J. Appl. Math. & Computing Vol. 22(2006), No. 1 - 2, pp. 467 - 474

NUMERICAL STABILITY OF UPDATE METHOD FOR
SYMMETRIC EIGENVALUE PROBLEM

HO-JONG JANG* AND SUNG-HO LEE

ABSTRACT. We present and study the stability and convergence of a deflation-
preconditioned conjugate gradient(PCG) scheme for the interior general-
ized eigenvalue problem Az = ABz, where A and B are large sparse sym-
metric positive definite matrices. Numerical experiments are also presented
to support our theoretical results.
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1. Introduction

The evaluation of a few of the smallest eigenpairs of the generalized eigenvalue
problem is of great interest in many physical and engineering applications, e.g.
structural mechanics [1], hydrodynamics [5], and plasma physics [10]. Several
techniques have been developed for the solution of such partial eigenproblem,
including subspace iteration [1], Lanczos scheme [3], and multigrid [7].

Recently, there has been much efforts to find the smallest eigenvalue of the
generalized eigenproblem by iterative algorithms based on the optimization of
the Rayleigh quotient, and the PCG method for the optimization of the Rayleigh
quotient has been proven a very attractive and promising technique for large
sparse eigenproblems [5, 6, 10]. Moreover, the PCG method can also be used to
evaluate a few of the smallest eigenvalues and their corresponding eigenvectors
together with the aid of deflation based on a partial shift of the spectrum [11].

In [11], Schwartz proposed the deflation-PCG by the technique of rank-one
modifications and considered its numerical stability. In this paper, we extend
this study for general updating procedures and consider the numerical stability
of the deflation-PCG scheme.
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2. Minimization of Rayleigh quotients

Consider the generalized eigenvalue problem
Az = A\Bz, (1)
where A and B are large sparse symmetric positive definite matrices of dimension
n. Let
O0< A <X A< <,
be the eigenvalues (1), and let 21, 22, -+ , 2, be the corresponding eigenvectors,
which satisfy
AZZ' = /\zBZz; ZiTBZi = 1, ’L = 1,2, cec L, N

We recall that the eigenvectors of (1) are the stationary points of the Rayleigh

quotient

T Ax
R(z) = “TBz’ (2)
and the gradient of R(z) is given by
g(x) = m[/lx — R(z)Bax).

For an iterate 2(¥)| the gradient of R(z(®)),

2
VR(z®) = ¢®) = g(a®) = —=Z | A42® — Rz B2®) ||
(@) = g = ga®) = — () B2V |

is used to fix the direction of descent p(*+1) in which R(x) is minimized. These
directions of descent are defined by

D = —gO© D) — ) L g0 ,0) g
g7 k)
T
through (¥ is af(rkittlén%at !
2D = (B L gD () g ] L

where ) = [9]. The subsequent iterate z(**1) along p+1)

where a*t1) is obtained by minimizing R(z**+)(more details in [11]).
This conjugate gradient(CG) scheme is repeated until the eigensolutions fall
within a convergence tolerance. The convergence criterion is normally set as

[AF) Bx(k) — Az ()|
| Az®]]
€ is the convergence tolerance for the required eigensolutions.
The performance of the above CG method can be improved by using a pre-

conditioner [2, 4]. The idea behind the PCG method is to apply the CG scheme
to the transformed system

< €,

A% = \Biz,
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where A = C"1AC~!, B= C"'BC~!, & = Cx, and C is nonsingular symmetric
matrix. By substituting x = C~'% into (2), we obtain

T =1 pg—15s =T j~

Ry =L ¢ AC T _ T AT 3)

zTC-1BC-1z 7T By
where the matrices A and B are symmetric positive definite. The transformation
(3) leaves the stationary values of (2) unchanged, which are eigenvalues of (1),
while the corresponding stationary points are obtained from Z; = Cz;, j =
1,2,---,n. The matrix M = C? is called the preconditioner. The PCG algorithm
for solving the smallest eigenpair with implicit preconditioning is summarized
as follows.

The PCG algorithm for computing the smallest eigenpair

Step 1. Compute the preconditioner M = HHT.
Step 2. Choose an initial guess z(?) #0.
Step 3. Construct the initial gradient direction g(o).

set pM) = —g(® and MR = ¢,

Step 4. Iterate for k=0 to NMAX(maximum number of iteratiomns).
Step 5. If k=0 then set ﬁ(k) =0, otherwise compute

g® T Rk

g(kq)Th(kq) )

Mh®) = g®) ang k) (= 5](;)) =
Step 6. Compute pFt1) = —pk) 4 g(k)y(k),
Step 7. Compute oFt1) by minimizing R(z(**1).
Step 8. Compute z(Ft1) = z(k) 4 (k+1))(k+1)
Step 9. Test on convergence.

3. Numerical stability of higher eigenvalue computation

The PCG algorithm in §2 produces the smallest eigenvalue and a correspond-
ing eigenvector of the generalized eigenproblem (1). In order to exploit the
numerical property of the Rayleigh quotient for the computation of the higher
eigenvalues and to transfer the preconditioning to this problem the subsequent
eigenpairs are determined from modified eigenvalue problems using a deflation
based on a partial shift of the spectrum.

On the assumption that the first r—1 eigenpairs are approximately known, the
next eigenpair (A, z) could be obtained by minimizing the Rayleigh quotient
R(z) of the modified eigenproblem A,z = ABx, where A, is defined by

r—1
Ap=A+Y ox(Bz)(Ba)", (4)
k=1
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with oy is the shift that satisfies o > 0and A\ +or > A\, k=1,2,--- ,r—1. It is
clear that the eigenpairs of A,.x = ABx satisfy, because of the B-orthonormality
of the z;,

r—1

Arzp = Azj—l—Zak(sz)(sz)sz
k=1
(\j +0j)Bz;, j=1,2,---,r—1;
a AjBz;, j=rr+1,---,n

The eigenpair (A, z,-) could then be determined from the PCG algorithm in §2
by replacing A by A,.

We show next the numerical stability of the deflation process (4). We assume
that an approximation 2 of the eigenvector zj has been determined with a
relative accuracy e and being B-normalized, the approximations Zj can be
expressed as

ék:ck(k)zk—i-schi(k)zi with Zci(k)zi =1, k=1,---,r—1.
i=1 =1 (5)
ik ik B

Here the coefficients ¢, (%) satisfy

n

ck(k)z + 7 ZCi(k)2 = ck(k)2 +e2=1and ¢® ~1— 1er.
i=1
i£k
To make the statements below neatly, we define € and ¢, as
£= 15%12:(—1 ekl er = 13%12(—1 |c£k)|' (6)
For estimating the influence of the approximations 2, k=1,--- ,r — 1, to

the next higher eigenvalue ), we use a theorem in [8].

Lemma 3.1. Let A be a symmetric matriz with eigenpairs (N\;, z;). Let y be
a 2-normalized vector with 0 = y* Ay and residual v(y) = Ay — 0y. Let \ be
the eigenvalue of A closest to 0, let z be its 2-normalized eigenvector, and let

= L(y,z). Then

|sinz/1| _ ”r(cyl)HQ

where d = min |A; — \| over all A\; # A

oy < Il

d
an 7

The straightforward extention of Lemma 3.1, with the appropriate pair of
vector norms ||z| g = V2T Bz and ||z||3' = V2T B~1x, to the generalized eigen-
value problem yields the following theorem [11].
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Theorem 3.2. Let A and B be symmetric matrices and B positive definite and
(Ni, zi) be the eigenpairs of Ax = ABx. Let x be a B-normalized vector with
0 = 2T Az and the residual r(x) = Ax — OBx. Let X be the eigenvalue of the
matriz pair (A, B) closest to 0, let z be its B-normalized eigenvector, and let
Y= L(x,z). Then

|sinz/1| _ HT(‘T)dHB*I

where d = min |A; — A| over all A\; # .

2
and |0 — ) < %, (7)

This theorem is applied to Apz = Bz with z = zk, k > 7, and we get the
following results.

Theorem 3.3. Let (A, z.) be the eigenpair of the matriz A, in (4), and let

1. be the approximations of the eigenvectors zy, for k=1,--- ,r — 1, as in (5).
r—1

And let \, be the computed eigenvalue of A, = A+ Zok(Bék)(Bék)T with the

k=1
same shifts oy, in (4). Let € and ¢, be defined as in (6). Then
R 1 r—1
Ar — M| < d—Ta%iZag, (8)

k=1

where d, = r_r;éinp\r — 5\1| and 5\15 are all eigenvalues computed from AT.
1FET

Proof. By simple calculation, it is straightforward to show that

r—1

A+ on(Bz)(Bi)"

k=1

Ay

r—1 n
Ar+ Z OkEL Zci(k) {(Bz1)(Bz:)" + (Bz:)(Bz)" } | +0(e?)

k=1 i=1

i£k

We get the Ritz value 6, = 2! A, 2, and the residual r(zr) = A,z — 0Bz, by
applying Theorem 3.2 with A = A, and = = z,. We consider

r—1 n
Az = Az + ) oner | Y e {(Ba)(Bz)" + (Bz)(Bz)" } | 20+ O(?)
k= i=
' i
r—1

= ATZT + Z O'kakcr(k) (sz) + 0(62)5
k=1
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and get

r—1
er = Z’I‘TA’I‘Z’I‘ = ZT‘TAT‘ZT‘ + ZTT {Z ngkcr(k) (sz)} + 0(82) =\ + 0(52)'
k=1

We have
r—1
r(z) = Az —0,Bz, = Apz+ Z opepcr ™ (Bzx) — ArBz,
k=1
r—1
= Z operey® (Bz,) + O(e?)
k=1
and
r—1 T r—1
HT(ZT)||2B,1 = {Z openey® (Bz;g)} B! {Z opepey® (sz)}
k=1 k=1
r—1
- ZUkQEkQCT(k)Q.
k=1
Now from (7), it follows that
; Gl 1~ 2 2 2. 1 25 o
|)\T_)\T|§T:d_rzok EL-Cr gd—ra C. Y Ojs
k=1 k=1
where d, = Iy;,éin|5\r — 5\1| O

In [11] they considered the bounds of M, k> 2, based only on the Ay while
the bound we obtained in (8) concerns for general updating procedure.

4. Numerical experiment
In this section we present numerical tests to support the above result.

Example.! The dynamic modelling of structure is considered. The matrix
A, the stiffness matrix, and the matrix B, the mass matrix, are the result of
applying “static condensation” to the oil rig model. Static condensation can be
applied in cases where the mass matrix is singular to reduce the problem order
while preserving the spectrum. However, the reduced stiffness matrix is usually
dense, which is the case here. The order of these matrices is 66.

1This matrix can be obtained from the Matrix Market under the set BCSSTRUCTI;
(http://math.nist.gov/MatrixMarket/data/Harwell-Boeing)
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All our calculations have been carried out in MATLAB. The initial guess is

the vector of all ones B-normalized such that its B-norm is equal to 1. Table 1
contains information of the smallest ten eigenvalues and the bounds of \;, k =

2,

3,-+-,10, obtained from Theorem 3.3. In order to get the approximation Zj,

we set ¢ = 107° and obtained ¢, from (5)-(6). The largest eigenvalue of the given
example is A\gg = 331,447.612, and thus we choose the shifts o, = 332,000 to
exceed Ags. In fact too large shifts have an unfavorable effect on the convergence
rate of PCG method as we mentioned earlier. However, little attention was given
to accelerate the convergence rate in this study.

Table 1 Numerical results of test example

r—1
k )\k |5\k _)\k| %5202205

k=1
1 | 4.326501365804520e+01
2 | 4.384974809969433e+4-01 | 6.700417998217745e-012 | 3.025992350691403e-04
3 | 4.945370756034639e+-01 | 1.131894578065840e-011 | 6.569861945527936e-06
4 | 5.656757713460752e+4-02 | 2.421529643470421e-011 | 1.022354938474401e-03
5 | 5.706517941998184e4-02 | 2.796696207951754e-011 | 1.040694530434697e-05
6 | 1.222429543217345e+-03 | 6.821210263296962e-012 | 5.761026897952606e-06
7 | 2.694175880262403e+03 | 2.441993274260312e-010 | 7.698240459603663e-06
8 | 4.015844530431737e+4-03 | 3.160494088660926e-010 | 5.337421933666907e-05
9 | 4.238241730252207e+-03 | 3.847162588499486e-010 | 2.657852070505653e-05
10 | 4.748655041804633e+4-03 | 4.110916052013636e-010 | 6.322137791649980e-06

EN|
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