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ABSTRACT. An operator T' € L(H) is said to be p-paranormal if
2
NTPUITP]| |l 2 || TP
for all x € H and p > 0, where T' = U|T is the polar decomposition of
T. It is easy that every l-paranormal operator is paranormal, and every

p-paranormal operator is paranormal for 0 < p < 1. In this note, we
discuss some properties for p-paranormal operators.

1. Introduction

Let H be an infinite dimensional complex Hilbert and £(H) denote the
algebra of all bounded linear operators acting on H. Every operator T' can be
decomposed into 7' = U|T| with a partial isometry U, where |T| is the square
root of T*T. If U is determined uniquely by the kernel condition N(U) =
N(|T|), then this decomposition is called the polar decomposition, which is one
of the most important results in operator theory ([10], [11], [12] and [13]). In
this paper, T = U|T| denotes the polar decomposition satisfying the kernel
condition N(U) = N(|T).

Recall that an operator T € L(H) is positive, T > 0, if (Tx,z) > 0 for
all z € H. An operator T € L(H) is said to be hyponormal if T*T > TT™*.
Hyponormal operators have been studied by many authors and it is known
that hyponormal operators have many interesting properties similar to those
of normal operators ([12], [14] and [15]). In particular, the Putnam inequality
14]

7T~ TT*)| < ma(o(T))
is fundamental for hyponormal operators T, where ms is the planer Lebesque

measure and o(7') is the spectrum of 7. Xia [19], Cho and Itoh [5] extended
the Putnam inequality to p-hyponormal, i.e.,

(T 1) > (TT7)
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for0<p

IN

\(T*TY? — (TT*)?|| < B// r2P=1drde.
™ JJo(r)

Recently, Tanahashi [17] introduced the log-hyponormality for operators. An
invertible operator T is log-hyponormal if log T*T > log T'T™*. It is quite mean-
ingful because every log-hyponormal operator T satisfies the following Putnam
inequality [18]

1
[|[logT*T —log TT*|| < 7// rtdrdd.
™ o(T)

An operator T € L(H) is said to be paranormal if it satisfies the following

norm inequality
72| ||zl > ||T2]|*

for all x € H. Ando [4] proved that every log-hyponormal operators is paranor-
mal. It was originally introduced as an intermediate class between hyponormal
operators and normaloid. Furuta, Ito and Yamazaki [20] introduced new fami-
lies of classes of operators, whose background is recent development of operator
inequalities. As a matter of fact, these are defined by operator inequalities and
norm inequalities, and named classes A(k) and absolute k-paranormal opera-
tors. Among others, the class A(1) is given by an operator inequality

72| = |1,

It occupies a desirable location between log-hyponormal and paranormal [20].
On the other hand, Fujii-Izumino-Nakamoto [7] introduced the p-paranorm-
ality for operators. An operator T € L(H) is said to be p-paranormal if

NTPUITPal] (|2l = |72

for all z € ‘H and p > 0, where U is the partial isometry appeared in the
polar decomposition T = U|T| of T. And they proved that every p-paranormal
operator is paranormal for 0 < p < 1. It is easy that every l-paranormal
operator is paranormal. In addition, the p-paranormality is based on the fact
that T = U|T| is p-hyponormal if and only if S = U|T|P is hyponormal [6].
Actually, T = U|T)| is p-paranormal if and only if S = U|T'|? is paranormal.
From this fact, a p-hyponormal operator is a p-paranormal operator for p > 0.
Recently, Fujii-Jung-Nakamoto and authors [8] introduced a new class A(p, p)
of operators: For p > 0, an operator T belongs to A(p,p) if it satisfies an
operator inequality

(T P22 )3 > (7|2
More generally, we can define the classes A(p,q) for p,q > 0 by an operator
inequality

(T 9 T2 | )77 > (7|2,
Note that A(k,1) is the classes A(k) due to Furuta-Ito-Yamazaki. Namely the
family {A(p,q) : p,q > 0} is a generalization of {A(k) : k > 0} exactly. We
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[8] discussed inclusion relations between A(p,q) and p-paranormal operators.
And we proved that every p-paranormality has monotone increasing property
on p > 0 and every p-paranormal operator is normaloid.

In this paper, we will obtain a characterization of p-paranormal operators
using the polar decomposition T = U|T| of T. i.e., T = U|T| is p-paranormal
for p > 0 if and only if

|T|PU*|T|*PU|T|P + 2M\T|** + A* >0

for all real A. Using this characterization, we will also obtain some properties for
p-paranormal operators. Finally, we give some examples about p-paranormality
for p > 0.

2. On p-paranormal operators
First, we need the followings in this section.

Theorem A. [10] Let Ty = U1 Py and To = Us Py be the polar decompositions
of T1 and Ty, respectively. Then the following are equivalent:

(1) Ty doubly commutes with Ts.

(2) Uy, Uy and Py commutes with Uy, Us and Ps.

(3) [Pl,PQ] = O, [Ul,PQ] = 0, [Pl, UQ] = O7 [Ul, UQ] =0 and [U1*7 UQ] =0.

Theorem B. [10] Let Ty = U1 Py and Ty = Uy Py be the polar decompositions of
Ty and Ty, respectively. If Ty doubly commutes with Ty, then T1 Ty = U Us Py Py
is also the polar decomposition of ThTs, that is, UyUs is partial isometry with
N(UlUQ) = N(Plpg) and P1P2 = |T1T2‘

The following lemma is an important characterization for p-para-normal
operators.

Lemma 2.1. Let an operator T € L(H) have the polar decomposition T =
U|T|. Then T is p-paranormal for p > 0 if and only if

|T|PU*|T|*PU|T|P + 2\T|** + A2 >0
for all real \.
Proof. Suppose that

|T|PU*|T|?*PU|T|P + 2\T|*" + \* >0
for all real A. This inequality is equivalent to

ITPUITP2|* + 2|7 2| |* + X?||z]]* > 0
for all real A and x € H. This is equivalent to
NTPal[* < [l PIITPUIT P

x € 'H, and hence T is p-paranormal. (I
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Shan and Sheth [16] proved that the inverse of an invertible paranormal op-
erator is also paranormal. We have a generalization for p-paranormal operators.
It is easy that if T = U|T)| is invertible, then U is unitary and 7-1 = U*|T*|~!
is the polar decomposition.

Theorem 2.2. Let T = U|T| be invertible p-paranormal for p > 0. Then T—!
is also p-paranormal.

Proof. Suppose that T'= U|T| is invertible p-paranormal. Then
UIT|™"=|T*|7"U and |T*|”" = U|T|”"U*
for all 7 > 0. Since T is p-paranormal, we have
T4+ 2T 4+ N2 T PU T ?PPU* | TP
= I+ 2\U|T|7?PU* + NU|T|"PU|T|~**U*|T| *U*
= U|T|"PU|T|"P(|T|PU*|T|**U|T|P + 2X|T|** + X\*)|T|"PU*|T| *U*
is positive for all real A\. By Lemma 2.1, T~! is p-paranormal. (I

Recall that an operator A is unitarily equivalent to B if there exists an
unitary X such that XA = BX.

Theorem 2.3. An operator unitarily equivalent to p-paranormal is p-para-
normal for p > 0.

Proof. Let Ty = U|Ty| be p-paranormal, W be unitary and let T, = W*T1W.
Note that

To|" = W*TL["W
for every r > 0. By Theorem A and Theorem B, we have To = W*U|T1|W =
WUWW*|T1|W and N(W*UW) = N(W*|T1|W) so that

Ty = (W UW)(W*|Th|W)
is the polar decomposition of T5. Thus we have
|To|P(WXUW)*| To| P (W*WS)|To|P 4 2| T5 | 4 A
= W*(|T1|PW* Ty |2PW|Th P + 2| T3 [?P + AW

is positive for all real A. So, T, is p-paranormal. O

Ando [4] proved that if a paranormal operator T' double commutes with a
hyponormal operator S, then T'S is paranormal. We prove the following;:

Theorem 2.4. If a p-paranormal operator T double commutes with a p-hypo-
normal operator S, then T'S is p-paranormal for p > 0.

Proof. Let T = U|T| and S = W|S| be the polar decompositions of T" and S,
respectively. Then T, = U|T'|P is paranormal and S, = W|S|? is hyponormal.
By Theorem A, T}, doubly commutes with S,. By [5, Theorem 4], T,,S, = (T'S),,
is paranormal. Thus T'S is p-paranormal. (]
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Ando [4] proved that if T and T™* are paranormal with N(T) = N(T%),
then T is normal. Let T' = U|T| be the polar decomposition of T and let
T = |T|2U|T|2. An operator T is said to be w-hyponormal if

7] < 7 < 77,
The classes of w-hyponormal operators contains both p-hyponormal and log-
hyponormal operators [2]. Aluthge and Wang [3] proved that if T and T™* are

w-hyponormal with N(T) = N(T*), then T is normal. The following theorems
are generalizations of Ando’s theorems [4].

Theorem 2.5. If both T and T* are p-paranormal with N(T) = N(T*), then
T is normal.

Proof. Let T = U|T| be the polar decomposition of T'. Then T}, = U|T'|P and
Ty = U*|T*|P are paranormal with N(7},) = N(T};). By [4, Theorem 5], T}, is
normal, i.e., T" is normal. U

It is known that if T" is paranormal, T'® I is also paranormal. However the
tensor product of two doubly commuting paranormal operators is not neces-
sarily paranormal [4].

Theorem 2.6. If T is p-paranormal, T ® I is also p-paranormal for p > 0.
Proof. Let T = U|T| be the polar decomposition of T. Then
TRI=UDH(T|eI)
is the polar decomposition of T'® I. Since
IT@IP(UD*TRIPUITIP+2)NT @ I)*P + \*
= (|TIPU*|T|>PU|T|P + 2\|T|** + \}) @ I

is positive for all real A, we have T'® [ is p-paranormal. (]

3. Examples

In this section, we will give some examples which are related to p-paranorm-
ality. Now, we have next results:

Proposition 3.1. Let H = &>, C? with x = (,)5%_, and Y. ||z,||* < .

For a given two positive operators A, B on C?, define the operator T =: T p
on 'H as follows:

[T
o OO

0
0
@ .
B
0

0
B 0
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where [ -] is shows the place of the (0,0) matriz element. The following state-
ments are hold:
(1) T is p-paranormal if and only if
(3.1) APB?P AP £ 2)\A%P 4 )2 >0

for all real \.
(2) If AB is positive, then T? is p-paranormal if and only if

(3.2) (AB)?B*(AB)? + 2X\(AB)** + \*> > 0
for all real \.

Proof. (1) By a simple calculation, we have

A 0 O
0 A 0
T = ()0
0O 0 0 B
0O 0 B
so that
0 0 O A 0 O
I 0 O 0 A 0
= 0o I [0] 0o o [B]
00 I O 0O 0 0 B
0 I O 0 0 B

is the polar decomposition of T. According to Lemma 2.1, T is p-paranormal
if and only if

APB?P AP 4 2)0A% + \? > 0
by comparing the matrix elements of

|T|PU*|T|*PU|T|P + 2\T|* 4+ A% > 0.
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(2) If AB is positive, we have

00 0 A2 0 0
T2 00 0 0 AB 0

I 0 [0] 0 0

0 I 0 0 0 0 0 B?

is the polar decomposition of 72. Similarly to (1), T? is p-paranormal if and
only if

(AB)?B*(AB)P + 2\(AB)* + )\* >0
for all real \. U

Fujii-Jung-Nakamoto and authors [8] proved that every p-paranormal oper-
ator is a g-paranormal operator for 0 < p < q. The following example shows
that the converse relation is not true.

a 0 2 1
(5 YY)

Example 3.2. Let

for a;, 3 > 0 and let

97 +1 1
Fp) = ()%
Then
BQPZE 9P +1 9P -1
2\97 -1 9P +1

and f(p) is strictly increasing for p > 0. By (3.1), T =: T4 p is p-paranormal
if and only if

0 < APB?P AP 4 2)\A%P 4 )2

(3.3) _(3a%P(9P + 1) + 2Xa®P 4+ A2 LaP(9r —1)p°
' - LaP(9r —1)p° 13%P(9P + 1) + 2XB% + A2
= Xa,ﬂ,p
for all real A. This is equivalent to
1
(3.4) §a2p(9p +1) +2Xa?? + A2 > 0 for all real A,
1
(3.5) 552*’(9” +1) + 203% + A% > 0 for all real A
and

(3.6) det(Xq.5.) > 0
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Thus (3.4), (3.5) and (3.6) are equivalent to

(3.7) a < f(p)
and
(3.8) B < f(p),

respectively. Finally, we can take 0 < p; < ps and 0 < a < f(p1) < 8 < f(p2).
Then T is ps-paranormal, but T is not p;-paranormal.

Furuta [9] proved that if T is paranormal, then T is also paranormal for
all n € N. But the p-paranormality of T" does not imply the p-paranormality

of T™ except p = 1.
2 0 2 1

Since f(%) =2, by Example 3.2, T'=: Ty p is %—paranormal. Now,

Example 3.3. Let

(AB)¥B'(AB)¥ +2)\(AB)?} + )2 = 2B 4+ 4\B + )2
(284 8A+ A2 26+ 4
T\ 264+4N 284+ 8A+ A2

is not positive for A = —2. So, T is %—paranormal, but 72 is not %—paranormal.

Remark 3.4. Let T be an unilateral weighted shift with weight sequence {a}52,
and let n € N. Let o, = |ag|e?® for all k =0,1,2,.... Then the polar decom-
position T™ = U|T"| of T is as follows: U is the unilateral weighted shift of mul-
tiplicity n with weight {e!(®x++0k+n-112 "and |T"| = Diag{|ar - - @hin_1]}50-
By Lemma 2.1, T™ is p-paranormal for n € N if and only if

|k Qg1 ]| s 102 -+ g [P

+ 22X\ a1 Q1 [P+ A2 >0
for all real A and k =0,1,2,.... Thus which is equivalent to

lagagi1 - Q1] = |okari1 - Qhpn—1]*P|Qkp1Qkt2 - Qpgn|?P <0

for all £ = 0,1,2,... and hence the sequence {|aragi1 - Qpin_1|}7, is in-
creasing. Thus, if T is an unilateral weighted shift p-paranormal then 7" is
also p-paranormal for all n € N.

By Theorem 2.6, we proved that if T is p-paranormal, the tensor product
T ® I is p-paranormal. However the tensor product of two doubly commuting
p-paranormal operators is not necessarily p-paranormal for p > 0.

Example 3.5. Let

(1)

L™
'H‘H

&

\

b

|
N\
[N
oo N
N———

>
\_/H

)|
&=
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Then

4MB%A”+%A%+A2:<O+AV 201+ ) )

2(14+2) (2+)N)?+4

is positive for all real A and hence T is p-paranormal. And

(TRTY*(TRT)?-2T@T)(T&T)+ (1)@ (-1)

(3220 D20 el e

2
00 0 2
o 5 2 12
“lo 2 5 12
2 12 12 57

is not positive, hence T'® T is not p-paranormal.
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