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HYPONORMAL WEIGHTED SHIFT OPERATORS AND
TRUNCATED COMPLEX MOMENT PROBLEMS

Chunji Li

Abstract. In this paper, we present some recent developments
on hyponormal operator theory and truncated Curto-Fialkow and
Embry complex moment problems.

1. Hyponormal operators

1.1. Definitions

LetH be a separable, infinite dimensional, complex Hilbert space and
let L(H) denote the algebra of all bounded linear operators on H. An
operator T ∈ L(H) is said to be normal if T ∗T = TT ∗, hyponormal if
T ∗T ≥ TT ∗, and subnormal if T = N |H, where N is normal on some
Hilbert space K ⊇ H. If λ1T + λ2T

2 + · · · + λkT
k is hyponormal for

every λi ∈ C, i = 1, . . . , k, then T is said to be weakly k-hyponormal.
In particular, the weakly 2-hyponormal is often said to be quadratically
hyponormal. It is well known that normal ⇒ subnormal ⇒ hyponormal,
with converses false.

For A,B ∈ L(H), let [A,B] = AB − BA. We say that an n-tuple
T = (T1, . . . , Tn) of operators on L(H) is hyponormal if the operator
matrix ([T ∗j , Ti])n

i,j=1 is positive on the direct sum of n copies of H. For
k ≥ 1 and T ∈ L(H), T is k-hyponormal if (I, T, . . . , T k) is hyponormal.
The Bram-Halmos characterization of subnormality may be described
as follows: T ∈ L(H) is subnormal if and only if T is k-hyponormal for
every k ≥ 1.

Let {en}∞n=0 be the canonical orthonormal basis for l2(Z+), and α =
{αn}∞n=0 be a bounded sequence of positive numbers. Let Wα be the
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unilateral weighted shift defined on l2(Z+) by Wαen := αnen+1, ∀n ≥ 0.
The numbers

γ0 := 1, γ1 := α2
0, γ2 := α2

0α
2
1, . . . , γn := α2

0 · · ·α2
n−1, . . .

are called the moments of Wα. It is well known that Wα is hyponormal
if and only if αn ≤ αn+1(∀n ≥ 0).

A weighted shift Wα is said to be recursively generated if there exist
the smallest number r ≥ 1 and ψi(i = 0, . . . , r − 1) ∈ R such that
γn = ψr−1γn−1 + · · ·+ ψ0γn−r (n ≥ r), equivalently,

α2
n = ψr−1 +

ψr−2

α2
n−1

+ · · ·+ ψ0

α2
n−1 · · ·α2

n−r+1

(n ≥ r − 1).

We call r the rank of γ. In addition, a weighted shift Wα is non-
recursively generated if it is not recursively generated. Note that a
subnormal weighted shift is recursively generated if and only if the cor-
responding probability measure has finite support ([20, P.6]).

1.2. Backward extension problem

Let x > 0 and α(x) : x, α0, α1, . . . be an augmented weight sequence.
In [4], Curto-Fialkow introduced a backward extension Wα(x) of the
weighted shift Wα and described

HE(α(x), q) = {x ∈ R+ : Wα(x) is q-hyponormal}
when Wα is k-hyponormal and 1 ≤ q ≤ k. This description was called
backward extension problem of Wα with a variable x as initial weight.

In particular, it follows from [2] that if α(x) : x,
√

2
3 ,

√
3
4 ,

√
4
5 , . . ., then

there exists a sequence {λk}∞k=1 of positive numbers with limλk =
√

1
2

such that λk > λk+1 (k ≥ 1) and HE(α(x), k) = (0, λk], where λ1 =√
2
3 , λ2 = 3

4 , . . ., and Wα(x) is subnormal if and only if 0 < x ≤
√

1
2 . In

[11], Jung and Li obtained a formula to describe HE(α(x), q), when Wα

is subnormal.
For the moment sequence {γn}∞n=0 of Wα, we let

A(i, j) :=




γi γi+1 · · · γi+j

γi+1 γi+2 · · · γi+j+1
...

...
. . .

...
γi+j γi+j+1 · · · γi+2j


 .

If a subnormal weighted shift Wα is recursively generated and rank γ =
r, then detA(i, r− 1) 6= 0 and detA(i, j) = 0 for any i ≥ 0, j ≥ r. Note
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that if a subnormal weighted shift Wα is non-recursively generated, then
det A(i, j) 6= 0 for any positive integers i and j([5]).

Let α : α0 < α1 < α2 < · · · < αn < · · · be a bounded sequence of
positive numbers. Let x > 0 and let α(x) : x, α0, α1, . . . be an augmented
weight sequence. Assume that Wα is non-recursively generated subnor-
mal weighted shift. For brevity, let us put t := 1

x2 . Then it follows from
[2, Theorem 4] that Wα(x) is k-hyponormal if and only if

Dk(t) :=




t γ0 γ1 · · · γk−1

γ0 γ1 γ2 · · · γk
...

...
...

. . .
...

γk−1 γk γk+1 · · · γ2k−1




is nonnegative. Note that dk(t) := detDk(t) is the polynomial of t
with degree 1. Since Wα is non-recursively generated, the coefficient
det A(1, k − 1) of t in the polynomial dk(t) is nonzero. Hence dk(t) has
the unique zero. In fact, detA(1, k − 1) > 0, since Wα is subnormal.

Theorem 1.1. ([11, Theorem 2.1]) Let α : α0 < α1 < α2 < · · · <
αn < · · · be a bounded sequence of positive numbers. Assume that Wα

is non-recursively generated subnormal weighted shift. Let tk := tk(α)
be the unique zero of det Dk(t). Then

tk+1(α) = tk(α) +
[detA(0, k)]2

det A(1, k − 1) · detA(1, k)
, for all k = 1, 2, . . . .

Given any non-recursively generated subnormal weighted shift Wα,
by Theorem 1.1, the backward one step extension of Wα provides several
examples being distinct the classes of k-hyponormal operators. Indeed,
we may recapture Curto’s example [2, Proposition 7] as following.

Example 1.2. For x > 0, let Wα(x) be the weighted shift (with

Bergman tail) whose weight sequence is given by α0 := x, αn :=
√

n+1
n+2

(n ≥ 1). It follows from [2] that Wα(x) is subnormal if and only if 0 <

x ≤
√

1
2 . Since the Berger measure corresponded by Wα(x) is not finite,

Wα(x) is not recursively generated. Applying Theorem 1.1, we have

t1 = 3
2 , t2 = 16

9 , t3 = 15
8 , t4 = 48

25 , t5 = 35
18 , . . .. Hence λ1 =

√
2
3 , λ2 =

3
4 , λ3 =

√
8
15 , λ4 =

√
25
48 , λ5 =

√
18
35 , . . . , and HE(α,∞) = (0,

√
1
2 ].

In [10], the authors considered backward two and three step extension
problems.
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1.3. On subnormal completion problem

C. Berger’s characterization of subnormality for unilateral weighted
shifts states that Wα is subnormal if and only if the sequences {γn}∞n=0

can be interpolated by a probability measure µ supported on [0, ‖Wα‖2],
i.e., γn =

∫
tndµ(t), for all n ≥ 0 ([1, III. 8.16]). It establishes a con-

nection between probability measure theory and the classical theory of
moments.

J. Stampfli posed the following

Subnormal Completion Problem: Given m ≥ 0 and an initial
segment of positive weights α : α0, . . . , αm, seeks necessary and sufficient
conditions for the existence of a subnormal weighted shift Wα̂ whose first
(m + 1) weights are α0, . . . , αm.

J. Stampfli solve the problem for m = 2. That is, (α0, α1, α2)
∧ is

subnormal if and only if 0 < α0 < α1 < α2 ([22]).
Curto-Fialkow gives the following result which solves the subnormal

completion problem.

Theorem 1.3. ([3, Theorem 3.5]) Let α : α0, . . . , αm(m ≥ 0) be an
initial segment of positive weights, and let

k :=
[
m + 1

2

]
, l :=

[m

2

]
+ 1.

The following statements are equivalent:
(1) Wα̂ is a subnormal completion of α;
(2) α has a recursive subnormal completion;
(3) α has a subnormal completion;
(4) α has an l-hyponormal completion;
(5) A(k) ≥ 0, B(l − 1) ≥ 0, and v(k + 1, k) ∈ Ran A(k) if m is even,

v(k + 1, k − 1) ∈ Ran B(l − 1) if m is odd, where

A(j) :=




γ0 · · · γj
...

. . .
...

γj · · · γ2j


 , B(j) :=




γ1 · · · γj+1
...

. . .
...

γj+1 · · · γ2j+1


 ,

v(i, j) :=




γi
...
γi+j


 .

Assume that Wα is subnormal. Then

Wα is RG ⇐⇒ supp µ is finite.
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To find µ, consider g(t) := tr − (ψ0 + · · · + ψr−1t
r−1). g has exactly r

zeros, 0 ≤ s0 < s1 < · · · < sr−1 = ‖Wα‖2. Let



ρ0

ρ1
...
ρr−1


 =




1 1 · · · 1
s0 s1 · · · sr−1
...

...
. . .

...
sr−1
0 sr−1

1 · · · sr−1
r−1




−1 


γ0

γ1
...
γr−1


 .

Then µ := ρ0δs0 + · · ·+ ρr−1δsr−1 .

2. Curto and Fialkow’s moment problem

2.1. Classical moment problem

Given an infinite sequence of complex numbers γ = {γ0, γ1, . . . , } and
a subset K ⊆ C, the K-power moment problem with data γ entails
finding a positive Borel measure µ on C such that∫

tidµ(t) = γi (i ≥ 0) and supp µ ⊆ K.

For K = [0, +∞),K = T := {t ∈ C : |t| = 1},K = R and K =
[a, b] (a, b ∈ R) , we also said Stieljes, Toeplitz, Hamburger and Hausdorff
moment problem, respectively.

For 0 ≤ m < ∞, let γ = (γ0, . . . , γm) ∈ Cm+1, and consider the
truncated K-power moment problem∫

tidµ(t) = γi (0 ≤ i ≤ m) and supp µ ⊆ K.

2.1.1. Solutions of the truncated Stieljes moment problem. Let γ =
(γ0, . . . , γm) ∈ Cm+1. The truncated Stieljes moment problem is find-
ing a positive Borel measure µ on C such that

(2.1)
∫

tidµ(t) = γi (0 ≤ i ≤ m) and supp µ ⊆ [0, +∞).

Theorem 2.1. (Odd Case, [5, Theorem 5.1]) Let γ = (γ0, . . . , γ2k+1) ,
γ0 > 0, and let r := rank γ. The following are equivalent:

(i) The truncated Stieljes moment problem (2.1) is soluble;
(ii) There exists an r-atomic representing measure of γ;
(iii) A (k) ≥ 0, B (k) ≥ 0 and v(k + 1, k) ∈ Ran A(k).

Theorem 2.2. (Even Case, [5, Theorem 5.3]) Let γ = (γ0, . . . , γ2k) ,
γ0 > 0, and let r := rank γ. The following are equivalent:

(i) The truncated Stieljes moment problem (2.1) is soluble;



438 Chunji Li

(ii) There exists an r-atomic representing measure of γ;
(iii) A (k) ≥ 0, B (k − 1) ≥ 0 and v(k + 1, k − 1) ∈ Ran B(k − 1).

2.1.2. Solutions of the truncated Toeplitz moment problem. Let

γ = (γ−k, . . . , γ−1, γ0, γ1, . . . , γk) ∈ C2k+1 with γ0 > 0 and γ−j = γj .

The truncated Toeplitz moment problem is finding a positive Borel mea-
sure µ on C such that

(2.2)
∫

tidµ(t) = γi (−k ≤ i ≤ k) and supp µ ⊆ T.

We obtain the Toeplitz matrix

Tγ (k) =




γ0 γ1 · · · γr−1 γr · · · γk

γ−1 γ0 · · · γr−2 γr−1 · · · γk−1
...

...
...

...
...

γ1−r γ2−r · · · γ0 γ1 · · · γk+1−r

γ−r γ1−r · · · γ−1 γ0 · · · γk−r
...

...
...

...
...

γ−k γ1−k · · · γ−k+r−1 γ−k+r · · · γ0




.

Theorem 2.3. ([5, Theorem 6.12]) Let γ = (γ−k, . . . , γ−1, γ0, γ1, . . . ,
γk) ∈ C2k+1 with γ0 > 0 and γ−j = γj , and let r := rank γ. Then
the truncated Toeplitz moment problem (2.2) is soluble if and only if
Tγ (k) ≥ 0. In this case, µ can be chosen to have r atoms.

2.1.3. Solutions of the truncated Hamburger moment problem. Let γ =
(γ0, . . . , γm) ∈ Cm+1. The truncated Hamburger moment problem is
finding a positive Borel measure µ on C such that

(2.3)
∫

tidµ(t) = γi (0 ≤ i ≤ m) and supp µ ⊆ R.

Theorem 2.4. (Odd Case, [5, Theorem 3.1]) Let γ = (γ0, . . . , γ2k+1)
∈ R2k+2, γ0 > 0, and let r := rank γ. The following are equivalent:

(i) The truncated Stieljes moment problem (2.3) is soluble;
(ii) There exists an r-atomic representing measure of γ;
(iii) A (k) ≥ 0 and v(k + 1, k) ∈ Ran A(k).

Theorem 2.5. (Even Case, [5, Theorem 3.9]) Let γ = (γ0, . . . , γ2k) ,
γ0 > 0, and let r := rank γ. The following are equivalent:

(i) The truncated Stieljes moment problem (2.3) is soluble;
(ii) There exists an r-atomic representing measure of γ;
(iii) A (k) ≥ 0 and Rank A(k) = r.
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2.1.4. Solutions of the truncated Hausdorff moment problem. Let a < b
and γ = (γ0, . . . , γm) ∈ Rm+1. The truncated Hausdorff moment prob-
lem is finding a positive Borel measure µ on C such that

(2.4)
∫

tidµ(t) = γi (0 ≤ i ≤ m) and supp µ ⊆ [a, b].

Theorem 2.6. (Odd Case, [5, Theorem 4.1]) Let γ = (γ0, . . . , γ2k+1) ,
γ0 > 0, and let r := rank γ. The following are equivalent:

(i) The truncated Stieljes moment problem (2.4) is soluble;
(ii) There exists an r-atomic representing measure of γ;
(iii) A (k) ≥ 0 and v(k+1, k) ∈ Ran A(k) and bA(k) ≥ B(k) ≥ aA(k).

Theorem 2.7. (Even Case, [5, Theorem 4.3]) Let γ = (γ0, . . . , γ2k) ,
γ0 > 0, and let r := rank γ. The following are equivalent:

(i) The truncated Stieljes moment problem (2.4) is soluble;
(ii) There exists an r-atomic representing measure of γ;
(iii) A (k) ≥ 0 and there exists γ2k+1 ∈ R such that v(k +1, k) ∈ Ran

A(k) and bA(k) ≥ B(k) ≥ aA(k).

2.2. Curto and Fialkow’s truncated complex moment prob-
lem

Given a closed subset K ⊆ C and a doubly indexed finite sequence
of complex numbers

(2.5) γ : γ00, γ01, γ10, γ02, γ11, γ20, . . . , γ0,2n, γ1,2n−1, . . . , γ2n−1,1, γ2n,0,

with γ00 > 0, γji = γij . The truncated K complex moment problem
entails finding a positive Borel measure µ such that

(2.6) γij =
∫

z̄izjdµ (0 ≤ i + j ≤ 2n) and supp µ ⊆ K.

Any sequence γ as in (2.5) is a truncated moment sequence and any
measure µ as in (2.6) is a representing measure for γ.

For n ≥ 1, let m ≡ m(n) = (n + 1)(n + 2)/2. For A ∈ Mm(C) ( the
m×m complex matrices ), we denote the successive rows and columns
according to the following lexicographic-functional ordering : 1 , Z, Z̄,
Z2, Z̄Z, Z̄2, . . ., Zn, . . . , Z̄n; rows and columns indexed by 1 , Z, Z2, . . . ,
Zn are said to be analytic. For 0 ≤ i + j ≤ n, 0 ≤ l + k ≤ n, we denote
the entry in row Z̄ lZk, column Z̄iZj by A(l,k)(i,j). For the truncated
moment sequence (2.5), we define M(n)(γ) ∈ Mm(C) as follows : for
0 ≤ i + j ≤ n, 0 ≤ l + k ≤ n,

M(n)(l,k)(i,j) = γi+k,j+l.
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For example, if n = 1, the quadratic moment problem for γ : γ00, γ01, γ10,
γ02, γ11, γ20 corresponds to

(2.7) M(1) =




γ00 γ01 γ10

γ10 γ11 γ20

γ01 γ02 γ11


 .

The quadratic moment problem was solved completely.

Theorem 2.8. ([6, Theorem 6.1]) γ : γ00, γ01, γ10, γ02, γ11, γ20 admits
a representing measure if and only if the associated moment matrix M(1)
in (2.7) is positive.

As an application of Theorem 2.8, the author in [14] solved two vari-
able subnormal completion problem.

Let T := {z ∈ C : |z| = 1}, D = {z ∈ C : |z| ≤ 1}, and r = rank
M(1).

Theorem 2.9. ([7, Theorem 3.1 and Theorem 1.8]) Suppose M(1)
is positive. The following statements are equivalent.

(i) γ has a representing measure supported in T ( or D );
(ii) γ has a r-atomic representing measure supported in T ( or D );
(iii) γ11 = γ00 ( or γ11 ≤ γ00 ).

Let Pn ⊆ C[z, z̄] denote the complex polynomials in z, z̄ of total
degree ≤ n. Clearly, dimPn = m. For p ∈ Pn,

p(z, z̄) =
∑

0≤i+j≤n

aij z̄
izj , p̄(z, z̄) =

∑

0≤i+j≤n

aijz
iz̄j ,

p̂ ≡ (a00, a01, a10, . . . , a0n, . . . , an0) ∈ Cm.

The basic connection between M(n)(γ) and any representing measure µ
is provided by the identity∫

fḡdµ = (M(n)f̂ , ĝ) (f, g ∈ Pn);

in particular, (M(n)f̂ , f̂) =
∫ |f |2dµ ≥ 0, so M(n) ≥ 0.

For k, l ∈ Z+, let A ∈ Mk(C), A = A∗, B ∈ Mk,l(C), C ∈ Ml(C); we
refer to any matrix of the form

Ã =
(

A B
B∗ C

)

as an extension of A.

Proposition 2.10. ([21]) For A ≥ 0, the following are equivalent:

(1) Ã ≥ 0;
(2) There exists Wk,l(C) such that AW = B and C ≥ W ∗AW.
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The following is the main theorem.

Theorem 2.11. ([6, Theorem 5.13]) γ has a rank M(n)-atomic
representing measure if and only if M(n) admits a flat extension M(n+
1), i.e., rank M(n + 1) = rank M(n).

Let r := rank M(n) and let CM(n) denote the column space of M(n),
so that in CM(r) there is a dependence relation of the form Zr = c01 +
c1Z + · · ·+cr−1Z

r−1. The polynomial zr−(c0 + · · ·+cr−1z
r−1) has r dis-

tinct roots, z0, . . . , zr−1, which provide the support for the unique repre-
senting measure for γ(2n+2) corresponding to the flat extension M(n+1).
The densities of this measure, ρ0, . . . , ρr−1, are determined by the Van-
dermonde equation

V (z0, . . . , zr−1)(ρ0, . . . , ρr−1)t = (γ00, . . . , γ0,r−1)t.

Then the representing measure is µ :=
∑r−1

i=0 ρiδzi .

2.3. Solutions of the quartic moment problem

If n = 2, the moment sequence

γ ≡ γ(4) : γ00, γ01, γ10, γ02, γ11, γ20, γ03, γ12, γ21, γ30, γ04, γ13, γ22, γ31, γ40

corresponds to

M(2) (γ) =




γ00 γ01 γ10 γ02 γ11 γ20

γ10 γ11 γ20 γ12 γ21 γ30

γ01 γ02 γ11 γ03 γ12 γ21

γ20 γ21 γ30 γ22 γ31 γ40

γ11 γ12 γ21 γ13 γ22 γ31

γ02 γ03 γ12 γ04 γ13 γ22




.

The Quartic Moment Problem. If M(2)(γ) is positive, does
M(2)(γ) have a representing measure ?

First, for the singular (i.e., detM(2) = 0) quartic moment problem,
Curto-Fialkow obtained the following partial solutions.

Theorem 2.12. ([8, Theorem 1.10]) Suppose M(2)(γ) is positive
and recursively generated. Then γ has a rank M(2)-atomic representing
measure in each of the following cases:

(i) {1, Z, Z̄, Z2} is linearly dependent in CM(2);

(ii) {1 , Z, Z̄, Z2} is a basis for CM(2), Z̄Z ∈ 〈1 , Z, Z̄〉, and the mo-
ments γij are all real, with the possible exception of γ04;

(iii) {1 , Z, Z̄, Z2} is a basis for CM(2), Z̄Z ∈ 〈1 , Z, Z̄〉, and the reduced
C-block test c11 = c22 passes;
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(iv) {1 , Z, Z̄, Z2, Z̄2} is a basis for CM(2), Z̄Z ∈ 〈1 , Z, Z̄〉, and the
reduced C-block test c11 = c22 passes for some choice of γ05.

The followings are an extension of Theorem 2.12.

Theorem 2.13. ([13, Theorem 3.2]) If
(i) M(2) is positive,
(ii) {1 , Z, Z̄, Z2} is a basis for CM(2),

(iii) Z̄Z ∈ 〈1 , Z, Z̄〉,
then M(2) has the unique flat extension M(3).

Theorem 2.14. ([13, Theorem 3.4]) If
(i) M(2) is positive,
(ii) {1 , Z, Z̄, Z2, Z̄2} is a basis for CM(2),

(iii) Z̄Z ∈ 〈1 , Z, Z̄, Z2〉,
then M(2) has the unique flat extension M(3).
The following example is very important.

Example 2.15. ([13, Example 2.4]) If the truncated moment se-
quence γ of order 4 is given by

γ : 1, 0, 0, 0, 1, 0, 1, 0, 0, 1, 1, 1, 2, 1, 1,

then we have

M(2) =




1 0 0 0 1 0
0 1 0 0 0 1
0 0 1 1 0 0
0 0 1 2 1 1
1 0 0 1 2 1
0 1 0 1 1 2




.

(i) M(2) ≥ 0;
(ii) rank M(2) = 4 and thus M(2) satisfies the property (RG) ;
(iii) γ has no representing measure.
The authors [9] and [15] also obtained some results for the singular

quartic moment problem.

Theorem 2.16. ([9, Theorem 1.3]) Suppose M(2) ≥ 0, {1 , Z, Z̄, Z2}
is independent in CM(2), and Z̄Z = A1 + BZ + CZ̄ + DZ2, D 6= 0. The
following are equivalent:

(i) γ(4) admits a 4-atomic ( minimal ) representing measure;
(ii) M(2) admits a flat extension M(3);
(iii) there exists γ23 ∈ C such that γ̄23 = Aγ21 +Bγ22 +Cγ31 +Dγ23.

Theorem 2.17. ([9, Theorem 4.1]) Suppose M(2) ≥ 0, {1 , Z, Z̄, Z2,

Z̄Z} is a basis for CM(2). γ(4) admits a 5-atomic (minimal) representing
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measure if and only if there exists γ23 ∈ C such that the C-block of
[M(2);B(3) [γ23]] satisfies C21 = C32.

Theorem 2.18. ([9, Theorem 1.5]) Suppose M(2) ≥ 0, {1 , Z, Z̄, Z2,

Z̄Z} is a basis for CM(2). γ(4) admits a representing measure.

For nonsingular quartic moment matrices, if M(2) > 0 then [M(2);
B(2)] is a flat extension of M(2) if and only if the C-block satisfies
c11 = c22 and c21 = c32.

In [13] the authors obtained the partial solutions.
We consider the case that M(1) = I and γ12 = γ03 = 0. Thus M(2)

is of the form

(2.8) M(2) =




1 0 0 0 1 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 γ22 γ31 γ40

1 0 0 γ13 γ22 γ31

0 0 0 γ04 γ13 γ22




.

Theorem 2.19. ([18, Theorem 4.4]) Let M(2) be a positive and
nonsingular moment matrix as in (2.8) and cij be the cofactor of the
i-th row j-th column entry of M(2), i, j = 1, 2, 3, 4, 5, 6. Put

a :=
c22c64c65

|c64|2 − |c65|2 + c66(c55 − c66)
,

b :=
c22

2|c65|2
|c64|2 − |c65|2 + c66(c55 − c66)

,

c :=
c22

2|c65|(|c64|2 − 1)
|c64|2 − |c65|2 + c66(c55 − c66)

.

If

St := {t ∈ R+ | c ≤ t2, c− |a|b ≤ t2 − bt ≤ |a|b + c, |a|b + c ≤ t2 + bt},
is not empty, then M(2) admits a flat extension M(3).

Example 2.20. ([18, Example 4.6]) Assume that γ00 = 1, γ01 =
0, γ02 = 0, γ11 = 1, γ03 = 0, γ12 = 0, γ04 = 0, γ13 = 0, and γ22 = 2. Then

M(2) =




1 0 0 0 1 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 2 0 0
1 0 0 0 2 0
0 0 0 0 0 2




,
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which is positive and invertible. In fact, by Mathematica, the eigen-
values of M(2) are 1, 1, 2, 2, 1

2(3 − √
5), 1

2(3 +
√

5). Also a straightfor-
ward calculation gives that a = 0, b = 8 and c = 0, so St = {0, 8}.
Thus by Theorem 2.19, M(2) admits a flat extension M(3). In fact,
by a straightforward calculation, we can obtain a representing measure
µ =

∑
0≤i≤5 ρiδzi , where

z0 ≈ 0.618034− 0.618034i, ρ0 ≈ 0.315738,
z1 ≈ −1.61803− 1.61803i, ρ1 ≈ 0.0175955,
z2 ≈ −0.84425− 0.226216i, ρ2 ≈ 0.315738,
z3 ≈ 2.21028 + 0.592242i, ρ3 ≈ 0.0175955,
z4 ≈ −0.592242− 2.21028i, ρ4 ≈ 0.0175955,
z5 ≈ 0.226216 + 0.84425i, ρ5 ≈ 0.315738.

Open Problem. Does arbitrary nonsingular positive quartic mo-
ment matrix M(2) admit a representing measure ?

3. Embry’s moment problem

3.1. The truncated Embry complex moment problem

As a subcollection of the collection in (2.5), we consider

(3.1) γ ≡ {γij} (0 ≤ i + j ≤ 2n, |i− j| ≤ n)

with γ00 > 0, γji = γij . The truncated Embry K complex moment
problem entails finding a positive Borel measure µ such that

(3.2) γij =
∫

z̄izjdµ (0 ≤ i+j ≤ 2n, |i−j| ≤ n) and supp µ ⊆ K.

Any measure µ as in (3.2) is a representing measure for γ.
For n ∈ N, let m = m(n) := (

[
n
2

]
+ 1)(

[
n+1

2

]
+ 1). We define the

moment matrix E(n) ≡ E(n)(γ) in Mm(C) as follows: E(n)(k,l)(i,j) :=
γl+i,j+k. Note that E(n) is a submatrix of M(n), i.e., E(n)(k,l),(i,j) =
M(n)(k,l),(i,j) when k ≤ l and i ≤ j.

Basically, the positivity of E(n) is necessary.

Theorem 3.1. ([12, Proposition 3.10]) Let γ ≡ {γij} (0 ≤ i + j ≤
2n, |i− j| ≤ n) be given.

(i) If n is even number, then γ has a rank E(n)-atomic representing
measure if and only if E(n) ≥ 0 and E(n) admits a flat extension
E(n + 2).
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(ii) If n is odd number, then γ has a rank E(n)-atomic representing
measure if and only if E(n) ≥ 0 and E(n) admits a flat extension
E(n + 1).

3.2. Quadratic Embry moment problem

Let γ : γ00, γ01, γ10, γ11 with γ00 > 0, γ10 = γ01 and γ11 ∈ R. The
quadratic moment problem entails finding a positive Borel measure µ
supported in the complex plane C such that

γij =
∫

z̄izjdµ(z), (0 ≤ i + j ≤ 2, |i− j| ≤ 1).

As in section 3.1, we can obtain the moment matrix

E(1) =
(

γ00 γ01

γ10 γ11

)
.

Let r = rank E(1). We can obtain the following

Theorem 3.2. ([17, Theorem 2.1]) The following statements are
equivalent.

(i) γ has a representing measure;
(ii) γ has an r-atomic representing measure;
(iii) E(1) ≥ 0.
In this case, if r = 1, there exists a unique representing measure

µ = γ00δ γ01
γ00

; if r = 2, the 2-atomic representing measures contain a

sub-parameter by a circle.
Furthermore, we have

Theorem 3.3. ([17, Theorem 3.1, Theorem 4.1]) Suppose E(1) is
positive. The following statements are equivalent.

(i) γ has a representing measure supported in T ( or D );
(ii) γ has an r-atomic representing measure supported in T ( or D );
(iii) γ11 = γ00 ( or γ11 ≤ γ00 ).

3.3. Quartic Embry moment problem

Let γ ≡ {γij} (0 ≤ i+j ≤ 4, |i−j| ≤ 2) with γ00 > 0, γji = γij . The
quartic Embry moment problem entails finding a positive Borel measure
µ such that

γij =
∫

z̄izjdµ (0 ≤ i + j ≤ 4, |i− j| ≤ 2).
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We obtain the moment matrix

E(2) =




γ00 γ01 γ02 γ11

γ10 γ11 γ12 γ21

γ20 γ21 γ22 γ31

γ11 γ12 γ13 γ22


 .

Assume that E(2) is positive and let r := rank E(2). Then obviously
1 ≤ r ≤ 4. The singular case is of detE(2) = 0, i.e., r = 1, 2 and 3.

3.3.1. The case of r = 1. By a direct computation, we have the follow-
ing proposition.

Proposition 3.4. ([16, Proposition 2.1]) Assume that E(2) ≥ 0 and
r = 1. Then there exists the unique flat extension E(3) of E(2). There-
fore γ admits the unique 1-atomic representing measure µ = γ00δ γ01

γ00

.

3.3.2. The case of r = 2. Assume that rank E(2) = 2. Then

Z2 = α1 + βZ and Z̄Z = α′1 + β′Z,

for some complex numbers α, β, α′, β′. By a direct computation, we have

α = −γ01γ12 − γ02γ11

γ00γ11 − γ10γ01
, β =

γ00γ12 − γ10γ02

γ00γ11 − γ10γ01
,

α′ = − γ01γ21 − γ2
11

γ00γ11 − γ10γ01
, β′ =

γ00γ21 − γ10γ11

γ00γ11 − γ10γ01
.

Proposition 3.5. ([16, Proposition 2.3]) Assume that E(2) ≥ 0
and r = 2. If

ᾱγ12 + β̄γ22 = α′γ21 + β′γ22,

then there exists a unique flat extension E(3) of E(2). Therefore, γ
admits unique 2-atomic representing measure µ = ρ0δz0 +ρ1δz1 , the two
atoms z0, z1 are the roots of

z2 − (α + βz) = 0,

and the densities are

ρ0 =
γ01 − γ00z1

z0 − z1
and ρ1 =

z0γ00 − γ01

z0 − z1
.
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3.3.3. The case of r = 3. For a positive n× n matrix A, let us denote
by [A]k the compression of A to the first k rows and k columns. We
denote by Mij the determinant of the cofactor of E(2) with respect to
(i, j) and ∆d = det([E(2)]d), for d = 1, 2, 3, and 4.

We now assume that rank E(2) = 3. Then there exist a0, a1, a2 in C
such that

(3.3) Z̄Z = a01 + a1Z + a2Z
2.

In fact,

a0 =
M41

∆3
, a1 = −M42

∆3
, a2 =

M43

∆3
.

To establish a flat extension E(3), we should choose suitable γ23. By
(3.3) we have

Z̄Z2 = a0Z + a1Z
2 + a2Z

3.

Let us take
γ23 := a0γ12 + a1γ13 + a2γ14.

Since {1 , Z, Z2, Z3} is linearly dependent, we have Z3 = b01 + b1Z +
b2Z

2, for some bi ∈ C. Then

b0 =
1

∆3

∣∣∣∣∣∣

γ03 γ01 γ02

γ13 γ11 γ12

γ23 γ21 γ22

∣∣∣∣∣∣
, b1 =

1
∆3

∣∣∣∣∣∣

γ00 γ03 γ02

γ10 γ13 γ12

γ20 γ23 γ22

∣∣∣∣∣∣
,

b2 =
1

∆3

∣∣∣∣∣∣

γ00 γ01 γ03

γ10 γ11 γ13

γ20 γ21 γ23

∣∣∣∣∣∣
.

Define γ14 := b0γ11 + b1γ12 + b2γ13.

Theorem 3.6. ([16, Theorem 2.11]) Assume that E(2) is positive
and r = 3. Then γ admits a 3-atomic representing measure if and only
if we may take γ03 satisfying

b0γ30 + b1γ31 + b2γ32 = a0γ22 + a1γ23 + a2γ24,

b0γ41 + b1γ42 + b2γ43 = a0γ33 + a1γ34 + a2γ35.

By Theorem 3.6, we have the following result.

Proposition 3.7. ([16, Proposition 2.14]) Assume that E(2) ≥ 0
and r = 3. If Z̄Z = 1 , then there exists a 3-atomic representing measure
for γ.

Open Problem. Assume that E(2) is positive and invertible. Does
there exist any representing measure?

The following result is on the unit circle T.
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Theorem 3.8. ([19]) If Z̄Z = 1 , then the following statements are
equivalent.

(i) γ admits a representing measure on T;
(ii) γ admits an r-atomic representing measure on T;
(iii) E(2) ≥ 0 and γ00 = γ11 = γ22.

Open Problem. Discuss the quartic Embry moment problem on
the unit disc D.
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[17] C. Li and M. Chō, The quadratic moment matrix E(1), Sci. Math. Jpn. 57

(2003), 559–567.
[18] C. Li and S. Lee, The quartic moment problem, J. Korean Math. Soc. 42 (2005),

No. 4, 723–747.
[19] C. Li and X. Sun, Solution of Embry quartic moment problem on the unit circle,

preprint.



Hyponormal operators and moment problems 449

[20] J. Shohat and J. Tarmakin, The problem of moments, Math. Survey I, American
Math. Soc., Providence, 1943.

[21] J. Smul’jan, An operator a Hellinger integral (Russian), Mat. Sb. 91 (1959),
381–430.

[22] J. Stampfli, Which weighted shifts are subnormal, Pacific J. Math. 17 (1966),
367–379.

Institute of System Science
College of Sciences
Northeastern University
Shenyang 110-004, P. R. China
E-mail : chunjili@hanmail.net


