using a simplified Newton’s method, which keeps the
linearization fixed, we sacrifice the quadratic convergence of the full Newton’s method;
this is more than compensated, however, by only having to apply our Floquet theory
at (v*(0),T*, A*). Thus we have an efficient algorithm for computing the Fourier ap-
proximation of a new point, (v%(0),Tx, AX) say, on the curve of periodic orbits. Having
obtained this new point, we require the new Floquet variables P} (6),E* there; i.e.,
we must efficiently update from P*(0), E* to P} (), E;. The algorithm for obtaining a
Fourier approximation of P} (6), EX is described in section 5.3. Finally, in section 5.4
we explain how the crucial bound on the size of the imaginary parts of the Floquet
exponents is maintained, while in section 5.5 we show how to start the continuation
method at a Hopf point.

5.1. Tangent predictor. First, we consider what the assumption (5.2) means
in terms of our Floquet variables; i.e., if we set

v(0) = P4 (0)w., (6) + P (O)w_(0).
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then we are assuming that

(5.5)

where

—, (0) + E5wy (0) + o*Tey + Mk (6) =0,
1 2w

/), e -wy(0)dd =0,

—w_(0) +E*w_(0) + A\k*(0) = 0,

P0) et ()] = #0)

has a one-dimensional solution space. It is clear that this assumption rests on the
equation for the constant mode of w, (); i.e., that the (ny + 1)x(n4 + 2) coefficient

matrix

where

Er a’er kg
el 0 0|’

1 2
ki=— kK’ (6)d6
0 277'/0 +( ) 9

has full rank. Using the bordered matrix

(5.6)

EfL oa’e;
el 0 |’

this can arise in three different ways.
e If (5.6) is nonsingular, then v*(6) is a nonsingular periodic orbit as described

in section 4.1.

If (5.6) has rank n, with Ef having rank n, — 1, then this corresponds
to zero being an eigenvalue of E%} of geometric multiplicity one and alge-
braic multiplicity greater than one; in addition kg is not in the range of EY .
(Generically, we would expect this zero eigenvalue of E* to have algebraic
multiplicity two [15, 21].)

If (5.6) has rank n4, with E% having rank ny — 2, then this corresponds to
zero being an eigenvalue of E% of geometric multiplicity two, but e; is not in
the range of E% ; in addition k{ is not in the range of E% and not parallel to
e1. (Generically, we would not expect these conditions to appear [21].)

This analysis also shows that a suitable normalization for the solution of (5.2) or (5.5)

1S

(5.7)

B0 + (1717 + NP = 1,

where £ € R™+ is the constant mode of w_ (6); i.e.,

x 1 2
t =— 0)dé.
2 Jy w(0)

We shall also require t* € R™ later, which is just i padded out with zeroes.
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Discretizing (5.5), our Fourier approximations

M
wy(0) ~ w + Z {w¢, cosmb + w;, sinmf},
m=1
M
k% (0) = kG + Z {k;, cosmb + k;, sinmb}
m=1
give us
* * c wi
Toater kg 2l (0
oG 90

AL

for m =0 and

EL —ml\ (wS,\ [k,
(5.9) (ml EY ) (wm> =N (km>

for m =1,..., M; similarly, our Fourier approximations
M
w_(0) ~ Z {w¢, cos[m — 3]0 + w}, sin[m — 3]0},
m=1

M
k*(0) ~ Z {k;, cos[m — 3]0 + k;, sin [m — 3]0}

m=1
give us
EX  —[m— N (wh) (R
(5.10) ([m I I we, ) = A kS
form=1,..., M. The one-dimensional null-space for the full-rank structured matrix

in (5.8) may be efficiently obtained by employing algorithms from [17, Chap. 5].
e First, we construct the nx (n 4+ 1) quasi-upper triangular matrix

(5.11) (a*e; EXL k),

where IAEi is obtained from E?* by removing the zero first column.

e Second, Givens rotations are used to annihilate the nonzero elements below
the diagonal and thus change (5.11) into an n X (n + 1) upper triangular
matrix.

e Third, post-multiplication with Householder matrices is used to annihilate
the final column of (5.11).

We can then solve (5.9) and (5.10), since the restriction on the size of the imaginary
parts of the eigenvalues of E} makes these systems nonsingular.

5.2. Newton correction. Our Newton correction will solve the system

—9(0) + TF(v(0),\) = 0,

1 27
— *0) Tey-v(0)d =0,
2 0
(5.12) .
oo [ PO fo(0) v (6) a6
T Jo

FTHT =T+ XA = M) —e =0,
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Thus, for the same reason as in (4.9), we have replaced the final equation for the
tangent line step in (5.3) by the more convenient equation above. Our Newton-chord
iteration for solving (5.12) is defined from the starting values

v(0) = v*(0) + vy (0),
TO = 7% 4 Ty,
A =\ 4 en;
for chosen small |e], and consists of
v TI(0) = v () + 2(0),
T¢+D — 7)1 g7,
AL — AR) gy
where (z(0), 8T, 0\) € Y} xR? satisfy

—2(0) + A*(0)z(0) + 8T'p*(0) + \k*(0) = 7 (6),
1 27

(5.13) 2 /g
1 2

P*(0) Te; - 2(0)dd =0,

5 P*(0)~"t* - 2(0) A0 + TF6T + \fo\ = 0,
™ Jo

with
r®(0) = ¥ (9) — T F(v® (9), A\0).
Hence, under the Floquet transformations
2(0) = PL(0O)w(0) + P~ (0)w_(0),
r((0) = PLO)f4(0) + PL(O)F_(0),
our equation in yﬁ* becomes
—wy(0) + ELwi (0) + Taey + NKL(0) = f,.(0),

1 2m

— e;-w(0)dd =0,
2 0

;O%meww+ﬂﬁ+m&:a
and our equation in Y"~ is
—w_(0) + EXw_(0) + Ok™(0) = f_(0).
Hence our Fourier approximation in yﬁ* is

M
w4 () = wf + Z {w¢, cosmb + w;, sinmf},

m=1

M
fo(0)~ f5+ Z{ffncosme—i-finsinmﬁ},
m=1
M
kL (0) =~ ki + Z {k, cosmf + k;, sinmf},

m=1
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leading to
B ater KG\ (w\  [f

(5.14) el 0 0 frl=10

)T T Ar) \ & 0
for m = 0 and

Er  —ml\ (w,\ [ f;.— Nk,
(5.15) <m| EY ) (wm> = (ffn — kS,
for m = 1,..., M; while our Fourier approximation in Y™~ is

M
w_(0) ~ Z {w¢, cos[m — 3]0 + ws, sin [m — 16},

m=1

M
fo(0)~ > {f, cos[m— 310+ f5,sin[m — )0},
m=1

M=

k() ~ {k;, cos[m — 3]0 + k3, sin[m — 316},
m=1
giving us
Ex —[m =41 (we)\ [ fi — Ok,
(5.16) ([m e ) e ) TR - o

for m =1,..., M. By our construction of (£, T}, A¥), the coefficient matrix in (5.14)
is nonsingular. Our linear algebra at the end of section 5.1 also means that we can
solve (5.14) efficiently. We can then solve (5.15) and (5.16), since the restriction on the
size of the imaginary parts of the eigenvalues of E¥ makes these systems nonsingular.

5.3. Floquet continuation. After having calculated v (0), TF, and A\, we
need to update from

(5.17) —P*(0) + A*(0)P*(9) = P*()E*
to

(5.18) —P1(0) + AL(O)P;(0) = P} (D),
where

AL(0) = T (07 (0), A7)
We seek P%(0) in the Floquet form
PL.(0) = P*(0)P(0),

with the normalization

1 27

(5.19) o | P(6)do = 1.



FLOQUET THEORY 2549

Hence we can apply a Newton-chord method to solve (5.18) for P() and E}, analogous

to that described theoretically in [28] and practically in [7], and make use of our known
Floquet variables for (5.17). Thus our Newton iteration starts from P()(#) = | and
E© = E* and computes

P+ (9) = PR (9) 4 Z(0),
E*+D — (M) 4 6E
from
(5.20) —Z(0) +E*Z(0) — Z(9)E* — 6E = RF)(9),
where

R®) () = P*() {;19 (PPN (0)] - A3 (0)P"(8)P)(9) + P*(8)P®) (e)EUf)} .

We now make use of the decompositions

._[EL O _[6E4 O
E:[o E*_]’ 6E:{o 6E_]

and the fact that P*(9) = [P1.(0)|P* ()] leads to

(k) (k)
=[5 3] wor0=[H0 0]

Here Z,, () € R™+*"+ and Z__(f) € R"*"- have components in )., while
Z,_(0) € R+*"= and Z_,(0) € R"-*"+ have components in }J_, and similarly
for the decomposition of R(*)(6). Hence we can decompose (5.20) into two equations
with components in Y,

(5.21) ~Z4 4 (0) + ELZ4 1 (0) — Zy 1 (0)E} — 6B =RL(0)
and
(5.22) —7__(0)+E*Z__(0) — Z__(0)E* — 6E_ =R™ (p),

and two equations with components in )_,

(5.23) 7. (0)+E5Z, (0)—Z (0)Er =R (0)
and
(5.24) 7 (0)+E~Z (0)—Z_,(0)E. =R¥.(0).

Each of (5.21), (5.22), (5.23), and (5.24) can be replaced by the analogous Fourier
approximation, which leads to mode-decoupling as we see below. We then obtain
Sylvester equations [17], which can be solved by the Bartels—Stewart algorithm [4, 17].
Most of the work in this algorithm is devoted to reducing the appropriate matrices to
Schur form, but here EX already have this form! Otherwise, only back-substitutions
are required. Of course the product to form R¥)(#) in (5.20) is carried out in point-
space.
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e To obtain Z,, (6), we set

M
Z,,.(0) = Z {Z¢, cosmf + Z3, sinmb},

m=1

M
RIEL(O) ~Rs+ Y {RS, cosml + RS, sinmb} |

m=1
and so (5.21) gives us
(5.25) S0EL = —R§

for m =0 and

Ex —ml| |Z¢ ZS R¢
+ m| _ m * m
(520 e 2] - e - (R
form =1,..., M. The Sylvester equations in (5.26) are nonsingular, because

the restriction on the size of the imaginary parts of the eigenvalues of E*
means that

EX —ml
+ *
{ml Er ] and EL

have no common eigenvalue.
To obtain Z__(0), we set

M
Z__(0)~ Z {Z5, cosmb + Z;, sinmf},

m=1

M
R(,’“Z(e) ~ R{ + Z {R¢, cosmf + R? sinmé} ,

m=1
and so (5.22) gives us

(5.27) 0E_ = —R§

for m = 0 and

N el N L

form =1,..., M. The Sylvester equations in (5.28) are nonsingular, because

the restriction on the size of the imaginary parts of the eigenvalues of E*
means that

{E* —ml

ol E*] and E*

have no common eigenvalue.
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e To obtain Z,_(0), we set

and so (5.23) gives us

BY == [Z5] _[Za] e _ [RW
(5:29) [[m S |z Tz BT R
form =1,..., M. The Sylvester equations in (5.29) are nonsingular, because

of the restriction on the size of the imaginary parts of the eigenvalues of E*
and E* means that

have no common eigenvalue.
e To obtain Z_, (0), we set

and so (5.24) gives us

s |y ;]I} z) -] e R

form =1,..., M. The Sylvester equations in (5.30) are nonsingular, because
the restriction on the size of the imaginary parts of the eigenvalues of E* and
E% means that

oy e ] e

have no common eigenvalue.
Finally, we note that our limit

. . |E® o
En—klzazlg W)

will not generally be quasi-upper triangular, and so we will have to perform a last
Schur factorization with

Q = <QO+ QO_> 7 Q+ c ]Rn+><n+, Q_ c Rn,xnf’
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so that the transformations

P7(0) — PL(0)Q,
Er — QTEXQ

mean that the diagonal blocks of E} are now in real Schur form.

5.4. Controlling the Floquet exponents. On page 2539 we stated the con-
ditions on our Floquet exponents, the eigenvalues of

_[E, ©
=[5 2],

that must be maintained during the continuation process. Basically, this means that
the sum of any imaginary part of an eigenvalue of E; with any imaginary part of an
eigenvalue of E_ must be less than % We now show what to do if this condition is
found either to fail or to be dangerously close to failing at the end of a continuation
step.

Suppose we have
—P(0) +A(0)P(0) = P(A)E,

with

P(0) = [P4(9),P_(0)] and E= [EO+ > } .
If the imaginary parts of a pair of complex conjugate eigenvalues of E_ are too large,
we could [17]
e move them to the top left of E_,
e block-diagonalize E_
(altering P_(0) in consequence), so that now E_ has the form

fa B 0 - - 0]
By a 0 - o 0
0 0

E_ = ,
L0 0 |

where (31, 8 are positive. Now, if we denote the first two columns of P_(8) by p,(6)
and py (), then transforming them by

1 cos 50 1 sin 36
[P1(9) Pz(e)] - [p1(9) p2(9)] [\/ﬁi Vo 1

—V/B2sinif /B cos 30

will transform the leading 2x 2 block of E_ into

[ a VBiB2 - %]
5 —VBia a ’
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thus decreasing the size of the imaginary parts of the eigenvalues by % Now the new
p1(0),py(0) are in Y7, and so we increase n, by 2 and decrease n_ by 2.
Similarly, if the imaginary parts of a pair of complex conjugate eigenvalues of E
are too large, we carry out the analogous procedure to transfer them to E_; e.g.,
e moving them to the bottom right of E;,
e block-diagonalizing E,
e transforming the final two columns of P (), so that the size of the imaginary
parts of the dangerous eigenvalues is decreased by %
We have described above the simplest situations, where there is only a single pair
of dangerous eigenvalues. We omit the obvious extensions, where a larger block of
eigenvalues has to be controlled.

5.5. Starting at a Hopf point. Finally, we show how E* and P*(f) may be
constructed at a Hopf bifurcation point in order to start the continuation process; so
(z*, A*) is a Hopf bifurcation point for (1.1), satisfying the conditions at the beginning
of section 3. Hence we have a Schur factorization

A*Q* = Q*U*
for
A =T*J(x*, \Y).
1. Block-diagonalize A* to obtain
A*S* = S*D*,
where D* is the nxn block-diagonal matrix

._ur o
b :[o U*_]

with quasi-upper triangular Ut € R"+*"+ and U* € R"-*"-. In fact each
of U and U* is itself block-diagonal with

Uo
Uy
Ui = Us
and
_U% _
Us
Ur = Vs ;

so that the eigenvalues of U;,j > 0, have an imaginary part “close to” 4j
and the eigenvalues of U i j > 1, have an imaginary part “close to” £3.



2554

. Finally, if [_ % VO8]
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2. If [7’22 [Zj] is a 2x2 diagonal block of U; or U% for j > 1, with 3y, B2 positive

and s, 87, ; denoting the corresponding columns of S*, then we can transform
these columns by

gz - 5132 Y /6232+17
5001 — VB8] + /Pasiig-

Thus we obtain

A*S* = S*D*,
where
D* = Ui O
O ux
with
Uo N 1
U; _
S~ U
and
_Gl -
2
Us
2
U = Vs :

so that the 2x 2 diagonal blocks of Uj, G%, j > 1, have the form [_\/‘;1% v ﬂollﬂz ]

VBT is now a 2 x 2 diagonal block of Gj,j > 1, with

corresponding columns $7, 3, of S*, then P1(0) € R™*"™+ is obtained by
replacing these columns with

Sy cosjl — 8, sinjd and $jsinj6+ 5, cos jo.

Similarly, if [ 2 Vﬁéﬁz}

—VB1B2 N
corresponding columns $7,5;,, of S*, then P* (f) € R"*"~ is obtained by
replacing these columns with

is now a 2x 2 diagonal block of Gl,j > 1, with
2

5;cosjf/2—35;,  sinj0/2 and §;sinjf/2+ ), cosjb/2.

Hence the columns of P} are in J? and the columns of P* are in Y, with
P*() = [P%.(0), P~ ()] satisfying

—P*(0) + A*(0)P*(0) = P*(0)E™.
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Spectral decay of zero eigenvalue

o,
T
L

Size of eigenvalue
R
: :
L L

8 10 12 14 16 18 20 22

F1G. 3. Approxzimating the zero Floquet exponent.

Here

,_[Ex ©
E :[o E*_}

is constructed from Uﬁr and U*. The imaginary parts of the eigenvalues of
E* are close to zero.

6. Numerical results. Now we illustrate the above algorithms with some well-
known examples.

6.1. The Lorenz equations.
i =o(y—x),
y=Ar —y—xz,

z=uxy — bz.

For ¢ > b+ 1 there is a subcritical Hopf bifurcation from the stationary solution
curves

(i\/b()\ 1), /60— 1), A — 1) L A1,
at

o(lc+b+3)

A
H oc—b—1

We use the parameter values (o,b) = (10, 3), which gives Ay ~ 24.74, and follow the
branch of periodic orbits in the range Ay > A > 24. For N =2 M + 1, where M is
the number of Fourier modes, we plot in Figure 3 the maximum size of the smallest
Floquet exponent (which should be zero) over this range of A. The exponential decay
is clear. For this example, it is necessary only to work in Y, .
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2 ! ! ! !
0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1
X

Fic. 4. Approxzimating four periodic orbits.

6.2. The A — B reaction equations.

21 = —x1 + A(1 — 1) exp z2,

o = —x9 + Aa(l — x1) exp xo — bxa.

This system is used as an example in [14], in particular for the parameter values
a = 14 and b = 2. In this case, the stationary solution curve through (z,\) = (0,0)
has two turning points as A increases, and then there is a Hopf bifurcation point at

A~ 0.1309, 21~ 0.8951, o~ 4.177.

The curve of periodic orbits created here exists, with A decreasing, until A ~ 0.1055,
where it ends in a homoclinic orbit connected to the stationary solution curve. Again
it is only necessary to work in Y, .

We use this example to illustrate how our algorithm may perform badly when
applied to periodic orbits which lack smoothness or are poorly conditioned. In Fig-
ure 4, we show approximations to periodic orbits at four different values of A, using
the algorithm in section 5 with M = 50. We see oscillations appearing in the approx-
imations as they try to cope with the lack of smoothness developing as @ = (1, 10)
is approached. As is shown in [14], this point is reached at A &~ 0.1055, when the
homoclinic orbit appears. (If results for smaller A were shown, the oscillations would
be more violent.) We exhibit this lack of smoothness differently in Figure 5, where the
size of the Fourier modes is shown for m = 1,..., M. It is clear that, as A decreases,
the exponential decay of these modes is gradually being lost. Similar conclusions can
be drawn when we plot the “zero” Floquet exponent against A in Figure 6. By the
time A &~ 0.1193 is reached, the two exponents are almost equal! Finally, and most
tellingly, we examine cond (P*()) in Figure 7. Theoretically P*(6) can never be sin-
gular, and its condition number is a measure of the conditioning of the boundary value
problem defining the periodic orbit. Here, however, we see cond (P*(6)) reaching 108!
It is therefore no surprise that our algorithm, which explicitly works with P*(6), has
difficulties in this situation. Collocation with piecewise-polynomials and an adaptive
mesh, as used in [14], will obviously perform better in such cases.
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6.3. The fourth order Lorenz equations.

g1=—y1+ 2\ — 3 + (5 +v3)/2,

do = —y2 + (Y12 — ysya) + (3 — ¥3)/2,
Us = —y3 + (y2 — v1)(y3 +y4)/2,

U1 = —Ya+ (Y2 + v1)(ys — ya)/2.

This system is described in [27]. There is a stationary solution curve
y(A) = (24,0,0,0),

which has a supercritical bifurcation at A = % into the two stationary solution curves

y.(N) =(1,£vV2A—1,0,0).

At A = 3, the new solution curves bifurcate again, and there is then a supercritical
Hopf bifurcation at

Ag ~ 3.8531.

We follow the branch of periodic orbits for Ay < A < 17 and plot the behavior
of the critical Floquet exponent in the three graphs of Figure 8. Of course one
Floquet exponent is always zero, but another uninteresting one remains real and
strictly negative. Thus it is the other two that we are concerned with. They are
plotted in the complex plane for Ay < A < 10 in the first graph of Figure 8. (Since
they become a complex conjugate pair for A ~ 4, we only plot the one with positive
imaginary part.) In this range of A\ we can take ny =n = 4, but when A reaches 10,
this imaginary part has become greater than 0.3. Thus we decide to switch this pair
of Floquet exponents from E; to E_, as described in section 5.4, and so ny = 2 and
n_ = 2. In the second graph of Figure 8, we continue to plot the critical Floquet
exponent in the complex plane, but now for 10 < A < 14.3. Note that the imaginary
part of the exponent at A = 10 differs by % in these two graphs (£.33 and £.17) as

Size of Fourier mode

F1G. 5. Decay of Fourier modes for periodic orbits.
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Zero Floquet exponent
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F1c. 6. Degeneration of “zero” Floquet exponent.

described in section 5.4. At A & 14.3, this complex pair of critical Floquet exponents
become real and negative, thus corresponding to negative real Floquet multipliers as
described in section 4. We follow the interesting real Floquet exponent in the third
graph of Figure 8, this time plotting it against A. It quickly passes through zero, thus
corresponding to a period-doubling bifurcation as described in section 7, and then
continues to increase.

7. Period-doubling bifurcation. A further advantage of using Floquet theory
to continue periodic orbits is that the occurrence of nonhyperbolic behavior is always
obvious; i.e., because we always have E* available in quasi-upper triangular form, we
can immediately see when a Floquet exponent crosses the imaginary axis. The three
simplest types of bifurcation that can occur are as follows.

1. Saddle-node bifurcation (turning points): when E* has a geometrically single,

250 1400
1200
200
~ 1000
= = 7=0.1223
§150 1=0.1245 :‘i’ 800
5 T
S 100 5 60
o o
400
50
200 /\/
0 0
0 2 4 0 4 6
(¢} 0
x10 x10°
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56 5 1!
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2
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0 2 4 0 4 6

Fic. 7. Ill-conditioning of periodic orbits.
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Floquet exponent
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Fic. 8. Movement of critical Floquet exponent.

but algebraically double, zero eigenvalue, as mentioned in section 5.
2. Period-doubling bifurcation: when both E* and E* have a simple zero eigen-

value.

3. Neimark-Sacker (torus) bifurcation: when either E or E* has a conjugate
pair of purely imaginary simple eigenvalues.
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If any of these occur during the continuation process, we may wish to determine
the bifurcation point more precisely, which can be achieved by two different means.

e After having determined two values of the continuation parameter that bracket
the bifurcation point, we may use a secant-like method to determine the pa-
rameter value at which the critical Floquet exponent is zero or has zero real
part.

e We may set up a special augmented system of equations, whose solution will
give the bifurcation point immediately! Modern algorithms for the above
three types of bifurcation have recently been described in [15], and Floquet—
Fourier versions of these algorithms could be constructed.

In addition, after having located a period-doubling or torus bifurcation point ac-
curately, we may wish to follow these newly created objects. We do not consider
Neimark—Sacker bifurcation here, since this is rather complicated [8, 21] and a treat-
ment combining Floquet theory with the ideas in [25] would be quite lengthy. In
this section, however, we do wish to present an algorithm for moving onto the new
periodic orbits created at a period-doubling bifurcation point. In particular, we will
see how this fits in very neatly with the spaces Yy used in section 4 to describe
our gen