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ON THE SOLUTION OF A MULTI-ADDITIVE
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ABSTRACT. In this paper, we obtain the general solution and the generalized
Hyers-Ulam stability of the multi-additive functional equation

f@it oo,y +yz, 21 +22) = Y f(@i,y52)-
1<i,5,k<2
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1. Introduction

In 1940, Ulam proposed the general Ulam stability problem (see [6]):

Let G1 be a group and let Gy be a metric group with the metric d(-,-). Given
e > 0, does there exist a § > 0 such that if a mapping h : G1 — G2 satisfies the
inequality d(h(xy), h(z)h(y)) < 6 for all z,y € G1 then there is a homomorphism
H : Gy — Go with d(h(z),H(z)) <€ for all z € G1 7

In 1941, this problem was solved by Hyers [3] in the case of Banach space.
Thereafter, we call that type the Hyers-Ulam stability. In 1978, Th. M. Rassias
[5] extended the Hyers-Ulam stability by considering variables. It also has been
generalized to the function case by Gavruta [2].

Throughout this paper, let X and Y be vector spaces. A mapping g: X — Y
is called an additive-quadratic mapping if g satisfies the functional equation

gty z+w)+glx+y, z—w) =29z, z2)+ 2¢g(x,w) +29(y, z) + 29(y, w).
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Definition 1.1. A mapping f : X x X x X — Y is called a multi-additive
mapping if [ satisfies the system of equations

f(:C—i—y,z,w) zf(x,z,w)—i-f(y,z,w),
f(xay+sz) = f(xvyaw) +f(xvsz)7 (11)
f(,T,y,Z—f—U)) :f(xvyvz)'i_f(xvva)'

When X =Y =R, the function f: RxRxR — R given by f(z,y,2) := azyz
is a solution of (1.1). In particular, letting z = y, we get a function g : RxR — R

given by g(z,y) := f(z,y,y) = axy®.
For a mapping f: X x X x X — Y, consider the functional equation:

f(z1+ 22,51 +y2,21 + 22) = Z f(@i, y5, 2k). (1.2)

1<i,j,k<2
For a mapping g : X x X — Y, consider the functional equation:

9@ +y, z+w)+g(x+y, 2 —w) = 29(x, 2) +2g9(z, w) +29(y, 2) + 29(y, w). (1.3)
In [4], the authors solved the solution of the equation (1.3) and proved its stabil-
ity. In this paper, we investigate the relation between (1.2) and (1.3). And we
find out the general solution of the equation (1.2) and its generalized Hyers-Ulam

stability.

2. The relation between (1.2) and (1.3)

Theorem 2.1. Let g : X — Y be a mapping satisfying (1.3) and let f : X x
X x X =Y be the mapping given by

1
fx,y,2) = 7 lo(@,y +2) = g(z,y = 2)] (2.1)
for all z,y,z € X. Then f satisfies (1.2) and

g(z,y) = f(z,y,y) (2:2)
forallz,y € X.

Proof. By Theorem 3 and Theorem 4 in [4], f is a multi-additive mapping sat-
isfying (2.2). Since f is multi-additive, f satisfies (1.2). O
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Theorem 2.2. Let f: X x X x X — Y be a mapping satisfying (1.2) and let
g: X xX —Y be the mapping given by (2.2). If f satisfies (2.1), then g satisfies
(1.3).

Proof. Letting x; = y; = 2z, = 0 =1

Putting 2o = 0 and y; = 2z, = 0 1,2) in (1.2), we have f(z1,0,0) =
for all z; € X. Similarly, we get f(0,41,0) = f(0,0,21) =0 for all y;,2; € X.
Setting 29 = y2 = 0 and z; = 25 = 0 in (1.2), we have

,2) in (1.2), we get f(0,0,0) = 0.
0

f(z1,41,0) =0 (2.3)
for all z1,y; € X. Similarly, we get
f(0,y1,21) = f(21,0,21) =0 (2.4)
for all x1,y1,21 € X. Taking xo = zo = 0 and y3 = —y;1, we have
flxr, =y, 21) = — (21,51, 21) (2.5)
for all x1,y1,21 € X. Similarly, we also have
[z, g1, —21) = —f(21,91,21) (2.6)

for all 21,y1,21 € X. By (1.2), we obtain that

flat+y,z+w,z+w)
= f(z,2,2) + f(z,z,w) + f(z,w,2) + f(x,w,w)

and

flz+y,z—w,z—w)
= f(z,2,2) + f(z,2,—w) + f(z,—w, 2) + f(z, —w, —w)
+f(y,z,z)+f(y,z,—w)+f(y,—w,z)+f(y,—w,—w)

for all z,y,z,w € X. By (2.5), (2.6) and the above two equations we see that

fety,z+wz+w) + fle+y,z—wz—w)

for all z,y,z,w € X. By (2.1) and the last equation, g satisfies the equation
(1.3). O

3. The solution of (1.2)



520 W.Park and J. Bae

Theorem 3.1. A mapping f: X x X x X =Y satisfies (1.1) if and only if it
satisfies (1.2).

Proof. Assume that f satisfies (1.2). By (2.3) and (2.4), we have

f(xlaylvo) = f(xlvoazl) = f(O,yl,Zl) =0

for all z1,y1,21 € X. Letting yo = 22 = 0 in (1.2), we get the first equation
in (1.1). Similarly, the other equations in (1.1) hold. The rest of the proof is
obvious. 0

We obtain Theorem 3 in [4] as follows.

Corollary 3.2. A function g : X x X — Y satisfies (1.3) if and only if there
exist a multi-additive mapping f : X x X x X — Y satisfying (2.2) such that

fle,y,2) = f(z,2,y) for all z,y,z € X.

Proof. Define f : X x X x X — Y by (2.1) for all z € X. By the proof of
Theorem 2.1, f is multi-additive. By Theorem 2.1, f satisfies (1.2) and (2.2).
Using Theorem 2.3, f also satisfies (1.1). By (2.5) and (2.6), we get

fay—zy—2)=flr,z-y2-y)
for all z,y,z € X. By (2.2) and the above equation, we have
9z, y —2) =g(z,z —y)
for all z,y,z € X. By (2.1) and the last equation, we obtain
fle,y,2) = f(z,2,y)

for all x,y,z € X.
The converse is obviously true. [J

4. Stability of (1.2)

Let Y be complete and o : X x X x X x X x X x X — [0,00) be a function
satisfying

o0
B(w1,2,Y1, Y2, 21, 22) = ) YRS (2 w1, 2 w2, 271, 2y2,27 21,27 20) < 00
=0
(4.1)
for all 1, x2,y1, Y2, 21, 22 € X.
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Theorem 4.1. . Let f: X x X x X — Y be a mapping such that

S ‘P($17$27ylay2721722)

Hf(m + T2, Y1 + Y2, 21 + 22) — Z f(@i, 5, 2k)
1<4,5,k<2
(4.2)
for all x1,22,y1,Yy2,21,22 € X. Then there exist a multi-additive mapping M :
X x X xX =Y such that

Hf(xayuz) - M(;v,y,z)H < @(x7x7y7y7272) (43)
forall x,y,z € X. The mapping M : X x X x X =Y is giwven by M (z,y,2) :=
1 o
lim gf(2jx,2jy,2jz) for all x,y,z € X.
j—oo

Proof. Letting 1 = 23 =, y1 = y2 =y and 21 = 25 = z in (4.2), we get

Hf(2:c,2y, 22) — 8f(;v,y,z)H <oz, 2,99, 2, 2),
for all x,y, 2z € X. Thus we have

’ Y (20 g, 20F 1y 23ty gf(?x,?y, 272)
< Y (202,29, 27y, 27y, 292,29 2)

for all z,y,z € X and all j. For given integer I, m(0 <l < m), we obtain that

1 1
— f(2Mx, 2™y, 2™ ) — — f(2lx, 21y, 22
8m 8!
m—1 1
S 8~7+1 80(2-]‘@72]:'[:72]3/72]3/72]'272]2) (4'4)
j=lI

for all z,y,z € X. By (4.1), the sequence {%f(2jx,2jy,2jz)} is a Cauchy se-
quence for all z,y,z € X. Since Y is complete, the sequence {%f@jx, 27y, 2jz)}
converges for all z,y,z € X. Define FF : X x X x X — Y by M(z,y,2) :=

1 S

lim gf(2]$, 27y, 272) for all z,y,z € X. Putting { = 0 and taking m — oo in
J—00

(4.4), one can obtain the inequality (4.3). By (4.2), we see that

1 1
oo f (221 4 22), 2°(51 +42), 2°(21 + 22)) — > g (220, 2%, 2%2,)
1<4,5,k<2
1
< ggo@sx,2Sx,25y,25y,252,252)

for all x1,x2,y1,y2, 21,22 € X and all s. Letting s — oo in the above inequality
and using (4.1), M satisfies (1.2). By Theorem 2.1, M is multi-additive. O
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