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CHARACTERIZATION THEOREMS AND 4-ORDERABILITY
ON INFINITE MAXIMAL PLANAR GRAPHS

HwaN-OK JUNG

ABSTRACT. We present several properties concerning infinite maximal planar
graphs. Results related to the infinite VAP-free planar graphs are also included.
Finally, we extend the result of W. Goddard, who showed that every finite 4-
connected maximal planar graph is 4-ordered, to infinite strong triangulations.
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1. Introduction

All graphs considered in this paper will be finite or infinite, but contains no
loops or multiple edges. For a vertex v of G, denote by N (v) the set of vertices
adjacent to v in G, and by dg(v) the cardinal number of Ng(v). An z,y-path
is a path connecting vertices « and y, and in this case x and y are called the
endvertices of the path.

A path P is one-way infinite (originating o) if it contains infinitely many
vertices and dp(xg) = 1, for only one vertex zo of P. On the other hand, if
dp(z) = 2 for all vertices € V(P), then P is called a two-way infinite path.
For a subgraph H of G, a path P is Hamiltonian in H, if P covers all vertices of
H,ie., V(P)=V(H). A k-cycle is a cycle of G which contains exactly k edges.
If k = 3, then the cycle is frequently a triangle of G.

Let G be a plane graph. For a cycle C, we may denote by C' the subgraph of
G consisted of not only the vertices and edges of C' but also those lying in the
interior of C. A cycle C'is a facial cycle if it is the boundary of a face of G, i.e.,
Cc=_cC.
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Moreover, if the face is bounded, we call the cycle an inner facial cycle, and
otherwise an outer facial cycle (or outer cycle) of G. A triangular graph is a
finite 2-connected plane graph, whose inner facial cycles are triangles.

A wvertez-accumulation point (= VAP) of an infinite plane graph G, embedded
in R?, is a point P of R? such that the set

{eer?|lQ-Pl<e}

contains infinitely many vertices, for all real numbers ¢ > 0. If an embedding
of GG contains no vertex-accumulation points, it is called a VAP-free graph. An
edge-accumulation point free (=EAP-free) graph can also be similarly defined.
A triangulation is a countably infinite locally finite plane graph, each of which
edges is contained in two non-separating triangles. If the graph is VAP- and
EAP-free, then it is called a strong triangulation (following C. Thomassen [10]).

An end is a equivalence class of one-way infinite paths, where two such paths
are said to be equivalent if they cannot be separated by finitely many vertices.

Definitions and notations which are not introduced in this chapter can be
found in [1].

In Section 2, the structure of countably infinite maximal planar graphs are
investigated especially with respect to one- or two-way infinite paths. As a main
result in this section, a characterization theorem for a maximal planar graph to
have a VAP-free representation will be presented; namely we show the following:

Theorem A. An infinite mazimal planar graph has a VAP-free representation
if and only if it has exactly one end.

In Section 3, a VAP-free infinite maximal planar graph containing one or two
vertices of infinite degree will be characterized by the sequence of disjoint paths
satisfying the suitable conditions, while their union covers all vertices of the
graph. For this, we first inquire into some properties of such graphs.

Following R.J. Faudree [2], a graph is called k-ordered if given any set of k
vertices there is a cycle through the k vertices in any specified order. If G is
a finite planar graph, then the 3-connectedness of G clearly implies that it is
3-ordered.

Moreover it can be shown that every finite 4-ordered planar graph must be
3-connected and maximally planar (see [9]). W. Goddard [3] focused on the
problem if the converse of this result is also true. In fact, he showed the following
theorem.

Theorem (Goddard). Fuvery finite 4-connected mazimal planar graph is 4-
ordered.

In Section 4, we extend the theorem of W. Goddard to the infinite strong
triangulations; i.e. our main result in this section is as follows:
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Theorem B. Every infinite 4-connected strong triangulation is 4-ordered.
2. Some properties concerning maximal planar graphs

In this section, we investigate the structure of countably infinite maximal
planar graphs with respect to infinite paths. We will show that every 3-connected
planar graph has a locally finite spanning subtree, and therefore every infinite
maximal planar graph contains a one-way infinite path. Further, we characterize
those maximal planar graphs which do not contain a two-way infinite path.

Before we investigate the maximal planar graphs concerning one-way and
two-way infinite paths, we first introduce new notations, which is defined a
little *formally’. A graph is formally planar (following R. Halin [4]) if it does
not contain a subdivision of K5 or K3 3. Among the maximal formally planar
graphs those cardinality less equal Xy are the maximal planar graphs. We call
an edge in a graph of type 1 if it is contained in a non-separating 3-cycle of G;
otherwise it is of type 2. Then clearly we have:

Theorem 2.1. Every mazimal formally planar graph G has a decomposition of

the form
G =G,

A<o

where o is an ordinal number, the Gy are induced subgraphs of G such that

U

AT

NG, =5,

is a Ko, for every 7, 0 < 7 < o, and where each Gy either is a K3 or an at
most countable 3-connected maximal planar graphs, further each S; is of type 2
in one of the graphs | J,_, Gx and G-. Vice versa, every graph which has such
a decomposition is a maximal formally planar graph.

Corollary 2.2. If a graph contains an edge of type 2, then it has a two-way
infinite path.

As an example, we introduce an ‘iterated cube’ (denoted by @), each of whose
edges is of type 2. Let @1 is a rectangle in the plane. Assume @, to be con-
structed as a finite plane graph in which each region is bounded by a rectangle.
Then in each of these rectangular regions a further rectangle is drawn, the ver-
tices of which are connected to the vertices of the boundary 4 additional edges
such that a cube graph arises. The union of all @Q,, is Q.

Now we characterize the maximal planar graphs having a one-way infinite,
but not a two-way infinite path.
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Theorem 2.3. Let G be a locally finite countable graph. Then, G is a maxi-
mal planar graph containing no two-way infinite paths if and only if there are
countably infinite many finite triangular planar subgraphs Hy, Hy, Hs, ... such

that
G=|JH.
n=0
and, formn=1,2,...
n—1
T, = H} N H,
i=0

is a 3-cycle contained in Hy,_1, all the 3-cycle S, have a common edge, and
none of the S, separates any of the graphs H;.

Proof. Let G be the form described in the theorem and let P be a one-way
infinite path. Then P has to meet all the vertices in T,, for sufficiently large n,

and hence there cannot be two disjoint infinite paths in G. Since, for each n,
n

U H; is a finite planar triangular graph, it follows that G is maximally planar.
i=1
To show the converse, assume to the contrary that G is a maximal planar
graph containing no two-way infinite paths. Then G must be 3-connected, and
thus it has a one-way infinite path, say P by Theorem 2.1. There exists a finite
n

subgraph J such that G — J has the form U K;, where each K; does not contain
i=0

a one-way infinite path and, for i > 1, K; N (K1 U---UK,;_1) is a single vertex,
say v;, which is in K;_1 N (K7 U---U K;_2). Hence the v; are articulations of
G lying on P for sufficiently large i. Assume J and the K; are chosen in such a
way that V(J) is minimal. If K; (i > 1) is not connected, then all components
of K; which do not contain v; or v;_1 are transferred to Ky. Further, if there
is a vertex w in J from which there are not edges to infinitely many K;, then
there is a j such that w is not adjacent to any vertex of K11 UK;;2U---. Then
we replace Ky by the subgraph induced by w and Ko U ---U K}, to obtain a
contradiction to the minimality of J. Therefore each w € V(J) sends edges to
infinitely many K;.

Now, the fact |V(J)| > 3 would imply that G contains a subdivision of K3 3.
Hence we have |V(J)| < 2. Since J together with each v; separates G, J must
consist of exactly two elements, say z and y. Then z and y together with v;
spans a separating 3-cycle T, for each i = 1,2, ---. If H; denotes the subgraph
induced by K; and T;, we see that H; and T; fulfill the assertions of this theorem.
Further, each H; must be maximally planar; for otherwise G itself would not be
maximally planar, a contradiction. By Corollary 2.2 each H; must be finite, and
thus a finite triangular graph. The proof is complete. O
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Suppose G to be a maximal planar graph with a given planar representation and
C a cycle in G. Then, if the interior and exterior of C' both contain infinitely
many vertices of GG, there must exist one-way infinite paths in both these regions,
and it is clear that C' separates the corresponding ends. In this way, we see that
the ’iterated cube’ @ has uncountably many ends. One may ask which end
numbers a locally finite 4-connected maximal planar graph can have. To see
this, we consider the following procedure:

In the interior of a rectangle R draw one rectangle R’ or two rectangles R’
and R” such that each of R’ and R” lies in the interior of the other, and then
draw edges between the vertices of R and R’ (and R”, respectively) such that
the area between R and R’ (R, R’ and R”, respectively) is triangular and no
separating 3-cycle arises. It is easy to see that, by iterating this procedure in an
appropriate way, we obtain the following result.

Theorem 2.4. For any n € NU {NO, 2N°}, there is a locally finite 4-connected

maximal planar graph which has exactly n ends.

If G is a plane graph and £ an end of G, then £ is called unbounded if there
is a one-way infinite path in €& whose vertex set is not bounded in the plane R2.
In general, there may be many unbounded ends in G. But we consider G to
be maximally planar. If G is separated by two vertices, G may have more than
one unbounded ends. Now let G be a 3-connected maximal planar graph, and
let £ and &’ be distinct two ends. Further let T be a finite set of vertices of
G separating £ and & in G. If |T| is chosen minimal, T induces a cycle, say
C. Then, G — T has components H and H’ which contain the ends £ and &',
respectively. Each vertex of T is adjacent to vertices of both H and H’, by the
minimality of T'. Therefore one of the ends £ and £’ must lie in the interior, and
the other in the exterior of the embedding of G. Thus we have:

Corollary 2.5. In every plane embedding of a 3-connected maximal planar
graph there is at most one unbounded end.

Now we can prove:

Theorem 2.6. An infinite mazximal planar graph has a VAP-free representa-
tion in the plane if and only if it has exactly one end.

Proof. Assume first that G is not 3-connected. Then, by Theorem 2.3, there
are an edge uv in G, a two-way infinite path P in G — {u,v} and internally
disjoint u, v-paths - -- , P_o, P_1, Py, P1, P5,--- such that P meets all the paths
P, (i € Z), in the order indicated by their indexing. Then, it is clear that
G has no VAP-free representation and posses at least two ends. Therefore in
what follows we assume to be 3-connected. If G has at least 2 ends, then by
Theorem 2.4 in any plane embedding of G there is a one-way infinite path of G
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whose vertex set is bounded; i.e., it has an accumulation point, and so G has no
VAP-free representation.

If, vice versa, G does not admit a VAP-free representation, then, by the
characterization of the graphs with this property, it follows that in any plane
embedding of G there must be a cycle (say C') such that its interior as well as its
exterior contains infinitely many vertices of G. Therefore G has a decomposition
with

G=GUG" and G NG'"=C,

where G’ and G”' are 2-connected and infinite. By the argument described in
the proof of Theorem 2.3, there are one-way infinite paths in G’ and G” which
belong to different ends of G. O

3. Structure of VAP-free maximal planar graphs

We may say that a vertex v in an infinite connected plane graph G is one-way
(two-way, respectively) infinite, if there exists a bijective function

f:Ng(u) — Ny (or Z, respectively),

such that f~!(n) and f~1(n + 1) are contained in a common facial cycle of G,
for all n € Ny (or n € Z, respectively). If G is 2-connected and VAP-free, then
every vertex of infinite degree in G is either one-way or two-way infinite. For,
let u be a vertex of infinite degree in GG. Since G — u is connected there exists at
most one unbounded face incident to u in G, i.e., one facial path containing u in
G. If G contains such a facial path we can easily see that u is one-way infinite,
and otherwise u must be two-way infinite. Moreover, if G is maximally planar,
then, in any case, f~*(n) is adjacent to f~1(n+1), since {u, f~*(n), f~t(n+1)}
must constitute a facial cycle containing no vertices in the interior.

Therefore we can conclude that every vertex of infinite degree in a VAP-free
maximal planar graph is either one-way or two-way infinite. Moreover if u is
a one-way (two-way, respectively) infinite vertex with respect to the bijective
function f, then

{rromre,-}
({7 =2, 7=, 700, 771 1), £71(2), - | respectively)

is a one-way (two-way, respectively) infinite path.

Lemma 3.1. Let G be a VAP-free mazimal planar graph.

(1) If G contains exactly one vertex of infinite degree, then the vertex is
two-way infinite.

(2) If G contains exactly two vertices of infinite degree, then both are one-way
infinite.
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Proof. (1) Assume that u is a vertex of infinite degree and is one-way infinite.
From the definition, we then have a bijection f satisfying the property. Let
vo = f710), v1 = f71(1), and let Ng(vg) = {vi,u, w1, -+ ,w,} in natural
order. Note that the degree of vy is finite and > 3. Since G has no accumulation
points and there can be no more vertices adjacent to vy between u and wy, the
vertices u, vy and w; are contained in a common facial cycle or facial path.
From the maximal planarity we conclude that uw; € E(G), which contradicts
our construction of f.

(2) Let u~ and u™ be the vertices of infinite degree in G, and assume that at
least one of two vertices is two-way infinite, w.l.o.g. u™ is such a vertex. Then,
as is defined above, we have a bijective function

f:Ng(u) —2Z

holding the corresponding properties. Then we see that W := f~1(Z) = Ng(u™1)
is two-way infinite path. Let v := f~1(0) and let WT and W~ be the one-way
infinite subpath of W originating vy containing f~1(1), f~!(—1), respectively.
That is, W~ and W are two one-way infinite subpaths of W such that

W=W-"uUWt and W™ NnW" = {u}.

Finally choose an arbitrary vertex w(# vo) adjacent to ut. From the 3-con-
nectedness of G, G — {u~,u™} is connected, and so there is a path P of G —
{u~,u™} connecting vy and w. Since u~ut € E(G), we have a cycle P U
{vou™,u~uT,utw} of G. Then one of two paths W~ — vy and W — vy must
lie in the interior of the cycle. For, assume that all vertices of W (up to the
vertex vg) lie in the exterior of the cycle. Then, since G is VAP-free, the paths
W~ and W7 must be unbounded, and therefore either the vertices of W~ — vy
or W* — vy cannot be adjacent to u~, which is impossible.

Since not only W~ — vy but also WT — vy contains infinitely many vertices,
it follows that G must have an accumulation point in the interior of the cycle,
which contradicts our assumption. g

Now let G be of the case (2) in Lemma 3.1. If G is separated by 3 vertices,
then it can be easily seen that the paths W~ and W™ are not always disjoint,
i.e., W cannot always be a path, and further they are not always induced, where
W=, W+ and W are defined in the proof in the Lemma. But, if G is 4-connected,
then we show the following:

Corollary 3.2. Let G be a VAP-free }-connected maximal planar graph with
two vertices u~ and ut of infinite degree. Then G — {u~,u™} has ezactly one
facial path W. Further, there exists a vertex vg € V(W) such that all vertices
of one one-way infinite subpath of W originating vo must be adjacent to u~ and
those of the another adjacent to ut, and moreover these two paths are induced.
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Proof. Let vy be the vertex contained in the facial 3-cycle which contains the
vertices u~ and u™; note that u~ and u™ are adjacent to each other. By Lemma
3.1, the u~ and u™ are one-way infinite, and so we have two one-way infinite
paths W~ and W+, whose vertices are adjacent to u~ and u™, respectively,
by Lemma 3.1. Then it can be easily seen that u* (u~, respectively) is the
originated vertex and vy is the next following of W (W*, respectively). Let
W~ =W~ —ut and W+ := W+—u~. Then, by setting W := W-UW T, we get
a two-way infinite facial path of G — {u™,u™"} satisfying the desired properties.
The paths W~ and W™ must clearly be induced from the connectivity number.
That W is the unique facial path of G — {u~,u™} follows from the hypothesis
and the fact that G — {«#~,u™} has no vertices of infinite degree. O

It will be helpful to introduce some notations which will be used throughout
this paper: Let G be a VAP-free 4-connected maximal planar graph. If G
contains only one vertex w of infinite degree, then u is a two-way infinite vertex,
by Lemma 3.1. So, by Lemma 3.1, we have a two-way infinite facial path W of
G—u

Then, we set

ONSEC NI
0), /711, £ 1)} and
H0).

On the other hand, if G' contains two vertices u~ and u™ of infinite degree we
will in this case use the same notations as in Corollary 3.2 and its proof, such
as vg, W~ and WT.

Then, in each case, it must hold:

-1

{s
{s
-

Ww-
W+
Vo

W=W"uUWt and W™ NnW" = {u}.

We are now prepared to define several conditions: A finite path P of H :=
G—wu (or H:=G—{u",u"}) is a W-path of G, if one of its endvertices lies on
W~ and the another on W7, and additionally the remaining vertices of P do
not lie on W. Note that such paths are nontrivial, since W is a two-way infinite
path. Note also that, for a W-path P with endvertices v~ and v,

PU (vo, v~ -path on W*) U (vo, vT-path on W*)

builds a cycle, which will be denoted by Cp. For disjoint two W-paths P and
P’, we may define a (P, P’)-fan as a subgraph of H, which consists of not only
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P and P’ but also the vertices and edges lying between P and P’. A chord
of a (P, P’)-fan R is an edge joining a vertex of P and that of P’, and next
Wy and W;{ denote the paths on W~ and W™, respectively, connecting an
endvertex of P and that of P’. Note that if W or W;{ contains only one edge
it is simultaneously a chord of R.

We now let B be the set of all chords of R, and set

B=(PUP)YUBUWgL UW;.

For an inner facial cycle J of INB, we define a cell of R as the subgraph J of G
which contains all vertices and edges not only on J but also in the interior of
J. If J = J, then the cell is called empty. A (P, P')-fan is tight if it satisfies
following properties:

[T1] P and P’ are induced.

[T2] Every vertex of P’ is adjacent to a vertex of P.

Remark. If (P, P’)-fan is tight, then we can easily verify that:

(1) 1< |V(L)NV(P")| <2, for every cell L of R.
(2) FV(L)NV(P') ={z,2'},2 # 2/, for a cell L, it must hold zz' € E(P').

Lemma 3.3. Let P be an induced W-path of a VAP-free 4-connected mazimal
planar graph G containing a vertex of infinite degree. Then there exists a W-path
P’ disjoint to P, such that the resulting (P, P')-fan is tight.

Proof. See [6]. O

With aid of Lemma 3.3, we are now ready to establish the main result in this
section.

Theorem 3.4. Let G be a VAP-free 4-connected mazximal planar graph con-
taining a vertex of infinite degree, and let u (or u~ and u™ ), vo, W and Cp be
defined above. Further let H=G —u or H=G — {u~,u"}, and let P, denote
the W-path consisting of the vertices adjacent to vyg. Then there exists a sequence
of induced W-paths {Py, P2, P3,-- -} satisfying the following properties:

(1) The (Pj, Pj+1)-fan is tight for all j € N.

o v =v |)n
j=1

Proof. Tt is clear that P; is an induced path from the fact of 4-connectedness
of G. For j € N, the existence of Pj;, related to P;, satisfying the condition
(1) follows from Lemma 3.3. It remains only to show that the resulting paths
{P1, Py, ---} hold the condition (2).

Let z € V(H) be an arbitrary vertex. Since d(y,z) > 1 for all y € V(P;)
and z € V(Pj41) (j € N), it follows that z € V(Cp,_ ), where n, is a metric
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distance between z and vo. Because of V(Cp, ) C V( U ﬁpj), we get V(G) C
j=1
V( U Upj). Since it holds clearly that V(G) 2 V( U Upj), we can conclude
Jj=1 j=1
V(G):V(U@Pj). O
j=1

4. 4-orderedness of strong triangulations

In this section, we extend this result to 4-connected infinite strong triangu-
lations, using the similar arguments in [7]. It may be noted that, as is defined
in Section 1, strong triangulations are the countably infinite locally finite VAP-
and EAP-free plane graphs whose edges are contained in two non-separating
3-cycles.

Let C and C’ be two disjoint cycles in an infinite strong triangulation G, where
C lies in the interior of C’. A (C,C")-ring is a subgraph of GG, which consists of
not only C and C’ but also the vertices and edges lying between C and C’. For
a (C,C")-ring R, a bridge of R is either an edge of R joining C' and C’ (such a
bridge is called a chord), or it is a connected component of R— (CUC") together
with all edges of R joining this component to C UC’. A (C,C’)-ring R is tight
if it satisfies the following properties:

(1) C and C’ are induced cycles.
(2) [V(B)NnV(C")| < 2, for every bridge B of R.
(3) HV(B)NV(C") = {z,72'}, z # 2/, for abridge B, it must hold zz’ € E(G).

We begin with the structure theorem for strong triangulations obtained by
Jung [5].

Lemma 4.1. Let G be a 4-connected strong triangulation. Let xo be a vertex
of G and let Cy be the cycle of G consisting of the vertices adjacent to xg.
Then there exists a sequence of induced cycles {Co,Cy1,Ca, -+ } which holds the
following properties:

(1) The (Cj-1,C;)-ring is tight, for all j € N.

oo

2) V(G) = V( L_J Uj).

On the other hand, Jung [7] introduced the notion reduced graph for a circuit
graph H with the outer cycle C as follows:

First, delete all trivial C-bridges of H and denote the resulting graph by H’.
Further set

V' = {v € V(C) | v is a vertex of attachment of a C-bridge in H’}
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For each pair of u,v € V' satisfying the property that one of two u, v-paths on C
contains no vertices in V', we replace the u, v-path by an edge uv. The resulting
graph will be called a reduced graph of H.

Now let G be a 3LV-graph (=an infinite locally finite VAP-free planar graph
which contains no unbounded faces) and let C' and C” be disjoint cycles with
C C (" in G. Then, Jung [7] showed that the reduced graph of C’ is always
3-connected, and using this result he gave a structural theorem for 3LV-graphs
(see [6]). If we use the method similar to that of Jung, we can obtain the
following result for the 4-connected strong triangulations. Since it is tedious
though straightforward to prove, we suppress the details.

Theorem 4.2. Every infinite 4-connected strong triangulation is 4-ordered.
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