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ABSTRACT. The main purpose of this paper is to use the properties of
primitive characters, Gauss sums and Ramanujan’s sum to study the
hybrid mean value of generalized Bernoulli numbers, general Kloosterman
sums and Gauss sums, and give two asymptotic formulae.

1. Introduction

Let x be a non-principal Dirichlet character modulo q. The generalized
Bernoulli numbers By, , are defined by the following:

> xla 7—231” tr.

This sequence of numbers has conmderable fascmatlon and importance. The
definition and basic properties of generalized Bernoulli numbers can be found
in [4].

It is surprising that generalized Bernoulli numbers enjoy good value dis-
tribution properties in some problems of weighted mean value. The authors
[5] used the properties of primitive characters and the mean value theorems
of Dirichlet L-functions to study the hybrid mean value of Gauss sums and
generalized Bernoulli numbers, and give a sharper asymptotic formula.

It might be interesting to study the hybrid mean value of By, and other
arithmetical functions. For any integers m and n, the general Kloosterman
sums K (m,n, x; q) are defined by:

q —
ma + na
K(m7n7X7 Z X <> ’
a=1

q
,q)=1
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where y denotes a Dirichlet character modulo ¢, aa = 1(modq) and e(y)
= ¢?™%_ This summation is a generalization of the classical Kloosterman sums

! ma + na

K(m,n;q) Z e ( ) .

a=1
(a,q)=1
For ¢ = p be a prime, S. Chowla [2] and A. V. Malyshev [6] obtained a sharper
upper bound estimation for K(m,n, x;p). That is

K (m,n, x;p)| < (m,n,p)7p? e,

where (m,n,p) denotes the greatest common divisor of m, n and p, and € is
any fixed positive number. But for arbitrary composite number ¢, one does not
know how large | K (m,n, x;q)| is.

The general Kloosterman sums also enjoy good distribution properties. In
[11] and [12], the second author studied the fourth power mean of K (m,n, x;q).
Moreover, he researched the mean value of K(m,n,x;q) with the weight of
Dirichlet L- functions, and gave a few interesting formulae (see [14] and [9]).

The first purpose of this paper is to use the properties of Gauss sums and
Ramanujan’s sum to study the mean square value of general Kloosterman sums
and generalized Bernoulli numbers, and give a sharper asymptotic formula.
That is the following:

Theorem 1.1. Let ¢ > 3 be an integer. Then for any given integers m, n and
k with (mn,q) =1 and k > 1, we have

2(k1)2¢(2k s
Z |K (m,n, x; )| |Bk,x|2 = Mq%k—l)qﬁi’)(q) L0 (q2k+2+€) )

o) 2k
XFX0 (27)
x mod g
where Y denotes the summation over all non-principal characters

X#XOX mod ¢
modulo q, ((s) is the Riemann zeta function, ¢(q) is the Euler function, and €

is any fixed positive number.

Let ¢ > 3 be an integer, and let x denote a Dirichlet character modulo gq.
For any integer n, the Gauss sum G(n, x) is defined as the following;:

q
an
G0 = 3 xae ().
a=1 q
(a,g)=1
When x = xo is the principal character, G(n, xo) = Cy(n) is the Ramanujan’s
sum. Especially for n = 1, we write 7(x) = 23:1@1 0=1 x(a)e (%) The

various properties and applications of 7(x) appear in many analytic number
theory books (see [1]).
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Maybe the most important property of 7(x) is that if x is a primitive char-
acter modulo ¢, then

Tl = Ve

Even if x is a non-primitive character modulo ¢, 7(x) also has many good value
distribution properties in some problems of weighted mean value. For example,
Y. Yi [8] studied the 2k-th power mean of inversion of L-functions with the
weight of Gauss sums, and gave some interesting formulae.

The second purpose of this paper is to use the properties of primitive charac-
ters and the estimate for classical Kloosterman sums to study the hybrid mean
value of general Kloosterman sums, Gauss sums and generalized Bernoulli num-
bers, and give an interesting asymptotic formula. That is, we shall prove the
following:

Theorem 1.2. Let ¢ > 3 be an integer. Then for any fized integers m, n, k
and h with (mn,q) =1, k > 1 and h > 0, we have

> 1K (mn,x:q) ™ (%) Br,

XFX0
x mod ¢q
_ 2R 9% (g) (- phl—1 40 (qkh+%+e)
(~DE=Dm i) LT g (p - 1) ’

where Hqu denotes the product over all prime divisors p of q¢ with p | ¢ and
2
P 1q

2. Some lemmas

To complete the proof of the theorems, we need the following lemmas.

Lemma 2.1. Let g > 3 be an integer. Then for any given integer k > 1, we
have

.
> Z > G(r,x)G(r2, x) = 20(2k)¢%(q) + O (¢') .

m=—ocor=—o0 3 X#X0
r1#£0  ra#0 x mod ¢

Proof. From the orthogonality relations for character sums we have

“+oo
> Z Z G(r1,\)C(ra, X)

T1=—00T2=—00 XF#X0
r17#0 ra#0 Xmodq
+
S Y LY Y ()
T1=—00T93=—00 Xmodq a=1

r#0  ra#0 (a,q)=1
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2

g k
b=1 q r=—o0 r
(b,q)=1 r#0
2
+o00 +o00 q 00
1 (r1—72) Cy(r)
=l XY e > e(MER) | Y
rI=—00 rg=—00 172 a=1 r=—00
r1#0  ra#0 (a,q)=1 r#0

™= 7"1—’/“2 = Cy(r
Sy Y - e Gl

rk
r1=—00 rg=—00 r=—00
r1#0  re#0 r#0
Note that
q
(2.1) Cyr) =Y du(2).
d|(q,r)

where p(n) is the Mobius function. Then we have

+oo
(2.2) Z rk Y d ( )
r=—o00 r=—o00 d|(q, q l=—00
r#0 r#0 1#0
and
>y Gl § Z > ()
T1=—00 rg=—00 71=—00 rz:—oc 2 d|(g,r1—72)
r1#£0  ra#0 r1#£0  ra#0
- XY
d|q r1=—00 Try=—00
r17£0 ro7#0
r1=ro mod d
q —+o0 +oo
-Sa@® 8 Hsa®) £ ¥ e
! r#0 ! r#0  ld+r#£0
1#£0
= 2¢(2k)o(q) + O (¢°).
So we have
Z Z Y. Glr,x)Glra,x) = 2(2k)6°(9) + O (¢') .
T1=—00T2=—00 T1r2 XF#Xo0
r1#0  r2#£0 x mod q

O
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Lemma 2.2. [3] Let m,n and q be integers with ¢ > 3. Then we have the
estimate
11
K(m,n;q) < (m,n,q)2q>d(q),
where d(q) is the divisor function.

Lemma 2.3. Let ¢ > 3 be an integer. Then for any integers m and n with
(mn,q) =1, we have

5~ e(mb(a—1)+”b(a_1)> < gi+e(a—1,q)%,

Nl

b=1 q
(b,q)=1
i 1
> (a-1,9)2 < ',
a=2
(a,q)=1
and
q q =
bla—1)+nbla—1 :
Z Z e<m (a —1) 4 nb(a )) <<qg+e.
a=2 b=1 q
(a,9)=1 (b,q)=1

Proof. Note that (m,q) = (n,q) = (a,q) =1, and
(a—1,9) = (a@ —a,q) = (a(@—1),q) = (@a—1,q),
we have
(m(a—1),n(@—1),q) = (a—1,q).
Then from Lemma 2.2 we get

3 (mb(“‘ D + nbf@ - ”) < (ma—1),n(@-1),0)* ¢bd(o)

b=1 q
(b,9)=1

-

< ¢ (a—1,9)%.
On the other hand,

q

Z (a—l,q)% <<Z Z d%<<q1+€.

(;;2_1 dlg 3<i<?

Then we have
q q - q
bla—1 ba—1
> oMY e S - ng!
a=2 b=1 q a=2
(a,9)=1 (b,q)=1 (a,q)=1

< g3te,
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Lemma 2.4. Let ¢ > 3 be an integer. Then for any given integers m, n and
k with (mn,q) =1 and k > 1, we have

S azq; Eq: e(mba—1)+nb(a—1))

q
(a,q)= 1(b7q) 1

x Z Z Y X066

r=—ocom=—oco XF#X0
170 ra7#0 x mod g
< g3te

Proof. From the properties of character sums we have

ZZ< ) Y

= = ’1"1—7007‘2—700
(a,q):l (b7Q):1 7’1#0 7’2#0
! ST ! _ t?“g
x D, @) Y X 2 X
x mod g s q

B Z‘J: Xq: e(mb(a—l)+nb(a—1)> i‘" ciir)

a=2 b=1 q r=—oo
(a,q)=1 (b,q)=1 r#0
q q -
mb(a — 1) +nb(@—1)
= o0 23 o
a=2 b=1 q
(a,q)=1 (b,q)=1
—+oo —+oo
Cy(r1 — ars)
X Z Z ! Rk
T1=—00 g =—00
r1#£0  ra#0
2
1 g mb(a — 1) +nb(a— 1) = C,(r)
- > e > 5
q T
a=2 b=1 r=—oo
(a,q)=1 (b,q)=1 r#0

Then from (2.2) and Lemma 2.3 we easily get

iy / mb(a — 1 nb(a —1 = Cy(r 3.,
ZZe( )+ b )) Z% < gite

a=2 b=1 q r=—o00

r#0
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On the other hand, by Lemma 2.3 and formula (2.1) we also have

zq: zq: e(mb(a—l);—nb ) *Z Z arg)

a=2 b=1 T1=—00 I'g=—00
(a,9)=1 (b,q)=1 r1#£0 10
Xq: z": <mb(a 1) +nb(a@ — 1)>
= e
a=2 b=1 q
(a,q)=1 (b,q)=1

DD V-2 SAN16)

ri=—ocorg=—oo  1'2 d|(q,r1—arz)
r1#0 ro#0
1 1 1 =
< 3 te d —1 §
DD SRTEWEI ) g s o
dlq a=2 T1=—00 r2=—00
(a,q)=1 r1£0  ro#£0
r1=ars mod d
1 1 1 = 1
— 3+ 2 [
= Ty d Y (a-La)t } o
dlg  a=2 =00
(a,q)=1 r#0
. q . “+o0 “+o0 1
+q27¢) d a—1,q)2 i —
D OUIDDRCES WL DD DR~ (7R
d\q a=2 r=—o0 |=—o0
(a,q)=1 r#0  ld+ar#0
1#£0
3¢ 1 (a‘_17q)% 1ie i B 3 4e
< ¢t ) et D (a—1,9)% < g2
a=2 a=2

(a,9)=1
So from the above we have
T < g3te,
O

Lemma 2.5. [5] Let ¢ > 3 be an integer. Then for any positive integers k and

h we have
Y. (0 By

XF#X0
x mod g

2h=L (1) hgFh =142 (g h—1 _ 1 .
R g( : C>1 (27;?)’“(}‘) 11 (1_ph]i1(p—1)2> rOEm).

plla

It is well-known that (see [7]), for every character x mod g, there exists a
unique positive integer ¢*, and a unique primitive character x* mod ¢* such
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that
x*(n) = x(n) forall n,(n,q) =1.

We call ¢* the conductor of x, and x* the primitive character corresponding
to x. Conversely, suppose x* is a primitive character modulo ¢*, ¢ a positive
integer, and ¢* | ¢. Then there exists a unique character y mod ¢ such that

x(n) =x*(n) for all n, (n,q) =1.

x is said to be the character modulo ¢ induced by x*. For convenience, the
correlation between y and x* is usually written in any of the notations:

x mod g < x* mod ¢*, Xg < Xg
or, for short, xy «—— x*.

Lemma 2.6. [7] For any integer ¢ > 3, let x be a non-primitive character
modulo q, and let ¢* denote the conductor of x with x «—— x*. If (n,q) > 1,
we have

G(n, x)
:{ X" ((’H:Lq)) Y* (q*(iyq)) 1 (w(?z,q)) ¢(Q)¢_1 ((n?q)) T(X"), ¢ = (?“gtlh);
0 ¢ # Gy

where q, is the largest divisor of q that has the same prime factors with q*.
If (n,q) = 1, then we have

—x « [ 4 q X
G(n, x) =X"(n)x <> 7 () T(X7).
q q
Lemma 2.7. Let g and r be integers with ¢ > 3 and (r,q) = 1, and let x be a
Dirichlet character modulo q. Then we have the identities

Yo=Y u(d)e

x mod q d|(g,r—1)
and
q
o= St (3.
@ = nld)o (4
dlq
where Z*x mod ¢ denotes the summation over all primitive characters modulo

q, and J(q) denotes the number of primitive characters modulo q.

Proof. This is Lemma 3 of [10]. Also, one can see Lemma 4 of [13]. O

Lemma 2.8. Let ¢ = uv, with (u,v) = 1, u be a square-full number oru =1, v
be a square-free number. Then for any fized integers m, n, k, h with (mn,q) =
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1, k>1 and h > 0, we have

W= Y () i: ﬁée%fwm—1ymwm—1»

d|v a=2 b=1 q
a,%):l (b,q)=1
h
* X(Opd) ) <~ Xx(r)
X Z X(a) tk rk
x mod ud tlg r=1
x(-1)=1
<< qh+2+€

and

Uy = Z(ud)h Z Z e(mb(a—l)—i—nb(a—l))
b

d|v a= q
(a,3)=1(b,0)=1

[ V)

tk rk
x mod ud tly r=1
x(=1)=-1
3
< qh+2+e

Proof. We only prove the second estimate, since similarly we can deduce the
first one. Let 7,,(r) denote the h-th divisor function (i.e., the number of positive
integer solutions of the equation r = riry---rp,). Note that J(u) = ¢*(u)/u, if
u is a square-full number. Then using Lemma 2.7 and Lemma 2.3 we have

Wo
B ) I I mb(a — 1) 4+ nb(a — 1)
=St >3 e : )

~— t) - pll t1) - d(tp)Th(r
X ZZZ;/‘( ) N(:’f)fé(.térk (tn)Th(r)
xS x(@x(t - tar)

x mod ud
x(—1)=-1

= 5w’
d|v

o e

(a,g)=1 (b#z:) 1
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pta) - - ptn)o(ta) - - - d(En)Th(r)
XD D Z tk T
tilg  talg h
(rud) 1
t1--tpr=a mod s

—qud S <usd>¢(8) ; z": e(mb(a—l)—!—nb(a—l))

slud = b= q
(a,q)=1 (b,q)=1

DY Z p(te) - pltn)o(t) - - - p(tn) o (r)

k.. thkpk
t1]Y tplg  r=1 tl thr
(r,ud)=1
t1---tpr=—a mod s
q
Lie h a’ -1 q
€ (ud)" Y o) Z e
d|v slud :2

1
(Is + a)k—1te

q
+q%+62ud Z(b Z a—lq%

d|v slud :2

> wd) Y 6(s) Y (a—1,9)°
d|v

slud a=2 te <<t oo
(a,q)=1

q 1 q
Z a—1,q9)2 1 1
< qh+%+6 ( ak—lfe) + thré+€ E (CL - ]-7 Q) 2
a=2

a=2
(a,q)=1 (a,q)=1

(Is — a)k—1+e

1
2 htd+ ht 3+
s e T

This proves Lemma 2.8.

3. Proof of the theorems

In this section, we complete the proof of the theorems. For any complex x
the Bernoulli polynomials are defined by the equation

where |z] < 27.

Let ¢ > 3 be an integer, and x be a Dirichlet character modulo q. The gen-
eralized Bernoulli numbers can be expressed in terms of Bernoulli polynomials
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S (@B (q) .

a=1
(a,q)=1

as

From Theorem 12.19 of [1] we also have

R Y )
Bk(x):—(2m)k Z o if 0<z<1.
0.
Therefore
q 400 ar
po (%)
B _ k-1
kx = 4 ; x(a) (2mi)k ~ k
(3.1) (a.0)=1 r£0
_ R (R Gl
(27T’L')k 'rk

0

K (m,n,x:q)]” = Zq: X(a)e (”W> zq: Tb)e (mbq+nb)

4 b=1
L (b,q)=1

(a?q:)lzl (bl,):)1:1
(3.2) = ¢lg) + Z Z X(a)e (mb(a ~1) ;r nb(a — 1)) |
a=2 b

Therefore

Z |K(man7X7 q)|2 |Bk:,X|2

XFXo0
x mod g

k;22k1) 00
:%Z Zian’ 7“2,)

’I“
m=—oory=—o00 112 iy
r1#0  re#0 x mod ¢
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(k) 22(k1

NLE Z Z (mba—1)+nb(a—1)>

q

(a,Q) (be) 1

X Z Z Z x(a)G(r1, x)G(r2;, x)-

m=—ocor=—oo 3 X#X0
r1#0 ro#0 x mod g

Then from Lemma 2.1 and Lemma 2.4 we have

EN2¢C(2k ) )
Z |K (m,n, x; )| |Bk-,x|2 = WQZ(kI)QSd(q) +0 <q2k+§+e) .

X#Xo
x mod g

This proves Theorem 1.1.
Let ¢ = uv, with (u,v) = 1, u be a square-full number or v = 1, v be a
square-free number. Let ¢* denote the conductor of x with x «— x*. Then

(X)=X" (;) " (;) T(X) #0

if and only if ¢* = ud, where d | v. So from formulae (3.1), (3.2), Lemmas 2.5,
2.6 and the properties of primitive characters we can get

2 —
> K (mn,x;iq)* 7" (%) BE,
X#Xo
x mod g

— 4(g) Z ka+ Z Z e(mba—l)—l—nb(a—l))

XFX0 a=2 q
x mod g (a7Q) 1 ( )

X Z ka

X#X0
x mod g

_ 2" (RN M6 (q) _ Pt -1 kh+t14e
T (S (2R H(l Pt (p_1)2> +0(q )

Y Y Z Z <mbal)+nb(a1)>x(a)xh(2>

dlv x mod ud a=2
(a,%) (bCI) 1

h
v kgt~ &) n () d@rh) (X X
X#h (8> Th(X) (Qil)k ”Z“X(d )Mtk(;()z) e T;OO Xr(k)
r#0

2h1k|hkh13 h_1_1 e
T (>< e (27r(zb)k(h) 11 (“ﬁ_) +0 (¢ 1) +
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Then from Lemma 2.8 we have
Q

DR

e Z Z Z o (mb(a — 1)+ nb(a — 1))

q

h

— +oo
D ST CUSINGE) PRI St

b —
(—1)" (D"

1 1 mb(a — 1 nb(@ — 1
gl 3 3 (et

q

tk rk
x mod ud r=1

h
x S X(=x(af1 +x(~1)(-)H]" { XOu0H0) 5 X(T)]
tly

—1)hoh (k) (k—1)h
(-1) (Q;i))khq Z(ud)h

-

mb(a — 1) + nb(@ — 1))

dlv a=2 b=1 q
(a,g):l (b,)=1
— +oo h
Y W {Z MOty xg)] | .
x mod ud t\% r=1
=\ 9 (a0 © & (mbla—1)+nb@— 1)
20 (khqlk— A (m a—1)+n a—l)
ERLAVA. d
(2mi)kh dzlv:(u) azzz bz:; © q
a,%)=1(b,g)=1
h
. XOpt)d(t) <= x
S [Z X( )ut(k)¢()zx£;")] | foin
x mod ud |y r=1
x(=1)=-1

< qkh-&-%-i-e.

So we have

2 _—
> 1K (mn,x; ) 7" (%) Bi
X7#X0

x mod g
h—1 _
H 1__P 1 _ +O<qkh+%+e)'
S p-1)
plla p p

2" (kY"1 % (q)
This completes the proof of Theorem 1.2.

(~1) (k=D (2i)™"

23
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